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Abstract

Let AK, be the complete multigraph with v vertices, where any two
distinct vertices x and y are joined by A edges {x,y}. Let G be a finite
simple graph. A G-design of AK,, denoted by (v,G,\)-GD, is a pair
(X, B), where X is the vertex set of K, and B is a collection of subgraphs
of K, called blocks, such that each block is isomorphic to G and any
two distinct vertices in K, are joined in exactly A blocks of B. In this
paper, the graphs discussed are C,ﬁ’”), i.e., one circle of length & with one
chord, where r is the number of vertices between the ends of the chord,
1<r< L%J We give a unified method to construct C’,E">—designs. In
particular, for G = C{(r = 1,2), OV (r = 1,2) and C{” (r = 1,2,3), we
completely solve the existence spectrum of (v, G, \)-GD.

1 Introduction

A complete multigraph of order v and index A, denoted by AK,, is a graph with v
vertices, where any two distinct vertices x and y are joined by A edges {z,y}. A t-
partite graph is one whose vertex set can be partitioned into ¢ subsets X7, X, -+, X,
such that two ends of each edge lie in distinct subsets. Such a partition (X, Xp, - - -,
X;) is called a t-partition of the graph. A complete t-partite graph with replication
A is a t-partite graph with ¢-partition (X7, Xo, -+, X;), in which each vertex of X
is joined to each vertex of X; by A edges (where ¢ # j). Such a graph is denoted by
MKy g omy 11X = n; (1 <@ <t). We denote a path of k vertices by Py and an
undirected cycle of length m by C,,,. By C) we mean one cycle of length m with one
chord, where r is the number of vertices between the ends of the chord, 1 <r < [%].
In [3], Blinco introduced the so-called theta-graph, that is a graph which consists of
three internally disjoint paths with common end points and lengths a, b and ¢ with
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a < b< candb# 1. This graph is denoted by ©(a, b, ). Obviously, the graph C{")
is just O(1, 7+ 1,m —r —1).

Let G be a finite simple graph. A G-design of AK,, denoted by (v, G, \)-GD,
is a pair (X, B), where X is the vertex set of K, and B is a collection of subgraphs
of K,, called blocks, such that each block is isomorphic to G and any two distinct
vertices in K, are joined in exactly A blocks of B. It is well known that if there exists

a (v, G,\)-GD, then
A(v—1) =0 (mod 2¢(G)) and A(v—1) =0 (mod d),

where e(G) denotes the number of edges in G and d is the greatest common divisor
of the degrees of the vertices of G. For the path P} and the star K, the existence
problems of (v, Py, A\)-GD and (v, K i, A)-GD have been solved (see [4] and [8]). For
some graphs, which have fewer vertices and fewer edges, the problem of their graph
designs has already been researched (see [1], [5]-[7], [9] and [11]-[19]).

Let (X1, Xa, -+, X;) be the t-partition of MK, ny,.n, and | X;| = ;. Let v =

Z n; and G={X1, Xs,---, X;}. For any given graph G, if the edges of AK,,, n,.

can be decomposed into edge-disjoint subgraphs A, each of which is isomorphic to G
and is called a block, then the system (X G, A) is called a holey G-design with index
A, denoted by G-HDy(T), where T' = nin}---n} is the type of the holey G-design.
Usually, the type is denoted by exponential form, for example, the type 1?2"3% ...
denotes i occurrences of 1, r occurrences of 2, etc. A G-HD,(1""%w') is called an
incomplete G-design, denoted by G-IDy(v; w) = (V, W, A), where |V| = v, |W|=w
and W C V. Obviously, a (v,G,\)-GD is a G-HD,(1”) or a G- ID,\(U w) with
w=0or 1. Let Hy, H, and W be three disjoint sets. A G-IH Dy (hq, ho;w) is a pair
((Hy, Hy, W), A), where A is a collection of subgraphs in H; U HyUW, called blocks,
such that each block is isomorphic to G and any two distinct vertices x,y are joined
in

exactly A blocks of B if x,y € Hy or x,y € Hy or x € Hy U Ho, yEW

no block of B otherwise

For HD,, ID, and I HD),, the subscript can be omitted when A = 1.

In this paper, the graphs discussed are C,i”. We provide a method to construct
C,g”-designs. The general structures will be given. In particular, for k = 6,7,8 and
any 7, A, we completely solve the existence spectrum of (v, C,(Cr>, A)-GD, where v > k.
Considering the results have been known to all when A = 1 (see [2]-[3]), we do not
want to mention our method of solving the problem when A = 1. We solve the
existence problem only for A > 1 in this paper.

2 General structures

Theorem 2.1 Let G be a simple graph. For positive integers h, A\, m and nonnegative
w, if there exist G-HDy(h™), G-IDy\(h+w;w) and (w,G, X)-GD (or (h+w, G, \)-
GD), then there exists (mh + w, G, \)-GD, too.
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Proof. Let X = (Z), x Z,,) UW, where W is a w-set. Suppose there exist
G- HDA(hm) (Zh X Zp, A),
G-1Dy(h +w;w) = ((Zp x {i}) UW,By), i € Z,, or i€ Z,, \ {0}, and
(w,G,\)-GD = (W,C) or (h+w,G,\)-GD = ((Z, x {0}) UW, D),
then (X, Q) is a (mh + w, G, \)-GD, where

Q=AU Lj BIUC or AU("EBZ-)UD
Note that -

Q = 2 «(G) @ Teuw
S (E R B A ST

A(""h*w) B { A(%)n? +m x M(5)+wh) + AMy)

A1+ "5 1B+ cl
m—1 .
A+ S 1B+ D]

O

However, the theorem can not be used to construct all orders mh + w. For

example, when G-H D, (h™) exist only for odd m (see Theorem 2.4), or G-I1D,(h +

w; w) merely exist for smaller w. Thus we have to present other structures, such as
THD etc.

