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Abstract

The n-dimensional hypercube ), has many maximal independent sets
of vertices. We study the cardinality of those maximal independent sets
which are balanced, i.e. exactly half of whose vertices have even weight,
obtaining both upper and lower bounds for the maximum value. For n <
7 we obtain the exact value. For all odd n, we conjecture that the exact
value is 2771 — ((n’:)l 12)- We also consider balanced independent subsets
of the two middle levels of @), when n is odd and prove that a simply
constructed balanced maximal independent set for that subgraph has the
maximum cardinality of any balanced independent set. Its cardinality
is 2- ((n”i;; /2>. Finally, one way in which balanced maximal independent
sets in @, arise is from binary linear codes, and we use Hamming codes
to find balanced maximal independent sets of small cardinality.

1 Preliminaries

Definition 1 A set S of vertices in a graph G is independent if no two vertices
in S are adjacent. An independent set of vertices S is maximal if S is not properly
contained in any larger independent set in G.

Definition 2 By the neighborhood of a subset S of V(G) we mean the set of
vertices adjacent to at least one verter in S. We denote this by N(S). By the closed
neighborhood of S we mean the subset SU N(S), which is denoted by N(S).

Maximal independent sets are precisely the independent dominating sets. These are
the independent sets S whose closed neighborhood is the entire vertex set of G.
They have been studied by many (see for example Haynes, Hedetniemi, and Slater
[7], Zelinka [13], Arumugam and Kala [2], Jha [8]); in particular various people have
been interested in determining the independent domination number, i.e., the
minimum cardinality of an independent dominating set (see for example Allan and
Laskar [1], Jha [8], Harant, Pruchnewski, Voigt [6], and Fischerman, Volkmann,
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Zverovich [4]). A subset of the vertices of a bipartite graph is called balanced if it
has exactly half its elements in each of the partite sets. Our aim in this paper is to
study balanced independent sets in hypercubes, especially to determine bounds on
the maximum cardinality of balanced independent sets.

We first present a construction which produces maximal independent sets in bi-
partite graphs. We omit the proof, which is easy.

Proposition 1 Let G be a bipartite graph with bipartition (X,Y). For any X' C X,
let Y =Y \ N(X'). Define X" = {z € X|N(z) C N(X')}, and let S = X"UY".
(1) The set S is a mazimal independent set in G and X' C S.
(2) If T is any mazimal independent set in G, and T = X' UY', where X’ C X
andY' CY, thenY =Y \ N(X') and X' = X\ N(Y'). Hence X" = X'.

Corollary 1 For any subset C of X, C is the “X-part” of some mazimal inde-
pendent subset S of G (i.e. C =X NS) << X\C = N(D) for some subset D
of Y.

Definition 3 By @, we mean the n-dimensional hypercube, i.e. the graph whose
vertices are the binary strings of length n, in which two strings are adjacent if they
differ in exactly one position. It will often be convenient to use an alternative de-
scription: the vertices are all the 2™ subsets of {1,2,...,n} and two subsets x and y
are considered adjacent when their symmetric difference xAy has cardinality 1.

Definition 4 When a vertex v of Q, is regarded as a subset of {1,2,...,n}, its
weight, denoted by wt(v), is the cardinality of v. When a vertex is viewed as a
binary string, its weight is the sum of its coordinates.

Definition 5 A subset S of vertices of a bipartite graph G with bipartition (X,Y)
is balanced if half the vertices of S belong to X and half belong to Y.

Thus a subset of V(Q,) is balanced if exactly half of its elements have even
weight.

Note: From now on we shall refer to a vertex of (),, as even or odd, according
to whether its weight is even or odd, and the parity of a vertex will mean the parity
of its weight. Since adjacent vertices, viewed as binary strings, differ in precisely one
position, their weights differ by one and therefore have opposite parity.

Example 1 We give an example to show that when G = Q,, the sets X' and X"
given in Proposition 1 need not be equal.

In Qs, thinking of the vertices as the subsets of {1,2,3,4,5}, let X be the set
consisting of all subsets of even cardinality, and Y the set consisting of all subsets
of odd cardinality. For x € X and y € Y, = and y are adjacent precisely when the
cardinality of their symmetric difference, Ay, is 1. Let X’ equal the set consisting
of all 2-element subsets of {1,2,3,4}, and the set {1,5}. Then N(X’) equal the
set of all 1-element and all 3-element subsets of {1,2,3,4,5}. It is easy to check
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that X” = X' U {{2,5},{3,5},{4,5},0}. The maximal independent set S which
this produces has 12 elements: 0, {1,2,3,4,5}, and the ten 2-element subsets of
{1,2,3,4,5}. S is clearly not balanced as it has eleven even vertices and one odd.

