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Abstract

Explicit expressions of the restricted edge connectivity of the Cartesian
product of regular graphs are presented; some sufficient conditions for
regular Cartesian product graphs to be maximally or super restricted
edge connected are obtained as a result.

1 Introduction

All graphs appearing in this work are simple and connected with order at least
four. A restricted edge cut is an edge cut S of a connected graph G such that
every component of G — S has order at least two. The minimum cardinality \'(G)
over all restricted edge cuts of a graph G is its restricted edge connectivity. As is
pointed out by Esfahanian in [4], restricted edge connectivity is a more accurate tool
for analyzing the reliability of communication networks than the traditional edge
connectivity of graphs. It is known that under some reasonable conditions, among
networks that have maximum edge connectivity and least minimum edge cuts, those
that have greater restricted edge connectivity are more reliable [8]. And so, much
attention is paid to the optimization of restricted edge connectivity of graphs.

Let £(G) denote the minimum edge degree of a graph G. It is know that if
graph G is not isomorphic to any star and has order at least four, then \" < &(G)
[4]. The graph G is called maximally restricted edge connected if the equality holds
in the previous inequality, and super restricted edge connected if every minimum
restricted edge cut of G separates an isolated edge from G. It is not difficult to see
that super restricted edge connected graphs are maximally restricted edge connected,
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but the converse is not true. The authors obtain various conditions for graphs to
be maximally or super restricted edge connected in [1,2,7,9,10,12-14], and Hellwig
surveys the recent advances of this field in [6]. We remark here that the concepts of
restricted edge cut and restricted edge connectivity are generalized in [5], [11] and
elsewhere.

The Cartesian product G10G; of two graphs G1=(V1, E1) and Go=(V3, F3) has
vertex-set V(G1) x V(G2), where two vertices (ui,us) and (v, vq) are adjacent to
each other if and only if u1 = v1 and ugvy € E(G2), or us = vy and uyv; € E(Gh).
Cartesian product graphs are the topology of a lot of networks, whose edge connec-
tivities are determined in [12]. This work studies the restricted edge connectivity
properties of Cartesian product graphs. Our main result is:

Theorem 2.5 Let G; be connected k;-regular graphs with k; > 2,9 = 1,2. If
N(G1), N(G2) 2 2, then N (G10G2) = min{|G1[A(G2), |G2|MGh), €(G1OG2)}-

Here A is the edge connectivity of the corresponding graphs. This observation
yields some sufficient conditions for Cartesian graphs to be maximally or super re-
stricted edge connected.

Before proceeding, let us introduce some more symbols and terminology. For any
subgraph X of G or subset of its vertex-set V(G), let G \ X denote the subgraph
obtained by deleting all vertices of X from G. For any vertex x € V(Gy), let G3
represent the subgraph of G10G, induced by Vi = {(z,y)|ly € V(G2)}, namely it
has edge set Fy = {(z,y)(x,2)|lyz € E(Gq)}. For any vertex y € V(Gz), GY is
defined similarly. If S is a minimum restricted edge cut of a graph G, then G — S
contains exactly two components, which are called restricted fragments, or simply
fragments, corresponding to S. Fragments of order not more than half of the order
of the graph are called its normal fragments. A subgraph G3% is said to be separated
by an edge cut S if G§ N F # () # G5 N F. For other symbols and terminology not
specified, we follow that of [3].

2 Restricted edge connectivity

For convenience, it is assumed that all graphs discussed in this section are regular
with order at least three. Since \'(G) < £(G) whenever the graph G has order at
least four and is not isomorphic to any star, it follows that:

Lemma 2.1 If G; are connected k;-regular graphs with k; > 2,4 = 1,2, then
MG10G) < N (G10G,) < £(G1OG,) = 2(ky + ko — 1).
Lemma 2.2 Let F be a fragment of G10Gy. If |F| > 3, then |F| > k1 + ko — 1.

Proof Let S be the minimum restricted edge cut corresponding to the fragment
F. Since G; is a regular graph of order at least three, it has degree at least 2. By
Lemma 2.1, we have

[F|(ky + k) = [FI([F| = 1) < |S] < 2(ky + ko) = 25
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[|[F] = (k1 + ko — D][|F| - 2] > 0.
Recalling that |F| > 3, we have |F| > k1 + ko — 1. O

Lemma 2.3 If F is a fragment of G10G, with |F| > 3, then F ¢ G holds for any
vertexi € Vi and F ¢ G holds for any vertex j € V5.

Proof If FF C G} for some vertex i € V(G;), by Lemma 2.2 we have |S| >
(k14 ko —1)ky + A2 > 2(ky1 + k2 — 1). This contradiction confirms the first statement:
the second one follows similarly. O

Lemma 2.4 [If G10G5 contains restricted edge cuts, then it contains a minimum
restricted edge cut S' = [F,F] such that F = XOY for some connected subgraphs
XgGl (deQGQ
Proof Let S be a minimum restricted edge cut of G10G,. If GY is separated by S,
then GY — S, consists of two components, where S, = S N E(GY). This observation
is also true for any subgraph G5. Let |S,| = min{|S,| : G} is separated by S}, |S,|=
min{|S,| : GY is separated by S}, r = [{x € V(G,) : G is separated by S}| and
s = |{y € V(Gq) : GY is separated by S}|. Consider at first the case when r > 1
and s > 1. In this case, S, = [{«}0OY, {«}0Y] and S, = [XO{v}, XO{v}] for some
connected subgraphs X C G and Y C G3. Assume without loss of generality that
[ X| < [X]and [Y] < [Y].

