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Abstract

A mixed hypergraph consists of two families of subsets of the vertex
set: the D-edges and the C-edges. In a suitable coloring of a mixed
hypergraph, every C-edge has at least two vertices of the same color, and
every D-edge has at least two vertices colored differently. The largest and
smallest possible numbers of colors in a coloring are called the upper and
lower chromatic numbers, ¥ and x, respectively. A mixed hypergraph is
uniquely colorable if it has just one coloring apart from permutations of
colors.

We characterize all uniquely colorable mixed hypergraphs of order n
with x(H) = x(H) =n—1and n — 2.

1 Introduction

Throughout this paper we use terminology similar to that of [2,4]. The concepts not
explained here are taken from [1].

Let X = {z1,23,...,2,} be a finite set, S = {Si, Sy, ..., S} a family of subsets
of X, where n,m > 1 are integers and |S;| > 2 for 1 < i < m. The pair H = (X, S)
is called a hypergraph on X.

For any subset ¥ C X, the hypergraph H/Y = (Y, &’) is the induced subhyper-
graph of the hypergraph H if S’ consists of all those sets in S which are entirely
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contained in Y. On the other hand, a subhypergraph of H = (X, &) is a pair (Y,S")
where Y C X, 8" C S, each set S € " is entirely contained in Y, but 8" is not
supposed to contain every S € S satisfying S C V.

A mixed hypergraph H = (X,C, D) is obtained from a hypergraph (X, S)if§
is split into & = C U D. Here one of the subfamilies D and C may be empty, but
on the other hand they need not be disjoint. We call every D € D a D-edge, and
every C € C a C-edge. Further, it is convenient to use the term “D-hypergraph”
for the subhypergraph Hp = (X,0,D) and “C-hypergraph” for the subhypergraph
He = (X,C,0). A D-edge {z,y} € D of size 2 is denoted by (z,y). In this paper
n = | X| always denotes the number of vertices of .

A D-graph (C-graph) is a subhypergraph of Hp (Hc) containing only D-edges
(C-edges) of size 2. For D-graphs all concepts of graph theory can be used as usual,
for instance the concept of a complete graph.

An alternating sequence 2050215122 ... 2Siz41 Of vertices zp, 21, ..., 241 € X
and D- and C-edges So8i, . . ., S; € CUD, satisfying z; # zj11, 5 =0,...,t, 20 € So,
z41 € Sy and 2, € S;-1NS; (1 =1,2,...,t) is called a path; and it is called a C-path
if S;eCand |S;]=2fori=0,1,...,t

A mixed hypergraph % = (X,C,D) is called C-connected if any two different
vertices are joined by a C-path.

A C-component H; of a mixed hypergraph H is a maximal C-connected mixed
induced subhypergraph of H.

A suitable coloring of a mixed hypergraph H = (X,C,D) with ¢ colors is a
mapping ¢ : X — {1,2,...,t} such that any C-edge has at least two vertices of the
same color and any D-edge has at least two vertices colored differently. A suitable
t-coloring is strict if this mapping is surjective.

So, a suitable coloring exists only for 1 < ¢t < n. Two suitable colorings are
called different if there exist two vertices of # that have the same color for one of
these colorings and different colors for the other one. The maximum (minimum) ¢ for
which there exists a strict coloring of a mixed hypergraph H with ¢ colors is called
the upper (lower) chromatic number of # and is denoted by x(#) (x(#))-

Let r; = r;(#) be the number of strict colorings of a mixed hypergraph H with
i > 1 colors. The vector R(H) = (r1, 72, . rn) is said to be the chromatic spectrum
of H; obviously R(H) = (0,...,0,7y,.. rx, ., 0).

The chromatic polynomial P(H,\) descnbes the number of all different suitable
A-coloring of H.

If for a mixed hypergraph H there exists at least one suitable coloring, then it is
called colorable. Otherwise H is called uncolorable.

A set Y of vertices is called D-independent (C-independent) if it does not contain
a D-edge (C-edge). I, always denotes a D-independent set of s vertices.

