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Abstract

In the present paper, we consider two kinds of statistics “number of u-
segments” and “‘number of internal u-segments” in Dyck paths. More
precisely, using Lagrange inversion formula we present the generating
function for the number of Dyck paths according to semilength and our
new statistics by the partial Bell polynomials, namely,
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where o,(D) (3,(D)) is the number of u-segments (internal u-segments)
of length r in a Dyck path D. Many important special cases are presented
which lead to a lot of interesting results.
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1 Introduction

A Dyck path of length 2n is a lattice path from (0,0) to (2n,0) in the plane integer
lattice Z x Z consisting of up-steps (1, 1) and down-steps (1, —1), which never passes
below the z-axis. Let ®,, denote the set of Dyck paths of length 2n. Dyck paths
are very well-known combinatorial objects that have been widely studied in the
literature. Stanley [20] presents a lot of objects equivalent to Dyck paths of length
2n, all of which are counted by Catalan sequence ~1+1 (2") Many various statistics
have been studied on the set of Dyck paths, such as area [9, 12, 24|, pyramid weight
[10], and number of udu’s [22]. Others [11, 14] are many that have carried out the

important and earlier studies regarding statistics on Dyck paths.

Let D be any Dyck path. A wu-segment of D is a maximum consecutive up steps
in D and an internal u-segment of D is a u-segment between two down steps, i.e.,
all u-segments except for the first one are internal u-segments. Define ax(D) and
Or(D) to be the number of u-segments and internal u-segments of length k in D,
respectively.

Recall that the potential polynomials [8] PSL)‘) are defined for each complex number
A by

n Ty A
1+ZP§3)% = {1+an%},

n>1 : n>1

which can be represented by Bell polynomials

PO = PO fo o) = 3 (2>mBn,k<fhf2,f37 ), (1.1)

1<k<n

where B, (131,1'2, . ) is the partial Bell polynomial [1] on the variables {z;};>1,

that is
Tm
G
m

where the summation k,,(r) is for all the nonnegative integer solutions of r; 4+ ry +
o+ 71y, =1rand ry + 2ry + - - - + mr, =m.
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In this paper, we prove that

ST = Z ﬁmBm(lltl, Aty,---),

De®, i>1

and

n J .
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As an application, we consider many special cases which lead to a few interesting

results.
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2 The u-segment statistics

In this section we link Dyck paths to several combinatorial objects, such as partial
Bell polynomials (see [1]), Riordan number r,, (see [3]), and the number of unlabeled
plane tree on n + 1 vertices in which every vertex has outdegree not greater than k
(see [13, 5]). Define the ordinary generating functions for the number of Dyck paths
D of length 2n according to the statistics ay(D), aa(D), ..., that is,

G(x;t) = Gty to,...) = Zx" Z Ht?l(D).

n>0 De®, i>1

Proposition 2.1. The ordinary generating function G(x;t) is given by

Glzit) =1+ Yt/ Glx;t). (2.1)

Jjz1

Proof. The ordinary generating function G(x;t) can be written as G(z;t) = 1 4+
>_j>1 Gilait), where Gj(z;t) is the generating function for the number of Dyck
paths D of length 2n starting with exactly j up steps according to the statistics
a1(D), az(D),.... An equation for G;(x;t) is obtained from the first return decom-
position of a Dyck path starting with a u-segment of length j: D = u/dDWdDU-1q
...D@dDW  where DO, ... DU are Dyck paths; see Figure 1.

p)

(4)
D(3)

(1)

Figure 1: First return decomposition of a Dyck path starting with exactly j up steps.