From now on we simplify notation for a subset of {1,2,...,n}, writing i1z - - ix
instead of {iy,da,...,0x}.
Another non-balanced maximal independent set T' of ()5 has nine vertices:

T ={12,13,23} U {4,1234} U {5,1235} U {145, 2345}.
Two other non-balanced maximal independent sets, both with eight vertices are:

Ty = {0,12,14,25,45,1245} U {135,234} and
Ty, = {0,12,14, 25,1245} U {135,234, 345}.
T has 6 evens and 2 odds, while T, has 5 evens and 3 odds.

Q@5 also has balanced maximal independent sets S; and Sy of sizes 8 and 10,
respectively.
S1 = {0,123,14,234,15, 235,45, 12345}

Sy = {0, 12345,12, 345,13, 245, 14, 235, 15,234}

The next two examples illustrate different possibilities for maximal independent
sets in Q7.

Example 2 This ezample is a non-balanced maximal independent set T in Q7 with
|T| = 42.

To={0}, T =T =10

Ty = {12,13,14,15,16, 17, 23,24, 25,26, 27},

T3 = {345, 346, 347, 356, 357, 367,456, 457, 467, 567},

Ty = {1234,1235,1236, 1237, 1245, 1246, 1247, 1256, 1257, 1267},

Ty = {13456, 13457, 13467, 13567, 23456, 23457, 23467, 23567, 34567},

Ts = {124567},

Hence | ToUTo UTy UTy| = 23, while |Th UTs UTs UT7| = 19. Thus if we let
T = UZh T, then | T | = 42.

Example 3 Our next example is a minor modification of the previous one. Define
T' by Ty =T, for 0 <i < 4,T) = Ts U {14567, 24567}, T} = 0, and Ty = {1234567}.
Then | Ty UTy UT, UT{ | = 22, while

| T/ UT{ UT/ UT/!| =22, and so T" is a balanced mazimal independent set of size 44.

Remark 1 One way in which balanced independent sets arise is from binary linear
codes (see, for ezample, [11]. A binary linear code is a subgroup C of ZJ, the group
of binary strings of length n under the operation of coordinate mod 2 addition. Under
the map ¢ : ZF — Z given by (z1,...,2,) — > x; (mod 2), the image of C under
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¢ is either {0} or Z;. In the first case, all elements of C are even. In the second,
C/CN (Ker¢p) ~ Zy so CN (Kerg) = {z € C : ziseven}. Thus exactly half the
elements of C are even and so C is balanced. C is an independent set if and only if
every nonzero codeword has weight at least 2.

Definition 6 A matching in a graph is a set of edges, no two of which are incident.
A matching is a maximum matching if its cardinality is a mazimum, among the
cardinalities of all matchings of the graph. A matching is maximal if it is not a
proper subset of any other matching.

Lemma 1 Let G be a bipartite graph with bipartition (X,Y). Assume that | X| =
|Y|. Let M be a mazimal matching of G and let S = V(G)\ V(M). Then S is a
balanced independent set.

The proof is straightforward and we omit it.

2 Bounds on the maximum size of balanced independent
sets

We are interested in maximal independent sets in the hypercube @, which are bal-
anced. Note that the 2-coloring of @), is given by the parity of the vertices.

Proposition 2 The following algorithm produces a balanced mazimal independent
set in Q,.

S = {0, u}, where u is odd and wt(u) > 1.

While SUN(S) # Qn

Do: Choose w € @, \ (SUN(S)).

S :=SU{w,uAw}

Proof. We prove by induction on i that ;, the set produced after the it iteration,
is balanced and independent. To this end, we first show that for any v € Q,,v € S;
if and only if uAv € S;. Clearly this is true for ¢ = 0. Assume it holds for i = k.
Let v € Spyq. If v € S then by our induction hypothesis, uAv € Sy C Sgr1. So
assume that v ¢ Sj,. Then by the definition of Syy1, uAv € Sgyy. Since uAu = §,
uA(uAv) = v. Thus the reverse implication holds as well.

Next we show that w € N(S;) if and only if uAw € N(S;). Suppose that v is
adjacent to w, v € §;. Then uAw is adjacent to uAw, and by what we have just
proved, uAv € S;. Hence uAw € N(S;). Once again, this also proves the reverse
implication.

It follows that w € S; U N(S&;) if and only if uAw € S; U N(S;). Now since wt(u)
is odd, Sy = {0, u} is balanced. Since S;1; \ S; consists of two vertices of opposite
parity, if S; is balanced, so is S;;1.