A mixed hypergraph H = (X,C, D) with C # 0 is called a C-bistar if there exist
two D-independent vertices z,y, such that each C-edge contains z and y. The pair
{z,y} is called a C-bitransversal of H.

A mixed hypergraph H = (X,C,D) with C # 0 is called a hole if # is not a
C-bistar and there exist three D-independent vertices z,y, z, such that each C-edge
contains at least two of the vertices z,y, z. The set {z,y, z} is called a C-bitransversal
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of the hole.
A union of two mixed hypergraphs Hy = (X1,Cy,D;) and Hy = (X5,Co, Dy) is a
mixed hypergraph # = (X,C, D), with X = X;UX,, C=C,UCy and D = D, UD,.

Definition 1 A mized hypergraph H is called uniquely colorable if it has just one
strict coloring apart from permutations of colors.

We will mention some results from [3].

(1) If H is a uniquely colorable hypergraph, then x(#) = %(H), r(H) = r5(H) =
1,and P(H,A) = AA—1)(A=2)...(A = x(H) + 1) = A,

(2) A hypergraph H = (X, D) (with C = 0) is uniquely colorable if and only if H
is a complete graph with |X| vertices. Otherwise H has colorings with both | X| — 1
and |X| colors.

(3) A C-hypergraph H = (X,C) (with D = ) is uniquely colorable if and only if
H is C-connected. Indeed, it is obvious that if # is C-connected then # is uniquely
colorable by only one color. Assume now that # is not C-connected. Let H' = H/X',
where X' C X, be a maximal C-connected C-subhypergraph of #. Then we can
color all vertices of X’ with one color and all vertices of X \ X' with a second color.
Therefore, H is not uniquely colorable. (Recall that A is C-connected if and only if
for any two vertices x and y, there exists a C-path from z to y, where each C-edge
in the C-path has size 2.)

(4) If a mixed hypergraph # is colorable, then no D-edge is contained in any C-
component of H.

Let H be a mixed hypergraph having included C-(D-)edges and C-edges of size
2. From the coloring point of view, the mixed hypergraph obtained from # by
contracting C-edges of size 2 and deleting C-(D-) edges containing some other C-(D-
Jedges has the same properties as H.

A mixed hypergraph H = (X,C, D) is called reduced if all C-edges have size at
least 3 and all D-edges have size at least 2, and no D-edge (C-edge) is included in
another D-edge (C-edge).

The general problem to characterize the mixed hypergraphs such that x = ¥ > 0
was formulated in [4], (p. 43, Problem 4). Uniquely colorable hypergraphs were
introduced in [3], in the simplest form they appeared in [2]. In [3] it has been
shown that any colorable mixed hypergraph is an induced subhypergraph of some
uniquely colorable mixed hypergraph. In general the upper chromatic number of X
is different from n — 1 and n — 2. In this paper we shall characterize all reduced
mixed hypergraphs uniquely colorable with n — 1 and n — 2 colors.

2 Uniquely colorable mixed hypergraphs with
x(M) =x(H) =n—1

In the following only reduced mixed hypergraphs will be considered.
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It is an easy consequence of the definition of a C-bistar: the upper chromatic
number of a mixed hypergraph H is n — 1 if and only if # is a C-bistar. In this
section we will characterize the uniquely colorable C-bistars.

We remind the reader that a D-graph has only D-edges of size 2.

Theorem 1 A mized hypergraph H = (X, C, D)with n > 3 vertices is uniquely colo-
rable with n—1 colors if and only if H is a C-bistar satisfying the following conditions:

(1) H has precisely one C-bitransversal T = {z,y};
(2) The set X \ T induces a complete D-graph of order n — 2;

(8) Each vertez v & T is joined to the C-bitransversal T' by a D-edge of size 2 or
3, i.e., TU{v} contains a D-edge;

(4) If there are two vertices v,w € T such that (v,z), (w,y) € D then there ezists
a C-edge not containing v and w.