Theorem 2.2 Let G be a simple graph. For positive integers h,w,t and X, if there
exist G-HD,(h**Y), G-IHDy(h,h;w) and (h + w,G,\)-GD, then ((2t + 1)h +
w, G, \)-GD exists.

Proof. Let X = (Z, X Zay1) UW, where |W| = w. Suppose there exist
G-HD\(W*) = (Z), X Za11, A),
G-IHD)\(h,h,’I_U) = ((Zh X {QZ},Z}L X {2Z + 1},W),Bz) for0 <i<t-— 1,
and
(h+w,G,\)-GD = ((Z, x {2t}) UW,C),

1
then (X, AU (tU B;)UC) forms a ((2t + 1)h 4+ w, G, \)-GD. In fact, we have
=0

(2 B2 A(2hwth(he1 A(wth A (2L+{)Iz,+71;
|A[ +¢[Bi| +|C| = (efc)) + e(+c)( )+ g(é)) = (e )

Theorem 2.3 There exist C§Z>—HD((2I€ +1)") fort > 2 and even r.

Proof. Let X = Zyy1 x Zy = U Vg, where V, = Zoypy1 x {z}. Forx # y €
€L
{1,2,---,t} and a;,b; € Zay41, define a 2k-circuit C as follows:

((a0>x)>(b0>y)7(al>x)>(blvy)>' (ak 1, ) (bk 1>y))7

i, i=0,1
i+ 2, 2<i< |k
E+b5or 5, i=[5] +1 (k even or odd) ’
i—Fk, l+2<i<k-1

where

a; =
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3, =
—(i—1), 1§®§LJ—1
b = 3516, i = L%J (k even or odd)
E+2or — 32 i= %] +1 (k even or odd)
k+3—1, El+2<i<k-1

It is easy to see that, for odd or even k, the 2k vertices in C' are different. Further-
more, the 2k edges in C' just correspond to all mixed differences +d,,(1 < d < k).
The remaining mixed difference 0,, may correspond to any chord ((a;, ), (a;,y)) or
((bi, ), (bs,y)). Thus, the chord of Cék can be chosen as ((a;, x), (a;,y)) if r =4i—2
or ((b;,x), (b;,y)) if r = 4i. Clearly, for all x # y € Z;, C' modulo (2k + 1, —) gives
the expected G-HD((2k +1)"). O

Theorem 2.4 There exist C\y)-HD((2k + 1)**") for t > 1 and odd r.

Construction. Let X = Zy,1 X Zyyq and k = p + ¢, where p and ¢ are positive
integers. For any = € {1,2,---,¢} define the following 2k-circuit over X:

Az = (a07a17a27 e 7a2p7 b2q—l7b2q—27 o '7b1)7

where ag(= by) and agy(= by,) will become the ends of the unique chord of C“> =
Az + apagy. These vertices a; and b; are defined as follows:

when p odd 42j = j

azj—1 = (J, ) 1< p
(.—]'70) OSJ.S§—1
agj =93 (J—px) 5<j<p-1
when p even (0,2z) Jj=p ;
a G 1< <5
1T (—4,0) P+1<ji<p
A BCAU B e
when ¢ odd T (G- q,22) %Sjéq ;
byj1 = (=(p+j)x) 1<j<q
(4,0) 0<j<i-1
baj =1 (¢—J,2) %Squ—l
when ¢ even (0,2x) J=q
-t (p+3,0) 1+1<j<gq

If r =3 mod 4 (say r = 4n — 1) then take p = 2n and ¢ = k — 2n. If r = 1 mod
4 (say r = 4n + 1) then take “p = 2n+ 1 and ¢ = k — 2n — 1” (when k even) or
“g=2n+1and p=k—2n—1" (when k odd). The blocks {A, +apas, : 1 <z <t}
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module (2k + 1,2t + 1) will be the desired C3)-HD((2k + 1)%+1).
Proof. First, by the given construction, we can list the differences (d,d’) cor-
responding to the edges ((a,b),(a’,¥)) in A,, where d = o’ —a and d = V' — b,
a7a’ S Z2k+17 b, b S Z2t+].

From the following table, it is easy to see that, for any p and ¢, the differences
corresponding to all edges of A, are just (£d,d’), where 1 <d <p+gq, d =z or 2z.
Furthermore, we have

{:l:l’: I€{1,2,,t}}:{i2l’ $€{1,2,"'7t}}:Z§t+1

and the chord apas, = boby, corresponds to the difference (0,2z). Therefore, the
blocks {A, + apag, : = € {1,2,---,t}} module (2k + 1,2t + 1) cover exactly all the
edges of Kopi1,...2p+1 With 2¢ + 1 parts. In this table, the symbol [m, n]s represents
the set {m,m +2,---,n —2,n}, where m =n (mod 2). And, the rows in this table
are separated into four parts: odd p, even p, odd ¢ and even ¢, in order down.

