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Abstract

We show that if A4;, A,, - - -, Ay are collections of distinct subsets from an
n-element set such that these collections are incomparable and uncomple-
mented, then %, |4;] < 2°~! under certain conditions. Upper bounds
are also given for Y% | | 4;| with or without the “uncomplemented” con-
dition.

1 Introduction

Let Aj,---, A be k collections of distinct subsets of S = {1,2,...,n}. These k
collections of distinct subsets are called incomparable if A; € A; and A; € A;,
(¢ # j), then A; ¢ A;. A collection of subsets C is called uncomplemented if A € C,
then A ¢ C, where A = S\A.

It is well known that if C is a collection of distinct subsets of {1,2, ..., n} which are
uncomplemented, then |C| < 2!, Hilton extended this result to two incomparable,
uncomplemented collections

Theorem 1 [2] If A, and Ay are collections of distinct subsets of S such that these
collections are incomparable and uncomplemented, then

[.Aﬂ + I.AQ} < on-l
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He also posed the following conjecture.

Conjecture 1 [4] If Ay, A, ..., Ay are collections of distinct subsets of n-element
set S such that these collections are incomparable and uncomplemented, then

k
ZiA’LI S 27),—1.
i=1

In this paper, we will investigate this conjecture. We give an upper bound and
show that this conjecture is true under certain conditions. We also discuss the case
when k£ = 3.

The following lemma from Kleitman will be used in our proof.

Lemma 2 [3] Let U and V be collections of subsets of an n element set S, such that
(i)if XeU and X CY C S, thenY €U,
(i) if X €VandY C X CS, thenY € V. Then

pUnvi-2" < Uy

2 Main results

Theorem 3 Let Ay, A,, ..., Ay be incomparable collections of distinct subsets of
n-element set S. Then for any 1 < j <k,

k
DAL 24 Y LA < 2n
i=1 i

Proof. Without loss of generality, we will show

k
>+ 20 A Y A < 2
i=1 i#1
Let
H={Z:34 € A, A CZ3DeuUt A, DC 2},
I, = {Z cdA, e A, A, CZ AD € Uj;éi.Aj, D C Z},
ﬁI{ZtﬂAiEAi,AigZ,lgiSk}.

Then clearly, HNL =0, HNL, =0, LNT,;=0for 1 <i<kandZ,NZ; =0 for
any ¢ # j. Therefore,
k
M+ Y 1Tl + L] < 2.
=1
Let ¥ = HUZ; and V = LUZ;. We claim that both ¢/ and V satisfy the
conditions in Lemma 2. Let X € & and X C Y C 5. Then there exists an 4, € A,

such that A; C X C Y by the definitions of % and Z,. If there is a D € U¥_, A, such
that D C X C Y, then Y € H C U. Otherwise, Y € Z; C U.
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Nowlet X € Vand Y C X. If there isno 4, € Ay such that A; C Y, then Y € £
and hence Y € V. Otherwise, X € Z,. This implies that there is no D € Uj1A4;
with D C Y. Therefore, Y € 7, C V.

By Lemma 2, we have

W nvizr <ujyl.

That is,
1Tl - 2" < (1H] + [T (L] + 4.
Then R
IZa (1M + ;ILI + L) < (] + [T (L] + | T)).
Simplify,
I ) < e < P o 2= B B
i=2
Therefore,
Z|L1+z DA
We note that A; CZ; forany i1 = 1,...,k as A),... Ay are incomparable collections.

Hence |A;] < |Z;| for 1 <4 < k. Therefore,
k 1
Dol 2 ALY A <2
=1 1#£]

This completes the proof. B

Corollary 4 Let Ay, Ay, ..., Ag be incomparable collections of distinct subsets of
n-element set S. Let I and J be any partition of {1,...,k}. Then

;muz{z AT LA <o,

el

Proof. The corollary follows from the fact that Ue;.4; and Uje 7A; are incomparable.