Thus G;(z;t) = t;27GI(z;t). Hence, the ordinary generating function G(x;t) satis-
fies the following equation G(z;t) = 14 3., Gj(z;t) = 1+ 350, t;2/GI (73 ), as
required. |

Let T(xz) = Y otz be the ordinary generating function for the indeterminates
{t;}iso with to = 1. Define y(x,t) = 2G(z,t), or simply y = 2G(x,t). Then
(2.1) reduces to y = T (y). Applying the Lagrange inversion formula [23] and the
potential polynomials (1.1), we have

SIE® = iy = —— T

n+1
De®, i>1 +

1 & (n+1)id
- n—i—lZ( . )HBnri(l!tl,Q!t%...%

i=1

n

1
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Hence we obtain the first main results,
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Theorem 2.2. For any integer n > 1,

n

Z Ht?’(D) _ ZmBn,i(1!t172!t27'”>7

DeD,, i>1 i=1
where B, ; (:m7 Ta, ) is the partial Bell polynomial on the variables {x;};>1.

Theorem 2.2 generates a lot of surprising results. Here we present some of these
results; see Examples 2.3-2.11.

Example 2.3

IT(x) =14+q(e”—1) = (1 —q)+ ge*, then t; = ¢/i! for all i > 1. Note that
Bm-(q7q, q,- ) = S(n,i)q’, where S(n,i) are the second kind of Stirling numbers
[8, Page 135}. Thus Theorem 2.2 leads to

L>1 ai(D) 1 n |

" n+1 ; n! .
— i Nt — i n—i+1
E H | ;:1 ( ; >z.S(n,z)q E —i!S(n,n i+ 1)q

I ai(D
Dem, L1li>1 (i) p—

1 " /n+1 - )
— gt (1 — n—i+1
n+1i_0<i >zq( Q"

which reduces to (n+1)""! when ¢ = 1. We note that it is well known that (n+1)""*
counts the set of labeled trees on n + 1 vertices or the set of rooted labeled trees with
a fixed root on n + 1 vertices. Specially the number of rooted labeled trees with a

|
%S(n,n —i+1)[6].

special root on n + 1 vertices with ¢ leaves is

Example 2.4

Let T'(x) = 1 + qre®. This case implies ¢; = ¢/(i — 1)! for all ¢ > 1. Note that
Bn,i(q,Qq,?;q, - ) = (7)i”‘iqi, which are called the idempotent numbers [8, Page
135] when ¢ = 1. Then Theorem 2.2 leads to

D; 1:[1{ } " i(?)(nflj—l)'

for any integer n > 1.

Example 2.5

Let T( ) = (e* —1)/x. This case implies ¢, = 1/(i + 1)! for all ¢ > 1. Note that
(= _1) [k =350 S(n+ K, k)x"/(n + k)!. Then Theorem 2.2 gives

n

1 1 111
- 7Bn,1 <_7 _7 _7.’.>
HU ey - St
n!
= " son+1n+1
GnrnoGntLntl),
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for any integer n > 1.

Example 2.6

Here we give a relation between our Dyck paths and the first kind of Stirling num-
bers [8, Page 135]. More precisely, the case T'(z) = 1In == implies t; = 1/(i + 1)

1-x
for all i > 1. Note that (1 In ﬁ)k/k' = sols(n+k k)a™/(n+ k)|, where s(n, k)
are the first kind of Stirling numbers. Then Theorem 2.2 produces

1 1 1! 2! 3!
TN 7an a0 40T
S i = St (5 250)

DeDy, i>1

for any integer n > 1.

Example 2.7

Another relation between our Dyck paths and first kind of Stirling numbers can be
state as follows. The case T'(z) = 1+ ¢ln 1% implies t; = ¢/i for all ¢ > 1. Note

x

that B"’i(O!q’ g, 2lq, - ) =|s(n,1)|¢* [8, pp.135]. Then Theorem 2.2 gives
201 (L S
Dem, i>1 —~ (n—i+1)!

for any integer n > 1.