edges in A, differences (d,d’) range of d

((J7 ‘/I;)v (_j7 O)) <2J7L> 1 S J S % [27[) - 1]2

((G,2), (p — 4, 21)) (p—2j,x) Hl<j<p [—p, 1],

((=4,0), (G +1,2)) (2 +1,2) 0<j<et (1, ],

((p—3,22),(j + 1,2)) (p—2—12) 2 <j<p-1 ~(p-1),-2,

(4, =), (=4,0)) (=24, ) I1<j<f-1 [—(r—2),-2],

((gv_z)v( 2755)) <_p7 2z> Jj= % —-Pp

((=4,0), (G — p, 7)) (2j —p, ) E+1<j<p-1 (2,p - 2],

((_p70)7(07 2'1’)) <p7 2'L> J:p p

((=4,0), (5 +1,-2)) (=2 —1l,z) 0<j<E-1 [—(p—-1),-1],

(4 —p2),(=§ —1,0)) (2j+1-pax) £<j<p-1 1,p—1],
((7p7j7x)a(j’ 0)) <7p72jaw> 1 S] < q;_l [*(P+q - 1),*(P+2)]2
(=p—J,2),(J — ¢,22)) (p—q+2j,z) @l <j<yq P+ 1,p+4ql,
(=p—7—1,2),(4,0)) (-p—1-2j,2) o0<j<%t [—(p+q),—(p+ 1),
(U—g22),(=p=j—-La)| (p—q+1+2j,2) Y <j<q-1 [p+2,p+q-1],

((=p=4,—2),(4,0)) (p+2j,w) 1<j<fi-1 [p+2,p+q-2],

((_p_%v_w)v(gwl;) <[)+(172‘1> J:% p+q

((p+4,0), (g = j,2)) (g—p—2j,) d4+1<j<qg-1]|[-(p+qg-2),-(p+2)],

((p+4,0),(0,22)) (—p —q,2x) i=q —(p+4q)

((jto)a(fpfjflvfr)) <p+2]+1 33> OSJ'ngl [p+1,p+qfl]2

((g—j,2),@+j+1,0) |(g—p—1-2j2) §<j<q—1 [-(p+g—1),—(p+ 1),

However, in some cases (for example p odd and ¢ even) A, does not form a circuit.
In fact, we have the values of the vertices in A, as follows.

‘ vertices (y,0) (y,z) (y,—x) (y,2x)
p odd EEN) T 0.57]
p even [-p,0[\ {5} [-5.—1] [L, 5] 0
y [ qodd [0, 7] [+, —(p+ 1) (5. 0]
geven [ [0, —1JU[p+ 3 +1,p+g 17 —(p+9).—(p+1) 0

Note that ag = by = (0,0) and ag, = by, = (0, 2z) for any p and any ¢. It is easy
to verify that the values of all vertices in A, are distinct for the following cases:
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(1) p even and g even; (2) p odd and g odd; (3) p even and g odd.
However, when p odd and ¢ even, the values of vertices in the form (y,z) will be
repeated. It is the reason that we take different p and ¢ for r = 4n + 1 in our
construction. O

Theorem 2.5 There exist Cg,?_l—HD(@k)th) fork>3, t>1andl1<r<k-—2.

Proof. Let X = Zop X Zory1 = U Vi, where V, = Zo, x {z}. For 1 <z <t and

TEZ2t+1
a;, by € Zoy, define the following (2k — 1)-circuits A, over X:
v v

a b1 by 42
bi_1 142 a biio
aj—1 bl+2
by ay by 2141
ay bay ay bart1
u ag u Qg
(k=20+1) (k=20+2)
The vertices u, v, a;, b; are defined as follows:
u=(0,—x),
v= (—%, ) or (—%,O)7 k even or odd
az:(lax)a 0<i1<k—-1 andl#L%L
by = (—i,2x), 1<i<k—1 and i+# [§];

In each A, 1 < x <t the 2k —1 vertices are distinct obviously. The edge (u, ag) just
corresponds to the mixed difference 0y,. The mixed differences 1o,, —1a,, (K — 1),
and —(k — 1), correspond to the edges (u,a1), (v,bi11), (v, ;) and (ao,by), when
k = 2l + 1, or the edges (u,a1), (v,b;), (v,ai42) and (ag,bays1), when k& = 20 + 2.
Other edges just correspond to the mixed differences +d,, (2 < d < k — 2), and the
remaining mixed difference k, may correspond to any chord (a;, by1-4), 1 <i < 2]
and ¢ # [+ 1, when k = 2l + 1, or (a;,by424), 1 <i<2l+1andi# 1+ 1, when
k = 2 + 2. Thus, the chord of C{}’ | can be chosen as (a;,bys1_;), ¥V 1 < i < 21
and i # 1+ 1, when k = 2l + 1 or (a;,byia), V1 < i <2l+1landi #1+1,
when k = 2] 4+ 2. Clearly, when k& = 2l + 1, let Cé}j_l = A, + (a;, bayi11-4), the blocks
{As + (as,by1i) : 1<ax <t} (V1<i<2andi#!+1) mod (2k, 2t + 1) give
the expected C{) -HD((2k)**+1); when k = 21 + 2, let C$) | = A, + (az, basoi),
the blocks { A, + (a;,by42-4) : 1<z <t} (V1<i<2l+1andi+#1[+1) module
(2k,2t + 1) give the expected CY) -HD((2k)**1). O

Theorem 2.6 There exist CS;) | -HD((4k)*™) for k>3, t > 1 and1 <r < k—2.
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Proof. Let X = Zypy X Zory1 = U Vi, where V, = Zyp x {z}. For 1 <z <t and

