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On the delta sequence of the Thue-Morse sequence
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Abstract

In this note, we investigate the delta sequence associated to the classical
Thue-Morse sequence and prove a conjecture about the delta sequence.
Further, we generalize the Thue-Morse sequence and show some results
about this new sequence and its associated delta sequence.

1 Motivation and Some Definitions

The Thue-Morse (TM) sequence T = (t,)n>0 is defined as the limit of iterates ¢™(0),
where the map ¢ is defined by ¢(0) = 01, ¢(1) = 10. We denote the 2"-length initial
segment of the TM sequence by Ty-. Furthermore, the TM sequence can also be
generated by:

T, =t =0,
Tgn = 1_'271—11_'271—17 n Z 1.

or

T, =ty =0,
Ton = Ton-17(Ton-1), for n odd.
Tyn = Tyn-17(Tyn-1), for n even,
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where r(+) is the map that reverses the bits of the argument, and B is the complement
of B. Moreover, the TM sequence can also be generated by using the bit expansion
of the position, that is,

if i =) b2/, then t; = » b; (mod 2), (1)
J J

that is, T = (tp)n>0 counts the number of 1’s (mod 2) in the base-2 representation
of n. The first few terms of the Thue-Morse sequence are

T =011010011001011010010 - - -

Let I} be the vector space of dimension n over the two element field [F,. Let us
denote the addition operator over F, by @, and the direct product by “-”. The vectors
consisting of all 1, respectively, all 0 (of some length) are denoted by 1, respectively, 0.
By abuse of notation, when there is no danger of confusion, we sometimes use 1,0 to
denote a binary string consisting of all 1, respectively, all 0. A Boolean function on n
variables may be viewed as a mapping from F} into ;. We order I} lexicographically,
and denote vo = (0,...,0,0), vi =(0,...,0,1), van_y = (1,...,1,1). We interpret a
Boolean function f(z1,...,2,) as the output column of its ¢ruth table, i.e., a binary
string of length 2", f = [f(vo), f(v1), f(v2),..., f(vas_1)]. In Table 1 we present
the truth table of a 4-variable Boolean function.
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Table 1: Truth table of a Boolean function

The novelty of our work consists of the Boolean functions approach on the TM
sequence, which enables us to resolve several questions on the TM sequence. We do
not claim that some of our results cannot be obtained by working with the sequence
directly, however our approach is elegant and brings into play the powerful tool of
Boolean functions.
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2 Delta sequence of the TM-sequence

We define
S={A=0,0,1,1; A=1,1,0,0; B=0,1,0,1;B =1,0,1,0; @)
C=0,1,1,0; C =1,0,0,1; D=0,0,0,0;D =1,1,1,1}.

Our Theorem 1 will give an alternate definition for the TM sequence, and it can be
deduced from the generation algorithm (1) and the following lemma.

Lemma 2.1. (Folklore Lemma [8, Lemma 3.7.2]) Any affine function f = [ti,...,
tan] on n variables, n > 2, is a linear string of length 2™ made up of 4-bit blocks
Iy, ..., Iyn—2 given as follows:

1. The first block I, is one of A,B,C,D, A, B,C or D.
2. The second block I, is I or I;.
3. The next two blocks I, I are I, I, or I, L.

n —1. The 2"3 blocks Iyn-s41,...,Ion2 are I, ..., Ipns or I, ..., Ins.

Theorem 1. The initial segment of length 2™, n > 2, of the TM sequence is the
truth table of the Boolean function

f(xlv L2y .- 7I71) =T1D22D -+ - O,
defined on B} (ordered lexicographically).

Proof. By the Folklore Lemma it is easy to see that z, @ --- @z, = CC - -+, which
is exactly the initial segment of length 2™ of the TM sequence. a

In [4] the following delta-j sequence (we will call it delta sequence, if j is under-
stood from the context) is associated to the TM sequence: For j > 1, we define

69 = titiy;.

Various results were proved in [4] by working with the delta sequence, in particular
it was proved that T has the nonoverlap property (also known as the BBb property),
that is, the subsequence BBb, where B is a block of bits of any > 0 length, and b
is the first bit of B, does not appear in the TM sequence. The nonoverlap property
was originally proved by Thue in his seminal papers from 1906 and 1912 [9, 10]. The
result has been rediscovered in [6] and other places (see [2, 3] for surveys of results
on the TM sequence).

It is interesting to note that, independently, in [1], a different approach was
taken, which arrives to the same delta sequence. Kimberling proposed a problem in
American Mathematical Monthly on the sequence ¢ = (¢)x defined by

ot Lif (e +1)/2¢ ¢
Cyp = ].; Ci+1 = .
¢, + 2 otherwise.
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Later, Plouffe and Zimmermann [7] proposed the following problem (which was found
by a method that goes back to Euler):

chxk - 1 i T H(l + ),

£>0 j>1

where c is the sequence of Kimberling and e = (¢;); is defined by

2e;+14f jiseven
6]_:1' €jr1 = . ..
2e; —1if jis odd.

