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Abstract

The commuting graph of a group G, denoted by I'(G), is the simple undi-
rected graph whose vertices are the non-central elements of G and two
distinct vertices are adjacent if and only if they commute. Let Z,, be
the commutative ring of equivalence classes of integers modulo m. In
this paper we investigate the connectivity and diameters of the commut-
ing graphs of GL(n,Z,,) to contribute to the conjecture that there is a
universal upper bound on diam(I'(G)) for any finite group G when I'(G)
is connected. For any composite m, it is shown that I'(GL(n, Z,,)) and
I'(M(n,Z,,)) are connected and

diam(T'(GL(n, Z,,))) = diam(I'(M(n, Z,,))) = 3.

For m a prime, the instances of connectedness and absolute bounds on
the diameters of I'(GL(n, Z,,)) and I'(M(n, Z,,)) when they are connected
are concluded from previous results.

1 Introduction

For a group G, we denote the center of G by Z(G) and Z(G) = {zr € G | zy =
yr Yy € G}. If z is an element of G, then Cg(x) denotes the centraliser of z in G
and Cq(z) = {y € G | xy = yx}. The commuting graph of a group, denoted by
I'(G), is the simple undirected graph whose vertices are the non-central elements of
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G and two distinct vertices x and y are adjacent if and only if xy = yx. We take
analogous definitons for the center, centraliser and commuting graph of a ring R.
A path in a graph is an ordered list a1, as, ..., ay of vertices where there is an edge
in the graph from a; to a;; for all ¢; the path is said to between a; and a; and of
length & — 1. A graph is connected if and only if there exists a path between any
two distinct vertices in the graph. The distance between two vertices of a graph,
say = and y, is the length of the shortest path between x and y in the graph if
such a path exists and is oo otherwise; this is denoted d(x,y). The diameter of a
graph I' is the maximum distance between any two vertices in the graph, and is
denoted diam(I") = max{d(z,y) | z,y € T'}. We use M(n, R) to denote the ring of
all n x n matrices over the ring R, GL(n, R) to denote the group of all invertible
n X n matrices over R and SL(n, R) to denote those with determinant 1. Z,, denotes
the commutative ring of equivalence classes of integers modulo m.

The commuting graphs of groups have been studied heavily, for example in [7, 8,
9, 10], and those of rings in [1, 2, 3]. In [8], Iranmanesh and Jafarzadeh conjecture
that there is a universal upper bound on the diameter of a connected commuting
graph for any finite nonabelian group. They then determine when the commuting
graph of a symmetric or alternating group is connected and that the diameter is at
most 5 in this case. The paper [10] proves that for all finite classical simple groups
over a field of size at least 5, when the commuting graph of a group is connected then
its diameter is at most 10. Previous research into the diameters of the commuting
graphs of linear groups and matrix rings has primarily covered these over fields. For
a field F, the authors of [3] show that diam(T'(GL(n, F'))) < diam(I'(M(n, F))) < 6
when these graphs are connected and |F| is greater than or equal to 3. In addition,
[1] provides necessary and sufficient conditions for I'(SL(n, F')) to be connected; an
upper bound on the diameter of I'(SL(n, F')) can be generated from the proof. Our
paper adds to this body of evidence supporting the conjecture by calculating the
diameter of the commuting graphs of some general linear groups over commutative
rings that are not fields. The diameters of the corresponding matrix rings are also
calculated.

Theorem 1.1. Let m be a composite natural number andn > 2. Then T'(GL(n,Z,,))
and D'(M(n, Z,,)) are connected and diam(I'(GL(n,Z,,))) = diam(I'(M(n, Z,,))) = 3.