TE€Z2t+1
ai, by, a;, b, € Zu, deﬁne the following (2k — 1)-circuits .,4367 B, over X:
A B, :
@ bi1 a b
bi-1 i42 b, ay
a1 biyo a_, bis
by Qg b, ay
a1 bay a, by,
Uy s (k=20+1) P g a
A, B, :
b 42 b, a)ys
a bita a by
by a2i41 b, .y
& bty a, b/21+1
u 2142 (k=20+2) D ay
The vertices u, v, p, q, a;, b;, a27 bz are defined as follows:
u=(k,0),
U=(’“§1,0) or (%70), k odd or even
q:(_%ﬁ), or (—%,0)7 k odd or even
ai:(ivx)v 1<i<k and l#I—%L
b = (=i, 2x), 1<¢<k—-1 and Z#L%J
a; = (i, 2z), 0<i<k—1 and i# |52,
b = (~i,2), 1<i<k—1 and i# %],

In each A, or B,, 1 <z <t, the 2k — 1 vertices are distinct obviously.

For odd k, say k = 2] + 1, we can verify that the edge (u,ag41) in A, and the
edge (p,a}) in B, just correspond to the mixed differences 0, and (2k),. The mixed
differences (21 + 2)z, and — (2l + 2),, correspond to the edge (a;,q) in B, and the
edge (v,bi41) in A, respectively. Other edges in A, and B, just correspond to the
mixed differences +d, (1 < d < 41+ 1 and d # 2l + 1), and the remaining mixed
differences (20 4 1), and —(2 + 1), may correspond to any chord (a;, by.,;_;) in B,
and any chord (a;, byy1-;) in A,, where 1 <4 < 2] and i # [+ 1. Thus, the
chord of C{) | can be chosen as (a), byi1_:) and (a;,byy1—i), ¥ 1 < i < 20 and
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i # 1+ 1. Clearly, let C5) | = A, + (a;,bus1—) or B, + (a), by, 1_;), the blocks
{As + (i, bag1-i), Bo+(az, by )} (1<a<t, V1<i<2landi##l+1) module
(4k, 2t + 1) give the expected C{) -H D((4k)*+1).

For even k, say k = 2] + 2, we can verify that the edge (u,ag2) in A, and the
edge (p,d,) in B, just correspond to the mixed differences 0, and (2k),. The mixed
differences (20 + 3)a, and — (21 + 3),, correspond to the edge (¢, a;.,) in B, and the
edge (b;,v) in A, respectively. Other edges in A4, and B, just correspond to the
mixed differences +d, (1 < d < 4]+ 3 and d # 2] + 2), and the remaining mixed
differences (20 4 2), and — (2l + 2), may correspond to any chord (a;, by, ;) in B,
and any chord (a;,byyo—;) in A, where 1 < i < 2[4+ 1 and i # [+ 1. Thus, the
chord of 022) | can be chosen as (a;, by, o_;) and (a;, byio—;), V1 <4 <20+ 1 and
i # 14 1. Clearly, let CZk L = Ay + (i, baia—;) or By + (a;, by ,_;), the blocks
{A, + (@i, bago—i), Be+ (ajbyo )} (1<a<t, V1<i<2+landi#l+1)
module (4k, 2t + 1) give the expected CSr) -HD((4k)?+1). O

Lemma 2.7 If there exists a CS)-ID(2k + 1+ w;w) for odd r, then there are | &)
nonnegative integers jo, ji, -+, Jj k=1 such that
3

k=1 k=1
1554 1554 i
oji=w and > ijigmin{i,kQ—w}.

=0

Proof. Suppose (XUY, B) be a CS)-ID(2k+1+w; w), where |X| = 2k+1, Y| = w,
XNY =0 and |B| = k+w. A vertex y € Y appearing in a block B of B may be
2-degree or 3-degree, denoted by d(y, B) = 2 or d(y, B) = 3 respectively. For any
y € Y, denote

ms(y)={Be€B:yeB, dly,B)=s}, s=2, 3.

Then, the equation 2my(y) + 3ms(y) = | X| = 2k + 1 will give solutions
ma(y) =k —3i—1, mg(y) =2i+1, 0<i< Lij

For0<: < L%J, denote
Ji=HyeY maly) =k—3i—1, my(y) =20+ 1},

k: 1 Ic 1
then E Ji=1Y|=w. Let N = Z ij;, then the total number of 2-degree vertices
and 3- degree vertices belonglng to Y is respectively
55
My= 3 (k—3i—1)j; = (k— 1)w — 3N, and
i=0
5]
My = % (2i+1)j; = w+ 2N.
i=0
Since Y is a hole for the incomplete graph design, any vertices of Y can not be
adjacent in any block. Thus, for any block B of B, there are two cases:
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(1) The block B contains one 3-degree Y-vertex and at most p 2-degree Y -vertices,
where

k—1 (r even)

_|_J_|_|_ j_k—1+LJ_[]_{k2 (r odd) -

(2) The block B contains no 3-degree Y-vertex and at most g 2-degree Y -vertices,
where

e e A R A
Therefore, we have the following conditions
M; < |B|, ie. N<£%
{ M= oo a5l = 4 = { ot Dk — 204 2N) (¢ o0d)

When r even the second condition is k(k — 1) + 3N > 0, which always holds. As for

odd r, the second condition is N < k% — w. Thus, for odd 7, a necessary condition
k=1

to exist Céz)—ID(Qk +1+wyw)is N = 23: ij; < min{&, k? — w}. a
=0

Corollary 2.8 There exists no CQ(};) -ID(2k+1+w;w) for the following parameters:
(k,r) =1(2,1) and 5 <w < 9; (k,r) = (3,1) and 10 < w < 13; (k,r) = (4,1),(4,3)
and w = 17.

