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Abstract

A double Dudeney set in K, is a multiset of Hamilton cycles in K,
having the property that each 2-path in K, lies in exactly two of the
cycles. In this paper, we construct a double Dudeney set in K, when
n = pips---Ps + 2, where py,pa,...,p, are different odd prime numbers
and s is a natural number.

1 Introduction

A Dudeney set in the complete graph K, is a set of Hamilton cycles in K, having
the property that each path of length two (2-path) lies on exactly one of the cycles.
The length of a path is the number of edges in the path. A Dudeney set in K, has
been constructed when n > 4 is even [4]. In the case when n is odd, a Dudeney set in
K, has been constructed only when n = 2¢+1 (e is a natural number) [6], n = p+2
(p is an odd prime number and 2 or —2 is a primitive root of GF(p)) [1, 3], and in
some other cases when n = p+ 2 [3, 5].
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A double Dudeney set in K, is a multiset of Hamilton cycles having the property
that each 2-path lies on exactly two of the cycles. If there exists a Dudeney set in
K, there exists a double Dudeney set in K,,. Except for the above n, it is not known
whether a double Dudeney set of K, exists.

In this paper we will prove Theorem 1.1. For part of our proof we will use the
same method as used by [4].

Theorem 1.1 There exists a double Dudeney set in K, when n = pips---ps + 2,
where py,pa, ..., ps are different odd prime numbers and s is a natural number.

2 Notation and Preliminaries

Let n > 4 be an even number. Put m =n—1and r = (m—1)/2. Let K,, = (V,,, E,,)
be the complete graph on n vertices, where V,, is the vertex set and E, is the edge
set. From now on, put V,, = {oo}UZ,, = {c0}U{0,1,2,...,m—1}, where Z,, is the
set of integers modulo m.

For any integer i,0 < i < m — 1, we define the 1-factor F;:

F, = {{c0,i}}U{{a,b} € E, | a,b # 00,a+ b = 2i (mod m)}.

Let o be the vertex-permutation (00)(0 1 2 --- m—1), and put £ = {¢7 | 0 <
j < m —1}. Clearly o induces a permutation of the edges of K,; we will also
denote this permutation by o. When C is a set of cycles or circuits in K,, define
X={C"|Cel ek}

For any edge {a,b} in K,, we define the length d(a, b):

d(a,b) = { (b—a)(mod m)  (a,b+# o)

00 (otherwise),

and for any two lengths dy, da(5# o0), we define that d; and dy are equal as lengths
when dy = dy or dy = —dy in Z,,.
The following proposition is easy to prove.

Proposition 2.1 Let H; (1 <i<m—1) be a I-factor in K,,. If FbUH; (1
1) is a Hamilton cycle in K, and U™ H; = E,\ Fy, then S{FyUH; | 1 < <m
15 a double Dudeney set in K,.

Let A be a 1-factor in K, that satisfies A1l and A2:

Al. FyU A is a Hamilton cycle in K,.

A2. If S is the multiset {d(a,b) | {a,b} € A}, then we have S = {c0,1,2,...,
r}, ie., A has all lengths.

|
S
|
—
—

We construct the complete graph K, by adding a new vertex A to K,; that is,
put ' =n+1, Ky = (Voy, Ey) and V,y = V,, U {\}. Extend o to be the following
permutation of V,,, also denoted by o: ¢ = (00)(A)(0 1 2 --- m—1). Again, let
Y={d0<j<m—1}.
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If we insert the vertex A into all the edges in A, we get a set of 2-paths in K.
Denote this set by A*, that is,

A* ={(a,\, D) | {a,b} € A}.
We note that paths are undirected, i.e., (a,\,b) = (b, \,a). Fy U A* is considered to

be a circuit in K.

Proposition 2.2 (Proposition 2.3 [5]) Let A be a 1-factor in K, which satisfies Al
and A2 above. Assume h; (1 <i <) is a Hamilton cycle in K, and X{h; | 1 <i <
r} is a Dudeney set in K,. Then

SURUAY ULk [ 1<i<r))

has each 2-path in K, exactly once.

Proposition 2.3 Let Ay and A be 1-factors in K,, which satisfy Al and A2 above.
(A1 = Ay is allowed.) Assume h; (1 < i < 2r) is a Hamilton cycle in K, and
Y{h; |1 <1 <2r} is a double Dudeney set in K,,. Then

Y{FRUAY, Fpu A u{h | 1<i<2r})

has each 2-path in K, exactly twice, where { } means a multiset.
Proof. The proof is similar to the proof of Proposition 2.2. m|
Now we refer to the following famous theorem.