Consider when m is a prime. If m > 3 and n > 2, by [1, Corollaries 7 and
11] and [3, Theorems 14 and 17], I'(GL(n,Z,,)) and I'(M(n, Z,,)) are connected if
and only if n is not prime and 4 < diam(I'(GL(n,Z,,))) < T'(M(n,Z,,)) < 6 in this
case. In the case of m = 2 and n > 2, [1, Corollary 7] shows that T'(M(n, Zy)) is
connected if and only if n is not a prime number and [1, Corollary 14] gives that
I'(GL(n, Zy)) is connected if and only if n and n—1 are not prime numbers. Moreover,
diam(T'(M(n, Z))) < 6 when it is connected [3, Theorem 17]. By modifying the
proof of [10, Theorem 12.5], one can conclude that, for n > 5, an arbitrary element
of GL(n,Zy) = PSL(n,Z,) is distance at most 3 from a transvection of GL(n,Zs)
and that the distance between any two transvections is at most 2. Thus for n >
5,diam(T’(GL(n,Zs))) < 8; if n < 5 then n or n — 1 is prime and the graph is
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disconnected from above. Therefore, for any integers m and n that are greater than
1, when the corresponding commuting graphs are connected there is a universal upper
bound on diam(I'(GL(n,Z,,))) and I'(M(n, Z,,)).

We record here that we have used the MAGMA [6] implementation of the small
group database [4, 5] to calculate the connectedness and diameters of the commuting
graphs for all groups of order at most 2000, except for the orders of the form £2° for
k # 9,4 composite. For connected graphs, the largest diameter found was 6.

We do not know if the bound of 8 for the diameter of GL(n,2) is sharp. No
example of a connected commuting graph of a group with diameter greater than 6
was found in previous literature and so it would be interesting to find examples of
diameter greater than 6.

2 Results

We begin with the following result pertaining to commutative graphs which is a
generalisation of the disconnectedness of I'(M(2, F')) for F' a field, concluded in [2,
Remark 9.

Theorem 2.1. If R is an integral domain, then I'(M(2, R)), T'(GL(2,R)) and
I'(SL(2, R)) are disconnected.

Proof. Let R be an integral domain.

Let A = { [‘g ﬂ €M(2,R) | ay,a € R,ay #0 } C M(2,R)\ Z(M(2, R)). Let
1

A= [‘“ “2} € Afor some a; € R and let X = [“”1 ”2] € Cugm (A)\ Z(M(2, R)).
0 ai T3 T4 ’
Then

XA — [11 1‘2] [Ch (12} _ [(11361 G221 +a11‘2] and

T3 X4 0 ay a1T3 A9x3 + a1y
AX — ay ag| |Tr1 X2| _ |a1%T1 + a2T3 a1T2 + ATy
0 ay T3 T4 a1Ts a1y '

Since XA = AX, this yields a1x1 = a121 + asx3 and asxy + 129 = a129 + asxy. Now
a1 = a1 + asxs implies asxs = 0. Since ay # 0 and there are no zero divisors
in R, x3 = 0. Moreover, asx; + a1x2 = 129 + asxy implies asxr; = asxy which
Ty X9

0 | As
X ¢ Z(M(2, R)), it must not be a scalar matrix and so 23 # 0. Therefore X € A.
So in T'(M(2, R)), A forms an isolated connected component. Thus the matrices
B = [(1] ﬂ € ANSLE2,R) and C = E (1)] € SL(2, R) \ Z(SL(2, R)) with C ¢ A
are in different connected components of I'(M(2, R)), I'(GL(2, R)) and T'(SL(2, R)).
Therefore the graphs I'(M(2, R)), I'(GL(2, R)) and I'(SL(2, R)) are disconnected. [J

yields 1 = x4 by cancelling ay in the integral domain. Thus X =
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The following are some useful lemmas on the properties of the ring of integers
modulo m.

Lemma 2.2. Let u,v, s,t be positive integers such that u, s,t and v, s,t are pairwise
coprime. Then for any positive integers k and 1, the two integers us® + vt' and st
are coprime.