Finally, we show that each S; is an independent set. Since wt(u) > 1, Sy is
independent. Assume this is true when ¢ = k. Let Spy1 \ Sk = {wk, uAwyg}. By
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construction, wy ¢ S U N(Sk). Hence neither is uAwy. Thus neither of them is
adjacent to any vertex in Sg. Furthermore, since wt(u) > 1, wy and uAwy, are not
adjacent. Hence Sk, is an independent set.

Of course, eventually, Sy U N(Si) = Q. Then S will be a mazimal independent
set. O

The cardinalities of the sets S produced by this algorithm can vary.

Example 4 In Qs5, the following sets have their elements listed in the order in which
they are adjoined in applying the algorithm.

T, ={0,{1,2,3},{1,4},{2,3,4},{1,5},{2,3,5},{4,5},{1,2,3,4,5}}

Ty ={0,{1,2,3,4,5},{1,2},{3,4,5},{1,3},{2,4,5},{1,4},{2, 3,5},
{1,5},{2,3,4}}

Remark 2 Since {1} has no neighbor in V(Qs) \ T, Ty provides a negative answer
to the following question: If T is a balanced maximal independent set on @, does
Qn \ T have a perfect matching?

The construction in the previous proposition can be reinterpreted in game-theor-
etic terms. Two players, Odd and Fven, take turns choosing vertices of @Q,,, according
to the following rules:

(1) Odd must always choose an odd vertex and Fven must always choose an even
one.

(2) A chosen vertex may not be adjacent to a vertex chosen earlier.

(3) The last player to make a valid selection wins.

Proposition 3 If n > 3 the second player can always win.

Proof. The second player decides on a vertex u whose weight is odd and at least 3.
When the first player selects any vertex v, the second player responds with uAv. The
proof for the algorithm shows that whenever the first player’s move is valid (i.e. the
new vertex chosen by the first player is not adjacent to any of the vertices selected
previously) then so is the second player’s response. O

Remark 3 If G is any graph which has a perfect matching and S is any independent
set in G, then |S| < §-|G|. For the perfect matching partitions the vertices of G into
2-sets, and at most one of each of these two members can belong to S. In particular,
if S is an independent subset of Q,, |S] < 2771

Next we consider the question of how many odd and how many even vertices
there can be in an independent subset of ), which is not monochromatic.
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Proposition 4 Let S be an independent set of vertices in Q,,, wheren > 2. Suppose
that the cardinality of S is at least 21 — n + 2. Then the elements of S are all of
the same parity. Furthermore, for n > 3 this bound is sharp. In fact, there exists a
mazimal independent set S, such that S,, has 271 —n even vertices and 1 odd vertez.

Proof. By induction on n. The statement is clearly true for n = 2 | so assume n > 3
and that the result is true for n — 1. For i = 0,1 we denote by @Q® the n — 1 -
dimensional subcube of @), consisting of all vertices whose n*® coordinate is 7, and
let S; = S NQY. By our hypothesis, | Sy | + | S [> 2""' —n + 2. With no loss of
generality we may assume that | Sy |[>| S; |. Since S; is an independent subset of
the (n — 1)-cube Q®, 2"=2 > | S; |. Hence

| S| > —n+2)—-2"% = 2"2—n+42

Suppose | Sp | = 272 Then | S; |[> 22— (n — 1) + 1. Furthermore, since
n >3, ]Sy |=2"2%>2""2—n+ 3. Therefore by our induction hypothesis, the
parity of the elements of Sy is constant. Without loss of generality, since hypercubes
are vertex-transitive, we may assume the parity is even. Then S; consists of all the
even vertices of Q. Define

Sit={re Q9 <z,y>ec E(Q,).y € S}

Since S is an independent set, S} N Sy = 0. Hence all vertices of S; are odd, and so
all vertices of S; are even. Thus all vertices of S are even.
On the other hand, suppose | Sp |< 272 — 1. Then

S0 2] S22~ (n—1) +2.

By induction, the parity is constant on each of Sy and S;. If the parity is the same
on both subsets we are done. Otherwise, we may assume that the parity is even on
So and odd on S;. Hence the parity is even on ST, and therefore on Sy U S}. Thus

1
[SUST <5 1QU| =2
But since Sy N St = 0,
| SoUST[=[So|+[ST|=1[S|+|S[=]5].

Hence 2! —n +2 < 272 Therefore 2772 < n — 2, which is a contradiction. Thus
all elements of S have the same parity.

For the second statement we construct an independent subset S as in [12],
Proposition 2. Let x be any odd vertex. Then z is adjacent to n vertices, all
even. Let S consist of x and all other even vertices. Clearly S is independent and
|S|=2""1t—n+1.