Proposition 2.4 Let my,my be natural numbers with (my,ms) = 1. Consider an
mg by my rectangle having ma xmy cells. If a ball comes in diagonally from the upper
left corner and bounces off the edges as in Figure 2.1, then the ball passes through
each cell exactly once and leaves from the lower right corner when my and my are
odd, from the lower left corner when my is odd and ms is even, and from the upper
right corner when my is even and msy is odd.

Finally, we explain what we mean by exchanging edges between two 1-factors.
Let Hy and H, be 1-factors in K,,. Assume that H; U Hs is not hamiltonian and
that we have a cycle C'in Hy U Hy. Then we exchange edges of H; and H, via C' to
obtain two new 1-factors H] and Hj:

H| = (H;\ C)U (H,NC), and

H, = (H,\ C) U (H, N O).

3 Property (B,)

Let n > 4 be an even number. Put m =n — 1 and r = (m — 1)/2. We denote by
(B,,) the following property of K,:

(B,) There exist 1-factors G;, 1 < i < 2r, in K, such that

(1) FyUG; is a Hamilton cycle in K,, (1 <4< 2r),
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my, mo: odd 1: odd, mo: evenmy: even, my: odd

Figure 2.1

(2) U?Lle = En, \ FO,
(3) G, has an edge of length 1 (1 <14 < 2r).

In this terminology, if we put D = ¥{FyUG; | 1 < i < 2r}, D is a double
Dudeney set in K,, from Proposition 2.1.

Proposition 3.1 Let n > 4 be even. If K,, satisfies property (B,), then there exists
a double Dudeney set in K, 1.

Proof. From the assumption, there exist 1-factors G;, 1 < i < 2r, in K, satisfying

(1), (2), (3) of (Bn).

Let 0 be the vertex permutation:

_J (2-2)
0= { (2 —2)

(4 -4)(6 =6)---(r —r) (if m =1 (mod 4))
(4 -4)(6 —6)---(r—1 —(r—1))  (if m =3 (mod 4)).

Then the order of 6 is 2 and each edge in Fj is fixed by 6, i.e., fe = e for ecFy. Put

EW = {{a,b} | d(a,b) = 1}\ {{r, —r}};
then we have |[E(V| = 2r.
Claim 3.1 0EW = F, U F_, \ {{co,7}, {00, —1}}.

Since the G;, 1 < i < 2r, satisfy conditions (1) and (2) of (B,,), the 1-factors 6G;,
1 <4 < 2r, also satisfy conditions (1) and (2) of (B,,), that is, we have,
Claim 3.2
(1) Fo UOG, is a Hamilton cycle in K, (1 <1i <2r),
(2) U, 0G; = E, \ F.

Proof. (1) Since 0(Fy U G;) = 0Fy U (0G;) = Fy U (0G;), Fy U OG; is a Hamilton
cycle in K.
(2) Since UG; = E,, \ Fy, we have 0(UG;) = 0(E, \ Fy) =0E,\ 0Fy, = E,\ F,. O
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Therefore we obtain from Proposition 2.1,
Claim 3.3 X{F, U0G;|1 <i<2r} is a double Dudeney set in K,.
Insert the vertex A into all edges in F, and F_, and define F} and F*,:

F»={(a,\,b) | {a,b} € F,} and F*, = {(a,\,D) | {a,b} € F_,},

where (a, A, b) is a 2-path. Put D* = S({FRUF}, [UF* JU{FR{RUIG; | 1 <i < 2r}).
Claim 3.4 D> has each 2-path in K,/ exactly twice.

Proof.  From Claim 3.3 and the fact that F, and F_, satisfy Al and A2, we
obtain Claim 3.4 by Proposition 2.3. m]

We would like to leave A in the 2-path (oo, A,r) € F» and A in the 2-path
(00, A\, —r) € F?,, and scatter the remaining 2r As in FAUF?, over {0G; | 1 <i < 2r}.

From ClaiHI 3.1, for any ¢, 1 < i < 2r, there is exactly one edge e; = {a;, b;}
(ai, b; # 00) that is in both G, and F, U F_,. Denote by 0G’ the set of edges and
the 2-path obtained from G; by inserting A into the edge e;, i.e.,

0G, = 0G; \ {{a;,b;}} U{(a;, A\, b;)}.
Define
F =F.\ {{o0,7}} U{(00,A\,7)} and
Fir =r., \ {{OO, _T}} U {(007 )‘> —1”)},
where (00, A,7) and (oo, A, —r) are 2-paths. Put

D=S({RUF,RUF,}U{FRUIG,|1<i<2r}),

Then we have
Claim 3.5 D is a double Dudeney set in K, .

