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Abstract

Let [n]* denote the set of integers {—27%,...,%5*} if n is odd, and

{=%,...,51 \ {0} if n is even. A super edge-graceful labeling f of a
graph G of order p and size ¢ is a bijection f : E(G) — [¢]*, such that
the induced vertex labeling f* given by f*(u) = > ,.. BG) f(uv) is a
bijection f* : V(G) — [p|*. A graph is super edge-graceful if it has a
super edge-graceful labeling. We show by construction that all complete
bipartite graphs are super edge-graceful except for Koo, Ko, and K,
if n is odd.
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1 Introduction

In this paper we consider only simple, finite, undirected graphs. We define the set
of integers [n]* to be {=23%,... . 271} if n is odd, and {—%,..., 2} \ {0} if n is
even. Notice that the cardinality of [n]* is n, and [n]* contains 0 if and only if n is
odd. A graph of order p and size ¢ is said to be super edge-graceful (SEG) if there
is a bijection f : E(G) — [q]*, such that the induced vertex labeling f* given by
[r(w) =3 5o f(w) is a bijection f*: V(G) — [p]*.

A graph of order p and size ¢ is edge-graceful [2] if the edges can be labeled by
1,2,...,q such that the vertex sums are distinct (mod p). A necessary condition
for a graph with p vertices and ¢ edges to be edge-graceful is that ¢(¢+ 1) = @
(mod p).

Super edge-graceful labelings (SEGL) were first considered by Mitchem and Simo-
son [5] who showed that super edge-graceful trees are edge-graceful. In particular,
Mitchem and Simoson noticed that if G is a super-edge graceful graph and p|q, if
q is odd, or plg + 1, if ¢ is even, then G is edge-graceful. Some families of graphs
have been shown to be super-edge graceful by explicit labelings. It is known that,
for example, paths of all orders except 2 and 4 and cycles of all orders except 4 and
6 are super edge-graceful [1], as are trees of odd order with three even vertices [4]
and complete graphs of all orders except 1, 2 and 4 [3].

The main result of this paper is that all complete bipartite graphs are super
edge-graceful except Kso, Ko 3, and K, if n is odd. First we introduce a notation
we will use to display edge-labelings.

Notation. A super edge-graceful labeling for the complete bipartite graph K, , may
be written as an m x n array containing the edge labels [¢]* with the property that
the set of row sums and column sums of this array is the set [p]*. The m row sums
correspond to the induced vertex labels for the vertices in the partite set of size m,
while the n column sums correspond to the induced vertex labels for the vertices in
the partite set of size n. As an example, consider the following super edge-graceful
labeling of K34. Notice that the column sums are 2, 1, —2, and —1, and the row
sums are 3 and —3.

4 2 1 -4
-2 -1 -3 3

Figure 1: An SEGL for Ky 4

Throughout this paper, ¢(v) denotes the induced label of the vertex v.

To begin, we consider a trivial case.

Theorem 1. K, is super edge-graceful if and only if n is even.
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Proof. Consider a bijective labeling f of E(K;,) with the labels [n]*. The sum of
the elements of [n]* is always 0, so the induced label for the vertex of degree n will
necessarily be 0. The set of induced labels for the vertices of degree 1 is clearly
the same as the edge label set [n]*. So K, is super-edge graceful if and only if
[n 4+ 1]* = [n]* U {0}, which is true if and only if n is even. O

2 SEGL of K,,,, m and n even

In this section we prove that if m > 2 and n > 4 are even, then there exists an SEGL
of Ky, ,. First we show that K,, for n > 4 has an SEGL. Neither Ky, nor Kj3
has an SEGL, which can be verified easily. Throughout this section we denote the
partite sets of Ky, by {u,v} and {wy,ws, ... ,w,}.

Lemma 2. Let n = 0,4 (mod 6), n > 4. Then there exists an SEGL of Ks .

Proof. Let n = 0,4 (mod 6), with n > 6. (Recall that we already dealt with the case
n =4, see Figure 1.) Define an array A, = [a;x] by: a1, =k for 1 <k < n and

N if 1<k <n/2
T n+1-2 ifn/2+1<k<n.

Label the edge uwy, with a;;, and the edge vwy with asy for 1 <k < n. Then

K if1<k<n/2
Uwy) = .
n+1—Fk ifn/24+1<k<n.

Hence, {{(wy) | 1 <k <n} =[n+2*\{§+1,—(5+1)}. We also have {(u) =
n(n+1)/2 and ¢(v) = —n(n+1)/2. This means that, if we can change {¢(u), ¢(v)} to
{5 +1,—(5 +1)} without changing the other vertex labels, the labeling will become
super edge-graceful. We will do this by interchanging the elements of columns in our
array.

