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Abstract

In this paper we establish a correspondence between circulant and nega-
cyclic matrices of order n for n odd, give the definition of suitable matri-
ces, and show several new methods for constructing composite suitable
negacyclic (circulant) matrices from base sequences and suitable nega-
cyclic (circulant) matrices under some general conditions.

1 Introduction

The existence of Hadamard matrices of order 4n for all integers n > 0 is an unsolved
problem for more than 100 years. In 1944 J. Williamson [6] gave a method called “the
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sum of four squares” for constructing Hadamard matrices. The obtained matrices
by this method are of Williamson type matrices. Generalizing Williamson’s method,
then people gave Hadamard matrices of Goethals-Seidel type (or Wallis-Whiteman-
type), T—matrices, etc. [3]. The common properties of these methods are:

1. Find 4 suitable matrices, say, A, B, C and D of order n to “plug in” (or “plug
into”) for constructing an Hadamard matrix of order 4n;

2. Every obtained matrix of A, B, C' and D has a constant row sum and column
sum.

In this paper the construction of Hadamard matrices by negacyclic matrices is
a generalization of methods above too, but it keeps only the property 1. Hence,
without restriction of 2, some new constructions will be given. Morever, we establish
a correspondence between circulant and negacyclic matrices of order n for n odd,
and show several new methods for constructing composite negacyclic matrices from
known negacyclic matrices and base sequences under some general conditions. So,
lots of new orders of circulant matrices are obtained which can be used to construct
Hadamard matrices with Gothals-Seidel type (or Wallis-Whiteman type).

2 Circulant and negacyclic matrices

In this section we establish a correspondence between circulant and negacyclic ma-
trices of order n for n odd.

Let A = (a;;) be a matrices of order n. We denote the first row of A by a =
(a()7 Ay, ,an_l). If

0 as0<i<j<n—1,
a;; = 7
“ Antj—is asO§j<i§n—1,
we call A circulant. If

a5 as0<i<j<n-—1,
a;; =14
Y —Qptyj-i, aS 0 < j <i <n-— 17

we call A negacyclic.
Set n x n matrices

01 0 -0 0 1 0 0

00 1 -0 0 0 1 0
U= , V=1 . .

o 1 - 1

1 0 0 0 -1 0 0 0

It is well known that

UO =" = I’n,a (Uz)T — U’n,—i — U_i,
Ui = UV = U Y,
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where AT is the transpose of A and I, is the identity matrix of order n. Similarly,

VO =y — I,, V"=-I,,
(Vﬂb)T _ VZn—i _ V_i7 V’bvj — Vjvl _ Vi+j’ A4 ’L,,]

Let a = (aop, a1, -+, an—1) be the first row of matrix A. If A is circulant, then
n—1 )
A= Z aiUl; (1)
i=0

if A is negacyclic, then

n—1
A=3aV'. (2)
i=0
Now we define two shift operators s and f for any sequence a = (ag, a1, -+, a,-1) as
follows:
S(G’) = (a’nfla Qg, A1, - aan72)a
f(a) = (_anfla g, A1, aan72)a

It is easy to see that s"(a) =a and f"(a) = —a.

Let A be a matrix of order n with the first row a. Then the ith row of A would
be s71(a) or f71(a), according as A is circulant or negacyclic, 1 < i < n.

Suppose a = (ag,a1,---,an—1) and b = (bg,b1,---,b,_1) are two sequences of
length n. We define the inner production of a and b by

n—1
(a, b) = Z azbz
=0

If A is given in (1), then

AAT = (a,s'(a))U"
=0
If A is given in (2), then
n—1
AAT = (a, fi(a))VE
=0

For convenience, we define the following terms: The (1, —1) matrices A;, A, A3 and
A, of order n are called 4—suitable matrices if

4
ST AA] =4nl,. (3)
i=1

If all of them are circulant (negacyclic) and (3) holds, we call them 4—suitable
circulant (negacyclic) matrices.
Similarly, if two (1, —1) matrices A; and A, of order 2n satisty

AlA{ + AQA? = 47’}/]27“ (4)
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we call them 2—suitable matrices. If they are circulant (negacyclic) and (4) holds,
we call them 2—suitable circulant (negacyclic) matrices.

The following theorem shows the correspondence between suitable circulant ma-
trices and suitable negacyclic matrices.

Theorem 1 Suppose n > 0 is odd. Then there exist 4—suitable circulant matrices
of order n if and only if there exist 4—suitable negacyclic matrices of order n.