Finally, it follows from the first statement that this S must be a maximal inde-
pendent subset since for any larger independent subset all its vertices must have the
same parity. |



BALANCED INDEPENDENT SETS IN HYPERCUBES 63

Proposition 5 Let n > 3 and let S be a balanced independent set in Q,. Then
| S|<2nt —2n+4.

Proof. By induction on n. If n =3 and | S | > 2, then | S | = 4 and by the preceding
proposition all elements of S are even, contradicting our hypothesis. So | S| < 2.

Now assume that n > 3 and the result is true for n — 1. Suppose that | S | >
271 —2n + 6. Let Sy and S; be defined as in the proof of Proposition 4. Without
loss of generality, we may assume that | Sq |>| S; |. Then

| S
2
By Proposition 4 since S is independent in Q© ~ @Q,,_1, all elements of Sy have the

same parity. Without loss of generality, say they are all even. Since by hypothesis,
exactly half the elements of S are even,

[Sol= (1/2) | S [=[51]-

| So | > >2" 2 —n43=20"0"—(n—1)+2

Also, all elements of Sy are odd. Thus all elements of S} are even. As before, we have
| SoUS;|=1]S]|. Hence Q©® has at least | S| even elements. Therefore | S| < 272,
So 271 — 2n + 6 < 2772, Therefore 2"72 < 2n — 6 = 2(n — 3). So 2"2 < n — 3,
which is impossible. Thus |S|< 2"~! — 2n + 6. Since | S| is even, we conclude that

|S|< 2" —2n + 4.

Corollary 2 The maximum size of a balanced independent set:
(1) on Q3 is 2
(2) on Q4 is 4 and
(3) on Qs is 10.
Furthermore, in each case there is a balanced independent dominating set of this size.

Proof. (1) Any vertex in Q3 dominates exactly three of the four vertices of the
opposite parity. Thus every balanced independent set consists of an antipodal pair,
and is a dominating set. (Note: we say that two vertices of @, are antipodal
if, regarded as subsets of {1,2,...,n}, one is the complement of the other, or, if
regarded as binary strings, their coordinate-wise sum is the string of all ones.)

(2) By Proposition 5, if S is a balanced independent set in Q4 then | S| < 4. It is
easy to check that S = {0, 12,134,234} is a balanced independent dominating set.

(3) By Proposition 5, if S is a balanced independent set in @5 then | S| <
2% — 2.5+ 4 = 10. On the other hand, T, of Example 4 is a balanced independent
dominating set of size 10. a

Lemma 2 Let S be a balanced mazximal independent set in Q,_,. Let S’ =
{sA{l,n}|s € S}. Then S US is a balanced mazimal independent set in Q..
Furthermore,

| SUS [/ [@ul=2:1S[/(2[@ual) =[S/ Qn].
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Proof. Clearly S and S’ = S are both independent in @Q,. First we show that SU S’
is an independent set. Suppose t € S, s’ € S’, and t and s’ are adjacent. Since
the elements of S are subsets of {1,2,...,n — 1}, for all s € S we have that n ¢ s.
Hence n € sA{l,n}. In particular, n € tA{l,n}. Since s’ € S, s’ = sA{l,n} for
some s € S. Therefore n € ¢, so since |tAs' | = 1,tAs’ = {n}. Since s’ = sA{l,n},
{n} = tAsA{l,n}. Thus O = {n}A{n} = tAsA{l,n}A{n} = tAsA{1}. Hence
tAs = {1}. But this means that t and s are adjacent, contradicting the independence
of S. So SU S’ is independent.

Note that for any s € S,the weight of s and the weight of sA{1, n} have the same
parity. Thus since S is balanced, so is S’; and hence so is S U S’.

Next we show the maximality of S U S’. By hypothesis, S dominates @Q,_1.
The isomorphism of S’ with S means that S’ dominates @Q,,_1A{n}. Thus SU S’
dominates Q.

The last two assertions follow immediately from the fact that

| S1=15"1.
a

By a, we denote the maximum cardinality of a balanced maximal independent
set in @,. For n > 3, Lemma 2 says that a,+1 > 2 - a,. Now by Corollary 2, az = 2,
as =4, and a5 = 10, and so by Lemma 2, we have ag > 20.

Remark 4 Forn > 3, view Q, as Qn_2 X Q2. Thus if X = V(Qn_2), V(Qn) =
Xoo @] X10 UX01 U X11, where XOO = X, X10 = XA{TL — 1}, X01 = XA{TL} and
X1 = XA{n — 1,n}. For any subset S of V(Q,), S is partitioned into the four
subsets S;; = S N X, where i,j € {0,1}.