Let s(k) = a1 — agy, for each 1 < k < n. Notice that s(k) = 3k if £ < n/2
and s(k) = 3k —n — 1 if k > n/2. If we interchange the elements of column k, ¢(u)
decreases by s(k) and £(v) increases by s(k). So, we can make the labeling super
edge-graceful if we can find a set of integers I C {1,2,...,n} such that

~ nn+1) n+2 nP+2n+42
Zs(z): 5 + 5 = 5 )

el

(We could also use Y., s(i) = % -2 = #7 but we will not need to until
we handle the n = 2 (mod 6) cases in the next lemma.)

Below, we list the appropriate set I depending on the congruence class of n (mod
12), and verify that I satisfies the condition.

Case 1: n =0 (mod 12). Let

11—{1+2i 2315?”

i n
—271%64-1}

. n n .
nggﬁ—i—l} andlg—{g—l—%
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Then

(n/12)4+1 (n/12)+1

dos(i)= > s(l+2k) = Z 3+ 6k

i€l k=0

*’%”F%W)

2 2

n n n
4+6+E+—+6 TR

and

n/6 n 5n/12 n
’ ZS(E+2]€>+ > s<g+2k)
i€l k=2 k=(n/6)+2
(n/6)—2 n (n/4)—2 N
= > s(g+2k+4) + ) s<§+2k+4)
k=0 k=0
m/e)-2 (-2
- Ly 12) (— 6k 11)
; (2 +6k+12) + ; 5 0kt

23n?
= —11.
48

©
—~

.
~—

|

So if we set I = I; U5 (note that I; contains only odd numbers and I, contains only
even numbers, so they are disjoint), we have

28(1)7 23n? 7n_+n+17n2+2n+2
_48 48 2 B 2

as desired.
Case 2: n =4 (mod 12). Let

11_{21'
I {";5”1’

n
249

1<z‘<”—+2}
==

n— 16
0<i<
D }

i

I3 1<i<

13



SUPER EDGE-GRACEFUL LABELINGS 245

Then
0 +Z ”*i/ﬁ% (n+2)(n+8) n?+10n+16
: B 12 B 12 ’
i€l k=1
(n—16 (n—16)/12
5
3 s(i Z (7” +2k>: 3 (n+5)+6k
icly k= k=0
B n—4 (n—16)(n —4)\  5n® —16n — 16
_(”+5)< 12 >+< 18 - B8
and
n/4 n n/4 n
ZS(Z) :ZS<§+2k) :Z§+6k71
1€l3 k=1 k=1

(n—2 (n)+3n(n+4)_5n2+8n
S\ 2 4 6 16

Since I, I5, and I3 are pairwise disjoint, if we set I = I; U I, U I3, we have

~ 4An*4+40n+64 Hn?—16n—16 15m% + 24n
Z s(i) = + +

P 48 48 48
_ 24n° +48n 448  n®+2n+2
B 48 B 2

as desired.
Case 3: n =6 (mod 12). Let

-2
11:{1+2¢ 0<i<’ }andlg—{n+ +2 ‘o<z<”4 }
Then
(n—6)/4 (n—6)/4
Zs(z): Z s(1+2k) = Z 3+ 6k
el k=0 k=0
o (n—2 +3(n76)(n72)73n2712n+12
N 4 16 N 16
and

(n—2)/4 (n—2)/4
2 4
Sa= 3 (M) = X o
i = k=0
n+4d n+2 3n—2)(n+2) bn?+12n+4
- * 16 - 16 '
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So we can take

I:{%}ULUIQ

and get

Z (i) = (n)+3n2—12n+12+5n2+12n+47n2+2n+2
S8 =9 16 16 -T2

el

as desired.
Case 4: n =10 (mod 12). Let I; and I3 be defined as in Case 3. This time, we let

2 1
[_{ 7’L3+ }Uflulg,

and we get

as desired.

So in all cases needed, we have constructed a set I of columns to exchange that
lets us modify the array to create an SEGL. O

Lemma 3. Let n =2 (mod 6), n > 8. Then there exists an SEGL of Ks,,.

Proof. Define an array Ay, = [a;x] by: a1 = k for 1 < k < n, ag,-1 = —n,
as, = —(n—1) and

—(n/2) — 3i if k= 6i+1
—(n)2) —3i—2 ifk=06i+2

—(n/2)—=3i—1 ifk=6i+3
ag k. =

—3t—2 ifk=6i+4
-3t —1 ifk=6i+5
-3t —3 if k= 6i+6,

where 0 <i < (n —8)/6. As an example, Figure 2 displays the array As s.