Example 2.8

Let T(z) = (1 + x)*. This case implies #; = (}) for all i > 1, where \ is an
indeterminant. Then Theorem 2.2 leads to

S0 - (")

De®, i>1

for any integer n, k > 1. Specially, replacing A by —\, we have

3 H(A+z’—1>‘“(m _ ni1<(n+1)xn+n_1>.

DeDy i1
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Example 2.9

Let T(z) =1+2+ a2+ --- + 2F. This case impliest;, = 1 for 1 <i < kand t; =0
for all i > k + 1. Then Theorem 2.2 gives

Z ﬁ 104(D) H 0D _ THl_ 1 %(‘Ui (n :— 1> <2n - (: + 1)@')7

DeD, i>1 i>k+1 i=0

which generates the following result (by convention 0° = 1). The number of Dyck
paths D of length 2n with no u-segments of length greater than k (i.e. a;(D) =
0 for i > k) is given by

Unie = ni ] fuy(”jl) <2n - (:+ 1)@)_

=0

We note that the number U, ; also counts the unlabeled plane tree on n 41 vertices
in which every vertex has outdegree not greater than k. Klarner [13] first considers
this problem, which is solved by Chen [6]. When k& = 2, Callan [4] gives a bijection
between the set of Dyck paths D of length 2n with no u-segments of length greater
than 2 and the set of Motzkin paths of length n.

Example 2.10

1

Let T'(x) = T (q — 1)z*. This case implies t; = 1 for all i > 1 except for i = k
—x

and t; = ¢. Then Theorem 2.2 yields

LR b (G [

De®D, j=0

which produces the following result. The number of Dyck paths D of length 2n with
exactly m u-segments of length k (namely, ax(D) = m) is given by

e (1))

Jj=m

which is the n-th Riordan number r, [3] when ¢ = 0 and k¥ = 1. This result for
k=1,2,3, and m = 0 gives the following table.

K\n |0 1 2 3 4 5 6 7 8 9 10 11 12 | Reference
1 1 0 1 1 3 6 15 36 91 232 603 1585 4213 [18, Seq. A005043]
2 11 1 2 6 17 46 128 372 1109 3349 10221 31527 | [18, Seq. A102403]
3 11 2 4 10 27 79 240 750 2387 7711 25214 83315 | [18, Seq. A114507]

Table 1: The number of Dyck paths D of length 2n such that ay(D) =0 for k = 1,2, 3.
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Example 2.11

k

qx

Let T =14 —.
et T'(x) t1

1 <i <k —1. Then Theorem 2.2 gives (here assumed that 0° is 1)

. N 1 &K n+1\(n—(k—1)j—1\
ZHO,(D)Hq7(D) _ n+lz<nj )(n (j_l)J >q9,

De®Dy, i1 i>k Jj=0

This case implies t; = ¢ for all ¢ > k and t; = 0 for

which yields the n-th Riordan number r,, [3] when ¢ = 1 and & = 2. Then the
number of Dyck paths D of length 2n such that each u-segment has length not less

than £ is given by
1 Z": n+1\/n—(k-1)—-1
n+1 J j—1 ’

Jj=0

Specially, the number of Dyck paths D of length 2n such that each u-segment has
length not less than 2 is given by the n-th Riordan number r,,. More precisely, the
number of Dyck paths D of length 2n with exactly j u-segments such that each
u-segment has length not less than k is given by %H(";l) ("_(];:11)9'_1), which is the
Narayana number when k£ = 1.

Example 2.12

k k
qx 14+ (¢g— Dz
LetT(x)zlJrl_xk: T

t; = 0 for otherwise. Then Theo_rem 2.2 generates

) 1 " (kn+1 n—1
Z]‘ZIO‘J/C(D): [ m 2.3
Z 9 lm—i—lZ( m ><n—m>q (2:3)

DeDyp,ai(D)=0if i#0mod k m=1

- lm1+ 1 i (lﬂ:; 1) <(kzl)nmm>(q1)m. (2.4)

m=0

. This case implies t;; = ¢ for all 7 > 1 and

Identity (2.3) produces the following result: The number of Dyck paths D of length
2kn such that the length of any u-segment is a multiplicity of k& (namely, ¢ = 1)
is given by kn1+1 ((ktll)”) (which is obtained by Vandermonde convolution). More
precisely, the number of Dyck paths D of length 2kn with exactly m u-segments such

that the length of any u-segment is a multiplicity of & is given by kn1+1 (k’:jl'l) (:;11) =

%("’:fl) (:L), which is the Narayana number for k = 1.

