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Abstract

A vertex magic total labeling of a graph G(V, E) assigns to all vertices
and edges of G labels from the set {1,2,...,|V|+ |E|} so that the sum
(called the weight) of the vertex label and of labels of all adjacent edges
does not depend on the vertex. A generalized (s,d)-vertex antimagic
total labeling of GG assigns positive integers to all vertices and edges of G
so that the vertex weights form an arithmetic progression s, s +d, ...,
s+ (|V] - 1)d.

We present a construction of vertex magic total labelings of prod-
ucts of cycles C,, x C, for m,n > 3, n odd. The construction is based
on a generalized (s,d)-vertex antimagic labeling of cycles in which non-
consecutive integers are used.
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1 Introduction

Graph labelings of many kinds have been studied extensively over the last forty years
as many of them are very useful in various applications. In general, a labeling of a
graph G(V, E) is an injection from a set S, where typically S =V, E, or V U E, to
the set of integers, {1,2,...,t}, where t = |V|,|E|, or |V|+ |E|, respectively. One of
the best known applications is the use of graceful and p-labelings in decompositions
of complete graphs. For an excellent survey of labelings, see [3]. Another important
family of labelings is the family of magic type labelings. In these labelings, the labels
are assigned in such a way that the sum of labels, taken over each vertex or each edge,
is constant. Magic type labelings can be useful for instance in network addressing.
For more information, see [5].

In this paper we study vertex magic total labelings of products of cycles. A vertex
magic total labeling (or VMT labeling for short) of a graph G(V, E) is a bijection A
from the set VUE to the set of integers, {1,2,...,|V|+|E|}, with the property that
the sum of labels of a vertex x and of all edges incident to x is equal to a certain
magic constant, h, for every vertex x of G. This sum is called the weight of the vertex
x and is denoted wt(z). More formally, if N(z) is the set of all vertices adjacent to
z, then

wt(z) = Nz)+ > May) =h

YyEN (z)
for all vertices z € V.

A graph that allows a VMT labeling will be often called a VMT graph. Vertex
magic total labelings of several classes of graphs have been found so far: C,, P,,
Ky, ift |m —n| < 1, K,,, Petersen P(n, k), prisms C,, X Py, W, ift n < 11, F,, iff
n < 10, friendship graphs, G + H if GU H is a VMT graph and |V(G)| = |V(H)|,
unions of stars, odd number of copies of an r-regular VMT graph G if 7 is even or
any number of copies of an r-regular VMT graph G if r is odd.

We will show that a VMT labeling exists for each product Cy,, x C,, (also called
the m x n grid), where n is odd and n,m > 3.

Our construction consists of two steps. In the first step we find a certain labeling,
called a generalized (s, d)-vertex antimagic labeling, of the cycle C,, and a generalized
VMT labeling of the cycle C,,. In the second step, we “glue” copies of these cycles
together to obtain the desired VMT labeling of Cy, x C,. A generalized (s,d)-
antimagic labeling (or (s,d)-VAT labeling for short) of a graph G(V, E) is an injection
from the set V' U E to the set of integers, {1,2,...,¢}. This time the weights of the
vertices have the property that they form an arithmetic progression with the starting
term s and difference d. The labels are not necessarily consecutive as t can be greater
than |V| 4 |E|. For an explicit formula see Definition 2.3. The generalized VMT
labeling also uses non-consecutive labels.

Our main results are summarized in the following theorems.
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Theorem 5.1
For each m,n > 3 and n odd, there exists a VMT labeling of C,, x C,, with the magic
constant

1
h= 5m(15n +1)+2.

Although the above theorem is more general, we prove another theorem just for
products of odd cycles with a different magic constant.

Theorem 5.2
For each m,n > 3 and m,n odd, there exists a VMT labeling of C,, x C, with the

magic constant

1
h:gmn—}—g.

2 Known results and methods

As already mentioned, we will use in our constructions both the VMT and (s, d)-VAT
labelings of cycles and their generalizations. Therefore we start with their formal
definitions.