Proof. Let u,v,s,t,k,l be positive integers such that u,s,t and v, s,t are pairwise
coprime. Let d = ged(us® + vt!, st). Assume that d # 1 and let p be a prime that
divides d. Then p|st and since p is prime, p|s or p|t. Without loss of generality,
assume p|s, and thus plus®. As v, s,t are pairwise coprime, p|s implies that p { v and
p1t, thus pfot™. So pfust+vt*, a contradiction. Therefore d = 1 and us® + vt!, st
are coprime. O

Lemma 2.3. For coprime natural numbers s and t greater than 1, if X and Y are
elements of GL(n, Zs) then sX +tY is also an element of GL(n,Zg).

Proof. Let s,t be coprime natural numbers greater than 1 and X,Y € GL (n,Zy).
Then by the Leibniz formula for the determinant of an n x n matrix,

det(sX +tY)

= Z (sgn(a) H(SX +ty)i,0(i)>

oESy i=1

= Z sgn(0)(sX1,01) + tY1,01)) (8 X2,02) + tY2,0(2)) - - - (X om) + tYnio(m))
oESy

= Z sgn(0)((sX1,001)5X2,0(2) "+ * 5Xno(m) + (tY1,01)1Y202) -+ Yaio(n)))
oESy

(expanding the product: every term that is s%°h for a,b > 1 and some h

a product of entries of X and Y is 0 as s*” = 0)

=> (sgn(a) [15Xi00 +sen(@) ][] tYw(z‘))
=1

o€Sy =1
= Z (sgn(a) HSXZ"U(I')> + Z (sgn(a) HtY;‘g(i)>
g€Sy i=1 ogE€Sy =1

= det(sX) + det(tY)
= s"det(X) + t" det(Y).
Since det(X) and det(Y) are units in Zg, they are coprime to s and ¢ and so,

by Lemma 2.2, s"det(X) + t" det(Y) is coprime to st and hence is a unit in Zg.
Therefore sX + tY is invertible and is an element of GL(n, Zg). O

For the remainder of this paper we use I,0, I, and 0,45 to denote the identity,
zero, r X r identity and r X s zero matrices respectively. We also use E; ; to denote
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the matrix with (¢, 7) entry equal to 1 and every other entry equal to 0. We now
obtain a lower bound of 3 on the diameters of I'(GL(n, Z,,)) and I'(M(n, Z,,)) for all
m,n > 2.

Lemma 2.4. For any m,n > 2, the matriz

0n71><1 [nfl
P=1,+
[ 0 01><n—1

has the property that Cyin,z,.,)(P) N CM(n,Zm)(PT) = Z(M(n,Zy,)).

] € GL(n,Z,) \ Z(GL(n,Z,,))

Proof. Let P be the matrix described in the hypothesis. Then

01 1 ...0 11
P=|: . - . |l andP"=g 1 00
0 01 00 11
i1 T2 --- Tin
T21 T22 .. T2on
Let X € Cryinyz,y(P). So X = | . i for some z;; € Zy,.
Tn1 Tn2 --- xn,n
11 + T2, Ti2+T22 ... Tipt+Ton
Ta21 + T3 Too2+T32 ... Tant+T3n
Then PX = : : :

xn—Ll + Tn,1 xn—l,Z + Tn2 - xn—l,n + Tnn

L Tn,1 $n72 e Tnn

Tyl Ti1+ T2 --- Tip—1 T Tin

To1 To1+ Tog ... Topo1t+ Top

and XP = . . .
Tn,1l Tn,l + Tn2 --- Tpp-1 + Tn,n
Since PX = X P, we obtain
T11+T21 =11 Ti12+Te2=2T11+T12 ... Tint+Ton =Tin-1+ Tin
To1 +T31 =T21 T22+Tzo=2To1+Toa ... Topt+T3n=Ton-1+ Tan
Tn1 = Tp,1 Tn2 = Tp,1 + Tn,2 cee Tnn = Tpn—1 + Tn,n

The left column of equations from PX = X P gives
T11 + To1 = T1, 50 Tog = 0.