Proof. When r is odd and w > k? we have min{%, k? — w} < 0. Since N =
LE52)

Z 15; > 0, there exists no Cé; -ID(2k + 1 + w;w) by Lemma 2.7. For our con-
structing method stated in Theorem 2.1, the needed C’éz)-ID(Qk—l- 1+w;w) are only
for

3<w<2k (r even) and 3<w<4k+1 (r odd).
However, k> > 4k 4+ 1 when k > 5. So, when r is odd, the non-existence of the
needed C’éz)-[D(Qk + 14 w;w) happens only for 2 < k < 4 and k? < w < 4k + 1,

i.e., it is impossible that the following incomplete C’SQ-ID(Qk + 1+ w;w) exist for
the parameters listed in the Collorary. O

Lemma 2.9 There ezists no Céz)_l—ID(Qk + w;w) for any w > 0.

Proof. The graph C\) | consists of 2k edges. A C) -ID(2k + w;w) will cover

k(2k — 1) + 2kw pairs, which is not a multiple of 2k. So there exists no C% -
ID(2k + w;w) for any w. O
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3 ¢V and ¥

The necessary conditions for the existence of (v, C{"”, A\)-GD are Av(v—1) = 0 (mod
14) and v > 6, i.e., v = 0,1 (mod 7) for any A, and v = 2,3,4,5,6 (mod 7) for A =
0 (mod 7). For convenience, we denote Cé-l) (or Cé2>) by (a,b,c,d,e, f), where the
edges on Cy are ab, be, cd, de, ef, fa and the chord is ac (or ad). It is enough to
discuss the cases only for A =1 and 7. Because the results for A = 1 are known (see
[2,3]), we only need to solve the cases for A\ = 7. By Theorem 2.1 or Theorem 2.2
and the following tables, we only need to give the constructions of ID or IHD, GD
for the pointed orders.
(Table 3.1) For Cé-l)

v HD | ID IHD GD
(mod 14) A=7

2 7411 (16;9) 9

3 721 (7,7,10) | 17
4 721 (7,7:11) | 18
5 721 (7,7:12) | 19
6 721 (7,7;13) | 20
9 72 (9;2) 9

10 7211 (105 3) 10
11| 70| (1134) 11
12| 72 (12;5) 12
13| 721 | (13;6) 6

(Table 3.2) For Céz)

v HD | ID GD
(mod 7) A=T
2 7 (92 | 9
3 7| (10;3) | 10
4 7 (14) | 11
5 T (12;5) | 12
6 7™ (13;6) | 6

3.1 Incomplete C\”-designs

Lemma 3.1 There exist Cél)—ID(7—|— w;w) for2 <w <6 andw =9.

Proof. Let X = Z7; U {001,009, +,00,} and CéD—ID(w + 7,w)=(X, B), where
|B] = w + 3. The family B consists of the blocks listed in Appendix A(L3.1). 0

Lemma 3.2 There exist Cf(il)—IHD(77 7 h) for 10 < h < 13.

Proof. Let X = Z;UZ;U{ooy, 003, -+, 00} and C{"-THD(7,7;h) = (X, B), where
|B] = 2(w + 3). The family B consists of the blocks listed in Appendix A(L3.2). O



k-CIRCUITS WITH ONE CHORD 239

Lemma 3.3 There exist C’éZ)—ID(7 + w;w) for 2 < w < 6.

Proof. Let X = Z7 U {0017 002, -+ 7, OOw} and Cé2)_ID(w + 77 ’I_U):(X7 B)v where
|B| = w + 3. The family B consists of the blocks listed in Appendix A(L3.3). |

3.2 Graph designs

Lemma 3.4 There exist (w, Cél), 7)-GD for w =6,9,10,11,12,17, 18,19, 20.

Proof. For each order w, the corresponding base blocks under the automorphism
group Z,, are listed in Appendix B(L3.4), where the vertex-set X is Z,, or Z,, U
{o0}. ad

Theorem 3.5 There exist (v, CS", \)-GD if and only if \o(v—1) = 0 (mod 14) and
v > 6.

Proof. By Theorems 2.1, 2.2 and Lemmas 3.1, 3.2, 3.4 and the result for A = 1 in
[19]. O

Lemma 3.6 There exists (7,C5, \)-GD for any A > 2.

Proof. (7,C,2)-GD: X = (Z3 x Zy) U {oc}
(00,00,01710,11,21) mod (3,2)
(7,C? . 3)-GD: X = (Zs x Z5) U {0}
(00, 09, 11, 19, 20,01) mod (3,2).
(00720,10,01,21,11) mod (3,—)
Obviously, there are nonnegative integers m and n such that A = 2m + 3n for any
A > 2. Thus, we may assert that (7, Cé2), A)-GD exists for any A > 2. a

Lemma 3.7 There exist (w, Cé2>, 7)-GD for w =6,9,10,11 and 12.

Proof. For each order w, the corresponding base blocks under the automorphism
group Z,, are listed in Appendix B(L3.7), where the vertex-set X is Z,, or Z,, U
{o0}. O

Theorem 3.8 There exist (v, Cs>, \)-GD if and only if (v — 1) = 0 (mod 14),
v >6 and (v,\) # (7, 1).