Proposition 6 The mazimum size of a balanced independent set on Qg is 20, and
there is a balanced independent dominating set of this size.

Proof. Tt follows from Corollary 2 and Lemma 2 that Qg has a balanced independent
dominating set of size 20. Suppose S is a balanced independent set in Qg of size
22. By Remark 4, S is partitioned into the four subsets Sgg, S10, So1 and Si;. Since
| S| = 22, one of these four subsets must have at least [22/4] = 6 elements. Without
loss of generality, suppose | Spg| > 6. Then by Proposition 4 all the vertices of Spg
have the same parity. With no loss of generality we may assume these vertices are
all even. They are adjacent to at least 6 of the 8 odd vertices in each of Xy and
Xo1, so that each of S;p and Sp; has at most 2 odd vertices. Since S has 11 odd
vertices, S1; must have at least 7 of them, and therefore S;o and Sy, each have at
most one even vertex. Furthermore, by Proposition 4, S1; has no even vertices. But
since Spy has at most 8 even vertices, S can have at most 10 even vertices, which is
a contradiction. Thus we obtain the desired conclusion. a

Lemma 3 IfT contains 2 elements of one parity, it contains at most 8 of the other.
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Proof. With no loss of generality we may assume that =,y € T" are both even. Then
[N({z, )| = [N()| + [N ()] - |N(@) N N()| = 25— | N(z) 1 N(y) . Since
the only possible members of N(z) N N(y) are x Uy and 2 Ny, | N(z) UN(y)| < 2.
Hence | N({z,y})| > 10 — 2 = 8. Thus at most 16 — 8 = 8 odd vertices can belong
to the independent subset T' of Qs. ]

Definition 7 For 0 <1i < n we denote by L; the set of vertices of Q. of weight i.

We need to make a slight digression about “upper shadows” and “lower shadows”
of subsets of L;(Q),). Our notation and terminology follow [3], § 5. For S C L;(Q,),
the upper shadow of S, denoted by 9,(5), is N(S)NL;11(Q,). The lower shadow
of S, denoted by 0y(S5), is N(S) N L;_1(Q,). For the next lemma we will need a
lower bound on the size of the upper shadow of S, in a very special case. The result
we need here is the analog, for upper shadows, of the Kruskal-Katona Theorem
[9],[10] for lower shadows. Colexicographical order (“colex” for short) on L;(Q,)
means reverse lexicographical order on the i-element subsets of {1,2,...,n}. That
is, writing a as ajas - - - a;, where a1 < ay < ---a;, colex order defines a to be less
than b if a; < by where k = max {j |a; # b;}. Paraphrasing [3], the two forms of the
Kruskal-Katona Theorem are:

Theorem 1 [3, p. 34] For a subset S of L;(Q,), with 1 <i<n—1, let Ty be the
set of the first | S| elements of L;(Q.,) in colex order and let T, be the set of the last
| S| elements of L;(Q,) in colex order. Then

(1) 10u(S) | = [0u(T2) |;

(2) 10:(S) | = 8:(Ty) |

Lemma 4 If S C V(Q5), | S| > 3 and all elements of S have the same parity, then
| N(S)| > 10.

Proof. Let x € S. The map w — xAw is an automorphism of @,. So, letting
S' = zAS = {zAs|s € S},|S'| = |S| > 3, and 0 € S’. Furthermore, the
automorphism takes N(S) onto N(S’), so | N(S)| = | N(S’)|. So we may assume
that § € S.

Case 1. Suppose y € SNLy. Then N(S) D N(@)UN ({y}), and since the distance
between () and y is 4, these two neighbor sets are disjoint. Hence | N(S) | > deg(0)+
deg(y) = 10.

Case 2. | SNLy| > 2. Then S D {0,y, z}, with y, z € Ly. N(S) D L1Ud,({y, 2}),
so |[N(S)| > 5+ |0,({y, 2}) |. Since the last two elements of Lo(Q)5) in colex order
are 35 and 45, |9,({y, z})| > | 0.({35,45}) | = | {135,235, 145,245,345} | = 5. Thus
| N(S)| > 10. ]

Corollary 3 If the independent subset T of Q5 contains at least 3 elements of one
parity, it has at most 6 of the other.



66 MARK RAMRAS

Proof. By Lemma 4, these 3 elements of T" dominate at least 10 of the 16 elements
of Q5 of the opposite parity. Hence at most 6 elements of the opposite parity can
belong to T. a

Lemma 5 If T C V(Q5) is independent and |T'| = 12, then T has at least 11
vertices of the same parity.