]

The following theorem gives an upper bound if there is no A; having its cardinality
too large.

Theorem 5 Let Ay, Ay, ..., Ax be incomparable collections of distinct subsets of

n-element set S. If there is an I C {1,...,k} such that —Z—L:LIA— < Yier Al <
Z_uJi then

S gt
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Proof. From Corollary 4,

Sl +2[3 EJSA]!Z!A!

i=1

where J = {1,...,k} — I. That is,

B3

k k
; Al + Q[Zieli«‘hl(; WA =MD <

The function f(z) = /z(a — z), where a = ¥, |A;] is a constant, is an increasing

function for 0 < z < £. Therefore, we can replace 3¢/ A;| by the average M
in the above inequality. We have

>+ o B A 5y - Bl o

Solving for Y°F | |4;| yields

k k
Al < —mme— "
I N e

This completes the proof. R

Corollary 6 If A; and Ay are incomparable collections of distinct subsets of n-
element set S with |A;| = | Az, then

l\A1| + |A2‘ < on-t,

Corollary 7 If Ay, Aa, ..., Ay are incomparable and uncomplemented collections of
distinct subsets of n-element set S, then either

k
k
'A@ <———‘_27L
Y

or

k k )
| < =2
;IAR 1

Proof. Without loss of generality, we assume | 4] < |Ag] < -+ < JAg]. T | Ax] <
“1 |A;|, then we take I = {k} in Theorem 5, we have Z}—‘J& < Ter Al €
Zl:;_‘_’i Therefore,

EIAL%/“HU
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Thus, we may assume |A;| > YA} |.A| It ZL:L'—A’— < YEHAlL then we take

I={1,...,k-1} andhaveZ-L“JM?L er M| < &=t ‘M' . Hence

k

k
Y Al € ———2"
2 Al S S—=—=y

by Theorem 5 agam

Therefore, Z—EJM > YEl Al That is 8, |4 > kS5 AL Thus, | A4 >

(k — 1)1 AL ThlS is equwalent to klAg| > (k ) D f.A |. But |A;] < 27!
as Ag is uncomplemented. Therefore,

k
k
. ___271—1‘
ZyAA<k_1

This completes the proof. il
In [5], Seymour proved the following result.

Theorem 8 If A is a collection of subsets of n-set S such that for all A,B € A,
ANB#0¢ and AUB # S, then |A] <2772,

Combining Theorems 5 and 8, we have the following result.

Theorem 9 Let Ay, Ay, ..., Ay be incomparable collections of distinct subsets of
n-element set S. If for each A;, A,B€ A;, ANB#0 and AUB # S, then

k

k
D
kﬂ N S Y

Proof. We have that for each i, |4;] < 2”72 by Seymour’s result. Let a = Y5, |A4;].
If a < 2", then we are done. Otherwise, we have that for any 4, |A;| < § from
Theorem 8. Therefore,

E A ,
i=1 1 ] 2\/ 14+ k
by Theorem 5. |

Lemma 10 Let A; and A, be collections of distinct subsets of n-element set S such
that Ay and Ay are incomparable and A; is uncomplemented. Then
(a) |A| < 2n71 — 251 — 2151 4 2 4f Ay contains a pair of complemented sets.
() |Ar] < ont —2l3) —2l31 —2l30=1 4 9 if A, contains more than one pair of
complemented sets.