Proof.

= Let ¢ be the unique (n — 1)—coloring of the mixed hypergraph #. It will be
shown that H satisfies all conditions of the theorem.

According to the definition of a suitable coloring of a mixed hypergraph with
n — 1 colors, in the coloring ¢ there exist precisely two D-independent vertices, say
z and y, of the same color. Then the pair {z,y} is contained in each C-edge of the
set C. So, M is a C-bistar with the C-bitransversal T' = {r, y}.

(1) Suppose H has two different C-bitransversals T and T". Color the vertices
of T" by the same color and all other vertices by different colors. Then an (n — 1)-
coloring is obtained different from c. This contradiction proves the condition (1) of
the theorem.

(2) Assume there are two D-independent vertices u,v € X \ T'. Replacing the
color of vertex the u by the color of vertex the v results in a suitable coloring of H
with n — 2 colors, a contradiction. So, the condition (2) holds.

(3) Suppose a vertex v € X \ T forms a D-independent set with the two vertices
x,y of the C-bitransversal T. In the coloring c recolor the vertices  and y with the
color of v. The result is a suitable coloring of # with n — 2 colors, a contradiction.
Thus, the condition (3) is proved.

(4) Assume now that there exist two vertices v,w € X \ T with (v, z), (w,y) ¢ D
and each C-edge of H contains v or w. Replace the color of vertex x by the color
of v and the color of vertex y by the color of w. The obtained coloring is a suitable
coloring of H with n — 2 colors. This contradiction proves the condition (4) of the
theorem.

Thus, if H is uniquely colorable with n — 1 colors then it satisfies the conditions
(1)-(4) of the theorem.

4 Let H = (X,C,D) have the structure described in (1)-(4) and let ¢ be any
of its suitable colorings.
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The mixed hypergraph H has no n-coloring because, by condition (1), it is a
C-bistar with C # 0.

According to the condition (2) the set X \ T induces a complete graph of order
n — 2. Then the coloring ¢ has at least n — 2 different colors. A further consequence
is that each D-independent set contains at most one vertex of X \ 7.

Assume that H is colored with precisely n — 2 colors. There are the following two
possibilities:

1) there are three vertices of the same color forming a D-independent set which
contains z and y. This contradicts the condition (3);

2) there are two pair of vertices, say {z,u},{y,v}, u,v € X \ T, such that the
vertices of each pair have the same color. According to condition (4) there is a C-edge
not containing v and v. Then this C-edge is not suitably colored.

The mixed hypergraph # can be colored with n—1 colors by giving to the vertices
z,y the same color.

Suppose that there is a second (n — 1)-coloring of #, where the vertex z has the
color of the vertex v € X \ T and the vertex y has a color different from the colors of
all other vertices of X. By condition (1) the pair {z,y} is the unique C-bitransversal
of H. Then there exists a C-edge C € C not containing the vertex v. So, all vertices
of this C-edge have different colors.

Consequently, ¢ is a strict coloring with n — 1 colors uniquely determined by the
structure of the mixed hypergraph .

0

3 Uniquely colorable mixed hypergraphs with
X(H) =x(H) =n—2

It can easily be shown that the upper chromatic number of a mixed hypergraph H is
n — 2 if and only if H is not a C-bistar and # is a hole or the union of two C-bistars
with two disjoint C-bitransversals. Next the conditions are defined under which the
union of two C-bistars or a hole are uniquely colorable with n — 2 colors.

Definition 2 A union H = (X,C,D) of two C-bistars with n > 4 vertices has
property (A) if and only if the following three conditions are satisfied:

(A1) H is the union of two C-bistars S; = (X,C1,D) and Sy = (X, Cy, D) with the
C-bitransversals Ty and Ty, respectively, Ty NTy = @; but H = S; U S, is not a
C-bistar.