Proof. T cannot be balanced since, by Corollary 2, the maximum size of a balanced
independent subset in @5 is 10. Without loss of generality, we may assume that T’
has at least 7 odd vertices, and therefore at most 5 evens. If it has exactly 2 evens,
then they dominate at least 8 odds and 7" has at most 16 — 8 = 8 odds. But then
|7 <248 =10 < 12 = |T'|; contradiction. Let Ty be the set of even vertices of 7.
Then 3 < |Tp| < 5. By Lemma 4, | N(Tg | > 10. So T can have at most 16 — 10 = 6
odd vertices. Therefore |T'| <546 = 11 < 12, a contradiction. Thus 7" has at most
one even vertex. O

Proposition 7 The maximum size of a balanced independent set on Q7 is 44, and
there is a balanced independent dominating set of this size.

Proof. Tt is easy to see that LoU Ly U L5 U Ly is a balanced independent dominating
set of size 2[(;) + (;)} = 2[1 + 21] = 44. So suppose S is a balanced independent
set of size 46. Using Remark 4, V(Q7) is partitioned into the four 5-cubes Xop = X,
Xi0, Xo1, and X37. Thus, as before, S is partitioned into the 4 subsets S;;. One of
these 4 must have at least [46/4| = 12 vertices. Suppose first that one of the 4 has
at least 13 vertices. Without loss of generality we may assume | Sgo | > 13. Then by
Proposition 4, all the vertices of Sy have the same parity, which, again without loss
of generality we may assume is even. Thus Sjg and Sp; must each have at most 3
odd vertices. Since @5 has exactly 16 odd vertices, S1; has at most 16 odds. Thus S
has at most 0+3+3+ 16 = 22 < 23 odd vertices, contradicting the assumption that
S is balanced and | S| = 46. So 3=, jeqo.1y | Sij | = 46, and each summand is < 12.
The only two possibilities are: (a) two summands are 12 and the other two are 11,
or (b) three summands are 12 and the other is 10.

S is our supposed balanced subset of Q7 of size 46. We may assume that | Spg | =
12. So by the last lemma, Syy has at least 11 vertices of the same parity, say odd.
These dominate at least 11 evens in each of Xjy and Xg;, leaving at most 5 evens
in each of Xj9 and Xy that can belong to S. Since Syy has at most 1 even vertex,
for S to have 23 even vertices, Sj; must have at least 23 — (5 4+ 5+ 1) = 12 even
vertices. But | Sy; | < 12, so S1; has no odd vertices. Furthermore, the 12 evens in
S11 dominate 12 odds in each of X9 and Xy;. So each of Sjy and Sp; has at most
16 — 12 = 4 odds. Therefore S has at most 12+ 4+ 4 + 0 = 20 < 23 odds. Hence S
is not balanced. a

We now present a lower bound for the maximum size of a balanced independent
set when n is odd. It agrees with the maximum found for n = 3,5, and 7.

Proposition 8 For n odd there is a balanced independent dominating set S with

15| =21 = (")

(n—1)/2
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Proof. f n =1 (mod 4) let

S = U Liu U L;.

iodd ieven

1<i<(n—3)/2 (n+3)/2<i<n—1

Clearly S is independent and dominates ),. Since by Pascal’s Identity (?:i) +
("_.1) = (’7>7 we have
J j

n n
ooz )z ()

1<i<(n—3)/2 (n+3)/2<i<n—1
n—1 n—1 n—1 n—1
1<i<(n—3)/2 (n+3)/2<i<n—1

L2 ()

By the Binomial Theorem, the first term is 2"~!, yielding the desired result.
Ifn=3 (mod4) let

s= U Luvu U L.
0<i<(n3)/2 (n43)/2<i<n
Then once again it is clear that S is an independent dominating set. By the proof in
the preceding case, together with the fact that (g) =1= ("61) and (Z) =1= (Zj»
we again obtain the desired cardinality for S. a

Conjecture 1 Forn odd, the mazimum cardinality of a balanced independent set in
Qu s 27 = (1))

Definition 8 Let n be odd, say n = 2k + 1. By the middle level subgraph of @,
we mean the subgraph induced by the vertices of weights k and k + 1. We denote it
by Qn(k,k+1).

Remark 5 The construction of S in Proposition 8 completely avoided the vertices
in the two middle levels, i.e. the vertices of Ly U L. Since the middle binomial
coefficients are the largest, we might try to increase |S| by including as many vertices
as possible from the two middle levels. In fact, we shall construct a balanced maxi-
mal independent set for subgraph Qn(k,k + 1) and extend it to a balanced mazimal
independent set for QQ, by adjoining to it all the vertices in levels i where i < k — 2
andi=k (mod 2), and in levels j where j > k+3 and j=k+1 (mod 2).