Definition 2.1 Let G(V, E) be a graph with vertex set V and edge set E. A mapping
AN:VUE = {1,2,...,|V|+ |E|} is called a vertex magic total labeling of G if there
exists a constant h such that

AMv)+ > AMou) =h

u€N (v)

for every vertex v of G.

We mention here a VMT labeling for odd cycles, since it proved to be useful in
constructions of VMT labelings of products of cycles. A VMT labeling of a cycle
is equivalent to an edge magic total (EMT) labeling of a cycle and results on EMT
labelings of cycles of any length are due to Kotzig and Rosa [4].

Let C, have vertices v; and edges v;v;y; for ¢ = 0,1... ,n — 1. Subscripts are
taken modulo n. For n odd, labels of vertices and edges are assigned as follows:

AMv;) = 2n—1, (1)
{ % +1 for 7 even,

Av;vi41) ”TH +1 for i odd.

The magic constant is
1
Figure 2.1 shows an example of this labeling for C7. Notice that we use consecutive

integers to label the vertices, and edges are labeled so that the sums of edge labels
at a vertex also form an arithmetic progression.
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Figure 2.1: VMT labeling of C7 with the magic constant 19.

Once a VMT labeling is known to exist, one can ask a question which values of
the magic constant h can be obtained. In general for every graph G(V, E) it is easy
to verify the following inequality (see [5]), which gives bounds on the spectrum of
the magic constant.

<|E|2+ 1) . (IVI +|2E| v 1) < Vih< 2<IV| +|2E| + 1) _ <|V|2+ 1) 2)

For C,, x Cy,, where |[V| = mn and |E| = 2mn, (2) gives

13 n 5 << 17 L 5
gmnt g Sh<omnt o
Besides labelings in which all vertices have the same weight we will use labelings
where the weights of the vertices form an arithmetic progression. Now we turn to
(s, d)-vertex antimagic total labelings, which were introduced in [1].

Definition 2.2 Let G(V, E) be a graph with vertex set V and edge set E. Let
v=|V]| and e = |E|. A mapping A\ : VUE — {1,2,...,v + e} is called an (s,d)-
vertex antimagic total labeling of G if the vertices x1, s, ...,x, of G can be ordered
i such a way that

Mzi) 4+ > May) =s+ (i —1)d
YEN (zi)
for some constants s and d and fori = 1,2,...,v. It means that the weights form

an arithmetic progression {s,s +d,...,s+ (v — 1)d}.

Now we introduce a more general notion of antimagic labelings by allowing the
set of labels to be distinct integers not necessarily 1,2,...,v 4+ e.

Definition 2.3 Let G(V,E) be a graph with vertex set V and edge set E. An
injection A : VUE — N is called a generalized (s, d)-vertex antimagic total labeling
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of G if the set of sums
Mz)+ > May) Ve eV

yEN ()
forms an arithmetic progression {s,s+d,...,s+ (v — 1)d}.
Generalized VMT labelings are sometimes called vertex magic total injections

(VMTI) and similarly (s,d)-VAT labelings are called (s,d)-vertex antimagic total
1njections.

We can generalize the VMT labeling for regular graphs in a similar way to obtain
a generalized vertex magic total labeling. In particular taking a VMT labeling A with
magic constant i of an r-regular graph G the labeling \' defined as

N(z) = aXaz)+b VeV,
N(zy) = aXzy)+c Vzy € E,
for any a,b,c € N is a generalized VMT labeling.

The magic constant is ah + b + rc, since the weight of any vertex z € V' is

wt(z) = aXz)+b+ > alwy) +c,
y€EN(z)
= ah+b+re

Given a vertex magic total labeling or an (s, d)-VAT labeling of any regular graph
G we can construct another labeling called dual. The dual labeling is again a vertex
magic total labeling or a generalized (s, d)-VAT labeling, respectively. Notice that a
dual labeling can be found only for regular graphs.