Proof. By Theorem 2.1 and Lemmas 3.3, 3.6, 3.7 and the result for A =1 in [2, 3].
Od
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4 %Y and o

For convenience, we denote C’§l) and C§2> by (a,b,¢,d,e, f,g), where the edges on C;
are ab, be, cd,
de,ef, fg, ga and the chord is ac (or ad). It is clear that the necessary conditions for
the existence of (v, i, A)-GD are A(v —1) =0 (mod 16) and v > 7, that is

(i) v=0or 1 (mod 16) and any A;

(ii) v =8 or 9 (mod 16) and A =0 (mod 2);

(ili) v = 4,5,12 or 13 (mod 16) and A = 0 (mod 4);

(iv) v=2,3,6,7,10,11,14 or 15 (mod 16) and A = 0 (mod 8).
When A = 1, the results are known in [2, 3], so by Theorem 2.1 or Theorem 2.2 and
the following table, we only need to construct ID, GD, and IHD for the pointed
orders.

(Table 4.1) For C{(r=1,2)

v HD ID IHD GD | GD | GD
(mod 16) A=2[A=4]|)1=8

2 T 3.8, 10) 13

3 g2i-1 (8,8;11) 19

4 g2t-1 (8,8;12) 20

5 g2t-1 (8,8;13) 21

6 1621 | (38;22), (22,6) 99

7 16241 | (39;23),(23,7) 7,23

8 162041 | (40;24), (24, 8) 8,24

9 1621 | (41;25), (25,9) 9,25

10 g2+l (8,8;2) 10

11 g2+l (8,8:3) 11

12 g2+l (8,8:4) 12

13 g2+l (8,8;5) 13

14 g2+l (8,8:6) 14

15 g2+l (8,8:7) 15

4.1 Incomplete C\"”-designs
By Lemma 2.9, there exists no C(r)—ID(S +w;w) forw >0 and r =1,2.
Lemma 4.1 There exist C’§1)—IHD(87 8 h) for2<h<T7and10<h<13.

Proof. Let X = (Zs x Z5) U {001,002, -, 005} and CS"-THD(8,8;h) = (X, B),
where |B| = 742h. The block set B consists of the blocks listed in Appendix C(L4.1).
O

Lemma 4.2 There exist C’él)—ID(IG +w;w) for 6 <w <9 and 22 < w < 25.

Proof. Let X = Z15U {001,009, +,00,} and C(l)—]D(IG + w;w)=(X, B), where
|B] = 2w+ 15 and 6 < w < 9. The block set B consists of the blocks listed in
Appendix C(L4.2).
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For 22 < w < 25, let C\V-THD(8,8;w — 12) = (X, By), where X = (Zs x Z3) U

{oola S0 PR

0Ow-12}, Bo is from Lemma 4.1 and |B,| =
B1), where Y = X U {004,_11, ®w_10, " *
(2w — 17) 4+ 32 = 2w + 15. The family 5,

2w—17. Then C{"-ID(164w; w)=(Y, BoU
-, 00} and |By| = 32, so |By| + |Bi| =
consists of the following blocks:

(007 0019, 21, 0017, 1o, 41, 0018)7
(007 0013, 61, 0011, 19, 01, 0012)-

0o, 0019, 21, 0017, 19, 41, 0018

007 00137617 0023, 10701>0012

0p, 0013, 61, 0023, 19, 01, 0024

0o, 0019, 21, 0017, 19, 41, 0013

w=22: (007 0092, 01, 0099, 19, 21, 0021)7
(007 0016, 41,0014, 19, 61, 0015)7
w =23 : (0p, 002, 01,009, Lo, 21, 0021),
(09, 0016, 41, 0014, 1, 61, 0015),
w=24: (00700227017002071072170021>7
(00, 0016, 41, 0014, 1o, 61, 0015)a
w = 25 : (OOaOOZZaOIaOOQOa1()’2170021)’
(007 0016, 41,0014, 19, 61, 0015)7

|
E 3
200,0019,21,0017,10,41,0018§, }
E 3

0p, 0023, 61, 0024, 19, 01, 0025

Lemma 4.3 There exist C@—IHD(& 8 h) for2<h <7 and10<h <13.

Proof. Let X = (Zs X Zy) U {001,009, -+, 00} and CP-THD(8,8;h) = (X, B),
where |B| = 7+2h. The block set B consists of the blocks listed in Appendix C(L4.3).
O

Lemma 4.4 There exist C§2)—ID(16 +w;w) for 6 <w <9 and 22 <w < 25.

Proof. Let X = Z5U {001,009, +,00,} and 0(2)—1D(16 + w;w)=(X, B), where
|B] = 2w+ 15 and 6 < w < 9. The block set B consists of the blocks listed in
Appendix C(L4.4-1).

For 22 < w < 25, let X = (Zg X Z3) U {001,009, +,00,} and C’;Q)—ID(16 +
w;w)=(X, B), where |B| = 2w + 15. The family B consists of the blocks listed in
Appendix C(L4.4-2). O

4.2 Graph designs for C\"

In this section, the symbol (a,b,c,d, e, f,g) X n means the block (a,b,c,d, e, f,g)
occurs n times.

Lemma 4.5 There exist (w, C§1)7 AN)-GD for

() A=2andw=18,9,24,25. (i) A =4 and w = 12,13,20,21.
(iii) A =8 and w = 7,10, 11,14, 15, 18, 19, 22, 23.