1 2 3 4 5 6 7 8 9101112 13 14 1516 17 18 19 20
-10-12-11-2-1-3-13-15-14-5-4 -6 -16 —18 —=17 -8 —7 -9 —20 —19

Figure 2: Array A9
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8§ 9101112 13-18-17-8-7-9-20 20

7
-13-15-14-5-4-6-16 14 15 16 17 18 19 -19

Figure 3: An SEGL for Ks 9

Label the edge wwy with a1, and the edge vwy, with agy for 1 < k < n. Then
U(wy—1) = =1 and £(w,) =1, (u) = n(n+1)/2 and ¢(v) = —n(n + 1)/2, and

—(n/2)+3i+1 ifk=6i+1
—(n/2) + 3i if k= 6i+2
—(n/2)+3i+2 ifk=6i+3

YA —

(W) =335 4 i k= 6i+4
3i+4 ifk=6i+5
30+ 3 if k= 6i + 6,

for each 0 < i < (n — 8)/6. Hence,

{Z(wk)\1gkén}:[n+2}*\{g+1,7(g+1)}.

We employ the same strategy as in the previous lemma, that is, to modify A,
in order that u and v are labeled with the missing two values and the f(wy) are
unchanged. As before, if we interchange the two elements in column & of A, ,, then
£(u) decreases (¢(v) increases) by s(k), where

(n/2)+9i+1 ifk=6i+1
(n/2) +9i+4 ifk=6i+2

n/2)+9+4 ifk=6i+3
S(k) :(LLk—ag’k: ( / )

9 + 6 if k = 6i + 4
9 + 6 ifk=6i+5
9 +9 if k = 6i + 6,

0<i<(n—28)/6, and s(n — 1) = s(n) = 2n — 1. We can make the labeling super
edge-graceful if we can find a set of integers I C {1,2,...,n} such that

Zs(i)* (n)n+1) n+2 n2—2.

. N 2 2 2
i€l

Case 1: (n—8)/6 is even. For n = 8, I = {2,3,5,6} satisfies the condition; for
n =20, I ={4,5,6,14,15,16,17,18,19} satisfies the condition (see Figure 3), and



248 A. KHODKAR, S. NOLEN AND J.T. PERCONTI

forn =32, I ={4,5,6,20,21,22,...,30} satisfies the condition. If n > 44, let

—_

II_{6i+1,6i+2,6i+3‘ ”_28g <”g8}

— 32
12:{6i+4,6i+5,6i+6‘0§ < 123 }\{475710}

Iy ={2,3,n—1}
I=1LULUIL.

Then

(n—8)/6
D> (s(6i+ 1) + 5(6i + 2) + 5(6i + 3))
kel i=(n—8)/12
(n8i/e n n n
3 <—+9i+1+§+9i+4+§+9i+4)
i=(n—8)/12

B 3_n+9 n+4 o7 n? —10n+16  n*—28n+ 160
T\ 2 12 72 288

130 +4n — 192

w0
N
=
=
I

32 '
(n—32)/12
D sk) =D (s(6i+4) 4 s(6i+5) + s(6i +6)) — s(4) — 5(5) — 5(10)
kels =0
(n—32)/12

= (9i+6-+9i+6+9+9)—6—6—15

7=0

n— n? — 52n + 640
21( >+27<T>27

n? — 100n — 64
32

S s(k) = s(2) + s(3) + s(n— 1) = (g+4) +(g+4)+(2n71):3n+7,

S sy = 3 sy + Yk + 3 sth) =

kel kel kel kels

as desired.
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Case 2: (n —8)/6 is odd. For n = 14, I = {2,3,10,11, 12,13} gives an SEGL of
K2’14. Ifn > 267 let

[
N}

= {6i+1,6i+2,6i+3

n—2 n—S}
<7 <
==

—9

—{6i+4,6i+5,6i+6‘0<i<n 6}

12
n—22
b fo 52 )

I=LULUI.
Then
(n—8)/6
S osk)y= > (s(6i+1)+s(6i +2) + 5(6i + 3))
kel i=(n—2)/12
(n—8)/6 9
3 13n® — 56 60
= Z _n +94+271 | = %7
) 2 32
i=(n—2)/12
(n—26)/12
Z Z s(6i +4) + s(67 +5) + s(6i + 6))
kel =0
(n—26)/12 9
— 64
- (27i +21) = 3n” — 6dn 1 308
. 32
=0
n 5n — 62 15n — 50
k) = (— 4) o —1) =12
> s(k) 5T +< 1 >+(n ) e
kels
and
n?—2
S = sl + w9 + X sy =
kel kel kels kels
as desired. O

Theorem 4. Let m and n be even and m < n — 2. Let there exist an SEGL of
K such that, for some x > 0, two vertices in the partite set with n vertices have
induced vertex labels x and x + 1. Then there exists an SEGL of K,y49, such that
two vertices in the partite set with n vertices have induced vertex labels x and x + 1.