Proof. Let A be given in (1). Put

z, = (-1)'a;, 0<i<mn, (5)
n—1

v = (wo,-+-,Tp1)and X =) z Vi (6)
i=0

Since n is odd, we have
(z, f'(2)) = (=1)a,s'(a)), 0<i<n. (7)

Morever, suppose B, C' and D are given as in (1). Similarly, we can take negacyclic
matrices Y, Z and W asin (5) and (6). Then A, B, C and D are 4—suitable circulant
matrices <=

(a,s'(a)) + (b, s'(b)) + {c,5'(c)) + (d,5'(d)) =0, 0<i<n
(z, (@) + (, [ (W) + (2, ['(2)) + (w, ffw)) =0, 0<i<n

<= X,Y, Z and W are 4—suitable negacyclic matrices. The proof is completed. O

It is well known that if there exist 4—suitable circulant (negacyclic) matrices
of order n, there exists an Hadamard matrix of order 4n with Goethals-Seidel (or
Wallis-Whiteman) type. Particularly, if A, B, C' and D are Williamson type matrix
of order n, n odd, X, Y, Z and W are negacyclic matrices constructed from A, B,
C and D by (5) and (6) respectively, then X, Y, Z and W are symmetric and the
Williamson array is

X Y z W
-y X -w Z
-Z W X -Y
-W -Z Y X

It is well known that for n € S; U Sy U S35 U Sy there exist 4—suitable circulant
matrices of order n where

S = {2k+1:0<k<36}U{6m—1:13<m<17}2, 7],
Sy = {2107 -26% + 1:4,5,k > 0}[5],

S; = {n:2n—1=1(mod 4) is a prime power }[4],

Sy = {n:4n —1=3(mod 8) is a prime power }[10].

By theorem 1 for these values of n there are 4—suitable negacyclic matrices of order
n.
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Example 1 In GF(73) let C; = {5%*{(mod 73) : j = 0,1,---,8}, i = 0,1,+++,7.
Put

D1:{O}UC(()UCHUC%7 DQZOOU01UOQUO5,

D3 =CoUC,UCUCs, Dy=C,UC3UCs5UC.

The (1, —1) incidence matrices (type 1) of Dy, Dy, D3 and D, are 4—suitable circulant
matrices of order 73.

3 2-—suitable negacyclic matrices

From [1, 8, 9] we know that there are 2—suitable matrices of order 2n for n €
55 U S@ U 57 U SS where

Ss = {1,5,13,17,37,41,61}[8],

S¢ = {p* :r >1and p=5(mod 8) is a prime}[9)],
S, = {3%t':a=0or 1,t any integer}[1],

Ss = {mn:m € S;USs ne€ S}

In this section we will extend the results to the case of negacyclic matrices. For this
purpose we introduce the following notation and preliminaries.

Let a; = (@i0, "+, @im-1), ¢ = 1,---,m be sequences of length n. We define
(/a17 . ’am) — (al,o’ 0, A1 A1yt Q1 aam,n—1)~
The resulting sequences (/ay,- -, ay,) is of length mn.

Lemma 1 Suppose a, b, ¢ and d are sequences of length n and for some i
{a, F(@)) + (b, F1B)) + (e, () + (d, F()) = 0. ®)
Then the following conditions are equivalent:
(i) (8) holds for all i Z 0(mod n);
(i1) (8) is valid for 0 < i < 27t

Proof. Obviously, (1) = (i7). Conversely, suppose (ii) is true. We denote the
left hand side of (8) by Q(i). For %5+ < i < n, we have 0 < n —i < 2 and
Q(i) = —=Q(n—1). f n—i < 7', then Q(i) = 0. If ";* < n—i < ™ then nis even
and 7 = 3. Hence Q(3) = —Q(%) = 0. For any i # 0(mod n), there exist integers &
and j such that i = kn + j and 0 < j < n. In this case Q(i) = (—=1)*Q(j) = 0. This

means that () is true. The proof is completed. O

Lemma 2 Suppose a, b, ¢ and d are sequences of length n, and for some 1,
(@, f1(0)) + (b, F7H (@) + (e, F(d)) +(d, f7}(c)) = 0. (9)

Then the following conditions are equivalent:
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(i) (9) holds for all i;
(1) (9) is true for 0 <i < "51.