Proof. The constructions are listed in Appendix D (L4.5). O

Theorem 4.6 There exist (v, C{, \)-GD if and only if \o(v—1) = 0 (mod 16) and
v>T.
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Proof. By Lemmas 4.1, 4.2, 4.5 and the result for A =1 in [2,3]. O

Lemma 4.7 There ezist (w, C§2)7 A)-GD for
(i) A =2 and w =8,9,24,25; (ii) A =4 and w = 12,13, 20, 21;
(ifi) A = 8 and w = 7,10,11,14, 15,18, 19, 22, 23.

Proof. The constructions are listed in Appendix D (L4.7). O

Theorem 4.8 There exist (v, CS, \)-GD if and only if lv(v —1) = 0 (mod 16)
andv > T.

Proof. By Lemmas 4.3, 4.4, 4.7 and the result for A =1 in [2,3]. a

5 Cél),CéQ) and C’ég)

The necessary conditions for the existence of (v, Cér), A)-GD are Av(v—1) =0 (mod
18) and v > 8, i.e.,

(i) v=0,1 (mod 9) for any A,

(i) v =3,4,6,7 (mod 9) for A =0 (mod 3),

(iii) v = 2,5,8 (mod 9) for A =0 (mod 9).
For convenience, we denote Cél) (or Céz), or C§3)) by (a,b,c,d,e, f,g,h), where the
edges on Cy are ab, be, cd, de, ef, fg, gh, ha and the chord is ac (or ad, or ae). The
results for A = 1 have been known in [2,3], so by Theorem 2.1 or Theorem 2.2 and
the following tables, we only need to construct ID or IHD, and GD for the pointed
orders.

(Table 5.1)  For C’él) and Cés)

v HD ID IHD GD | GD
(mod 18) A=3|A=9

2 9Z=T | (20;11) 11

3 92-1 | (21;12) 12

4 92-1 | (22:13) 13

5 92-1 | (23;14) 14

6 921 (24;15) 15

7 921 (25;16) 16

8 g2i-1 (9,9;17) 26

11 92+l | (11;2) 11

12 92+ | (12;3) 12

13 92+ | (13;4) 13

14 92+t (14;5) 14

15 92+ | (15;6) 15

16 92+l (16;7) 16

17 92+ | (17;8) 8,17
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(Table 5.2) For C{?
v HD 1D GD GD
(mod 9) A=3|2=9
2 9 | (11;2) 11
3 9 | (12:3) | 12
4 9t | (13;4) 13
5 9" | (14;5) 14
6 9" | (15;6) 15
7 9t | (16;7) 16
8 9t | (17;8) 8
5.1 Incomplete designs for Cér)
Lemma 5.1 There exist Cél)—ID(Q +w;w) for2 <w <8 and 11 < w < 16.
Proof. w=2: X = (Z3 x Z3) U {x1, 22}
(xlv 107 01> 20> 227 117 027 12)7 (’T27 127 117 01> 007 207 027 10) mOd (37 _)

When w > 3, let X = Zg U {x1,29,--,2,} and C’él)—ID(w + 9;w)=(X, B), where
|B] = w + 4. The block set B consists of the blocks listed in Appendix E(L5.1). O

Lemma 5.2 There ezists a Cél)—]HD(Q,Q; 17).

Proof. Let X = ZyU Zy U {1, 2, -+, 217} and (X, B) be a CSV-THD(9,9;17),
where B = B, U B, U B, and B; is obtained from B, by replacing every i € Zy with
i € Zy. The families B; and B, consist of the following blocks:

(21,1,0,23,3,2,29,8), (x6,4,5,23,7,0,24,6), (211,6,1,27,4,3,25,0),
(22,5,1,25,8,7,21,6), (27,7,6,23,8,2,24,5), (212,7,2,27,8,6,x5,0),
(23,1,2,21,5,3,9,4), (28,4,7,25,5,2,26,1), (713,6,3,09,2,0,211,4),
(r4,1,3,21,4,0,22,7), (x9,1,8,26,7,3,27,0), (214,1,4,29,5,0,213,2),
(I5,2,4,1’478707$673), (CC1073 0 $576757I8,2)7 (1’15787571’10,4,6,1’977).

BQZ

Lemma 5.3 There exist Céz)
Proof. w=2: X =

When w > 3, let X = Zy U {x1, 22,

(5, 211,7,716,0, 217, 1, 713),
(6,214,0, 15, 1,217, 3, T16),
(§7$127§ T11, 2, 15, 4, ¥17),
(5,211, 7,217, 0, 216, 1, 213),
(6 )
(8, )

14,0, 215, 1, 216, 3, 717,
12,3a$117279015,4a$16 )

(Zg X Zg) U {xl,xg}

4,716,8, 213, 7, T17, 9, !1512),
7,710, 1, 12,6, 15, 3, !1514),
g 1"177@ T10, 8, 1"14{) I16)7
4,217,8, 213, 7, 716, 5, T12),
7,10, 1,219,6, 961573 JU14)7
2, 16,6, 210, 8, T14, 5, T17).

(
(
(
(
(
(2,

-ID(9 + w;w) for2 <w < 8.

