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Abstract

For a graph G that models a facility, various detection devices can be
placed at the vertices so as to identify the location of an intruder such as
a thief or saboteur. Here we introduce the open neighborhood locating-
dominating set problem. This deals with problems in which the intruder
at a vertex can interfere with the detection device located there. We seek
a minimum cardinality vertex set S with the property that for each vertex
v its open neighborhood N(v) has a unique non-empty intersection with
S. Such a set is an OLD-set for G. Among other things, we describe
minimum density OLD-sets for various infinite grid graphs.

1 Introduction

For studies involving safeguards applications for graphical models of facilities or for
multiprocessor networks, various types of protection sets have been studied where
the objective is to precisely locate an “intruder” such as a thief, saboteur, or fire,
or a faulty processor. It is generally assumed that a detection device located at a
vertex v in a graph G = (V, E) modeling the system can detect an intruder only
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if the intruder is at v or a vertex location adjacent to v. The open neighborhood
of vis N(v) = {w € V(G) : vw € E(G)}, and the closed neighborhood of v is
Nv] = N(v) U{v}.

Locating sets (for which a protection device can determine the distance to an
intruder) were introduced in Slater[14] and subsequently by Harary and Melter|8]
where they were called metric bases. The concepts of locating and dominating were
merged in [16, 17]. See also [3, 5, 6, 13, 18]. When a protection device at vertex
v can distinguish between there being an intruder at v or at a vertex in N(v),
but which vertex in N(v) can not be pinpointed, then one is interested in having
a locating-dominating set. When only the presence of an intruder in N[v] can be
detected, with no information as to which vertex in Nv] contains the intruder,
one is interested in identifying codes as introduced by Karpovsky, Chakrabarty and
Levitin [11]. Haynes, Henning and Howard [9] add the condition that the locating-
dominating set or identifying code S not have any isolated vertices. See also [1, 2, 4].
A bibliography of papers concerned with locating-dominating sets and identifying
codes, currently listing over 150 papers, is maintained by Lobstein [12].

In this paper we consider situations in which an intruder at a location v can
prevent the detection device at v from detecting the fault. That is, a detection
device at a vertex v can only determine the presence of an intruder in N(v). A
vertex set S C V(@) is an open-locating-dominating set, an OLD-set for G, if and
only if for each vertex w € V(G) there is at least one vertex v in S N N(w) (that
is, S is an open-dominating set) and for any pair of distinct vertices w and z we
have N(w) NS # N(xz)N S. The open-locating-dominating number OLD(G) is the
minimum cardinality of an OLD-set for G. An OLD-set for G of order OLD(G) will
be called an OLD(G)-set.

For the graph H in Figure 1, let S = {vy,v9,v3}. Then N(vy) NS = {v2, vs3},
N(va) NS = {wr,v3}, N(v3) NS = {vr, v}, N(vg) NS = {u3}, and N(v5) NS = {v1}.
Because all five sets are distinct, S is an open-locating-dominating set. In fact,

OLD(H) = |S| = 3.

V2

vy V3

v
s
<!

Figure 1: OLD(H) = |{v1,v2,v3}| =3

In general, call a collection ® = {57, Ss,...,S5:} with S; C V(G) distinguishing



OPEN NEIGHBORHOOD LOCATING-DOMINATING SETS 111

if for each w € V(G) some S; € R contains w and for each pair of distinct vertices
w and z we have {S; : w € S;} # {S; : x € S;} (that is, some S; contains exactly
one of w and z). Thus ®; C V(G) is an identifying code if ®; = {N[v] : v € S} is
distinguishing, a locating-dominating set if %5 = {N(v) : v € S} U {{v} : v € S}
is distinguishing, and an open-locating-dominating set if 3 = {N(v) : v € S} is
distinguishing.

In the context of coding theory, Honkala, Laihonen, and Ranto [10] consider
various types of codes for F}' with F» = {0, 1}, that is, for the n-cube Q,. What
they called “identifying codes with non-transmitting faulty vertices” is what we would
call an OLD(Q,,)-set.

Clearly every graph has a locating-dominating set, but if w # x and Nw] = N|z]
then G does not have an identifying code.

Observation 1. A graph G has an open-locating-dominating set if and only if the
minimum degree of G satisfies 6(G) > 1 and, whenever w # x, we have N(w) #
N(z).

Observation 2. If OLD(G) = h, then |[V(G)| < 2" — 1.