Proof. (a) Let A;; (1 <4< 2)and Ay; (1 <j < 3) be such that

{Al = An U A, B
Ay = Ag U Az U Ay U Ags,
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where Ay = Ay, AuNAp =0, AN Ay = 0 fori # jand 1 < 4,5 < 3,
AziﬂAm:@for1§i§3,andAgﬂA22=®, -
Since |A23] # 0, we can choose Agz € Az Clearly, S = Aog U Ags. We let

Agz = {ay,+-,a} and Agy = {ak41, -, a,}. Without loss of generality, we assume
that 1 < k < |§].
We have that, for any A; € A;,

Ay N Ag # 0,
AynAg # 0, (%)
A0 Ags # 0,
A; N Ay # 0.
This claim is true since otherwise A; and A, are not incomparable, which contradicts
our assumption.
It follows from (*) that any element A; of A; can be written as A; = Ay U Ajs,
where A,; and A, are proper subsets of A,; and Ays, respectively. Obviously,
1<|An] <k—1land 1 <|Ay| <n—k-—1. Itis easy to see that there are at most

FE() () -wnen

such subsets satisfying the property (*). B
Note that if A} = A;; U A, where Au C A23 and A;s C Aoz, then (Azg\Au) U

(Ag3\Ai2) is also a subset satisfying the property (*). Since A, is uncomplemented,
we have that

Ml < 525 - 22"+~ 2)
=2nh gk _gnk oy g (%)

It is easy to verify that the function 2* +2"~* is a decreasing function if 1 <z < [§].
Therefore, taking = | %], we have
|A] < 2nt —2l3) —onml3) 4o
=onl —9l3l _9l3l 49,
This completes the proof of (a).
(b) We divide the proof of (b) into two cases.

Case 1. 1<k <[5~ 1
Taking © = |§] — 1 in (**), we have

|A;] < 2nt —al3l-t _on-l3lH g

=gn~t _gl3l-1 _olfl+l 4 9o
< zn—l _ 2[11/2j _ 2[11/2] _ 2[_11/2]——1 +2.

Case 2. k = |%].
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In this case, we have, that for any Ass € Ayg, |Ags| = |2]. We pick a By € Ay
and a By € Ay where By # By, By # By , and |B,| = |By| = L2].
Case 2.1. n =1 (mod 2).

Observe that B, N By < [%J Otherwise we would have a contradiction. First
we assume that 1 < |By N By| =z < [4]. Then [B; N By| = | 2] — z. By repeating
the argument in the proof of (a) we deduce that the number of A’s which intersect
B, and B; properly, and do not contain all, is (2181 ~ 2)(27"13) — 2). The number
of these A’s contained in B, is (2% — 1)(213)7® — 1). The number of these A’s
containing B is (2°*! — 1)(21317 — 1). The number of these A’s contained in By is
(2°t1 —1)(215)7 ~1). The number of these A’s containing B, is (2% —1)(2\5)-= — 1),
Therefore,

A < {1 - 2) (21— 2) — a7 - )ltIe _

—2(27 - (21817 — 1)}
< 2n—1 _ 2[71/2} _ 2n—{n/2j _ 2[n/2_!—1 +9.

Next we assume |B; N By| = 0. Then B, C B) and |B; N By| = 1. Tt follows
that [Bi| = |Bz| = || + 1. Repeating the proof in the above, we deduce that
the number of A’s which intersect B, and B; properly, and do not contain all, is
(213} — 2)(27~13] — 2). The number of these A’s contained in By is 21*/% — 2. The
number of these A’s containing B, is 21"/2 — 2. Therefore,

A < S{EU — 2)(@ 13 ) - a2 — 9))
S 271,——1 . 2[11/2_[ _ 2n~[n/2] _ 2{_"/2]-1 + 2.

Case 2.2. n =0 (mod 2).
In this case we only have that 1 < |B; N B,| < |n/2] — 1. By repeating the
argument of Case 2.1, we conclude that

il < Sl -2 - 2) -2 -l )

—2(2° = 1)(2l317 — 1)}
2n—l _ 2Ln/2j _ 27L—[n/2j _ 2[_n/2]—1 + 9.