Proof. Each element of D is clearly a Hamilton cycle in K. The set of all 2-paths
in D and the set of all 2-paths in D* are the same. Hence D has each 2-path in K,
exactly twice by Claim 3.4. Therefore D is a double Dudeney set in K. O

This completes the proof of Proposition 3.1. O
Proposition 3.2 K. satisfies property (By11), where p is an odd prime number.

Proof. Put G; = F;, 1 <i < p—1, then the G;, 1 <14 < p— 1, satisfy (1), (2),
(3) of property (Bp41). a

From Propositions 3.1 and 3.2, we obtain,

Proposition 3.3 There exists a double Dudeney set in K, o where p is an odd
prime number.
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4 A proof of Theorem 1.1

To prove Theorem 1.1, we only have to prove Proposition 4.1 from Proposition 3.1.

Proposition 4.1 K, satisfies property (B,) when n = p1ps---ps + 1, where p1, pa,
.., ps are different odd prime numbers and s is a natural number.

Proof. We will prove the proposition by induction on s. When s = 1, the propo-
sition holds from Proposition 3.2. Assume s > 2. We can assume p; < py < ... < Ds
without loss of generality. Put m; = pi, ma = pop3---ps and m = mymsy. Put
nm =m+1( =1,2) and n = m + 1. Note that K, satisfies property (B,,)
from Proposition 3.2, and K,, satisfies property (B,,) from the hypothesis of the
induction. Now we will show that K, satisfies property (B,).

Forl =1,2, put r, = (m;—1)/2 and consider the complete graph K,,, = (V,,, Ey,),
where V;,, = {00} U Z,,, = {00} U{0,1,2,---,m; —1}. Vertices (other than oo;) are
considered modulo m;.

Put » = (m — 1)/2 and consider the complete graph K, = (V,, E,), where
Vo ={co}UZ, ={o0}U{0,1,2,--- ,m—1}.

Since (my,me) =1, Z,, is isomorphic to Z,,, X Z,,, as additive groups, where X
means a direct product. The isomorphism from Z,, to Z,,, X Z,,, is given by

f s a(mod m) — (a(mod my), a(mod msy)).
We identify Z,, and Z,,, X Z,,, through this mapping. Then we can represent V,, as
Vo ={oo}U{(a1,a2) | a1 € Z,,,, 02 € Zppy }.

For any edge {«, 3} in K,,, the length d(c, 3) is defined as an element of Z,,, in Section
2. Since Z,, = Zp, X Zpy,, the length d(a, 8) is also represented as an element of
Ly X Ly

((by — a1)(mod my), (ba — ag)(mod my)) (o, B # 00)

00 (otherwise),

(0, ) = {

where we put @ = (a1,a2),3 = (b1,bs) when o, # oo. And any two lengths
dy, do(# 00) are equal when d; = ds or dy = —dy in Z,,, X Z,,,, for example, lengths
(1,1) and (—1,—1) are equal; (1, —1) and (—1,1) are equal.

Let oy = (00)(0 1 2 -+ my—1) be a permutation on V,,, and put X = (o)
(l=1,2). Puto=(0)(012 --- m—1) and ¥ = (0). Then o can be written as
o = (01,09) and it is trivial that ¥ 2 (1) x £, For | = 1,2, we denote [} in K,
by Fél), and we denote Fy in K, by Fo0):

Foo = {{00,0}} U{{a, 8} € B | @, 8 # 00,a+ 3 =0 (mod m)}
{{00,(0,0)}}
U{{(a1,az), (b1,b2)} € Epar, b # oop,a; + b =0 (mod my) (I=1,2)}.

From our assumption, for I = 1,2, there are 1-factors Gg”, Gél), ey Gélr)l in K,
satisfying
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(1) Fo(l) U HGZ(-Z) is a Hamilton cycle in K, (1 <1i < 2r),
(2) UG = By \ B,
(3) GEU has an edge of length 1 (1 < i < 2r)).

We denote by v; and w; the vertices such that (co,v;) € Ggl) (1 <i<2r),and
(00, w;) € G (1 < j < 2r).