Proof. Assume W = {wy,ws, ..., w,} are the vertices in the partite set with n ver-
tices. In addition, assume the labels for vertices wy and w, are x and = + 1, respec-
tively. Add two new vertices u and v to the partite set with m vertices and join
these two to every vertex in W to obtain a Ki,42,. The labels we need to add to
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the new edges are {£(%" + 1), £(%* +2),..., £(5* +n)}. Label the edge uw; with
(—1)"(™2 4 4) and the edge vw; with (—1)""(Z2 4 4) for i € {1,2,3,...,n}. Note
that with this labeling the vertex labels of K, ,, do not change and ¢(u) = n/2 and
{(v) = —n/2. To obtain an SEGL, we need to make {¢(u), {(v)} = {£(=242)}.

Case 1: (m+2)/2 is even. If —(Z22 + ™2 4 1) appears at an edge at u, we swap
the edge labels 2% + 2 and — (% + ™2 4 1) with the edge labels —(Z 4 2) and
(mn oy md2 7)), respectlvely Now ((u) = 4242 — 2 and ((v) = — 24242 4+ 2. Swap
the edge labels — (% 4+n — 1) and Z* +n — 2 with the edge labels %* +n — 1 and
—(%2 4+ n — 2), respectively. Then /( ) = 2242 and ((v) = —24242 and the labels
of the other vertices of K, 12, remain unchanged. Hence, the resulting labeling is
an SEGL of K, 40,.
If —(%* + m+2 +2) appears at an edge at u, we swap the edge labels ™2 + 2 and

—(5 + m+2 + 2) with the edge labels —("% + 2) and (% + 242 4 2), respectlvely

Then E(u) = 242 and ((v) = — 22 g required.
Case 2: (m +2)/2 is odd. When (m,n) = (4,6) we label the edge uw; with ay;
and the edge vw; with ay; for j = 1,2,...,6, where a,; is the entry in row ¢ and

column j of the following array.

-16 16 —-13 —-14 15 18
17 -17 13 14 -15 -18

The resulting labeling is an SEGL of Kgs. Note that f(w;) = + 1 and l(ws) =z
in Kg6. Now assume n > 8. Swap the edge label %5* + 2 at u with the edge label
I+ 1at v. Then l(w,) = 2+ 1, l(wy) =z, (u) =n/2—1and ((v) = —n/2+ 1. If
(m,n) = (4,8), we swap the edge labels {20, —21, 22, —23} with {—20,21, —22, 23}.
Then ¢(u) = 7 and ¢(v) = —7, as required. Hence, we may assume n > 10.

If —(2 4+ m+4 +4) appears at an edge at u, we swap the edge labels "* 44 and
7(%+m7+4+4) with — (%" +4) and (5" m+4+4) respectively. Then ((u) = 2242
and ((v) = =242 - ag required.

If —(%" + mTM + 5) appears at an edge at u, we swap the edge labels %% + 4
and —(%Z% + 25 4 5) with —(%% + 4) and (22 + 2 + 5), respectively. Then
l(u) = A2 4 2 and ((v) = m+2"+2 2. Swap the edge labels %* + n and
—(%* 4+ n — 1) with —(%* 4+ n) and %* +n — 1, respectively. Then £(u ) = minil

and ((v) = —ZHE2 45 required.

[\D

a

Theorem 5. Let m > 2 and n > 4 be even and m < n. Then there exists an SEGL
of Kpn.

Proof. First note that each SEGL of K,, obtained in Lemmas 2 and 3 has this
property that vertex labels 1 and 2 appear at two vertices in the partite set of size
n. Now the result follows by Theorem 4. O

3 SEGL of K,,,, m and n odd

When (n —m)/2 is odd our construction for an SEGL of K, , is based on an SEGL
of K3,,. When (n —m)/2 is even our construction for an SEGL of K, ,, is based on
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an SEGL of K5 ,,.
Lemma 6. K3, is super edge-graceful for all odd integers n > 3.

Proof. For an SEGL of K33 see Figure 4. Let n > 3. We define a 3 x n array
A = [a;,] as follows. We fill the first three rows and three columns of A with an
SEGL of K3 3. Define

3+k if i=1,j=2k
—~(3+k) if i=1, 5=2k+1
) D242k i i=2, j =2k
GITN —[n—1)/2+2k if i=2 j=2%k+1
-

(n+1)/2+2k] if i=3, j=2k
(n+1)/2+2k if i=3, j=2k+1,

where 2 < k < (n—1)/2. It is easy to see that the obtained 3 x n array is an SEGL
of Ks,. The first three rows in Figure 4 yield an SEGL of K3 1. O

Theorem 7. Let m > 3 and n > 3 be odd. Assume n > m and (n —m)/2 is odd.
Then K, is super edge-graceful.