To1 + T31 = T, 50 x31 = 0.

Tn—1,1 + Tn1l = Tp—1,1, SO Tp1 = 0.
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The second column gives

T12 + Too = X171 + %12, SO To2 = X11-
Tog + T32 = To1 + Ta2, from above x9; = 0 and so z32 = 0.

T390+ Tao = T31 + T3, from above x5, = 0 and so x40 = 0.

Tn-12+ Tpa = Tn_11 + Tp_1,2, from above z,,_1 1 = 0 and so z, 2 = 0.

The third column gives x33 = 229 and then x;3 = 0 for all £ > 4. This continues
across the columns and thus «;; = 2, for all ¢ and x;; = 0 whenever j > k. So X
has the form

Ti1 12 ... Tin
0 T11 .-+ T2n

X =
0 0 o 211

Let Y € Cynz,)(PT) where Y;; = y;; for some y; ; € Zy,,. Now YPT = PTY
and taking the transpose of both sides yields PY? = Y7 P. Since Y7 commutes with
P, YT must have the form described for X above. Thus Y must have the form

yiu 0 ... 0
y— [P O
Yn1 Yn2 --- Y11
Thus
s 0 . 0
T 0 s ... 0
CM(n,Z,,,)(P) N CM(n,Z,,,)(P ) = —_— . S € L, = Z(I\/I(TL, Zm))
0 0 . s

(|

Corollary 2.5. For any m,n > 2, diam(I'(GL(n, Z,,))) and diam(T'(M(n, Z,,))) are
at least 3.

The following lemmas discern some properties of I'(GL(n, Z,,)) and I'(M(n, Z,,))
when m is a prime power.

Lemma 2.6. If p is prime and t > 2 is a natural number then for any X € M(n, Z,:)
there exists Y € M(n,Zy) such that X commutes with p"™'Y + I and p"'Y + 1 €
GL(n7 Zpt) \ Z(M(n, Zpt).
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Proof. Let p be a prime and ¢ > 2 a natural number. Let X € M(n,Z,). To find
Y we will divide into 2 cases. Firstly, for all ¢ # j there exists u;; € Z, such that
X, ; = pu; ;. Secondly, there exist distinct v, w such that X, ., # pu for any u € Zy.

Suppose that we have the first case. Then X commutes with p!™1E,, + I €
M(n, Zy )\Z(M(n, Zy)). Further, (p=*Ey 1 +1)((—p" ) E1 +1) = p~H(—p" ) Era+
I=1Is0op 'Ey1+1€GL(n,Zy)\ Z(M(n,Z,) and this case is done.

Now suppose that there exist distinct v, w such that X, ,, # pu for any u € Z,:.
Let A=p"~'X 41 € M(n,Z,). Since p is not a factor of X, 4, Apw =P Xpw #0
and v # w gives that A is not diagonal and thus not a scalar. Now, A clearly
commutes with X and A(—p"™'X + 1) = I so A = p'X +1 € GL(n,Zy) \
Z(M(n,Z,), this case is also done. O

Lemma 2.7. If p is prime and t > 2 is a natural number, then T'(M(n,Z,)) and
I'(GL(n, Z,)) are connected and diam(I'(M(n, Z,:))) = diam(I'(GL(n, Z,))) = 3.