When k£ =1, (2.3) and (2.4) produce many interesting results: A new expression for
Narayana polynomials is given by

n

Nalg) = %(m" 1) <Z>qm - ni - z": (n; 1) <2n; m) G- 1™ 25)

m=1 m=0
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1
Define the associated Narayana polynomials as N, (q) = ¢"M,(-)
q

230 ) (G
n —11— 1 m:) <n;; 1) <2n N m) (1—g)mg" ™. (2.6)

Note that several authors have investigated the polynomials A, (¢). For examples,
see Rogers [16], Rogers and Shapiro [17], Sulanke [21], Bonin, Shapiro and Simion
[2], Coker [7].

If setting ¢ = —1 in (2.6) and using the identity proved in [2, 22],

; then we have

Na(q)

zn: 1 n n (—1ym = 0 if n = 2r,
—~n m—1/)\m o %(2:) if n=2r+1,
then we get an expression for Catalan numbers

1 (2n fi:“(q)“*m+1 20+ 2\ (4n —m+ 2y
n+1\n) 4 n+1 m 2n+1 '

1=0

Example 2.13

Let T(z) = f*(x). Define T'(x) = f*(x), where f(x) is the generating function for
the m-ary plane trees, which satisfies the relation f(z) =1+ xf™(x). Another form
of Lagrange formula [8, Page 149] generates

[#"10(y) = " ()T ()", (27

for n > 1, where ®(z) is any formal power series and ®'(z) is its derivative on the

Vz:;xriable x. Thus, by (2.7), we can deduce t; = m (™**1). Then Theorem 2.2
gives

Z H( (szrkl))%(D)

for i - 1 yi+k {

z”: 1 B..( 11k m+k—1 21k 2m+k—1 )
— (n—i+1)! "m—1+k 1 "2m—1)+k 2 ’

(m+kfl)n+k<(m+k)z+k_l>'

for any integer n, k,m > 1.
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Remark 2.14

As a remark more interesting cases should be considered further such as T'(x) is the
generating function of the elementary symmetric function, or complete symmetric
function, or Schur symmetric function, or g-factorials, or the generating function of
some special sequences such as Fibonacci, Bell sequences and so on (for definitions
see [20, 23]).

3 The internal u-segment statistics

Recall that an internal u-segment of Dyck path D is a u-segment between two d steps,
i.e., all u-segments except for the first one are internal u-segments. A Dyck path D is
said to be k-partial (resp. k-complete) if the length of any internal u-segment (resp.
u-segment) is a multiplicity of k. Define 3x(D) to be the number internal u-segments
in Dyck path D. In this section, we study the ordinary generating functions for the
number of Dyck paths D of length 2n according to the statistics 81(D), B2(D), .. .,

that is,
Flait) = Foih,ty,. ) =14y o 30 [,

n>1  DEDy i>1
which can be represented in terms of the generating function G(x;t) as follows.
Proposition 3.1. The ordinary generating function F(x;t) is given by
1 1

L—2G(z;t) 1—x—ax) ., taiGI(z;t)

Proof. An equation for the ordinary generating function F'(x;t) is obtained from the
first return decomposition of a Dyck paths: D = uD'dD"”, where D’ and D" are
Dyck paths. Therefore, the ordinary generating function F(z;t) satisfies F(x;t) =
1+ 2F(z;t)G(x;t). Hence, using Proposition 2.1 we get the desired result. O
Applying the Lagrange inversion formula (2.7) in which ®(z) = 1 and the potential
polynomials (1.1), we have

n

S = Yl = e

De®y, i>1 Jj=0 Jj=0

ShY n\in—j
Z<i>ﬁ — B!, 2, ).

§=0 i=0

Hence, we obtain our second main result,

Theorem 3.2. For any integer n > 1,

n J . .
S I8 = Z (?)%nnJBj,i(1!t172!t2,~).

