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Abstract

We prove that the paired domination number ~,(T') of a tree T on n > 1
vertices and with n; end-vertices satisfies the inequality 7,(T) > (n+2—
n1)/2 and we characterize the trees for which 7,(T) = (n + 2 — ny)/2.

1 Introduction

In this paper, all graphs considered will be finite and without multiple loops or edges.
A set D C V(G) is a dominating set of a graph G if every vertex in V(G) — D is
adjacent to least one vertex in D. A set D C V(G) is a paired dominating set of G if
it is dominating and the induced subgraph (D) has a perfect matching. The paired
domination number v,(G) is the cardinality of a smallest paired dominating set D
in G. This type of domination was introduced by Haynes and Slater in [4, 5] and is
studied, for example, in [1, 7, 8, 9].

Let n(G) be the cardinality of the vertex set V(G). The open neighbourhood of
a vertex € V(G), denoted by Ng(z), is the set {v € V(G) : dg(v,z) = 1}, where
dg(v, z) is the distance between v and = in G. The set Ng[z] = Ng(z)U{z} is called
the closed neighbourhood of x in G. For a set X C V(G), the closed neighbourhood
N¢[X] is defined to be U,y Nelz]. The private neighbourhood of a vertex x with
respect to a set D C V(@) is the set PNglz,D] = Ng[z] — Ng[D — {«}]. Let
Q(G) be the set of all end-vertices of G, that is the set of vertices degree 1, and let
n1(G) be the cardinality of Q(G). A vertex v is called a support if v is a neighbour
of an end-vertex. The diameter diam(G) of a connected graph G is the number
maxyvev () da(u, v). A double star S(p,r), where p and r are positive integers, is
the tree obtained from stars K, and K;, by adding the edge joining one central
vertex of K, with one central vertex of K ,.

For unexplained terms and symbols see [2, 3].

Lemariska [6] has given a lower bound on the domination number of a tree T in
terms of n(T) and n;(T). In this paper we present a similar lower bound on the
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paired domination number of a tree. We have two aims in this paper: to prove
that the paired domination number 7,(T') of a tree T on n(T) > 1 vertices satisfies
inequality v,(T) > (n(T) + 2 — n1(T))/2 and to give a constructive characterization

of the trees for which ,(T) = (n(T) + 2 — ni(T))/2.

2 Results

We begin with a basic property of a paired dominating set.

Observation 1 If v is a support in G, then v is in every paired dominating set of

G. [

Let D be a minimum paired dominating set of a tree T. By €,(T) we denote the
set of all end-vertices which belong to any longest path in 7. We say that D has
property F if the number [€(T) N D| is as small as possible.

Lemma 1 If T is a tree with v,(T) > 2, then there exists an edge e € E(T) such
that v,(T) = 1(Th) + 7p(T2), where Ty and Ty are the components of T — e.

Proof. Let T be a tree with v,(T) > 2 and let D be a minimum paired dominating
set with property F in T. Then diam(T") > 3 and we consider two cases:

Case 1. If Q(T) N D # (), then there exists a longest path S = (so, s1,-..,5)
in T such that sg and s; belong to D. In this case sy also belongs to D, as
otherwise D" = D —{s¢}U{s2} would be a minimum paired dominating set of T
with |Q(T)ND'| < |(T)N D|, a contradiction. Now it is easy to observe that
if T} and T, are the components of T' — s;$, containing s; and s, respectively,
then {so,s1} and D — {s¢, s} are minimum paired dominating sets in 77 and
T, respectively, and therefore y,(T1) = 2, while v,(T3) = ,(T) — 2.

Case 2. Assume now that ;(T)ND = 0, and let S = (sg, s1, . . ., 5;) be alongest
path in 7. In this case sy ¢ D, s1,52 € D, and s;s, is an edge of a perfect
matching of (D). We claim that dr(v) = 1 for each vertex v € Nz (s,) — V(S).
Suppose on the contrary, that there exists v € Nr(sy) — V/(S) with dr(v) > 1.
Thus, since S is a longest path in T, every vertex belonging to Nr(v) — {s2}
has degree 1. Therefore, v is a support and from Observation 1, v € D. Since
v € D and Q(T) N D = 0, the edge vsy belongs to a perfect matching of
(D), which is impossible as the edge s;s» already belongs to the same perfect
matching. This proves the claim. We consider two subcases: s3 € PNr[sq, D]
and s3 ¢ PNr[sy, D).

Subcase 2.1. If s3 € PNy [s, D], then it is easy to observe that dy(s3) = 2.
In addition, if T} and T5 are the components of T'— s3s4 containing s3 and
s4 respectively, then v,(T1) = 2 and 7,(T2) = 1, (T) — 2.