(@1, 1o, 11,01, 02, 13,20, 22), (%2, 00, Lo, 01,20, 02, 11,25)

2} and CFY

O

mod (3, ).
-ID(w + 9; w)=(X, B), where

|B] = w + 4. The block set B consists of the blocks listed in Appendix E(L5.3). O
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Lemma 5.4 There exist C’ég)—ID(Q +w;w) for2<w <8 and 11 < w < 16.

Proof. w=2: X = (Z3 x Z3) U {x1, 22}

(.Tl, 00, 01, 02, 12, 20, 11, 21), (.TQ, 10, 20, 01, 12, 007 02, 11) mod (37 —)
When w > 3, let X = Zg U {x1, 29, -+, 2,} and C’ég)—ID(w + 9;w)=(X, B), where
|B| = w + 4. The block set B consists of the blocks listed in Appendix E(L5.4). O

Lemma 5.5 There ezists a C§3>—IHD(9,9; 17).

Proof. Let X = Zy U Zy U {a1,22,- -, 217} and (X, B) be a C-THD(9,9;17),
where B = B; U B; U B, and B; is obtained from B; by replacing every i € Zy with
i € Zy. The families B; and By consist of the following blocks:

Bl : I174 8 I2,0,1,$3,7)7 (I10,1,4,$6,072,I7,5), (I6,8 l’5,2,5 Ty, 1,3),
T2 6 1'3,8,1,.1'175 4) I13,1,I977,3,I8,8,2)7 (I7,7,1,l’6,6 8 Ty, )
x3,0,7, 29,2, 21,6, 3),
Ty 051’2,3 1'1,8 7)

)

(

( ( ;

( ($12,0,$9,3,2,IE8,5,6), (.’Eg,l,Q 1'6,7 IE5,3 0),

( (x11,6,7,x12, 1,.’L’7,0,4)7 (£9,5,$5,0,8,CE7,3 4),

(x5 . (%14,2,29,6,4, 210, 3,5), (215,2,6,213,5,7,211,3).
BQ : (6,11775 1'11,0 $16,4 .Z'g) (6 I16,5 1'11,0 $17,4 .Z'g)

(

(

(

(

(

1,215,0, 214, 6, 10, 2, 1“17)7 (1 715, 0, 1“1476 1"1072 I16)7
27961576 T16, 2, 711, 8, f10)7 (‘_1796157§7$14727$137Q7I17)7
7,715, 6, $1772 I11,8 xl()), (47 T15,8, 714, 7, I13,0,$16),
8 ) @7 716, 7, 17,8, 13, 4, T12),
8 (® )-

1777 531678 9313,4 T12

79012,3 Z17,3, %14, 1, 716),

,T12, 3, T16, 3, L14, 1, 217), u

5.2 Graph designs

Lemma 5.6 There exist (w,C{",3)-GD for w=12, 13, 15, 16.

Proof. The blocks are listed in Appendix F(L5.6). ad
Lemma 5.7 There exist (w, C’<1> 9)-GD forw =28, 11, 14, 17, 26.

Proof. For each order w, the corresponding base blocks under the automorphism
group Z,, are listed in Appendix F(L5.7), where the vertex-set X is Z,, or Z,, U{oo}

and one base block B x k will always mean that it is repeated k times. a

Theorem 5.8 There exist (v, C",\)-GD if and only if \w(v — 1) = 0 (mod 18)
and v > 8.

Proof. By Lemmas 5.1, 5.2, 5.6, 5.7 and the result for A =1 in [19]. O
Lemma 5.9 There exist (w, C{?,3)-GD for w=12, 13, 15, 16.
Proof. The blocks are listed in Appendix F(L5.9). ad

Lemma 5.10 There exist (w,C’éQ),Q)—GD forw =28, 11, 14.



k-CIRCUITS WITH ONE CHORD 245

Proof. For each order w, the corresponding base blocks under the automorphism
group Z,, are listed in Appendix F(L5.10), where the vertex-set X is Z,, or Z,,U{oc}.
0O

Theorem 5.11 There exist (v, CS>, \)-GD if and only if Av(v —1) = 0 (mod 18)
and v > 8.

Proof. By Lemmas 5.3, 5.9, 5.10 and the result for A = 1 in [3]. a
Lemma 5.12 There exist (9, C§3>, A)-GD for A > 2.

Proof. (9,C{Y,2)-GD: X = ZsU{}, (0,1,00,5,2,7,6,4) mod 8.
(9,08 3)-GD: X = ZsU {0}, (0,3,6,1,0,4,5,7) mod 8;
(07 173767475777 2)> (1>2>4> 7>5767073)7

Obviously, there are nonnegative integers m and n such that A = 2m + 3n for any
A > 2. Thus, we may assert that (9, C§3)7 A)-GD exists for any A > 2. ad

Lemma 5.13 There exist (w,C’éB),S)—GD for w=12, 13, 15, 16.
Proof. The blocks are listed in Appendix F(L5.13). ad
Lemma 5.14 There exist (w,C§3)79)—GD forw =38, 11, 14, 17, 26.

Proof. For each order w, the corresponding base blocks under the automorphism
group Z,, are listed in Appendix F(L5.14), where the vertex-set X is Z,, or Z,,U{oc}.
O

Theorem 5.15 There exist (1)7C§3), A)-GD if and only if (v —1) =0 (mod 18),
v > 8 and (v, \) # (9,1).

Proof. By Lemmas 5.4, 5.5, 5.12, 5.13, 5.14 and the result for A = 1 in [3]. a

The electronic results in Appendices A, B, C, D, E, F are available on our website:
http://qdkang.hebtu.edu.cn .
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