Proof. By Lemma 6, there is an SEGL of K3,,. We define an m x n array A = [a; ;]
as follows. We fill the first three rows of A with an SEGL of Kj,,. Define

(Bn-3)/2+k  if i=2kj=1
—[Bn—3)/2+k if i=2%+1,j=1
Bn+m—6)/2+k if i=2kj=2

—[Bn+m—06)/2+k] if i=2k+1j=2
—[(An+m —="7)/2+k] if i=2k j=3
An+m—-T7)/2+k if i=2k+1,j=3,

Gij =

where 2 < k < (m — 1)/2. So far, we have filled the first three rows and three
columns of A. The remaining edge labels are

Ly = {05 +p) |1 <p < mge2}
Ly = {£@2n+m—4+p)|1<p< 28— 2n+m)}.
Note that since m, n and (n—m)/2 are odd, L1UL, can be partitioned into W
4-subsets of the form {£¢, £(¢ + 1)} for some positive integer £. Now partition the
empty cells of A into W, 2 x 2 sub-arrays and fill each 2 x 2 sub-array with a
4-subset in such a way that the column sums are zero and the row sum for the first
row is —1 and for the second row is 1 in each sub-array. Note that the column sums
of A are the same as the column sums of the 3 x n array corresponds to the starting
SEGL of Kj3,,. Moreover, the row sum for row 2k is
3n—3 3n+m—=6 dn+m -7 n—3 n+1
k k—|—— + k] — =
2 e 2 * [ 2 +H 2 2
where 2 < k < (m — 1)/2. Similarly, the row sum for row 2k +11is —[(n+1)/2 + k].
Hence, A defines an SEGL of K,, ,. Figure 4 displays an SEGL of Ky i;. O

+k,
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0 —4 3| 5 =5 6 —6 T =7 8§ =8
4 2 -3 ] 9 -9 11 -11 13 —-13 15 —-15
-2 -1 1] -10 10 —-12 12 —-14 14 -16 16
17 20 —-25 23 -24 28 =29 30 -31 32 —-33

—-17 =20 25 -23 24 =28 29 =30 31 -32 33
18 21 —-26 34 =35 36 =37 38 =39 40 41
—-18 —21 26 -34 35 -36 37 —-38 39 —40 41
19 22 =27 42 —43 44 —45 46 —47 48 —-49

| —19 —22 27 —42 43 —44 45 —46 47 —48 49

Figure 4: SEGLs for K33, K311 and Ko 11

Lemma 8. K5, is super edge-graceful for all odd integers n > 3.

Proof. K53 is super edge-graceful by Lemma 6 and Figure 5 displays an SEGL of
Ks5. Let n > 7. If n =3 (mod 4), then the result follows by Theorem 7. Let n =1
(mod 4). We define a 5 x n array A = [a; ;] as follows. We fill the first five rows and
columns with an SEGL of Kj5. Define ay9; = 10 + k and ay 9541 = —(10 + k) for
3<k<(n—1)/2. Assume n —5 = 12g + r, where 0 < r < 12. Note that since
n =1 (mod 4), r =0 (mod 4). For 0 < s < g — 1 define

Li={(n+15)/2+ k+12s,—[(n+15)/2 + k +125] | 3 < k < 8},
and
L,={(n+15)/2+k+12q,—[(n+15)/2+ k+12¢] | 3< k < r/2+2}.

We use the elements of L, to fill the empty cells in the second row of A. We put
positive numbers in even columns and negative numbers in odd columns of A. Now
define a3k = —((Lgygk + 6) and a32k+1 = —0a22k+1 +6 for 3 < k < (TL - 1)/2

Since r = 0 (mod 4), the remaining 2(n — 5) edge labels can be partitioned into
4-subsets of the form {£¢, £(¢ + 1)} for some positive integer £. Now partition the
empty cells of A into 2 x 2 sub-arrays and fill each 2 x 2 sub-array with a 4-subset
in such a way that the row sums are zero and the column sum for the first column
is —1 and for the second column is 1 in each sub-array. It is easy to see that the
obtained 5 x n array A is an SEGL of Kj5,. The first five rows in Figure 5 is an
SEGL of K5113. O

Theorem 9. Let m > 3 and n > 3 be odd. Assume n > m and (n —m)/2 is even.
Then K, is super edge-graceful.

Proof. By Lemmas 6 and 8 the theorem is true for (m,n) € {(3,3),(3,7),(5,5)}.
Now assume m > 7 and n > 7. We construct an SEGL of K,, , as follows. Let A be
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0 —-12 11 -10
12 -8 -7 6