Proof. This follows from the fact that for each vertex v we have a distinct non-empty
subset N(v) N S for an OLD-set S. m

Let Cj, be the cycle on h > 5 vertices, V(C}) = {v1,v2,...,v,} and E(C),) =
{v1v2, Uovs, . .., Up_10p, VRv1 }. Note that N(v;) = {v;_1,v;41} (mod h), and the open
neighborhoods N(v1),..., N(v;) are distinct. We can add 2" — 1 — h additional

vertices, each of which has a distinct open neighborhood in V(C},), to obtain a graph
Gh with ‘V(Gh” = 2h — 1 and OLD(Gh) = h.

As noted in Garey and Johnson [7], Problem 3-SAT is NP-complete.
3-SAT

INSTANCE: Collection C' = {¢y,ca, . ..,cp} of clauses on set
U = {uy,ug,...,uy} such that |¢;| =3 for 1 <i < M.

QUESTION: Is there a satisfying truth assignment for C'?
Open-Locating-Dominating (OLD)

INSTANCE: Graph G = (V, E) and positive integer K < |V|.
QUESTION: Is OLD(G) < K?

Theorem 3. Problem OLD is NP-complete.

Proof. Clearly OLD € NP. We show a polynomial time reduction from 3-SAT to
OLD. Given U and C, for each u; construct the graph G; on 21 vertices shown in
Figure 2(a), and for each clause ¢; construct the graph H; shown in Figure 2(b).
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(a) (b)

Figure 2: Variable and clause graphs G; and H;, 1 <i< N, 1<j< M

Finally, to complete the construction of graph G, for 1 < j < M if clause C; =
{u;1,uj2,u;3} where each u;, is some wu; or u;, let clause vertex ¢; be adjacent to
variable vertices u; 1, u;2 and u; 3. Note that G has 21N +7M vertices and 27N +10M
edges and can be constructed from C' in polynomial time.

If S C V(G) is any OLD(G)-set, then S must contain every vertex adjacent
to an endpoint because S is open-dominating. That is, S contains the 9N + 3M
darkened vertices of Figure 2. Because N(w;) NS = {z;} # N(v;) NS, it must be
the case that (N(v;) NS) N {uw;, @} # 0. Likewise, N(a;) NS = {b;} # N(c;) NS, so
SN {Uj,h Uj 2, ijg} 7é @ .

It is now easy to see that C' has a satisfying truth assignment if and only if
OLD(G)= (9N +3M)+ N =10N+3M. m

2 Trees

Throughout this section we let 7, be a tree of order |V(T},)| = n > 2. Letting & be
the collection of all trees T, with n > 2 in which no two endpoints have the same
neighbor, it is easy to see that OLD(T,,) is defined if and only if T,, € S.

First, we consider paths P, on n vertices. We have OLD(P,) =2 and P; € .
Suppose n > 4,V(P,) = {v1,vq,...,v,} with v;,v;41 € E(P,) for 1 <i<n-—1.

Let D be an OLD-set for P,. If v; € D then N(v;y1) N D # () implies that
Viya € D. Now N(vip1) N D = {v;s2} # N(vi43) N D implies that N(v;43) N D =
{Viy2,vira}. That is, if v; € D then ({vi_4,vi_2, Vire,vipa} NV (P,)) € D. Note,
in particular, that {ve, vy, vy_1,v,—3} € D. If v1 € D, then {ve,v3,v4,v5} C Dj if
vg € D then {vi,v9,v4,v5} C D; and if vs € D then {v1,ve,v3,v4} C D. Also, if
{v1,v2,v3,v4,v5} C D, then D — vy, would also be an OLD-set. We thus have the
following proposition.

Proposition 4. If D is an OLD-set for P, for n > 5, then
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(i) |D N {v1,ve,v3,v4,05}| =4 and exactly one of vy, vs3,v5 is not in D;
(i) if DN{vs,vip1} =0, thenb<i<n-—>5 and

{Vi—a, Vizg, Vi_2, Vi1, Viga, Vigs, Viga, Vigsy © D;  and
(iii) if DN {wi_1, v, vi401} = {vic1, V41 } then 3 <i<n—2 and

{Vi—2, Vi1, Vig1, vig2} C© D.

Lemma 5. If D is an OLD-set for P, with n > 6, then

Vi, Vi1, Vig2, Vigs, Viga, Vigsy N D] >4 for 1 <i<n—35.