(A2) H does not contain:

(A2.1) a pair P of D-independent vertices, PN (Ty UTy) = @, i.e., the set X \
(Ty UT3) induces a complete D-graph of order n — 4;

(A2.2) a triple D of D-independent vertices with D N (Ty U Ty) = Ty or
DN(MUT) =1.
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(A2.3) a quadruple Q = Ty UT, of D-independent vertices.

(A3) IfH contains a system & = {I1,..., Ipyq}, T # {11, T2}, of p+q disjoint sets of
D-independent vertices with |I;| = ... = [l = 2 and [[1| = ... = |[Ip4g| =3
then there is a C-edge meeting each of I, ..., Ip1q in at most one vertex. For
(p,q) there are eight cases: 1 <p <4, ifg=0,and 0 <p <2, if¢g=1, and
p=0,ifg=2 (see Fig. 1).

We remark that condition (A2.1) implies that at most one vertex of I; is not in
Ty UTs. '

In Figures 1 and 2 the possible systems ¥ are presented. Each D-independent
pair of vertices is depicted by a thin straight vertical line, and each D-independent
triple of vertices is depicted by a triangle of thin straight lines. Note that a pair or
a triple of £ can have all its vertices in 7} U T; (these cases have not been depicted

here).

—Tl UT2
(p,q) = (4,0)

TyUTy TiUT,
(v,g) = (1,0) (p.9) =(2,0)

T,UT, TUT,
(pg) =(2,1) (rg) =(2,2)

Fig. 1.
Definition 3 A hole H = (X,C,D) with n > 3 vertices has property (B) if and
only if the following conditions are satisfied:
(B1) H is a hole with C-bitransversal T'.
(B2) M does not contain:
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(B2.1) a pair P of D-independent vertices, PNT = 0, i.e., the set X\T induces
a complete D-graph of order n — 3;

(B2.2) a quadruple Q of D-independent vertices containing all vertices of T.

(B3) If H contains a system & = {I,...,I1,}, & # {T}, of p + q disjoint sets of

D-independent vertices with |I| = ... = |I| = 2 and |Ipg1| = ... = |I,4,| = 3
then there is a C-edge meeting each of I, ..., I, in at most one vertez.

For (p,q) there are five cases: 1 <p <3,ifqg=0,and0<p<1,ifg=1 (see
Fig. 2). :

We remark that condition (B2.1) implies that at most one vertex of J; is not in 7.

In Figure 2 the posible systems ¥ are presented with the agreements made above.

T T T
(p’ Q) = (1’0) (p’ Q) = (2, 0) (p) q) = (3’ O)

(rg)=(0,1) (pg) =(1,1)

Fig. 2.

Theorem 2 A mized hypergraph H = (X,C,D) with n > 7 vertices is uniquely
colorable with n — 2 colors if and only if either H is the union of two C-bistars
satisfying (A) or H is a hole with property (B).
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Proof.
= Let X = (X,C,D) have a unique coloring ¢ with n — 2 colors.
There are two cases.

Case 1. In the unique coloring c let the vertices 1,41 and T2,y have the same
colors: c(z1) = c(y1) and c(z2) = c(y2), and c(z1) # c(z2). Let T; denote the set
{zs, 1}, i = 1,2. We shall show that the mixed hypergraph H is the union of two
C-bistars with property (A).

(A1) According to the definition of the suitable coloring of a mixed hypergraph
each C-edge C' € C contains at least two vertices of the same color, i.e., {z1,;u} CC
or {zs,y2} € C. Hence H is the union of at most two C-bistars S; = (X,C;,D) and
Sy = (X,C,, D), where C; is the set of all C-edges containing T;, 1=1,2.

Assume that all C-edges contain precisely one pair of vertices, say {u, v}. Coloring
the vertices v and v with the same color and giving all other vertices different colors
results in a suitable coloring of H with n — 1 colors. This contradiction shows that
# is not a C-bistar, and there are two C-edges C1,C> € C such that T; C C; and
T, Z Ciy1 (indices mod 2). Consequently, H is a union of two C-bistars S; and S, so
that C; € C1, Cy & Cy, Cy € Ca, Cz & Cy and H satisfies the condition (AD).