Now we define 1-factors in K, from 1-factors Ggl), 1 <i < 2r, and G§-2>, 1<
j < 2ry, as follows:

(1) Fori (1 <i<2r)andj(1<j<2r),

Gig) = {{oo, (vi,w;)}}
U{{(vi,a), (vi,0)} | a,b+# occs, {a,b} € GV}
U{{(av 'LU]'), (b7 wj)} | a,b 7é 01, {av b} € Ggl)}
U{{(a1>a2)> (bbe)} | abbl 7é oS} (l = 172)7
{al,bl} S Ggl), {ag,bz} S G;Q)}

(2) Fori (1 <i<2rm),

Gy = {{o0, (vi,0)}}
U{{Ui> a)7 (Ui7 b)} ‘ a, b 7é 02, {a> b} € F(gQ)}
U{{(ay, as), (br,b2)} | ai, by # ool = 1,2), {ar, by} € GV,
as + by =0 (mod ma)}.

(3) For j (1 <j<2ry),

Gy = {{o0, (0,wy)}}
U{{(CL,’LU]'), (b7 w])} ‘ a,b # oo1, {av b} € FO(I)}
U{{(a1,az), (b1,b2)} | ar,bn # o0i(l =1,2), a1 + by =0 (mod m4),
{as, by} € GP}.

It is trivial that these are 1-factors in K, and any two of these 1-factors have no
common edges.

We can represent these 1-factors in K, geometrically. Since Fo(l) u GEU (1<i<
2r1) is a Hamilton cycle in K,,,, put

Fél) U GED = (001, 21;=0, T2, T3i, - - -, Tpy—1,i=25),
where 25, € V,,, (1 <s<n;—1), and
{oor, z1;} € By, {0} € GV, {aos, w5} € B3V, ..,
{Zn,—24, Tny—14} € Fél), {Zn,—14,001} € Gz(-l).
Similarly, since Fém U G§-2) (1 <j < 2ry) is a Hamilton cycle in K,,, put
FPU Gf) = (002, Y15 = 0, Y25, Y3js - - -, Yna—1,§ = W),
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Tny—2i

0 T2i%3; ee 1 v

0 ?
Y25 ¢
Y35 ’
®

*

¢

sy O e !

w; oo oo cee oo

Figure 4.1: G

where y;; € V;, (1 <t <ny—1), and

{002,415} € F0(2>, {y),v25} € G§~2)7 {1pj y35} € F(§2), ce
(Uno—252Yno15} € o {Yna-14,002} € GV

The 1-factor G(;j) (1 < i < 2rqp,1 < j < 2ry) is represented in Figure 4.1.

In the figures each cell represents a vertex (7 co) in K,,: the cell (x4, y:;) repre-
sents the vertex (g, ;). The 1-factor G0y (1 <@ < 2rq) is represented in Figure
4.2, where we can take any G;Q) (1 <j<2r).

The 1-factor G(o) (1 < j < 2ry) is represented in Figure 4.3, where we can take
any GV (1 <i < 2r).

The 1-factor Fig is represented in Figure 4.4, where we can take any Ggl) and
G (1<i<2r,1<j<2m).

Put
9'1 :{G(i,j) | 1§i§27”1,1§j§2T2}7
G, = {G(i,()) ‘ 1< < 27”1}7
Gs ={Go, | 1 <7< 2r}, and
G =GiUGUGs.
Claim 4.1

(1) Floo) UGy is a Hamilton cycle (1 <4 < 2r,1 <5 < 2ry).
(2) Flo0) UG is not a Hamilton cycle (1 < i < 2rq).
(3) Flo,0) UGy is not a Hamilton cycle (1 < j < 2ry).
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0 T2iT34 s V;

Y2; ’
Y3 ¢
?
)
?
)
?
w;j d

Figure 4.2: G(; )

0 T2iT3; V5
0 |
Yoj | &
Ysj | ¢
¢
?
¢
?
®
Wy —=o | o—o —o

Figure 4.3: G
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0 Z2iT3i s Ui
0 —=o | o—o —o
Y25 | ¢
Y3j | &

?

¢

b

)

?
”LUj *

Figure 4.4: Fo0

Proof.
(1) Combining Figures 4.1 and 4.4, we obtain Figure 4.5.

Then we see Flo,0) U G5 is a Hamilton cycle from Proposition 2.4.
(2) Combining Figures 4.2 and 4.4, we obtain Figure 4.6.

Then we see Fo0) UG ;) is the union of one cycle of length m; +1 and r; cycles
of length 2m;.
(3) Combining Figures 4.3 and 4.4, we obtain Figure 4.7.