Proof. If any two consecutive vertices in {v;, v;41,...,vi15} are not in D, then
the other four are in D by Proposition 4(ii). Thus each pair {v;, vii1}, {vite, virs},
{Viy4,vi15} can be assumed to have at least one element in D, and if D contains
both elements in one pair then there is a total of at least four in D. Without
loss of generality, assume v, o € D and v;43 ¢ D. But now v;14 € D and DN
{Ui+27 Vi+3, ’Ui+4} = {Ui+27 ’Ui+4} 1mphes that {Ui+17 Vit+2, Vitd, ’Ui+5} - D m

Lemma 6. OLD(P,) > [(2/3)n].

Proof. Let D be an OLD(P,)-set. We will associate two vertices in D with each
v; € D. If vy &€ D, then {vg,v3,v4,v5} C D by Proposition 4 (i), so we associate
vy and w3 with v. Similarly, if v, € D we associate v,_; and v,_» with v,. For
3<i<n-—2,if DN{v_1,v;,vi11} = {vi_1,vi41} then we can associate vy, ; and
v; 1o With v; by Proposition 4 (iii), and if {v;, v;41} N D = () we can associate v;_; and
vi_o with v; and v;19 and v, 13 with v 1. =

Proposition 7. OLD(Pg) = 4k, and the unique OLD(Pgy)-set is
{v2, v3,v4, V5, U8, Vg, V10, V11, - - - s V6k—1, Vgk—3; Vek—2, Vok—1} =

Proof. By Lemma 6, OLD(Ps.) > 4k, and the given set S is clearly an OLD-set
for P, so OLD(Pg,) = 4k. Since any OLD-set for P, contains {vg, vy, Vp_3, Un_1},
the unique OLD(Ps)-set is {va, v3,v4,v5}. We complete the proof by induction on
k. Assume k > 2. Note that any OLD(Py)-set D must have |D N {vgji1, ejt2, - - -,

vgjr6p| = 4 for 0 < j < k — 1. Because exactly one of vy, vs,v5 is not in D, we
have vg € D. Thus D N {v7,vs,...,ver} is an OLD(Psk_g)-set and, by induction,
D N {vr,vg, ..., ver} must be {vs, vy, V10, V11, V14, V15, V16, V17, - - - 5 Vsk—a, Vbk—35 Vok—2,

vek—11- Now D N {vg, vz} = 0 implies that {ve, v3, vy, v5} C D by Proposition 4(ii),
and so D = S as required. m

Proposition 8. OLD(Py13) = 4k + 3 for k> 1.

Proof. One can easily verify that {ve, vs,...,vs} is an OLD(Py)-set and OLD(Py) =
7. We proceed by induction on k. First, {ve,vs,. .., vs, v11, V12, V13, V14, V17, V18, V19,



114 SUK J. SEO AND PETER J. SLATER

V205 - + -y Vgk—1, Uok, Vk+1, Vekr2 } 18 an OLD-set for Pgyz, so OLD(Pgrys) < 4k + 3.
By Lemma 6 we have OLD(Pgp43) > 4k + 2. To see that OLD(Fyyy3) = 4k + 3 we
consider the three cases of Proposition 4(i).

Case 1. Assume vy ¢ D. In this case, {v1,v2} C D, and D — {v1, v} is an

OLD-set for P* = vy,vs,..., 06143 = Porrs — {v1,v2,v3} containing {vy,vs}. By
Proposition 7, |[D NV (P*)| > 4k + 1, and so OLD(Psgy3) > 4k + 3.
Case 2. Assume vs € D. Then |D N {vy,v2,v3}| = 3 and each six consecutive

vertices of P* have at least four vertices in D, which implies that D > 4k + 3.

Case 3. Assume vq € D. If ug & D then D* = D — {vg,v3,v4,v5} is an OLD-set
for P#* = vy, vg, ..., Ueri3. By induction, |D*| > 4(k—1)+3, and so |D| = |D*|+4 >
4k + 3. If vg € D and v; € D, then by Lemma 6 we have |D N {vs, vy, ..., vers3}| >
[(2/3)(6k — 4)] and |D| > 5+ [4k — 8/3] = 4k + 3. If {vs,v7} C D, then D* =
D — {vs,v3} is an OLD-set for P* containing vy, so |D*| > 4k + 1 by Proposition 7
and |D| >4k + 3. m

Proposition 9. OLD(Pgy4) = 4k + 4.

