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Abstract

We consider 2-homogeneous graphs, introduced by Nomura [J. Combin.
Theory ser. B 60 (1994)], and discuss the elementary properties. More-
over, the diameter of 2-homogeneous graphs with even girth is bounded,
and some restrictions of 2-homogeneous graphs with odd girth are ob-
tained.

1 Introduction

Let T be a finite connected graph of diameter d with the usual metric 9 on the vertex
set VI of I'. The girth of a graph I' is the minimal length of all the circuits in T,
denoted by g. For vertices u,v € VT, let

Li(u) = {x € VT | d(u, z) =i}, D;.(u, v) =T;(u) NTj(v).

The family {D’(u,v)}o<ij<a is called the intersection diagram of I with respect to
uw and v.

For any vertex z and a subset Y of VI, let e(x,Y) denote the number of edges
connecting z and Y.

A connected graph I' is said to be 2-homogeneous if + € DI(u,v) and 2’ €
Di(u',v') imply e(x, Di(u,v)) = e(a’, Dj(u',v")) for all integers r,s,i,j whenever

O(u,v) =0, v') = 2.
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A connected graph T is said to be distance-regular if, for all vertices u and v with
distance i, the parameters

¢ =e,iz1(u)),a =e(v,Ii(u)),b; = e(v,[ip1(u))

depend only on i rather than the individual choice of u and v with d(u,v) = i. The
parameters ¢;, a;,b; are called the intersection numbers, and {by, b1, -, bg_1;c1, Ca,
-++,cq} is called the intersection array of T', denoted by #(T"). For more information
about distance-regular graphs, we refer readers to [1], [2], [3].

Nomura [5] determined all 2-homogeneous bipartite graphs. In this paper, we
discuss the elementary properties of 2-homogeneous graphs, and bound the diameter
of 2-homogeneous graphs of even girth. For odd girth case, some restrictions on
intersection numbers are obtained.

2 Main results
Proposition 2.1 A 2-homogeneous graph T is distance-regular.

Proof. TIf I is a complete graph, our result follows. Now assume that d > 2. Let
u, x be two vertices at distance i. First we consider case ¢ > 2. Take a shortest path
(u,w,v,- -+, ) connecting u and z. Then we have z € D! _,(u,v) and

e(z,Tiz1(u)) = e, D;{f%(u, v)), |
e(x,Fi(u)) = e(x,ngz(% 1})) +€(1’aD§;1(U,U))a 4
e(r,Tis1(u)) = e(x, DI 3(u,v)) + e(z, Di3(u,v)) + e(x, DI~} (u,v)).

Now we consider case i = 1. Take v € I';(z) N 'y(u). Then

e(x,To(u)) = 1+e(x, Di(u,v)) + e(z, D3(u,v)),
e(z,T1(u)) = ez, Di(u,v))+ e(x, Dy(u,v)).

Assume i = 0. Take v € I'y(u). Then
e(u,I'1(u)) = e(u, Dy (u,v)) + e(u, Dy(u,v)) + e(u, D3 (u,v)).

Since I' is 2-homogeneous, the right sides do not depend on the choice of v and x
with distance 7. Hence I is distance-regular. [

Lemma 2.2 Let T’ be a 2-homogeneous graph of diameter d > 2. Then there ezist
constants 1,72, -+, Ya such that |U._1(u) N Di(z,y)| =, for allu € VT and z,y €
Ty (u) with O(z,y) =2 (r=1,2,---.,d).

Proof. Tt is clear that 44 = 1. Suppose r > 1. Since I' is 2-homogeneous, for any
r > 2, there exist constants dq, 3, - - -, 4 such that

IT1(u) NTrmi (@) NTra (y)] = 6y
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5,6, 10
We conclude that v, = 7™ Let N be the number of paths of length
Cr—1Cp—2 " C2

r—1 from u to D}(z,y). Let (v = u,,u,_1,- -+, u1) be a path of length r—1 connecting
u and some u; € Di(x,y). Thus we have u; € Di(z,y) for all i. It is clear that
e(u;, D71 (z,9)) = 0;. So N = 6,6,_1---05. On the other hand, for a fixed vertex
z € oq(u)NTy(xz) NIy (y), there are ¢,_1¢,—o - - - cg paths of length r — 1 connecting
z and w. Thus N = |y (u) N Ty (z) N Ty(y)|cr—1¢r—2 - - - ca, and so our conclusion
holds. Hence 7, is a constant for all r =1,2,--- d. [

The following results generalize Nomura’s results in [4].

Lemma 2.3 Let I' be a 2-homogeneous graph of even girth and valency k > 3, and
let
v = [Dici(u) N Th(z) N T (y)],

where x,y € I';(u) at distance 2. Then the following hold.