IN

This completes the proof. B

Theorem 11 If Ay, A,, ..., Ay are collections of distinct subsets of n-element set
S such that these collections are incomparable and uncomplemented, then

k
Z lAzl S 2””1a

i=1

if mazi<icp{|Ail} > 2"t - 215 — 231 4 9,
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Proof. Without loss of generality, we assume that |A;| = mazy<;i<x{]Ail}. Let
B =UL,A;. Then A, and B are incomparable. If B is not uncomplemented, then
|A| <271 —213] — 2131 4 9 by Lemma 10 (a), which is a contradiction. Therefore,
both A; and B are uncomplemented and hence |A;| + |B] < 2"~! by Theorem 1.
That is, ©F, [Ail <21 B

Theorem 12 If Ay, A,, ..., Ay are collections of distinct subsets of n-elements set
S such that these collections are incomparable and uncomplemented, then

k
Z |-’41| S 2n—1 + 17

i=1
if mazi<ice{|Ai|} > 2nt —2l3) — 251 —2l5)-1 4 9,

Proof. Without loss of generality, we assume that |A;| = maz <<k {|Ai|}. Let
B =U%,A;. Then A, and B are incomparable. If B contains more than one pair of
complemented sets, then |A;]| < 271 — 2151 — 2[F1 — 21311 4 2 by Lemma 10 (b),
which is a contradiction. Therefore, B contains at most one pair of complemented
sets. Let U be one of the set in the pair. Then B - U is uncomplemented, therefore,
[Ai| +|B—U| < 2%t That is, 25, A <21+ 1.

3 The case k = 3

Let A;, A; and A; be collections of distinct subsets of n-element set S such that
these collections are incomparable and uncomplemented. Then we can partition A,
into A1, A9, Ajs such that A, is contained in A, and A3 is contained in A;. The
similar partition applies to A2 and .4;. Therefore, we have the following partitions:
A=A UAp U A, Az = Ay UApn U Agy, Ay = Ay U Azp U Ags,
such that A; ; = A;; for i # j.
We have the following result.

Theorem 13 Let A;, A, and Az be collections of distinct subsets of n-element set

S such that these collections are incomparable and uncomplemented. Then for any
1<, <3,
[./41[ + ‘Az' + ]Azl < nt 4 IA,,]*

Proof. Without loss of generality, we need only to show that
[ + [ Ao| + [As] <2770 + [ A4y4),

for j = 1,2,3. There are three cases.

Case 1. j = 1.
Let By = A; U A3 U Ayz and By = Ay. Then By and B, are collections of
uncomplemented and incomparable. By Theorem 1,

IB1| + |th < on-t,

272




Therefore,

|Ay] + | Ag] + | As| <2771 + | A4y,

Case 2. j = 2.
The proof is similar to Case 1.
Case 3. j = 3.

Let C; = A; U Ay and C; = Ay U Az Then C; and Gy are collections of
uncomplemented subsets from S. To show that they are incomparable, we need to
show that if A € C,,A = A3y € Asy, and B € Cy, B = A3 € Ay, then A ¢ B and
B ¢ A. We observe that A3z ¢ Az . Otherwise, A5; C A;,. But A3 is in A3 and
Ay is in Ays, which contradicts the fact that A; and A, are incomparable. Similarly,
Asy ¢ Ase. Therefore, C; and C; are incomparable.

By Theorem 1 again,

[C1] + |C| < 2771,

Therefore,

Q.All -+ |Ag| -+ |A3I < i + t.Ag’gi
This completes the proof. B

Remark We note that in many cases, min{|A;;| : 1 <+4,j < 3} is zero.

Corollary 14 Let A;, Ay and Aj; be collections of distinct subsets of n-element set
S such that these collections are incomparable and uncomplemented. Then

[AL + [As| + | A < =.om

Proof. By Theorem 13, we have that for any 1 <i,j < 3,
|1l + [Aa] + [As] < 2770 + A
Summing up over all 1 < 4,5 < 3, we have
(1AL + [ Aa] + | As]) = 9 x 2771 + (4] + [ Az| + | As)).

Therefore,

A o]+ A < 22
This completes the proof. B
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