Proof. {Ul, V2, U3, U4, U7, Ug, Vg, V10, V13, V14, V15, V16 - « - , Uk+1, V6k+25 V6k+35 Uek+4} is an
OLD-set for Psgys, 50 OLD(Pgrya) < 4k + 4. Let D be an OLD(Pgj14)-set. By
Proposition 4(i) we have

|D N {v1,v2, U3, 04,05} = |D N {Vk, Vek+1, Vok-+25 Vok+3, Vokra }| = 4,

and by Lemma 5 we have |D N {ve,v7,...,v61-1}] >4k —4,s0 |[D| >4k + 4. m

Proposition 10. OLD(Py15) = 4k +4; OLD(Pej10) = 4k + 2; and OLD(Pej41) =
4k + 1.

Proof. By Lemma 6, OLD(Pg5) > 4k + 4,0LD(Peri2) > 4k + 2, and

OLD(Pyspy1) > 4k +1. {v1, 2,04, 05,07, Vs, . . ., Vbkt1, Uskt2: Vek+4, Vskts } 15 an OLD-
set, for P6k+5, SO OLD(P6k+5) =4k + 4.

Now {v1,v2,v4,05,07,08, . .., V6k—2, V6k—1, Vék+1, Vek+2} 15 an OLD-set for Pgpio , 50
OLD(P6k+2) = 4k+2. And {Uz, U3, V4, Us, Vg, Vg, V10, V11, V12, V15, V16, V17, V18, - - + , U6k—3;
Uek—2, Ugk—1, Vek } 18 an OLD-set for Pgi1, 0 OLD(FPg1) =4k + 1. m

L n | OLD(R) |
Gk 1k
6k + 1 T+ 1
6k + 2 ik +2
6k + 3 % +3
6k + 4 ak + 4
6k 15 F+ 4
6k + 6 dk +4

Table 1: Values for OLD(P,)
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Figure 3: (a) OLD(T,,)) =n—1 (b) OLD(T;) — 1/2(n)

In Slater [16] it is shown that the locating-dominating number LD(G) satis-
fies n/3 < LD(T,) < n — 1. For the tree S(Ki,—q1) of order n = 2t — 1 ob-
tained by subdividing each edge of the star K, 4, and for the tree S’ obtained
from S(K;:-1) by adding an endpoint attached to the center vertex, for t > 3 we
have OLD(S(K14-1)) =2t —2 =n—1and OLD(S') =2t —1 = n — 1 as shown
in Figure 3(a). For the tree Ty;_o of order n = 2j — 2 in Figure 3(b) we have
OLD(TQJ‘,Q) :] > 7’1,/27 and hm]HOO OLD(TQJ,Q)/(Q‘] — 2) = 1/2

Theorem 11. Let T, € § with n > 5, then [n/2] +1 < OLD(T,) <n — 1.

Proof. For the upper bound, if v, w, z,y is a path in 7}, with degv = 1 and degw =
degx = 2, or if v,w, x,y, z is a path with degv = degz = 1 and degw = degy = 2,
or if v,w,z,y is a path with degv = degy = 1 and degx = 2 and degw > 3, then
V(T,) — v is an OLD-set for T,,.

For the lower bound, the proof is by induction. One can easily verify that
OLD(T,) > [n/2] + 1 for n < 7. Assume n > 8, and let S be an OLD(T),)-set.
Suppose there exists interior vertex v ¢ S. If degv > 3, let the components of T, — v
have orders ni,na,...,n;. (Clearly, each n; > 2 or else S is not an open-dominating
set.) Then |S| > (n1/2+1/2) + (n2/2+1/2) + ... + (n/2+ 1/2) > 1/2(ny + no +
...+ ny+ 1)+ 1/2 by induction. Hence, OLD(T,,) > [n/2] + 1. If degv = 2, let
the components of T,, — v have orders n; and ny. If either n; or ny is even, say n;
is even, then [S| > (n1/2+ 1) + (ng/2+1/2) = 1/2(n; +ne +1)+1=n/2+1, so
OLD(T,) > [n/2] + 1. If ny and ny are both odd, then n = n; + ny + 1 is also odd.
Now [S| > (n1/2 +1/2) + (ne/2 +1/2) = (ng +ne +1)/2 +1/2 = n/2 4+ 1/2, so
|S| > [n/2] + 1.