9 13 -13 14 —-14 15 —-15 16 -16
1

—11 8 4 3 =2
4

|
| 17 —-17 18 —-18 19 =19 20 -20
| —23 23 —24 24 —-25 25 —26 26
10 5 -9 -5 -4 ] 21 -21 27 =27 29 —-29 31 -31
—6 2 -3 7T -1 ] —22 22 —-28 28 —-30 30 —-32 32
33 35 =53 37 38 41 —42 45 —46 49 =50 55 =56
-33 =35 53 37 38 —41 42 —45 46 —-49 50 —55 56
34 36 —54 39 —40 43 —44 47 —48 51 =52 5T =38

| —34 =36 54 =39 40 —43 44 —47 48 -—-51 52 =57 58

Figure 5: SEGLs for K55, K513 and Ko 13

an m x n array. Fill the first five rows of A with an SEGL of Kj,,. Define

(50— 5)/2 + k if i=2k j=1
—[5n—5)/2+k  if i=2k+1,j=1
(bn+m—10)/2+k if i=2k j=2

—[(5n+m—10)/2+k] if i=2k+1, j=2
(8n+m—13)/2+k if i=2k j=3
—[(8n+m —13)/2+k] if i=2k+1, j=3,

@ij =

where 3 < k < (m—1)/2. So far, we have filled the first five rows and the first three
columns of A. The remaining edge labels are

Ly = {2l 4p) |1 <p < 2pt2)
Ly = {£(4n+m—T+p) |1 <p < 2L — (4n+m)}.

Note that since m and n are odd and (n —m)/2 is even, Ly U Ly can be partitioned
into W, 4-subsets of the form {£¢, £(¢+ 1)} for some positive integer {. We
fill the remaining empty cells of A with these 4-subsets as before. The resulting array
is an SEFL of K, ,,. Figure 5 displays an SEGL of Ko ;3. a

By Theorems 7 and 9 we have the main result of this section.

Theorem 10. Let m > 3 and n > 3 be odd. Then K,,,, is super edge-graceful.

4 SEGL of K,,,,, m even and n odd

First consider Figure 6, a super edge-graceful labeling of Ky .

2 4 6 8 -1 -2 -3 —4 =5
-6 -7 -8 =9 1 3 5 7 9

Figure 6: An SEGL for Ky
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In the following proof, we will use the structure of this labeling as a starting point
for constructing super edge-graceful labelings of other graphs.

Theorem 11. K, is super edge-graceful for odd n > 3.

Proof. For n =5 we use the following labeling for Kj 5.

1 -3 -2 2 4
-4 3 5 -1 -5

Let graph G = Ks,, for some odd integer n > 7. Clearly, |V(G)| = n + 2 and
|E(G)| = 2n. Let r; and ry be the vertices of degree n, and let ¢y, ¢a, ..., ¢, be the
vertices of degree 2. Let e, be the edge r,cp.

Define a bijection f : E(G) < [2n]* as follows:

n—1
2b 1<bh< 5
few) =3, 1 n+1
—b <b<n
2
1 -1
P 1<p<”
f(ezb): n+1
2b—n <b<n.
This gives us the following matrix of edge labels:
+1
P 4 o (a—1) -1 -2 —"2
n+3 n+5
— — -n r 3 .- n
2 2

Let f*: V(G) — Z be the vertex labeling induced by f. The sums of the rows
and columns in the matrix give us the vertex labels from f*. So

n+1 - n—1
:{Z > lsis5
n+1 n+1 -
-5 psisn
n-+1
N 2

Thus the range of f* over all the ¢; is [n]*. For f to be a super edge-graceful labeling,
we need f* to be a bijection from V(G) to [n + 2]*, that is, we need f*(ry) = £
and f*(ry) = = f*(r1).

Notice that ZeeE(G) f(e) = 0, simply by the requirement that f be a bijection
onto [2n]*, which means that we always have f*(rs) = —f*(r1) regardless of how f
is defined, so we need consider only 7;.
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By the definition of f,

—QZz—zHZ"”

j=ntl i n+l
2

% = 424+l which is

So we have a super edge-graceful labeling if and only if * T
only true when n is 9 (or £1).

But even though f is not a super edge-graceful labeling, we can use it to construct
one. Let S C {1,...,n} and define another bijection f': E(G) < [2n]* by

(e . f(eg_avb) be S
flew) = {f(ea,b) be s,

Essentially, f’ exchanges the labels within some of the columns (in the matrix repre-
sentation of ) to get the desired sum for the rows without changing the set of sums
of columns ([n]*). That is, if we choose S correctly and let f* be the vertex labeling
induced by f’, then we will have a super edge-graceful labeling.

What we need to do, then, is show that S can be chosen to achieve the desired
result. For each i € {1,...,n}, let

s; = fleaq) — flewq).

This is the change in f*(r;) when we add 7 to S. Since f*(r) = ”2’3”’5 and we
need f(ry) = %, we look for S such that

Z n+1 n2—4n—5 n?—-9
s = =
8 8

€S

We can find such an S by using a two-stage construction: By looking at the cases
n = 1 modulo 4 and n = 3 modulo 4, we can show the existence of S; so that

Zsz— n? —9

i€S1

Then, by looking at the congruence class of n modulo 6, we can find Ss such that

E S; =n.