The following theorem was proved in [5].

Theorem 2.4 Let \ be a vertex magic total labeling of an r-regular graph G(V, E)
with v vertices and e edges and a magic constant h. The labeling X' given by

N(@) = v+et+l-Az) z€V
N(zy) = v+e+l—ANay) zy€E
is also a vertex magic total labeling of G with the magic constant (r+1)(e+v+1)—h.

The following theorem was proved by Baca, Bertault, MacDougall, Miller, Siman-
juntak, and Slamin (see [1]).

Theorem 2.5 Let A\ be an (s,d)-vertex antimagic total labeling of an r-regular
graph G(V, E) with v vertices and e edges. The labeling X' given by

Nz) = v+e+l—-Az) z€V
N(zy) = v+e+1—ANay) zy€E
isan ((r+1)(e+v+1)—s— (v—1)d,d)-vertex antimagic total labeling of G.
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3 (s,d)-vertex antimagic total labelings of cycles

There are three different types of (s,2)-VAT labelings known so far, see [1]. We will
show two types of generalized (s,2)-VAT labelings of cycles C,,, which we use later
in constructions of VMT labelings of products of cycles.

Theorem 3.1 (Type 1 generalized (a + 2b+ 2(n — 1),2)-VAT labeling)

Let a and b be positive integers and let n > 3 be an integer. Then there exists a
generalized (a + 2b+ 2(n — 1), 2)-vertex antimagic total labeling of C, where a,a +
2,...,a+2(n — 1) are the vertex labels and b,b+2,...,b+ 2(n — 1) are the edge
labels.

Proof. Let C, be a cycle with vertices vg,v1,...,v,_1 and edges v;v;4; for i =
0,1,...,n—1, where the subscripts are taken mod n. Consider the following labeling
a fori=0
Avi) = {a+2(n—i) fori=1,2,...,n—1
AMovip1) = b+ 2i fori=0,1,...,n— 1.

This is a generalized (a + 2b+ 2(n — 1), 2)-VAT labeling of C,, (see Figure 3.1). We
refer to this labeling of cycles C,, as to Type 1 generalized (a +2b+2(n —1),2)-VAT
labeling.

For¢=1,2,...,n — 1 we have

M) + AMoim1v) + A(vivipr) = a+2(n—4)+b+2(i—1)+b+2i
= a+2b+2(n—1)+ 2.

For the vertex vy we have

a+b+2(n—1)+b
= a+2b+2(n—-1)+0.

)\(Ug) + )\(Un_lvo) + A(U()Ul)

Thus we have a VAT labeling with the sums
a+2b+2n—-1)+2i, fori=0,1,...,n—1.

O

Taking a = 1 and b = 2 we get a (2n+3,2)-VAT labeling for every C,, with labels
1,2,...,2n. This special case was already known, see [1].

The dual labeling, also mentioned in [1], is a (2n + 2,2)-VAT labeling of C,,.
Taking a = 2 and b = 1 we get another (2n + 2,2)-VAT labeling of C,. Again the
dual labeling is another (2n + 3,2)-VAT labeling of C,,.
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Figure 3.1: Type 1 generalized (a + 2b+ 2(n — 1),2)-VAT labeling of Cs.

Theorem 3.2 (Type 2 generalized (a + 2b+ ";*,2)-VAT labeling)

Let a and b be positive integers and let n > 3 be odd. Then there exists a generalized
(a+2b+ "T’l, 2)-vertex antimagic total labeling of C,, where a,a+1,...,a+n—1
are the vertex labels and b,b+1,...,b+n — 1 are the edge labels.

Proof. Let C, be a cycle with vertices vy, v1,...,v,_1, n 0dd, and edges v;v;;; for
i =0,1,...,n — 1, where the subscripts are taken mod n. Consider the following
labeling:

AMv;)) = a+ifori=0,1,...,n—1
b+1i for i even

Alvivis) = {b+@ for i odd

1 .