Proposition 9 Let n =2k + 1 and let S be a balanced mazimal independent subset
of Qu(k,k+1). Then

su U LU U L
i<k—2 J>k+3
i=k (mod 2) j=k+1 (mod 2)

1s a balanced mazimal independent subset of Q.
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Next we construct a balanced maximal independent set for this “middle-level”
subgraph.

Proposition 10 Assume that n = 2k + 1. Let B be the family of (k + 1)-element
subsets of {1,2,...,2k}, and let A= B = {b| b € B}, where b denotes the comple-
ment of b in the set {1,2,...,2k+1}. Finally, set S = AUB. Then S is a balanced
mazimal independent set in Q,(k,k+1) and | S|=2- (2:11) Furthermore,

S| kK
|Qn(k,k+1)]  2k+1

Proof. Clearly | A| = |B|. Since for all a € A, |a| =k, while for allb € B, |b] = k+1,
S is balanced. (In fact, it is symmetric with respect to the antipodal map.) An
alternate description of A is as the set of k-element subsets of {1,2,...,2k + 1}
which do contain the element 2k + 1. To show that S is independent, we must show
that for all b, b € B, b is not a subset of &'. But 2k +1 ¢ b and 2k +1 ¢ ¥'. Thus
2k + 1 € b, and hence b is not a subset of v'.

To see that S is maximal, suppose |z| = kand z ¢ S. Then z ¢ A. So 2k+1 ¢ z.
Let y =z U {j} where j # 2k + 1 and j ¢ x. Then y € B and y is adjacent to x, so
that S U {z} is not independent.

On the other hand, suppose |z| = k+ 1 and z ¢ S. Then z ¢ B. So by the
definition of B, 2k +1 € 2. Let « be any k-element subset of z which contains 2k + 1
as an element. Then z € A and x is adjacent to z. Thus SU{z} is not independent.
This establishes the maximality of S.

Now |S| =2|B| = 2(1&1) = 2(k2_1c1) = 2(2:%) Finally, the ratio of |S]| to
Qs (e e+ 1) i

2(25) @k (kDR K _
2(2fff> T k-DIk+1)! 241! 2k+1

Definition 9 A graph G is k-regular if the degree of each verter is k.

Lemma 6 If G is a k-reqular bipartite graph, with k > 0, and S is an independent
subset of V(G) then | S| < 3| V(G)|.

Proof. Let (X,Y) be the bipartition of G. Since every edge of G has one end in
X and the other in Y, counting the edges of G by their X-endpoints and then by
their Y-endpoints, we have k| X | = |E(G)| = k|Y'|. Hence | X| = |Y|. Next,
we will show that | N(SNX| > |[SNX]|. The number of edges with one end in
SNX is k| SNX|. By definition, each of these edges has its other end in N(SNX).
The number of edges with one end in N(S N X) is k| N(S N X)|. This is at least
the number of edges between N(S N X) and X. So |[N(SNX)|>||SNX|. Now
suppose that [ S| > 1| V(G)|. Since there is no edge between SN X and SNY,
SNY CcY\N(SNX). Therefore | SNY | <|Y| = |NSNX)|<|Y|-]SNX]|
Thus |[SNX|+[SNY|[<|Y | Hence |S|<|Y|=1V(G)] O
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Corollary 4 The asymptotic upper bound of% given by Proposition 10 is the best
possible.

Proof. limy,_. k/(2k +1) = 1/2. ]

Remark 6 Using Pascal’s Identity and the Binomial Theorem, it is not hard to see

that the conjectured bound of 2"~ — ((7::)1/2) from Proposition 8 and the bound one

gets from combining the results of Propositions 9 and 10 are the same.

Theorem 2 Ifn =2k+1 and S is a balanced independent set in Q,(k,k + 1) then
n—1\ __ n—1

|S]<2- (k—l) =2 ((n—S)/Z)'

Proof. Let Sgy1 = SN Lgyr and Sy = S N Lg. By Theorem 1(1), | N(Sky1)]| >

| N(Ty41) |, where Ty, consists of the first | Sy, | elements of Ly in colex order. Let

Biy1 ={B € Lyt |n ¢ B}. Then By is precisely the set of the first (ZI) = (Zj)
elements of Ly, in colex order. Hence by the preceding proposition,

n—1
LA N )| = 1B | = (1),
Now suppose that
| Sk1 | > | Brwr| + 1= [ Bera U{L,2,... k,n}].