Then we see Fg,0)UGo) is the union of one cycle of length my 41 and r; cycles
of length 2ms. a

Claim 4.2 G satisfies conditions (2) and (3) of property (B,,), that is,
UaegG = En \ Floo),

and G (G € G) has an edge of length 1 = (1,1).

Proof. Since |Ugeg G| = n(n—2)/2 and (UgegG) N Flo0y = 0, we have UgegG =
E,\ Fo)-

From our assumption, there exists an edge {a,b} of length 1 in GEI) and there
exists an edge {c,d} of length 1 in G;Q). The edges {(a,c), (b,d)} and {(a,d), (b,c)}
are in G(; ;) and their lengths are 1 = (1,1) and (1, —1). So, there exists an edge of
length 1 in G, ).

As there exists an edge of length 1 in Fy, proofs about G; ) and G jy are similar.

O

For any G € G, UGs, Fo0) UG is not a Hamilton cycle from Claim 4.1, so we will
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0 T2iT3; ce V;

Y2;

Y34

Figure 4.5: F(o0) U G

0 T2;T34 e v;

Y2j
Ysj

Figure 4.6: Fo0) U G
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0 T2iT3; s V;

Y2
Y3;j

Figure 4.7 F(o,o) @] G(Oﬁj)

exchange edges of 1-factors in G, U G3 and 1-factors in G;.

Let G(i0) € G2. Consider the union of G0y and G5 (1 <4< 2,1 <5 < 2r9)
(Figure 4.8).

It contains r; 2mg-cycles and one (mg + 1)-cycle. Let C; be the (mq + 1)-cycle.
Exchange their edges via C;. Then we obtain (Figures 4.9, 4.10)

G(i,O)(z’,j) = (G(i,o) \ Cl) U (G(i,j) N Cl); and
G?i,j)(i,()) e (G(i,j) \ Cl) @] (G(i,o) n Cl).

Claim 4.3
(1) Floo UGy is a Hamilton cycle (1 <i < 2rq,1 < j < 2r9).
(2) Floo U G?i,j)(i,o) is a Hamilton cycle (1 <1 <2r,1 < j < 2r9).
(3) Both Gy and Glij)ioy have an edge of length 1 (1 <i<2m,1<j<
2’/‘2).
Proof.
(1) Flo) UGy, is shown in Figure 4.11, so (1) is trivial.
(2) Flo,0)UG(; j)(i0) 18 shown in Figure 4.12. We have (m;—1,m2) = 1 from minimality
of p1. So, (2) holds from Proposition 2.4.
(3) Both G(;) and G, ;) have an edge of length 1 from Claim 4.2. The cycle Cy
doesn’t have edges of length 1 because the length of any edge in C} is of type (0,a)
or co. So, after the exchange of edges, both G;0)i,5) and G, ;) ;) still have an edge
of length 1. m|
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0 T2iT34 s V;

0 r
Y24 )
Ysj [

[}
[}
[}
[}
[}
U]j «
Gy
Figure 4.8: G(l[)) @] G(l])
0 T2iT3; Vi

Y25 )

Ysj ’
s
?
)
?
I
|
s
”lUj

Figure 4.9: G(i,O)(i,j)
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Y2;
Y3j

wy

Y2;
Y3j

w '

0 T2iT3; s V;

*
s
*
¢
b
|
|
s
*
oo oo PP
Figure 4.10: G7; ;.0
0 T2iT3; s V5
T
Figure 4.11: F(O,O) U G(L,O)(l_])
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0 T2iT3; e Ui
0 - —
Y25
Y35
U}j ‘_

Figure 4.12: Fo,0) U G{; j)(5.0)

Next, let G ;) € Gs. Consider the union of G ) and Gy (1 <@ < 21,1 <
j < 2ry) (Figure 4.13). It contains 5 2ms-cycles and one (m; + 1)-cycle. Let C; be
the (mq + 1)-cycle and Cy the uppermost 2m4-cycle.

If (mq,ma — 1) = 1, then exchange edges of G ;) and G(;; via Cy. If (mq,mg —
1) # 1, then exchange edges of G(oj and G;; via Cs. Then we obtain (Figures
4.14, 4.15, 4.16, 4.17)

Gy = (G \C)U (GujNC); and

Gz‘i,j)(Oﬁj) = (G(i,j) \ C) U (G(O,J‘) N C),
where C = Cy if (my,me — 1) =1; C = Cy if (my,mg — 1) # 1.