This is a generalized (a + 2b + "5*,2)-VAT labeling of C, with difference 2 (see
Figure 3.2). We refer to this labeling of odd cycles C, as to Type 2 generalized
(a+ 2b+ 25+, 2)-VAT labeling.

For 7 even we have
. n+(i—1 i
)\(Ul) + A(vi—lvi) + )\(UiUH-I) = a-+1+ b + #
-1
= a4+ 24— +2i

and for ¢ odd we have

. i —1 +1
M) + AMvic1vi) + AMvivig1) = a+i+b+ ZT +b+ n2 !

—1
= a+2b+—+2i

As a,b,n are constants, the sums form an arithmetic progression with difference 2.
]
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Taking a = 1 and b = n + 1 we get a (%2,2)-VAT labeling for every C, with
labels 1,2, ...,2n. Taking a = n+1and b = 1 we get the dual (245, 2)-VAT labeling
of C,. This special case was already known, see [1].

Figure 3.2: Type 2 generalized (a + 2b+ "3*,2)-VAT labeling of Cs.

4 Vertex magic total labelings of products of cycles

Now we are ready to prove our main results. We present two methods for constructing
VMT labelings of products of cycles. The first method is more general, for products
of cycles of any length with odd cycles. The second method can be used only for
products of cycles of odd lengths. Using both methods we can construct several
different labelings, which give distinct magic constants for the same graph. In the
second method it is easier to follow the pattern as to how the labels are distributed,
and both the lowest and highest bound of the spectrum for the magic constant are
obtained.

Theorem 4.1 For each m,n > 3 and n odd, there exists a VMT labeling of Cp, x C,,
with the magic constant

1
h=m(15n +1) +2.

Proof. We use Type 1 generalized (a + 2b+ 2(n — 1),2)-VAT labeling from The-
orem 3.1 to assign the labels to the vertices and edges of the vertical cycles (C,).
The edge labels of the horizontal cycles (C,) are assigned in accordance with the
generalized form of the VMT labeling of odd cycles given by (1). Temporary sums
on the vertices obtained only from the labels of the vertical cycles and the labels on
the horizontal edges form the generalized VMT labeling (1) on the horizontal cycles.

Let Cr, X C, have vertices v, j, vertical edges v; jv;41; and horizontal edges v; jv; j11
where i =0,1,... ,m—1and j=0,1,... ,n— 1 for m,n > 3 and n odd. Consider
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the following labeling, where the subscripts ¢ and j are taken modulo m and n,
respectively.

Mvij) = 3mj+2 for =0,
= 3mj+2m-—2(i—1) for ¢=1,...,m—1,

A(Ui,jUH»l,j) = 3m (TL — (j + 1)) +2i+1,

A(vijvije1) = 3m (% + 1) -1 for j even,
= 3m (%L +1)—i for j odd.

From the construction it is easy to observe that all 3mn numbers are assigned.
The sequence of used labels 1,2,...,3mn is divided into 3n m-tuples. Let a; =
{tm+1,tm+2,...,tm+m} be the t-th m-tuple of labels for ¢t = 0,1,...,3n—1. We
assign numbers from the m-tuples ag, a1, as, aq, . .., as,_3,03,_2 to the vertices and
edges of vertical cycles. Vertices receive even labels and edges odd labels. Numbers
from the remaining m-tuples as,as, ..., as, 1 are assigned to the horizontal edges.
See example of this labeling in Figure 4.1.

It is easy to verify that the sum of the labels at each vertex is the same.

(i) For i =0 and j even we get

h = Muig) + Mvic1,3vig) + Avigvieg) + Moij-1vi;) + Mvigvij1)
= 3mj+2+3mn—(j+1)+2(m—1)+14+3m(n—(G+1))+1+
3m ("= 1) +3m (4 +1)
= 3mn+3mn+%mn—3m+2m—3m— %m+3m+3m+2
= im(15n+1)+2.