Suppose every interior vertex of T, is in S. Since no support vertex is adjacent
to two or more endpoints, the number e of endpoints satisfies e < n/2. If n is
odd, we are done. It remains to show that we can not have exactly n/2 endpoints,
none of which is in S. Assume to the contrary, and let T;, be the corona 7™ o Kj.
Since n > 8, |[V(T*)| > 4. Let u be an endpoint of T* adjacent to v € V(T™),
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and let z and y be the endpoints of T,, adjacent to u and v, respectively. Then
N(u)NS = N(y)NS = {v}, a contradiction. m

3 Infinite Grids

Percentage parameters for locally-finite, countably infinite graphs were defined in
Slater [19]. For the current parameter we have OLD%(G) =

MIN{limy o0 | Ne[v] N S|/|Ne{v}| : S is an OLD-set for G} where the minimum is
taken over all v in V(G), and Ni[v] = {w € V(G) : d(v,w) < k} is the set of vertices
at distance at most k from wv.

Likewise, in Slater[19] the “share” sh(v; D) of vertex v in a dominating set D
is defined. Similarly we define the open-share sh®(v; D) of a vertex v in an open-
dominating set D as a measure of the amount of domination done by v. For example,
in Figure 4, because N(v;) N {vg,v3} = {vq,v3}, each of the vertices v, and vs is
considered to have a 1/2 share in dominating vertex v;. Similarly, because N(vy) N
{vq,v3} = {v3}, vertex v has a whole share in dominating vertex vy.

@

v
5 Vy

Figure 4: sh®(vy;{va,v3}) =1/2+0+1=3/2

Here we define the open-share of a vertex v in open-dominating set D to be
sh®(v; D) = Syenw1/|N(w) N D|. For finite graphs G with an open-dominating set
D we have Y,epsh®(v; D) = |V(G)| and |D| > |V(G)|/MAX,evsh®(v; D). Further,
if D is an open-neighborhood locating-dominating set and v € D, then sh°(v; D) <
1+ 1/2(deg(v) — 1). Similar to a result in [19] is the next theorem.

Theorem 12. If G is regular of degree r, then OLD(G) > (2/(1 +))|[V(G)|. If a
countably infinite graph G is reqular of degree r, then OLD%(G) > 2/(1 +r).

In this section we show that, for the infinite square grid Z x Z which is regular of
degree four, we have OLD%(Z x Z) = 2/5; for the infinite hexagonal grid H X which
is regular of degree three, we have OLD%(HX) = 2/4 = 1/2; and for the infinite
triangular T'R which is regular of degree six, we have 2/7 < OLD%(TR) < 1/3.
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(a) (b)

Figure 6: Infinite hexagonal grid HX

For the infinite grid Z x Z that is regular of degree 4, by Theorem 12,
OLD%(Z x Z) > 2/(1 +4) = 2/5. To show that OLD%(Z x Z) < 2/5, we
observe that Z x Z is bipartite and partition V(Z x Z) into two groups, say square
vertices and round vertices as shown Figure 5(b). If we use 4/10 of the round vertices
by repeating the tile pattern shown in Figures 5(a,b), all of the square vertices are
open-dominated and located. Similarly 2/5 of the square vertices can open-dominate
and locate the round vertices, so we have OLD%(Z x Z) < 2/5 which results in the
following theorem.

Theorem 13. For infinite square grid Z x Z, OLD%(Z x Z) = 2/(1 +4) = 2/5.

For the infinite hexagonal grid HX that is regular of degree 3, by Theorem 12,
OLD%(HX) > 2/(1 +3) = 1/2. To show that OLD%(HX) < 1/2, we observe
that HX is bipartite and partition V(HX) into square vertices and round vertices.
The set containing 1/2 of the round vertices, as shown in Figure 6(b), dominates
and locates all of the square vertices. Similarly 1/2 of the square vertices can open-
dominate and locate the round vertices, so we have OLD%(HX) < 1/2, which
results in the following theorem.



118 SUK J. SEO AND PETER J. SLATER

Theorem 14. For infinite hezagonal grid HX, OLD%(HX) =2/(1+3) = 1/2.

For the infinite triangular grid TR that is regular of degree 6, by Theorem 12,
OLD%(TR) > 2/(1+ 6) = 2/7. The set of darkened vertices shown in Figure 7 is
an OLD-set and its cardinality is 1/3, so we have OLD%(TR) < 1/3 which results
in the following theorem. To date, we have not determined the exact value for
OLD%(TR).

Theorem 15. For the infinite triangular T R which is regular of degree six, we have

2/7 < OLD%(TR) < 1/3.

Figure 7: Infinite triangular grid TR
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