€S2

If S; and Sy are disjoint, then taking S = S} U Sy gives us the desired result.
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Stage 1: Finding S
Case 1: n =3 (mod 4).
Letlgig"T_landjziJr"Q;l. Then

s;+ 55 = fleai) — flers) + flea;) — fler)

n+1 | ) ) n—1
= (- i) = @)+ (2 )~ (g )
3
— on—3i43j—-1t2
2
Choose any ”T’?’ values of ¢ within the given range, and include these and the corre-

sponding values of j in S;. Then

n—3 n+3 n?—9
> = (-1 = -
keSy

as desired.

Notice that we have flexibility in which elements are chosen for S;: as long as we
take pairs of elements "2;1 apart, the change in f*(r;) will be the same, and we need
only take the correct number of such pairs. This property will also hold in Case 2.
The second-stage cases will require us to take specific elements for Sy. To show the
existence of disjoint S; and S, it will be sufficient to show that we have not blocked
too many pairs by taking one or both of their elements in S.

Case 2: n =1 (mod 4).
Notice that in Case 1, n is never an element of Si: the maximum value of j is
n — 1. In this case, require as before that 1 <i < "T’l, but define j =i+ "TH Then

1 -3
si+sj:—2n—3i+3j:—2n—3i+3(i+%):—n2 .

This time we choose "%3 pairs of values of ¢ and corresponding j to include in Sj,

and we also get the desired result of

n+3., n—3 n?—9
D G R )

keSS

Stage 2: Finding 5,
Case 1: n =5 (mod 6).

Let i = %. This is an integer greater than 251

5> SO

n—1 . 3n—17

si = flea) — flers) = (2i —n) —( —1)=3i

n,

and we have the desired result of )7, ¢ s, = n simply by setting Sy = {i}.
Since |S3| = 1, only one of the "T’l pairs available for S is blocked, so we have

that disjoint S7 and S, exist as long as ”T’?’ > ”T“” if n =1 (mod 4) or ”53 > ans if
n =3 (mod 4). This is true for all n under consideration in this case.
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Case 2: n =1 (mod 6).

Let i = % and j = "TH Both of these are integers greater than "T’l (and they
are distinct) for all n in our domain, so we have
si = f(eas) — flers) sj = f(e2) — flewy)
) n—1 ) n—1 .
=(2i—n) = (5=~ =2 —n) = (———1J)
3n—1 3n—1
=3 — =n—2 —3i— =9
T T T

This time we take Sy = {4, j} and get

Zsk:si—l—sj:(n—Q)—l—Z:n

keSs

as desired.
For the disjointness requirement, we have |Ss| = 2, so we need ”7’5 > ”T“” ifn=1
(mod 4) or 255 > 223 if p = 3 (mod 4). (Actquallly7 if n =1 (mod 4), then we need

to ensure even less space, because in Case 2, 5= is never included in S;, and so its

inclusion in Sy will not block any pairs.) This is satisfied by all n under this case.

Case 3: n =3 (mod 6).

Let i, = "%17 ip = 23 and i5 = 27" Again we have distinct integers in the
upper half of the domain of f for all the n we are considering in this case, except
for n = 9, where i; = i5. But for n =9, f is already a super edge-graceful labeling,
so we do not need to worry about constructing f’. For all the other n, we have the

following:

3n—1 n+1 737171_

Siy = 3i — 5 =3( 5 ) 5 2
. 3n—1 2n—3 3n—1 n-5
s =3i- 5= =35 ) T 5 =
. 3n—1 2n 3n—1 n+1
Siy = 31 — 5 —3(?)— 57— =5
With Sy = {41, 42,13}, we have
n—5 n+1
Zsk:silJrsinrsi:;:QJr 3 + 5 =N

keSa

as desired.

Again the disjointness requirement is easily satisfied. We need "7_7 > "T+3 ifn=1
(mod 4) or 257 > =3 if n = 3 (mod 4), since |So| = 3, which is true for all the n we
are considering.

Note that the discussion in each case of the requirement that there be enough
room left for S; and S5 to be disjoint was important because for n < 5, the set
{1,...,n} is too small for this to happen. That is, the construction used cannot
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give a super edge-graceful labeling of K53 and Ky 5. In fact, K53 is not super edge-
graceful (we showed earlier that K 5 is super edge-graceful, and K5 is trivially super
edge-graceful).

Since in every case of odd n > 7 we can construct .S = S; U Sy with

n?>—-9 n+l n?—4n-5
D si=-—g—tn= N

€S 2 8
we have )
* n-+
f ! (Tl) = 9
and therefore f’ is a super edge-graceful labeling of G, so we are done. O

We can use this result to construct super edge-graceful labelings of larger complete
bipartite graphs, specifically, any with one even partite set and one odd partite set
except Ko 33.