Claim 4.4

(1) Foo) UG, s o Hamilton cycle (1 <14 < 2rp,1 <5 < 2r9).

(2) Foo U Ga‘,j)(o,j) is a Hamilton cycle (1 <1 <2r,1 < j < 2ry).

(3) Both G ond Gl j)0,) have an edge of length 1 (1<i<2r,1<5<2ry).

Proof. If (my,my — 1) = 1, then we exchange edges via Cj. In this case, proofs
of (1), (2), (3) are similar to the proof of Claim 4.3. So, we will omit them.

Assume (mq,mg — 1) # 1. Then we have (mq, my — 2) = 1 because m, is prime.
Since (my,2) = 1, (1) holds from Proposition 2.4. Since (my, mg — 2) = 1, (2) holds
from Proposition 2.4.

Next we will prove (3). Both G (g ) and G(; ;) have an edge of length 1 from Claim
4.2. If Cy has no edges of length 1, G(o;);,;) and GZ}’]—)(OJ) still have an edge of length
1 trivially.

Assume G(pj) N C; has an edge of length 1. Let {(a,0),(b,c)} be the edge in
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0 T2iT34 s V;

Y2j G2

Y3j

w; e Cy

Figure 4.13: G(o;) U G5

0 T2iT3; s V;

Y2;
Ysj

oo | oo | o—o

——o

W; |etoeo | oto | e— -+ —e

oo

Figure 4.14: G (o)) (the case (mq,my —1) = 1)
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0 T2iT34 s V;

0 ?
Yoj ¢
Y3 ’
®
*
'y
*
'y
w; —eo &— - —1eo oo
o0

Figure 4.15: G{; ;0. (the case (m1,mgy — 1) = 1)

0 T2iT3; s V;
0 ?
Yo )}
Ysi | ¢

®

b

)

?

®
wy —=o | o—o ce —o

00

Figure 4.16: G(g)(;,;) (the case (mq,my — 1) # 1
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0 T2iT3; s V;

0 |9
Y24 °

Y35 ’

®

*

'y

X ’

Py

w; oo oo oo

oo

Figure 4.17: G{; ;)05 (the case (m1,my — 1) # 1)

G0y N Cs of length 1 = (1,1). Then (b—a,c) or (a — b, —c) is (1,1). There exists
an edge {e, f} € G of length 1. Then the edges {(e,0), (f,c)} and {(f,0), (e, c)}
belong to G(; jy N Cy. One of these edges is of length 1 = (1,1). (The other edge is of
length (1,—1).) Therefore, after exchanging edges, both G(q i) and G|, have
an edge of length 1.

Assume G(; jy N Cy has an edge of length 1. Then Gy ;)N C, has an edge of length
1.

Therefore we have completed the proof. O

(4.5)(0.5)

Now we specify 1-factors G(; ;) € G for exchanging edges of G0 € Go and
G(o,) € Gs. For G0y € Gy, we exchange edges of G(; gy and G(; —1y) when 1 <7 <7y
Gip) and Gy when rp +1 <@ < 21, For G5 € Gs, we exchange edges of Gg ;)
and G145 when 1 < j <ry; Goy) and G(_1 5 when 7y +1 < j < 2ry. Put

g = {Gfi,—l)(z‘,o) | 1<i<ri} U {Ga,l)(i,o) | ri+1<i<2r}
U{GT1jy0,) | 1T} ULGT o) | rat1<i <20}
U (G \ {Gp—1y | 1<i<m P\ {Giny | m+1<i<2r}
MGy 1S5 \{G 1) | rat1<j<2m2}),
2= {Guoa-1) | 1<i<mU{Guoyen | m+H1<i<2r},
5= {Goypay | 1S5<r2} U{G o)1) | r2+1<j<2r2}, and
G = GIUGUG;.

Claim 4.5 The 1-factors G € G satisfy (1), (2),( ) of property (B,,), that is,
(1) Flo UG is a Hamilton cycle in K, (G € G
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(2) Ugeg'G = En \ Fo),
(3) G has an edge of length 1 (G € G').

Proof. Condition (1) holds from Claims 4.1, 4.3 and 4.4. Since G’ is obtained
by exchanging edges in G, we have UgegG = Ugeg'G. So (2) holds from Claim 4.2.
Condition (3) holds from Claims 4.2, 4.3 and 4.4. O

Hence K, satisfies property (B,,). This completes the proof of Proposition 4.1.
O

Therefore we complete the proof of Theorem 1.1.
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