The conjecture was proven in [1] by a method that uses the ever-present TM sequence.
Furthermore, if one defines the characteristic function of ¢,

- fies

0 otherwise,
then one can show [1, Lemma 3] that
x(k) = ti®ty-1,

that is, x(k) is the same as the delta-1 sequence 6&)1

Fredricksen, in [4], proved that 5,21) is 1 if and only if k& + 1 = (1 + 2¢)2%, for
some integers ¢, j, and Proposition 1 and Lemma 1 of [1] state similar results about
X (k). Fredricksen proved that 5,5.2) is the dilated by 2 sequence of 6£1), and observed
that 6 Y is the dilated by 4 sequence of 5£1). For example, 6,5,1) = 101110... and

5(2) 110011111100 . ., that is, 6,22) contains twice every bit of 5,21). Consequently,
he proposed a conjecture, which we prove in our main result of this section.

Theorem 2. The delta sequence 639 is the dilated by two sequence of the delta
sequence 6U)

Proof. To prove the claim it is sufficient (and necessary) to show that
2j) (24) j
551] = 52@-]}—1 - 5(]) (3)

Let f denote the linear function in Theorem 1 for some fixed n. It is sufficient to
show

F(vai)®f (Vaire;) = f(Vair))®f (Vairajrn) = F(Vi)Df(Virs), (4)
for this function, since then (3) follows for all ¢ and j by letting n tend to infinity.
Observe that vap; = veydu; (there is no carry). Since f is linear, we obtain

F(vair1)® f(Vairajet)
= f(va®v)D f(Vaiga;OV1)
= f(v2) O f(v1)D f(Vaira; ) f (V1)
= f(va)®f(Vaitaj)-
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We are left with checking that f(va)®f(Vairaj) = f(vi)®f(Vig;). We prove the
latest claim, by showing that

F(var) = f(va), ()

for any /¢, in particular, for ¢ = 4, and ¢ = i + j. Equation (5) follows from the
observation that vy is obtained from v, by moving the leftmost 0 bit to the rightmost
location of the string. That is, the Hamming weight of vy, is the same as the
Hamming weight of v,, which implies, again using Theorem 1 that f(va) = f(v¢).
The theorem is proved. O

See the remark after Theorem 4 for an alternative approach to infer the truth of
Theorem 1.

3 Generalized Thue-Morse sequences

Let € := €1e5 -+ be a sequence of ¢; € {0, 1} bits (possibly infinite). Define a function
e, on arbitrary bit-blocks B, in the following way:

Bife=0
T”(B)_{Fif 6 =1 ©)

We introduce the generalized Thue-Morse sequence T = (¢S ),>0 (we call it the e-TM
sequence) by the following algorithm (7% is the binary string made up of the first 2°
bits of T¢):

Ty =t € {0,1} )
T = Tsare (T5s)

The classical Thue-Morse sequence is T¢, where e = 11-- -,

Theorem 3. Given an initial segment Ton of length 2" of a generalized Thue-Morse
sequence, there exists an affine Boolean function f (if to =0, then f is linear) on n
variables, such that Tyn is the truth table of f.

Proof. First, assume ty = 0. Then the choices €;¢, = 01,10, 11,00 give, respectively,
the initial segments A, B, C, D of length 4. Now by the Folklore Lemma the resulting
generalized Thue-Morse sequences all have their initial segments Ty» given by the
corresponding initial segments of some linear function. If ¢t = 1, then the same
argument leads to an affine function f with f(0) = 1. d

We call such a sequence Ty as in Theorem 3, the TM-sequence associated to f,
and the Boolean function f — sometimes, labeled fr — is the companion of Tyn.
Define the delta-(¢, j) sequence associated to T¢, in the same way as before, that
is, ,
U

Let € := €165 - - - be an infinite bit string.
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Theorem 4. The delta sequence §'©%) satisfies
o5 = o5ty (8)

for any i,j. In general, if f(x1,...,&y) = €@ - By, , then the delta sequence
associated to f satisfies

62(6,1') =1 if and only if wt(m;, . ; (v:))Owt(m,, i (Viys)) =1, Vi, j

where .. i, (V) is the length-k projection on the coordinates iy, . .., of the vector
V.

Proof. Without loss of generality we may assume that ¢, = 1. Suppose that
fr(zy,...,2,) = v, ® -+ Dy, is the companion of the initial segment Thn of §(¢7).
To prove (8) it suffices to show

Jr(ves) D fr(vaiva;) = fr(vais1)® fr(vaivajpr)- (9)

Since fr is linear, this follows by the argument used in the proof of Theorem 2. To
prove (9), we use the facts that

55”') =1if and only if fr(v;)®fr(viy;) =1
(from Theorem 3) and
fr(vi) = wt(m,, i (vi))  (mod 2)
(from the form of the linear function fr). O

An alternative approach, suggested by one reader of the paper is to observe that
tan = t, (mod 2), and t9,+1 = 1+ ¢, (mod 2), and so,

3l = o+t =t +ty; =6 (mod 2),
5§Z+1 = tyiq1 Ftaigojn = (1 +1) + (1 +tigy)
ti+tiy; =0 (mod 2).