DeDy, i>1 j=0 i=0

<
o
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Theorem 3.2 generates a lot of surprising results. Here we present some of these
results; see Examples 3.3-3.10.
Example 3.3

Let T(z) =14 q(e* — 1) = (1 — ¢) + ¢e®. This case implies t; = ¢/i! for all 4 > 1.
Then Theorem 3.2 gives

SIS - Zn:i”nj(?)%su,wqi

DeD, i>1 J

Il
3 |l
s |
3
|
<
/—S
~
IS
—
|
S
=
3
|
<
QN

n

which leads to n_' when ¢ = 1 for any integer n > 1.
n!

Example 3.4

Let T'(z) = (e — 1)/z. Again, we can state another relation between Dyck paths and
second kind of Stirling number. The case T'(z) = (¢® — 1)/x implies t; = 1/(i + 1)!
for all i > 1. Note that (<= _1) k=350 5+ k k)z™/(n+ k). Then Theorem
3.2 obtains

n—1 .
n—j nl .
H —S(n+j,n)
> R =2 , ),
DED,, i>1 ( j=0 n (n—i—]).

for any integer n > 1.

Example 3.5

Let T(z) = 2In-. This case implies ¢; = 1/(i+1) for all ¢ > 1. Note that
(LIn —) /k' > nsol8(n+ kK, k)|x"/(n + k)!. Then Theorem 3.2 gives

n—1
n— .
D;ng Z+1ﬁt ]z; n TL+] | (n+],n)|,

for any integer n > 1.

Example 3.6

Let T(z) = (1 +2)*, so t; = (}) for all i > 1, where A is an indeterminant. Then

Theorem 3.2 gives
i T4 n \j)
7=0

De®, i>1

for any integer n > 1.
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Example 3.7

Let T(z) = 1/(1 —z)*, so t; = (**/7") for all i > 1. Then Theorem 3.2 obtains

ZH<,€+E_1>@(D) _ Snn (nk—l—jj—l) knarl((k_;l)n)’

DeDy i1 Jj=0

for any integer n, k > 1.

Example 3.8

Let T(z) = 1/(1 — %), so tj, = 1 for all j > 1 and t; = 0 for otherwise. Then
Theorem 3.2 obtains

e .
) S B(D) E:E_JE<”+11>:€ii(”+P>
DED,B:(D)=0 if i#0 mod k = " J ntl\ n

where n = pk+/{ for 0 < ¢ < k—1, which generates the following result. The number
of k-partial Dyck paths D of length 2n is given by

+1 (n+
st -5 ("), 1)

n+1 n

where n =pk + £ for 0 </ < k—1.

Example 3.9

o
Let T(z) = 1+ lq -5 80 tjp = ¢ for all j > 1 and ¢; = 0 for otherwise. Then

Theorem 3.2 obtains

LN 7 IR
O R WU (9D S (il
DeD,,,3:i(D)=0 if i#0 mod k m=0 j=m J
p

Bese ()

which gives rise to the following result. The number of k-partial Dyck paths D of
length 2n with exactly m internal u-segments is given by

St ) () 62

where n =pk+ £ for 0 </ < k—1.
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Remark 3.11
Results (3.1) and (3.2) give the following identity

{+1/n+p 7zn:n+m£—km n\[(p
n+1\ n ) nm+1) \m/)\m)’

m=0

where n = pk + ¢ for 0 < ¢ < k — 1. This identity can be proved by Vondermonde
convolution, maybe it is interesting to prove it by some other powerful methods such
as WZ method [15] and Riordan arrays [19].

Example 3.12

Define T(z) = f*(z), where f(x) is the generating function for the complete m-ary
trees, which satisfies the relation f(z) =142 f™(x). By Lagrange inversion formula

(2.7), we can deduce t; = (nklf)ﬂk (mit,k*l). Then Theorem 3.2 gives
ZH mi + k — 1\ Z k(n—j) (kn+mj
i —1z+k i kn+myj Jj ’

for any integer n > 1,k,m > 0.
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