Proof. (i) Since the girth of I' is even, there exists a positive integer r such that
l=c=c=-=¢<c¢iyand ¢y =ay=---=a, =0.

We conclude that ~, > 0. Pick w € T',_1(u), then we can choose two distinct vertices
z,y € Tp(u)NT1(w) by b._1 = k—1 > 2. Note that d(z,y) = 2 by a1 = 0. It is clear
that w € T',_1(u) Ny (x) N Ty (y), and so v, > 0. Thus our conclusion is valid. Take
z € I'vi1(u). We can choose two distinct vertices 2/, € I'(u) N T'y(2) by ¢rqq > 1.
By 7 > 0, there exists v € ',y (u) NIy (2/) NIy (y'). Thus 2,y € I'1(v) NT4(2), and
SO ¢y > 2.

The proof of (i), (ii), (iv) is similar to that of the case when I is bipartite, and
will be omitted. ]

Theorem 2.4 Let T' be a 2-homogeneous graph of valency k > 3 and even girth. If
Yo > 1, then d < 5. If yo =1, then ¢; =1 and so d < k.

Proof. First we consider the case 72 > 1. By (i7) of Lemma 2.3,

Cy — 1)(02 — 2)

- +2.
-1
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If d > 3, we have ¢5 = (ca(ca — 1)/72) + 1 by (i%i) of Lemma 2.3. If d > 4, we
. /,2_2. 2 /4_3/3 2 3 /2_2 S 2
get ¢y = alc = 265 + %). If d > 5, then ¢5 = o il 62;— %;2 5 1262 +72.
Y2+ Cav2 — C2 V265 + V5 — ¢
If d > 6, then

(c2 =) =72 — )
(2 = D(SE72+7%5 —3)
So Y2(e2 — 1)(2¢2 — 299 — cay2) > as > 0, which is impossible. Hence d < 5. If 5 = 1,
then 9, =1 and ¢; = ¢ for all 1 < i < d by Lemma 2.3. [ ]

b5:kz—c5—a5: —a521.

Corollary 2.5 Let I' be a 2-homogeneous graph of valency k > 3 and diameter d.
Suppose all the odd circuits are of length 2d + 1. Then one of the following holds.

(i) d < 5.
(i) (D) = {k,k—1, k=2, k—d+1;1,2,---,d—1,d}.

Proof. Assume d > 6. We conclude that ¢; > 2. Suppose not. Then I' is a Moore
graph, and so d = 2. This is impossible. So I' is of even girth. By Theorem 2.4, the
desired result follows. [

Proposition 2.6 Let I' be a 2-homogeneous graph of odd girth g > 5 and valency
k>3. Thenc;=1 orb,_s=1 for eachi=2,3,---,d.

Proof. If there exists some 4 such that ¢; > 1, then we claim that b;_o = 1. Suppose
not. Assume b;_, > 2. Take vertices x and y at distance ¢ — 2. Since b;_» > 2, we can
choose two distinct vertices @’,y" € I';_1(2) N 'y (y). We have 0(z',y") =2 by g > 5,
and so y;_1 > 1. Let u,w be two vertices at distance i. By ¢; > 1, we can take two
distinct vertices z,y € T'y(w) NT;_1(u). We get 9(z,y) = 2 by g > 5. Since y;—1 > 1,
there exists v € T'y(z) N Ty (y) NT_2(w). Thus v,w € T'1(z) NTy(y), so ¢ > 2, which
contradicts to g > 5. Hence b;_o = 1. [

Definition 2.1 Let ' be a distance-regular graph. For any two vertices x,y at dis-
tance i, the induced subgraph on T;_1(x) NT1(y) is called the c;-graph of T, and the
induced subgraph on T';11(x) NT1(y) is called the b;-graph of T.

Proposition 2.7 Let T be a 2-homogeneous graph of girth 3. If co = 1, then ¢;-graph
of T is a clique or b;_s-graph is a clique, for alli=1,2,---,d.

Proof. If there exists some i such that both of ¢;-graph and b;_s-graph of ' are not
cliques. Let 9(u,v) =i — 2. Then there exist two vertices x,y € I';_1(u) N T1(v) at
distance 2, and so 7,_; > 1. Take two vertices uy,v; at distance i, then there exist
2y € Ti_1(uy) NIy (vy) at distance 2. By 7,1 > 1, there exits v € Ty (/)N (y') N
I, _o(up). Thus ¢y > 2, a contradiction. Hence the desired result follows. [}

Corollary 2.8 LetI' be a 2-homogeneous graph of girth 3. If co = 1, then ¢; < a;+1
or bi_g S a + 1.
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