(A2.1) Suppose that in H there are two vertices u,v € X \ (T3 UT3) such that
(u,v) € D. Recolor u with the color of the vertex v. The obtained coloring is a
suitable coloring with n — 3 colors, a contradiction.

(A2.2) Assume for some i there is a vertex v € X \ (11U T5) forming with z;
and y; a D-independent triple {v,z;,y;}. Recoloring the vertices z;,y; by the color
of the vertex v results in a suitable coloring with n — 3 colors, a contradiction.

(A2.3) Suppose, that T3 U T is a quadruple of D-independent vertices. Then
the vertices of both C-bitransversals can be recolored with the same color. Hence H
has a suitable coloring with n — 3 colors, a contradiction.

These contradictions prove the validity of condition (A2).

(A3) Let S # {T1,T»} be a subgraph of # consisting of 1 < p < 4 disjoint pairs
of D-independent vertices. By (A2.1) each pair contains at least one vertex of T; UT5.
Assume that every C-edge of H contains at least one of the pairs. Color each pair
with the same color, so that vertices not belonging to the same pair have different
colors. The obtained coloring is a suitable coloring with n — p colors different from
the coloring ¢, a contradiction.

Assume there is a triple of D-independent vertices and 0 < p < 2 disjoint pairs of
D-independent vertices containing at most one of Ty and T, such that each C-edge
contains at least one pair or at least two vertices from the triple. Color the triple and
each pair with the same color, so that vertices not belonging to the triple or to the
same pair have different colors. The obtained coloring is a suitable (n—2—p)-coloring
of H different from the coloring ¢, a contradiction.

Suppose there are two disjoint triples of D-independent vertices such that each
C-edge contains at least two vertices of the same triple. Color each triple with the
same color, so that vertices not belonging to the same triple have different colors.
The obtained coloring is a suitable (n — 4)-coloring of #, a contradiction. So, the

174




condition (A3) holds.

Thus, if the mixed hypergraph # = (X,C,D) is uniquely colorable with n — 2
colors and in its unique coloring there are two disjoint pair of vertices of the same
color then H is the union of two C-bistars with property (A).

Case 2. Let the coloring ¢ have a set T = {1, a2, 23} of three vertices with the
same color. We shall show that # is a hole with property (B).

(B1) By the definition of a suitable coloring each C-edge of the hypergraph H
contains at least two vertices of the same color.

Suppose first that all C-edges of the set C contain one pair of vertices of the same
color, say {z1,z2}. Recolor the vertex x3 with a new color. The obtained coloring is
a suitable coloring of H with n — 1 colors.

Second, assume that all C-edges of the set C contain the set {z1,z2,23}. Recolor
one of vertices of this set with a new color. It results in a new suitable coloring of H
with n — 1 colors. These two suppositions contradict the unique colorability of #.

So, there are at least two of three possible C-edges C; € C,1 = 1, 2,3 such that
{Zi,zi41} C Ci and 242 € C; (indices mod 3).

Consequently, H is a hole with C-bitransversal T = {z1, 5, 73}

(B2.1) Assume there are two vertices u,v € X\T such that (u,v) € D. Replacing
in the coloring c the color of the vertex u by the color of vertex v results in a suitable
coloring of ‘H with n — 3 colors, a contradiction.

(B2.2) Suppose that there is a vertex v € X \ T forming with 7' a quadruple
{v, 1, z2, 23} of D-independent vertices. Recolor the vertices z;, 25, 3 with the color
of v. We obtain a suitable coloring of # with n — 3 colors, a contradiction.

These contradictions prove the validity of condition (B2).

(B3) Assume that there is a vertex set S consisting of 1 < p < 3 disjoint pairs
of D-independent vertices, such that each C-edge contains at least one pair. Color
the pairs with the same color, so that vertices not belonging to the same pair have
different colors. The obtained coloring is a suitable (n — p)-coloring of H different
from c, a contradiction.