(ii) Fori=1,...,m — 1 and j even the sum of the labels is

h = Movig) + AMviea,vig) + Avigvis) + Avij-1vig) + Avivije)
= 3mj+2m—-20-1)+3m(n—-(G+1)+2(i—-1)+1
+3m(n—(G+1)+2i+1+3m ("L +1) —i+3m (5 +1)—i
= 3mn+3mn+ $mn +2m — 3m — 3m — 3m + 3m + 3m + 2
= im(15n +1)+2

(iii) and (iv) Similarly we get the same constant also for remaining two cases,
i=0and jodd,ori=1,... ,m—1and j odd.
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Figure 4.1: VMT labeling of Cy x C5 with the magic constant h = 154.

Our labeling can be easily modified to obtain some other values for the magic
constant h. In Table 4.1 we show four different ways to label the vertices, vertical
edges and horizontal edges, so that the same pattern as in the given labeling is
followed.

In Table 4.1 the index ¢ runs from 0 to n — 1.

NCD) 3mt+ 2, 3mt +4,...,3mt +2m h =

1| Mvijvisry) | 3mt+1,3mt +3,...,3mt +2m — 1 sm(15n +1) + 2
A jVij41) | 3mt+2m+1, 3mt +2m +2,...,3mt + 3m
Avyj 3mt+1,3mt+3,...,3mt+2m —1 h=

2 A(v”vm]) 3mt +2, 3mt +4,...,3mt +2m sm(15n +1) +3
AMvijvij11) | 3mt +2m+1, 3mt +2m +2,...,3mt + 3m
Awiz) 3mt+m+2,3mt+m-+4,...,3mt+ 3m h=

3| Mvijvirry) | 3mt+m+1, 3mt +m+3,...,3mt +3m—1 | gm(15n — 1) + 2
Avijvij1) | 3mt+1,3mt+2,...,3mt +m
Aviz) 3mt+m+1,3mt+m—+3,...,3mt+3m—1 h=

4| Mvijvip1y) | 3mt +m+2,3mt +m+4,...,3mt + 3m sm(16n —1) +3
A Vij41) | 3mt+1,3mt+2,...,3mt +m

Table 4.1: Intervals from which labels are taken for vertices, vertical and horizontal
edges, and corresponding magic constants.

By duality we do not obtain any new labeling. It is easy to show that the labeling
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which we get in case 1 (see Table 4.1) is dual to the labeling in case 4. Also the
labelings which we obtain in cases 2 and 3 are dual to each other.

We cannot easily extend this method to VMT labelings of C), x C,, with n even.
The reason is that no nice VMT labeling of even cycles is known. By ‘nice’ labeling
we mean that the labels of the vertices and edges are consecutive integers or follow
some regular pattern.

Theorem 4.2 For each m,n > 3 and m,n odd, there exists a VMT labeling of
Cn X C, with the magic constant
17 5

hz;mn—%—i

Proof. We construct the labeling as follows. We use a Type 2 generalized (a +
20 + "T‘l, 2)-VAT labeling from Theorem 3.2 to assign the labels to the vertices and
edges of the vertical cycles Cy,.

The labels of the edges of the horizontal cycles together with the sums on vertices
obtained from the labels of the vertical cycles (), again form a generalized VMT
labeling. This construction is less general than in the proof of Theorem 4.1, since
our Type 2 antimagic labeling (see Theorem 3.2) exists only for cycles of odd length.

Let Cp,, x C, have vertices v; ;, vertical edges v; jvit1,; and horizontal edges v; jv; j41
where : =0,1,... ,m—1,5=0,1,... ,n — 1 and m and n are odd integers greater
than 1. Consider the following labeling, where the subscripts ¢ and j are taken
modulo m and n, respectively.

>\('Ui,j) = jm + 1 + ’L'7
Avijvipr;) = 2n—(G+1)m+1+; i even,
= (2n—(j+1)m+1+™ 4odd,
madel)m—i e

Mvijvigen) = (
(2n+ ™ +1)m - j odd.