Proof. Clearly, (i) = (ii). Conversely, suppose (i7) is valid. We denote the left
hand side of (9) by R(i). Since R(0) = R(1), repeating the discussion similar to that
of Lemma 1, we can get that (ii) = (7). O

Lemma 3 Suppose a and b are sequences of length n and for some i,
(@, f1(B)) + (b, f (a)) = 0. (10)
Then the following conditions are equivalent:
(i) (10) holds for all i;
(i1) (10) is true for 0 <i < "+,
The proof of Lemma 3 is similar to that of Lemma 2.

Theorem 2 Suppose X and Y are negacyclic matrices of order 2n with the first
rows z = (/a,b) and y = (/c,d) respectively. Then X and Y are 2—suitable if and
only if the following conditions are satisfied:

(i) (8) is valid for 0 <i < TLT—l’
(ii) (9) is valid for 0 <i < ﬂTfl

Proof. We know that X and Y are 2—suitable negacyclic matrices <=

(@, f'(2)) + (y, f'(y)) =0, 0<i<2n. (11)
Consider odd and even values of 4 in (11), it follows that (11) <=> (¢) and (49). The
theorem is proved. O

Remark. Under the assumption of Theorem 2 there is an Hadamard matrix of

order 4n with the form
X Y
—YT XT ’

where X and Y are negacyclic matrices.

The following theorem is devoted to compose 2—suitable negacyclic matrices for
known negacyclic matrices and Golay sequences.

Two (1,—1) sequences © = (z1, -+, 2,) and y = (Y1, -, yn) of length n are called
Golay sequences if the sums of the nonperiodic autocorrelation functions of z and y
satisfy

n—i

=1

For Golay sequences see [3].
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Theorem 3 If there are 2—suitable negacyclic matrices of order n and Golay se-
quences of length m, then there are 2— suitable negacyclic matrices of order mn.

Proof. Suppose A and B are 2—suitable negacyclic matrices of order n with the
first rows a and b respectively. Let z = (z1,--,2p) and y = (y1, -+, ym) be Golay
sequences of length m. Then (12) holds.

Let ¢ and 6 be two symbols and satisfying

g0 =0e=0, e2=6"=1 (13)

(In the real 2—dimensional Euclidean space every pair of orthonormal vectors can
be taken as € and ¢ in (13) with the notation of inner product of € and ¢ by €d).
Put

1
041'25(1%4‘%‘)7 Bi= 5@ —yi), hi=hi(e,0) = e+ Bid, i=1,---,m,

h=h(e,8) = (ha(,0), , hm(e, 8)).

Then the nonperiodic autocorrelation function N;(h) of h(e,d) satisfies

3

=7 m—j

N;(h) hi(e,0)hitj(e,0) = Y (aicirj + Bifirj)
i=1

I
M

1

(N;(z) + Nj(y)) =0, 0<j<m.

o
Il

N =

Set negacyclic matrices C' and D of order mn with the first rows ¢ and d respectively,

where
c=(/ha,b)), d=(/h*(=b,a))

and h*(—b,a) is the reverse of h(—b, a).
Now we are going to prove that C' and D are 2—suitable negacyclic matrices.
Ifi=mj,0<j<nmn,

(e ) +{d, (@) = 3 + 8D, @) + 6 PO) =0

Ifi=mj+k 0<j<n,0<k<m,then

—k

3

(I, fjJrl (hm—k+t)) +

M=

(e, fi(c)) =

i

(B, 7 (he)), (14)

~
Il
—

3\

ES

(Pesm—p, F7H (h)) + (hn F (hesr), (15)

=1

Substituting k¢ by aya + 5¢b in (14) and by —aub + fia in (15) respectively, we have
(. f1(O) +(d, f(d)) = Ne(h)({a, f7(a)) + (b, f*1 (1))

+Nim—(h)({a, f (a)) + (b, (b)) = 0

The proof is completed. a

(d, f'(d)

Il

o
Il
—
o
Il

In the following we consider some special cases in which (10) will be true.
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Lemma 4 Suppose n is odd and a is a sequence of length n. Then (10) is true for
aand b= "7 (a).

Proof. Now
(a, FFEHO) + (b, (@) = (a, FF () + (a, F7 7 (a))
and B )
(a, /% H(a)) = (a, f= ~(a))
The lemma is proved. O

Lemma 5 Suppose n is odd, a and b are sequences of length n such that
a; = —Qp—g, bz = _bn—ia 1<i<n. (16)
Then (10) is true for a and = (b).