Theorem 12. K, ,, is super edge-graceful for all positive even integers m and positive
odd integers n, except for Ky 3.

Proof. Let graph G = K, ,, for some positive even integer m and positive odd integer
n # 3. Let r1,7q, ..., 7, be the vertices of degree n, let ¢y, ca, ..., ¢, be the vertices
of degree m, and let e, be the edge r4cp.

Let H be the induced subgraph of G with V(H) = {r1,72,¢1,¢2,...,¢,}. Then
H = K, is super edge-graceful by Theorem 11. Let f : E(H) < [2n]* be any super
edge-graceful labeling of H, with f* : V(H) < [n + 2]* its induced vertex labeling.

We can extend f to a super edge-graceful labeling of G. The edge labels already
used in f(H) are [2n]*, and overall, we need to use the labels [mn]*. So the set of
edge labels not yet used is

(-2~ D, 20

Similarly, the vertex labels already used are [n + 2]*, and we need to use [m + nl*,
so the set of vertex labels that still need to be induced is

7m+n71 7n+3 n+3 m+n—1
2 b 7 2 7 2 b b 2 .

Our extension will not change any of the edge or vertex labels in H, which means

we must have
m

> fleiy) =0

i=3
for each 1 < j < n. We will accomplish this by setting for each 2 < i < m/2,
1<j<n,

fleaij) = —fleai)-
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So the problem is reduced to setting the edge labels for the odd rows, using only one
label of each absolute value in {(n +1),--, %}, so that the induced vertex labels
of the rows are {3 ... min=li

We do this by first setting
f(egi_1>1) =n — 1 +Z

for each 2 < i < m/2, essentially filling in the smallest labels down the first column,
and then labeling the rest of the edges in pairs of consecutive integers. We do not
need any particular arrangement for the remaining edges, just the property that

fleaic12j41) = —(fezi—1,25) + 1)

foreach 1 <j<(n—1)/2.
We will presently show why these requirements are always sufficient to achieve a
super edge-graceful labeling, but first consider a nice large example:

-7 =8 6 8§ 10 1 3 -3 7 -5 -6

2 4 -9 -10 -11 -1 =2 5 —4 9 11

12 15 -16 17 —-18 19 —-20 21 —22 23 —-24
-12 -15 16 -—-17 18 —-19 20 —-21 22 —-23 24
13 25 =26 27 =28 29 =30 31 -32 33 -34
-13 =25 26 —-27 28 =29 30 -31 32 =33 34
14 35 =36 37 —-38 39 —40 41 —42 43 -4

| —14 =35 36 37 38 -39 40 —41 42 -43 44

This super edge-graceful labeling of Kg1; was constructed, for the top two rows,
using the method of Theorem 11, and for the rest, with the just-described method.
It is illustrative of the pattern our construction of f creates. Notice how the pairing
of edge labels starting at e, 3 and continuing rightward has the effect that each pair
adds —1 to the row total (in odd-numbered rows; it adds +1 in the inversely-labeled
even-numbered rows). We could permute those pairs in any way (as long as we move
them with their inverses), without affecting this property.

In general, there are clearly "2;1 such pairs in each row, so for each (odd) row we
get

f*(T21'71) 62: 1,1 +Z 62: 1,25 +f(€21 12]+1))

n—1
2

1+1 i i +
=n— i—— =1
2

Since ¢ ranges from 2 to m/2, this gives us the set

n+3 m—l—n—l}

Pl = {552

And with the even rows giving us the negatives of this, we have the desired result.
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Finally, we still need to take care of the case of n = 3. Since K3 is not super
edge-graceful, we will need to modify the extension method to get a super edge-
graceful labeling of K, 3. We do most of the steps as before, but we begin with the
following labeling of the top two rows:

-1 2 =3

1 -2 3
Notice that all the column sums are 0, while the row sums are +2. Applying the
rest of the edge labels as before leaves us with the column sums still 0, and without
vertices labeled 1 or —1. We can fix this by considering the last two rows. Put the

smallest pair of edge labels in the penultimate row with n — 1+ % =2+ %, and of
course put their inverses with them in the final row. Then these rows look like this:

m+4 m+ 6 m—+ 8

2 2 2
m—+4 m+6 m+38
22 2

Now we break the inverses-in-matching-rows rule, and rearrange the last row to look

like this:
m+4 m+ 6 m—+ 8

2 2 2
m+ 6 m+4 m+8
22 2

We have not changed the row sums, but the column sums now form the set{—1, +1, 0}
instead of three Os, as we needed. Below is an SEGL of Kg3 obtained using above
construction.

-1 2 =3
1 -2 3
4 8 -9
-4 -8 9
5 6 -7
-6 -5 7
We have super edge-graceful labelings for every K, , with even m, odd n except
K, 3, as desired. O
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