A further analysis of the binary expansion of n, say n =Y, ex(n)2", implies

t =ty + Z ex(n)ept1  (mod 2),
k>0

(using induction on N shows that the relation is true for all n € [0,2"), using
some properties of the Thue-Morse sequence). Now, for & > 1, we have e;x(2n) =
ex(2n+1)(= ex_1(n)), eo(2n) = 0 and ey(2n+1) = 1. We can now get 65 = 6527,

Next, we shall investigate the nonoverlap property of the generalized Thue-Morse
sequence, and prove our main result of this section.

Theorem 5. The e-TM sequence satisfies the nonoverlap property if and only if
e=1.
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Proof. If the sequence € is not identically 1, it contains a 0, hence either the block
00 or one of the blocks 011 or 010. It thus suffices to show that, if the sequence
€ contains one of the blocks 00, 011, 010, then the corresponding e-TM sequence
contains an overlap. For easy writing, we denote by B; := Ty, i > 0 (obviously,
By = {to}). We distinguish the following cases.

Case (1) If ¢, = 0 and €;41 = 0, for some ¢ > 1, then

Biy1 = Bjre,,(B;) = B;B;
= Bi_17(Bi—1)Bi-17,(Bi—1)
B; 1B; 1B; 1B;_1,

which contains the cube B;_; B;_1B;_1, hence an overlap.
Case (13) If ¢, =0, €;41 = 1, and ;42 = 1, for some ¢ > 1, then
Bis» = Byy1Biy1 = B;B; B;B;
= B;1Bi1B; 1B 1 B; 1 Bi 1B 1B 1,

which contains the cube B;_; B;_1 B;_1, hence an overlap.

Case (i1i) If ¢, = 0, €41 = 1, and €42 = 0, for some ¢ > 1, the next bit is either
€i+3 = 0 and then (7) shows that there is an overlap in B3, or €43 = 1, in which
case

By =

Sy

it2Bive = Biy1Biy1Biy1 Bina
B;B;B;B; B;B;B;B;

i1Bi_1Bi_1 Bi_1 Bi_1B;_1B;_1 B,
i—1 Bi_1Bi_1B;i_1B;_1 B;_1B;i_1B;_,

|
™

=

which contains the cube B; ; B; 1 B; 1, hence an overlap.
The theorem is proved. O

It would be an interesting problem to investigate what patterns are avoided in
the e-TM sequence.

Acknowledgements

The authors would like to acknowledge the very careful and constructive comments of
the referee, in particular the short approach for the proof of our last theorem. H. F.
acknowledges support from the National Security Agency under contract RMA54.
Research of P. S. was supported in part by a RIP grant from Naval Postgraduate
School.

References

[1] J.-P. Allouche, A. Arnold, J. Berstel, S. Brlek, W. Jockusch, S. Plouffe and
B.E. Sagan, A relative of the Thue-Morse sequence, in Formal power series
and algebraic combinatorics (Montreal, PQ, 1992), Discrete Math. 139 (1995),
455-461.



300

2]

T.W. CUSICK, H. FREDRICKSEN AND P. STANICA

J.-P. Allouche and J. Shallit, The ubiquitous Prouhet-Thue-Morse sequence,
in C. Ding, T. Helleseth and H. Niederreiter, eds., Sequences and Their Ap-
plications, Proceedings of SETA’ 98, Springer-Verlag, 1999, 1-16.

J.-P. Allouche and J. Shallit, Automatic Sequences: Theory, Applications,
Generalizations, Cambridge University Press, 2003, 387-391.

H. Fredricksen, Gray codes and the Thue-Morse-Hedlund sequence, J. Com-
bin. Math. Combin. Comput. 11 (1992), 3-11.

G.A. Hedlund, Remarks on the work of Axel Thue on sequences, Nordisk Mat.
Tidskr. 15 (1967), 148-150.

M. Morse, A one-to-one representation of geodesics on a surface of negative
curvature, Amer. J. Math. 43 (1921), 35-51.

S. Plouffe, P. Zimmermann, Quelques conjectures, preprint, 1992.

P. Stanica, Chromos, Boolean Functions and Avalanche Characteristics,
Ph.D. Thesis, State University of New York at Buffalo, 1998.

A. Thue, Uber unendliche Zeichenreichen, Norske Vid Selsk. Skr. I. Mat. Nat.
Kl. Christiana 7 (1906), 1-22. Reprinted in “Selected mathematical papers of
Axel Thue”, T. Nagell ed. Universitetsforlaget, Oslo, 1977, 139-158.

A. Thue, Uber die gegenseitige Lage gleicher Teile gewisser Zeichenreihen,
Norske Vid Selsk. Skr. I. Mat. Nat. Kl. Christiana 7 (1912), 1-67. Reprinted
in “Selected mathematical papers of Axel Thue”, T. Nagell ed. Universitets-
forlaget, Oslo, 1977, 413-478.

(Received 4 Nov 2006; revised 28 Feb 2007)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