Proof. Since

n—1 : n+1

{a, FIFLF(0)) + (F77 (0), F()) = (a, f 5 (0) + £757(D)

and for j = "T_l,

fMb)+b=0,
we can consider only the case: 0 < j < "T’l Let
) ntl s n-1_ . . .
e(f) = FEH®) + £7790) = (eold). 1), eana ().

First, from (16) we have

e(j) = —bnT—l_j — bnTJrl+j =0.
Then, for 0 < i < ——j,wehaven—iz "TH—I—jand
ei(j) = _b"T’l—J—o—z b"+1+]+z = bn+1_,_] ;T bn__] _i = en—i(d)-

Finally,for"T_l—j<i§"T_l,wehave"THgn—i<"TH+jand

€i(J) = —bu1 ;i b no1y; = eni()).

Consequently,

no1
) o - =
(a,fnTHﬂ(b)—i—le_] Zaez Z (a; + an—i)ei(j) = 0.

i=1

The proof is compelted. a

Corollary 1 There exist 2—suitable negacyclic matrices of order 2v if
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(i) 2v € {2°10726% : 4,5,k > 0}, or
(i1) v € S3USy where Sg = {2k +1:0 < k <16} U {39,43}, or
(1) 2v = 2mn with m satisfying (i) and n satisfying (i7).

Proof. In case (7) there are Golay sequences of length 2v [3, 5]. The corollary follows
from Theorem 3. In case (ii) there are Williamson matrices of order v with the first
rows, say, a; = (@0, Q1,5 Qiy—1), § = 1,2,3,4, respectively, such that

i o = ].7 Qi = Qi y—j, 0 <j <, 7= 1,2,3,4.
Let _
bi,]' = (—1)]04,]‘7 0 S.] <, 7= 1,2,3,4.
Then b, = (bio, -*,bip-1), ¢ = 1,2,3,4, satisfy (16). The corollary follows from
Theorem 1, Lemma 5 and Theorem 2. (i44) follows from (¢), (¢4) and Theorem 3. O
Example 2 In GF(13), let
Dy =D, =1{0,1,3,9}, Ds={1,3,4,9,10,12}, D,={2,5,6,7,8,11}

Then the (1,—1) incdence matrices (type 1) of D1, Dy, D3 and Dy are suitable
circulant matrices with the first rows, say, a, b, ¢ and d respectively, such that

a=b=(++-+---——-- +—=-),
c=(—+—+t+-————++-+4),
d=(——+—-——++++-—+-).

From Theorem 1 and Theorem 2, Lemma 4 and Lemma 5 we can construct 2— suitable
negacyclic matrices of order 26 with the first rows as follows:

e i i it il i ++--),
(—+-————- +H++++ -+t -+ -+ + =+ = +1),

where we denote 1 and —1 by + and — respectively.

4 4-—suitable negacyclic matrices

In this section we give a method for constructing 4 composite suitable negacyclic
matrices from 2—suitable negacyclic matrices and base sequences.

Sequences q = (qla Tt 7q’m+p)a r = (7'1’ Tt 7r’m+p)7 € = (ela Tt aem) and t =
(t1,---,tm) are called base sequences of lengths m + p, m + p, m, m respctively
(p odd), if

Nj(q) + N;(r) + Nj(e) + N;(t) =0, 0<j<m, (17)
and
N;(q)+ Nj(r) =0, m <j<m+p. (18)

(see [2, 3]).
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Theorem 4 If there are 2—suitable negacyclic matrices of order 2n and base se-
quences of lengths m+p, m+p, m, m, respectively (p odd), then there are 4—suitable
negacyclic matrices of order (2m + p)n.

Proof. By the assumptions of Theorem 4 and Theorem 2 there are 4 sequences, say,
a, b, c and d of length n satisfying (8) and (9). Let ¢, r, e, t be base sequences of
lengths m + p, m + p, m, m, respectively, satisfying (17) and (18). Set

1 1 .
04125(%“1'7"2‘)7 6225(%_7'1)7 7/:1’"'7m+p7
1 1 .
)\1:§(ez+tz)7 /’Lzzg(ez_tl)v Z:17"'7m,

gi:gi(876):ai8+ﬁi6a 7;:17"'am+p7
hZ:h1(6,6)2A26+u16, ’L'::|.7"',’r7’b7
g:g(676) - (917"'agm+p)a h:h(676) - (hla"'7hm)a

where ¢, 0 are 2 symbols satisfying (13). Put

e =(Jg(a,0).h(b,d),  y=(/h(a,c),g(b,d)),
2= (/g"(c,—a) b (d,~0)), w = (/*(c,~a),g"(d, ~b)),

where g*, h* are the reverse of g, h respectively.