Note that {1,2,...,k,n} is the (| B | + 1) element of Ly in colex order. Let
Cri1 = Br1U{1,2,...,k,n}. Then

n—1

Sl 21 Gunr | = B | +1= (17 1) +1=1Con |

n—1

By Theorem 1(1), since Cry1 is precisely the set of the first (k—l

) + 1 elements of
L1 in colex order,
| N(Sk+1)| = | N(Cry1) | = | N(Bgy1)U{k—subsetsof {1,2,...,k,n} that containn} |

= | N(Tj1) | + k.
Therefore

| Li \ N(Sk2) | < [Li | = [N(Bisa) [ =k = [ Sesa | =k <[ Sea |-
But for S to be an independent set, Sy, C Lg\ N (Sk11). Hence |Sy| < |Lp\N(Sk+1)| <
|Sk+1], and so S is not balanced. O
As an immediate corollary of Proposition 10 and Theorem 1 we have:

Corollary 5 For n = 2k + 1, the mazimum size of a balanced independent set in
Qulk, k+1) is 2- (1))
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3 Upper bounds for the minimum size of a balanced inde-
pendent dominating set

Corollary 6 For n > 3 there is a balanced mazimal independent set S in Q,, with
S| = §|Qn| =272

Proof. By induction on n. For n = 3 we have S = {0,{1,2,3}}. Lemma 2 provides
the inductive step. |

It is easy to construct a balanced independent set in @,, of size 2"72. Let A be any
subset of Q,_1 consisting of exactly half of all the even vertices (so [A| = $|Q-1]).
(For example, we can take A to be the subgroup of Z5 ! of index 2 consisting of the
vertices of even weight.) Let Fy be the image of ,_1 in @), under the map ¢q : x —
20, and let F} be the image of @,_; under the map ¢; : x — x1. Then precisely
half the odd vertices of F; are dominated by ¢g(A). Denote by B the remaining
half of the odd vertices of Fj, and let S = ¢o(A) U B. Clearly S is a balanced
independent set, of size (i)\@n\ = 2""2 However, S need not be maximal, i.e. S need
not dominate @,. For example, in Q4 let A = N({1}) = {0, {1,2},{1,3},{1,4}}.
Then {2,3,4} ¢ N(A). Now let B = {{1,2,3,4,5},{2,3,5},{2,4,5},{3,4,5}. Then
S = AU B is a balanced independent set which does not dominate Q5. However,
if we let A’ = AU{1,5} and B’ = BU{2,3,4}, then S = A’ U B’ is a balanced
maximal independent set in Q)5 of size 10.

However, a much lower upper bound for the minimum size of a balanced indepen-
dent dominating set can be given, using Hamming’s Theorem [5] on perfect single-
error correcting binary linear codes. A binary linear code of length n is single-error
correcting if, as vertices of ), the distance between any two codewords is at least
three. It is perfect if every non-codeword is adjacent to exactly one codeword. Thus
a binary linear code of length n is perfect single-error correcting if and only if the
closed neighborhoods of the codewords partition V(Q,,). It is easy to see that if @,
has a perfect single-error correcting code then n = 2% — 1 for some k. Hamming’s
Theorem [5] is the converse.

Theorem 3 If n = 2% — 1 then there exists a perfect single-error correcting binary
linear code of length n.

Proposition 11 Let n > 3 and let k be an integer such that 28 —1 < n. Then there
is a balanced maximal independent set S with | S| /| Q. |= 1/2F.

Proof. Let m = 28 — 1. Then by Theorem 3 Q,, has a perfect single-error correcting
code, C. Thus C'is a maximal independent set. Since C is a subgroup of @,,, under +
and contains vertices whose weights have opposite parity, its vertices of even weight
form a subgroup of index 2 in C. Hence exactly half the vertices of C' have even
weight, i.e. C'is balanced. Furthermore, | C' | -(1 +m) =| Qp, |, so

| C1/ Q= 1/(1+m) =1/2"
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So @, has a maximal independent set S which is balanced, and
|S1/1Qm|=1/2".

Now if n > m, repeated application of Lemma 2 produces a balanced independent
set T in @,, such that

[ T1/1Qul=lS1/1Qml|=1/2"
a

To conclude, there are two related open questions. The first was implied in
Conjecture 1: whether for n odd, the maximum cardinality of a balanced independent
set in @, is 277! — ((nT:)ln)' The second is whether, for all n (or at least for all odd
n), given any two balanced independent sets of maximum cardinality in @,,, there is
an automorphism of (),, that takes one set to the other.
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