The set of the labels we need for a VMT labeling of the product of C,, x C,, is
{1,2,...,3mn}. In our construction the vertices obtain labels 1,2,... ,mn. Labels
assigned to the vertical edges are all integers mn + 1,mn + 2,...,2mn. We get
the smallest vertical edge label for ¢ = 0 and 7 = n — 1 and the highest vertical
edge label for i = m — 2 and j = 0. Labels assigned to the horizontal edges are
2mn + 1,2mn + 2,...,3mn with the smallest horizontal edge label for i = m — 1,
j = 0 and the highest horizontal edge label for i =0, j =n — 2.

Again we show that the sum of the labels at each vertex is the same.
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(i) For both i and j even we get

h = Mvig) + Mvi-1vig) + A ir15) + Mvij-10i5) + Mvivig41)
= jm+1+i+@2n—(G+1)m+1+2EL4 2 — (j+1))m+ 1+
St (n+ M A ) m—it 20+ i+ 1) m—i
17

_ 17 5
= 2mn—|—2.

(ii) For i even and j odd the sum of labels is
h = Mvig) + Mvieg,0i5) + Mo Vira ) + Moij10i) + Mo vi41)
= jm+1l+i+@n—(G+1)m+1+2ELy4 2 — (j+1))m+ 1+
%-%— (2n+%+1)m—i+ (2n+%j+1)m—i
17

_ 7 5
= 2mn+2.

(iii) and (iv) The proof is similar for i odd, j even and both ¢, j odd.

In Figure 4.2 the labeling is shown for C'3 x Cj.

h =130
4@332\423\366‘{\345@39

0,1 0, )
1 \J4 \J7 \/10 13
28 25 22 19 16
_@y 32 @) 41 @) 35 @} 44 @} 38
2 5 8 11 14
30 27 24 21 18
N 3l D 40 D) 34 oD 43 D 37
2,0, 2,1 2, 2,3, 2,4,
_6/3 \/6 \/9 \/12 \/15
29 26 23 20 17

Figure 4.2: VMT labeling of C5 x C5 with magic constant h = 130.

This labeling can be also slightly modified to obtain some other values of the
magic constant h. In this method it is important that the m-tuples of the labels of
the vertices or the vertical or horizontal edges are consecutive, so the sets of the labels
between the vertices or the vertical or horizontal edges can be exchanged. We do not
need to preserve the property that the first mn labels are assigned to vertices, the
labels mn + 1,mn + 2,...,2mn are assigned to vertical edges, and finally the labels



VERTEX MAGIC TOTAL LABELING 181

2mn +1,2mn 4+ 2,...,3mn are assigned to horizontal edges. Six possibilities of how
to distribute the labels are summarized in Table 4.2 along with the corresponding
magic constants.

From the spectrum of the magic constant i for the product of cycles the largest
value is realized in cases 1 and 2 and the smallest value in cases 5 and 6.

By duality we do not obtain any new labeling. It is easy to observe from Table 4.2
that the labeling 1 is dual to the labeling 6, labeling 2 to 5, and 3 to 4.

Alviy) A(V3jvit1,5) (V303 j+1) h
111,... ,mn mn+1,...,2mn | 2mn+1,... ,3mn 12—7mn+g
211,...,mn 2mn+1,... ,3mn | mn+1,...,2mn 12—7mn—+—g
3|mn+1,....2mn |1,...,mn 2mn+1,...,3mn %mn—%—%
41mn+1,....2mn | 2mn+1,...,3mn | 1,... ,mn 12—5mn—+—g
5(2mn+1,...,3mn | 1,... ,mn mn+1,...,2mn 12—3mn+%
6|2mn+1,...,3mn | mn+1,... ,2mn |1,... mn %mn—}—%

Table 4.2: Intervals from which labels are taken for vertices, vertical and horizontal
edges, and the corresponding magic constants.
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