We denote (z, f(2)) + (y, F(y)) + (2, F(2)) + (w, £(w)) by Q). Our purpose
is to prove that Q(i) = 0 for 0 < i < (2m + p)n.

When i = (2m + p)j, 0 < j < n,

Q(i) = (No(g) + No(h))({a, F(a)) + (b, f1 (b)) + (¢, f(¢)) + (d, F(d))) = 0.
When i = (2m+p)j +k, 0<j<n,0<k<m,

QG) = (Num-k(g,h) + Nntp—i(h, 9)) ((a, f771(D)) + (b, f7(a))

e ) + (d, F(e) | | |
+(Ni(g) + Ni(h))({a, £/ (a)) + (b, F (b)) + (¢, F(c)) + (d, f(d)))
— 0,
where
Np—i ga Zgthm ks Nm+p k h g Zhlgl+m+p k-

=1 =1
When i = (2m+p)j+k,0<j<n,m<k<m+p,

Q) = (Ni=m(h,9) + Nmsp-r(h, ) ({a, £/ (b)) + (b, f(a))
+He, [T d)) +(d, (o)) , , ,
+Namp-k(9)({a, f7 (@) + (b, f7H0)) + (e, 77 (0)) + (d, f771(d)))
+Ni(9)((a, £ (@) + (b, £7(9) + (e, 7(e)) + (d, f7(d)))
= 0,
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where

Ni—m(h, 9) Zhlng my Notp—i(h, 9) Zhlgl+m+p k-
=1 =1

When i =(2m+p)j+k 0<j<n,m+p<k<2m+p,

Q) = (Nicm(h,9) + Nicmoy(g, 1) (0, f7H(0)) + (b, (@)
+He, fHH(d)) +(d, ()
+(Namap-k(9) + Nomep—i(h))({a, f74 (a)) + (b, F77(D)
He, F7HHe) + (d, f7HH(d))) = 0,

where
2m~+p—k 2m+p—k
Ni—m(h,g) = > G—s—m Ni—m—p(g,h) = > Ghk—m—pri-
=1 =1

Take negacyclic matrices X, Y, Z and W of order (2m + p)n with the first rows «,
y, z and w respectively, as required. The proof is completed. O

From Theorem 4 we have the following corollary.

Corollary 2 There are 4—suitable negacyclic matrices of order (2t + 1)n for n €
53 @] Sg and

(i) 2t +1€ Sy, or
(i) 1<2t+1<71, or

(ii1) 2t +1=6m — 1 and 13 < m < 17.

Proof. For n € S5 U Sy, there are 2—suitable negacyclic matrices. In case (¢) there
are Golay sequences of length 2¢t € {2'10926% : 7,5,k > 0}, hence there are base
sequences of lengths m + p, m + p, m, m with m = 1 and p = 2t — 1. In case (i)
there are base sequences of lengths ¢t + 1, ¢ + 1, ¢, ¢ and in case (z4¢) there are base
sequences of lengths 4m — 1, 4m — 1, 2m, 2m. The conclusion of Corollary 2 follows
from Theorem 4. a

Example 3 When 2t4+1=5,n=717, let

a=(-—+—-+-+4),

b=(—++-++-)
c=(++++---), d

(——+++--).

It is easy to verify that a, b, ¢ and d satisfy (8) and (10). Let
9(g,0) = (e,¢,0,—0), h(e,0) =¢.

From Theorem 4 we have
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z = (/g(a,c),h(b,d)) = (/a,a,c,—c,b) =

(——+-——=—F—F+++—F -t -+t -+t —F+++ -+ )
y = (/h(a,c), g(b,d)) = (/a,b,b,d, —d) =
(———=+—t++—F++++————F -+ttt -t F -+t =),
z2=(/9"(c,—a),h*(d,=b)) = (/a, —a,c,c,d) =
(—+++—-——+++—+—F++—FF+ A+ttt === — ),
w = (/h*(¢, —a),9*(d,—b)) = (/c,b,—b,d,d) =

L L A i e i i e i i i i e +--).

is easy to check that they satisfy (8).

In general, the composite matrices constructed from base sequences and circulant

matrices need not be circulant, but by Theorem 4 and Theorem 1 the resulting
matrices would be circulant too.
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