Subcase 2.2. If s3 ¢ PNrp[sy, D] and if Ty and Ty are the components of
T — s553 containing s, and ss respectively, then v,(T}) = 2 and 7,(T2) =
%(T) -2
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Thus, in any event the statement holds. ]
Theorem 2 If T is a tree on n(T) > 1 vertices, then
m(T) > n(T) +2 = 23,(T).

Proof. We proceed by induction on 7,(T). If T is a tree with 7,(T) = 2, then
T is a star or a double star, and it is easy to observe that ni(T) > n(T) — 2 =
n(T) 42 — 2v,(T).

Assume now that the result is true for all trees 7" with 2 < 7,(T") < j and let
T be a tree with 7,(T) = j + 2. Let D be a minimum paired dominating set of
T. In this case diam(T) > 3 and by Lemma 1, there exists an edge e € E(T') such
that ,(T) = vp(T1) + 1(T2), where Ty and T are the components of T' — e. It is
immediate that n(T7)4+n(Ty) = n(T) and ni(T1)+n1 (1) < ni(T)+2. By induction
hypothesis, ny(T1) > n(T1)+2—27,(T1) and ny(T2) > n(T2)+2 —27,(Ts). Therefore

ni(T) +2 2 m(Th) +ni(Tz) > (n(Th) +2 = 27(Th)) + (n(T2) + 2 — 29(T3))
(n(T1) +n(T2)) +2 = 2(p(T1) + 1p(T2)) + 2
n(T)+2—2v,(T) +2

and consequently,
ni(T) > n(T) + 2 — 27,(T).

We are now in a position to provide a constructive characterization of the trees
T for which ny(T") = n(T') +2 — 27,(T). For this purpose, we introduce the following
operation: if T} and T, are vertex disjoint trees, then by T ¢ T3 we denote a tree
obtained from 77 and T3 by adding an edge joining an end-vertex of 77 with an
end-vertex of T5.

Let R, denote the family of trees such that:
(i) Every double star S(p,r) belongs to R;
(ii) T} @ Ty belongs to R, if only T) and Ty belong to R,.

Observation 2 If T is a tree belonging to the family R,, then either T' is a double
star or there are double stars Sy,...,S; (j > 2) suchthatT = (... (S1® S2) ®--- &
Sj—1) ® S;.

Lemma 3 If T is a tree belonging to the family R, then
n1(T) =n(T) + 2 — 27, (T).

Proof. If T is a double star, then 7,(T) = 2, ny(T) = n(T) — 2 and certainly
ni(T) = n(T) 4+ 2 — 279,(T"). Otherwise, if T' is a tree obtained from j double stars
S1,-..,5; (J > 2), then it is easily seen that 7,(T") = 2j. Moreover,

J J

n(T) =Y n(S:) = (n(S) +2),

i=1 =1
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and
an ) —2(j —1).

It is easy to check that the equality ny(T") = n(T") + 2 — 27,(T") holds. (]

Lemma 4 If T is a tree with n(T) > 1 and ni(T) = n(T) + 2 — 27,(T), then T
belongs to the family R,.

Proof. We proceed by induction on ~,(T). If ~,(T) = 2 then diam(T) < 3 and
ni(T) = n(T)+ 2 — 27,(T) = n(T) — 2. Hence n(T) > 4 and there are exactly two
supports in T'. Therefore T is a double star.

Assume now that the result is true for all trees 7" with 2 < 7,(T") < j, and let
T be a tree with 7,(T") = j + 2 and such that ny(T') = n(T) + 2 — 27,(T).

Lemma 1 implies that there exists an edge e € E(T) such that v,(T) = v,(T1) +
p(T2), where T; and T are the components of T' — e. It is immediate that n(7)) +
n(Tz) = n(T). Moreover, ni(T1) + n1(T2) < ni(T) + 2. By Theorem 2, n,(T7) >
n(Ty) + 2 — 27,(T1) and ny(T2) > n(T2) + 2 — 27,(T3). Therefore,

As ny(T) = n(T) + 2 — 2,(T) we conclude that
nl(T) = nl(Tl) + nl(T2) - 2= n(T) +2— QWP(T),

which implies that

ni(T1) + ni(T2) = ni(T) + 2
n(Ty) = n(T1) +2 = 27(Th)
ny(Ty) = n(Tz) + 2 = 27(T2).

Thus, by induction 77 and T5 belong to the family R, and, if e = uv was the edge
we removed from 7" to obtain 7} and T3, then dy,(u) = dy,(v) = 1, that is v and v
are end-vertices in 77 and 75 respectively. Therefore, T'= T} & T» and we conclude
that T € R,,. |

The following result is obvious from Lemmas 3 and 4.
Theorem 5 If T is a tree on n(T) > 1 vertices, then
m(T) = n(T) +2 = 29(T)

if and only if T belongs to the family R,. ]
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