Suppose that there is a vertex set S # T consisting of a triple of D-independent
vertices and 0 < p < 1 disjoint pairs of D-independent vertices having no vertex
of the triple, and each C-edge contains at least one pair or at least two vertices
from the triple. Color the triple and the pairs with the same color, so that vertices
not belonging to the triple or to the same pair have different colors. The obtained
coloring is a suitable (n — 2 — p)-coloring different from c, a contradiction. So, the
condition (B3) holds.

Thus, if the mixed hypergraph H = (X,C,D) is uniquely colorable with n — 2
colors and in its unique coloring there are three vertices of the same color then H is
a hole with property (B).

< Let #H be either the union of two C-bistars satisfying (A) or a hole with

property (B). Let ¢ be any of its suitable colormgs It will be shown that ¢ is a
unique coloring with n — 2 colors.
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There are two cases.

Case 1. Let # be the union of two C-bistars satisfying (A).

According to the condition (A2.1) the vertices of the set X \ (T} U T3) induce a
complete subgraph K, which is colored by ¢ with n — 4 > 3 different colors.

Let ¢ have the color classes X1, Xs,...,X,, 8 > 3. By (A2.2) and (A2.3) each
class has at most three vertices. Since (X \ (11 UT3),D) is a Ky,_4 the number p of
pairs among { X, Xs, ..., X,} is p < 4 and the number g of triples is ¢ < 2.

If ¢ = 2 then p = 0 and ¢ has precisely two disjoint triples of D-independent
vertices and no pair of D-independent vertices. By (A2.2) and (A3) the coloring ¢
is not suitable.

If g =1 then p < 2 and c has precisely one triple of D-independent vertices and
at most two pairs of D-independent vertices. By conditions (A2.2) and (A3) the
coloring ¢ is not suitable. ‘

Next the case ¢ = 0 and 0 < p < 4 will be considered.

If ¢ = 0 and p = 0 then c is an n-coloring of #, which is not suitable by (Al).

By ¢ = 0 the coloring ¢ has no triple of D-independent vertices. By 1 <p < 4
the coloring ¢ has a vertex set S of p disjoint pairs of D-independent vertices. If
p =2 then let S # {T1,T2}. By condition (A3) the coloring c is not suitable.

Hence ¢ has no triple of D-independent vertices , and T} and T5 are the only pairs
of D-independent vertices of ¢. Consequently, ¢ is the unique coloring of H, which
is suitable by (Al).

Thus, the coloring ¢ of the mixed hypergraph H is a coloring with n ~ 2 colors
uniquely determined by its structure.

Case 2. Let H be a hole satisfying (B).

According to the condition (B2.1) the set X \ T induces a complete subgraph
K,,_3 which is colored with n — 3 > 4 different colors.

Let ¢ be a suitable coloring of H having the color classes X, Xa,..., X, 5 > 4.
According to condition (B2.2) each color class of the coloring ¢ has a cardinality
at most three. Since H contains a complete subgraph K, 3 the number p of pairs
among {X1, Xa,...,X,} is p £ 3 and the number g of triples is ¢ < 1.

First the case ¢ = 0 and 0 < p < 3 is considered.

If ¢ = 0 and p = 0 then c is an n-coloring of % which is not suitable by (B1).

If g = 0 and 1 < p < 3 then ¢ has precisely p pairs of D-independent vertices.
By (B3) the coloring c is not suitable.

Next the case ¢ = 1 and 0 < p < 1 is considered.

By g = 1 the coloring ¢ has a triple D of D-independent vertices. By 0 <p <1
the coloring ¢ has p pairs of D-independent vertices. If p = O then let D # T.
According to condition (B3) the colering c is not suitable.

If ¢ has no pairs of D-independent vertices and T" is the only triple of D-indepen-
dent vertices of ¢ then ¢ is the unique coloring of H, which is suitable by condition
(B1).

Hence, the coloring ¢ of the mixed hypergraph # is a coloring with n — 2 colors
uniquely -determined by its structure.
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