Let F = XOY. If max{|X|,|Y|} > 2, then S’ = [F, F] is a restricted edge cut
such that

1512 D18l 4+ D 1S,| = XISl + YIS, | = |5'] (1)
rzeX yey

If max{|X|,|Y]} < 1, then XO{v} and {u}OY are isolated vertices in G{ and G%
respectively. Let X = {a}, S, = [{a}07,{a}0V(G2) — Z)] and S’ = [{a}0Z,
V(G10G,) — {a}0Z]. Then

|1 > 1Sl + > 18,1 > [Sal +1211Su] = 15'].

yez

Since S is a restricted edge cut, it follows that Z induces a connected subgraph of
order at least two. And so S’ is a restricted edge cut in either of these two subcases
and the lemma follows in both cases. When r = 0, we have s = |V(G)|. If we let
Y = G5 and X be as before, then formula (1) is still true. This method also works
when s = 0 and so the lemma follows. O

Theorem 2.5 Let G; be connected k;-regular graphs with k; > 2,9 = 1,2. If
N(G), N (Go) > 2, then N(G10G,) = min{|G1|\(Gy), | G2 A\(GL), £(G1OGy)}.
Proof If S = [A, A] is a minimum edge cut of Gy, then [AOV(Gy), AOV(Gs)]
is a restricted edge cut of G10G,. It follows that X' (G0G;) < |Go|A\(Gy) and
N (G10Gs) < |G1|A(Gy) by the symmetry of Gy and G in G10G5. Therefore,

)\/(GlmGg) S min{\G1|)\(G2), |G2|)\(G1),£(G1DG2)}
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To prove the converse of the above inequality, let S be a minimum restricted
edge cut of G;0G,. By Lemma 2.4, we may assume that S = [XOY, XOY] with
X C V(Gy) and Y C V(Gq). Define r, s as in the proof of Lemma 2.4.

If r =0, then s = |G| and |S| > |G2|A(Gy) ; if s = 0, then r = |G4| and |S| >
|G1|A(Gy); if r = 1, then by Lemma 2.3 we have s = 2, and so |S| = 2(k1+ko)—2 = &;
if s = 1, similarly we have r = 2 and |S| = £. Hence, assume in what follows that
|Gi]—2>r=|X|>2and |Gy —2>s=|V]|>2.

Case 1. | X| < k1, Y| < ko.

In this case, noticing that 2 < [X| < ky, we have I[X, X]| > | X |k —|X|(|X]-1) >
k. Similarly, |[Y,Y]| > k. These observations show that |S| > |Y|k; + | X ke >
2k1 + 2k2 > 5
Case 2. | X| <kyand [Y]|>ko+1, or [Y]| < ko and | X| > kg + 1.

In the first subcase, we have |[X, X|| > k; and [[Y,Y]| > 2. Hence |S| > (ky +
1)k +2|X| > 2k; 4+ 2(ks — 1) +2|X| > £. The second subcase will result in the same
inequality.

Case 8. |X| > ki +1and [Y]|> ks + 1.

Since A'(G1) > 2 and \'(Gy) > 2, it follows that |S| > 2|X| +2|Y| > 2(k; + 1) +

2(ky + 1) > £. The theorem follows from these discussions. O

Corollary 2.6 If G is a connected k-reqular graph with k > 2, then X' (K,0OG) =
min{2\(G), |G|, 2k}.

Proof This corollary follows directly from Lemma 2.4. O

Corollary 2.7 If G; are mazimally edge connected k;-reqular graphs with k; > 2,1 =
1,2, then G10G4 is maximally restricted edge connected.

Proof Since ‘G1‘)\(G2) = |G1|k2 > (kfl + 1)k2 > f(Gﬂ:‘Gg) and |G2‘)\(G1) =

|Galky > (ko + 1)k > £(G10Gs), the corollary follows from Theorem 2.5. O

Corollary 2.8 If G; are mazimally edge connected k;-reqular graphs with k; > 2,1 =
1,2, then G10G, is super restricted edge connected.

Proof Since ky, kg > 2, it follows that |G1|A(Gs) = |Gi|ks > (k1 +1)ke > £(G10G3)
and |Go|A(Gh) = |Galkr > (k2 + 1)ky > £(G10G,). Combining this observation
and the proof of N (G10G5) > min{|G1|A(Gs), |G2|A(G1), £(G10Gs)} in the proof of
Theorem 2.5, we see that N (G10G;) = £(G10Gs), and that it occurs only in the
case when r =1 and s = 2, or s = 1 and r = 2. The corollary follows. O

Corollary 2.9 Let G be a maximally edge connected k-regular graph with k > 2. If
|G| > 2k, then K>2OG is mazimally restricted edge connected; if |G| > 2k and k > 2,
then KOG is super restricted edge connected.

Proof The first statement follows directly from Corollary 2.6. If |G| > 2k and k > 2,
by Lemma 2.4, the normal fragment corresponding to any minimum restricted edge
cut of G10G5 is an isolated edge. The corollary follows as a result. O
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