Proof. Let p be a prime and ¢t > 2 a natural number. Let X, Y be arbitrary vertices
in T(M(n, Z,)). By Lemma 2.6, there exist A, B € M(n,Z,) such that p' 'A+1 €
CM(n,Z t)(X) N GL(TL, Zpt) \ Z(NIUL Zpt)) and ptilB +1e CM(n‘Zpt)(Y) N GL(n7 Zpt) \

p

Z(M(n,Zy)). Now

PTTA+F DB+ = pp T AB 4 p AT+ B 4 T
= p'pt2AB 4+ ptAI +pt U IB 4+ T
= 0+ p YA+ pBI+1
= p'p ' BA+p T A+ p BT+ 1

(P B+ DA+

So X,p"YA+1I,p"~'B+1,Y is a path of invertible matrices of length 3 between X
and YV in '(M(n, Zy)). If X,Y € GL(n,Z,) then this path is also in T'(GL(n, Z)).
Therefore I'(M(n, Z,:)) and I'(GL(n, Z,)) are connected and, from the lower bound
given by Corollary 2.5, diam(I'(M(n,Z,))) = diam(I'(GL(n, Z,))) = 3. O

Now we obtain some lemmas on the nature of I'(GL(n,Z,,)) and I'(M(n, Z,,))
when m is the product of two coprime factors.

Lemma 2.8. If s,t are coprime natural numbers greater than 1 then for any X €
M(n, Zg) there exist Y € M(n, Zy) and k € Zg such that sY + kI € Crn,z.)(X) \
Z(M(n,Zy)). Moreover, if X € GL(n,Zy), then Y and k can be chosen so that
sY + kI € GL(n, Zy).

Proof. Let s,t be coprime natural numbers greater than 1. Let X € M(n,Zy).
Firstly assume that for all i # j there exists u;; € Zg such that X;; = tu, ;.
Then X commutes with sEy; + 1 € M(n,Zg) \ Z(M(n,Zs)). Now assume there
exist distinct v, w such that X,, # tu for any u € Zy. Then X commutes with
sX +1 € M(n,Zy). Moreover, X, ,, is not a multiple of ¢ and so when multiplied by
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s does not give zero. Since v # w, this gives that sX + I is not diagonal and thus
nonscalar. This covers the first part of the lemma.

Now let X be invertible. To find appropriate Y and k, we will divide into 3 cases:
(1) t = 2 and for all ¢ # j there exists u; ; € Z such that X ; = tu; ;. (2) t # 2 and
for all ¢ # j there exists u; ; € Zg such that X; ; = tu; ;. (3) There exist distinct v, w
such that X, ,, # tu for any u € Z.

Case 1: Here t = 2 and X is of the form

T11 turg ... tury,
tu2,1 Too ... tUQ,n

for some x;;,u; ; € Zg.

tup1 tupa ... Tpp

Consider that det(X) is a sum of multiples of permutations of n entries of X with
precisely one entry from each row and column. All of the terms in the summation
will have a factor of ¢ in them except for the 11229 - - 2, term. If one of x;; were
a multiple of ¢ then so would this term, and det(X) = zt for some z. This is not a
unit in Zg so any such X is not invertible. Therefore, all z;; are coprime to ¢, that
is, are odd. Ast =2, zs =0 (mod st) if z is even and zs = s (mod st) if z is odd.
So sz;; = s for all i. Let A = s(Ey,, +I)+tI € M(n,Z). Then A is invertible by
Lemma 2.3. Since A is also not a scalar, A € GL(n,Zy) \ Z(GL(n,Zy)). Now

(s+t)xig + stuys (s+Eture + stuys ... (s+E)tur, + STyp
AxX — (s + t)tug, (s +t)zeo e (s + t)tugy,
(s + t)tug, (s + t)tunso e (s +t)zpn
[(s+t)xy (s+t)tury ... (s+t)tur, +s
(S + t)tu271 (S + t)l'zg P (S + t)tuzn
(s+t)tupr (s+t)tups ... (s +t)Tpn
[ (s+t)riy (s+turs ... (s+t)tur, + sz,
(s+t)tugy (s+t)xes ... (s+t)tus, + stus,
(s +t)tups (s+ttups ... (s4+)xn, + stuy,
= XA.

So A € Carm,z.)(X) \ Z2(GL(n, Zy)) and this case is done.

Case 2: Here t # 2 and for all ¢ # j there exists u; ; € Zg such that X, ; = tu, ;.
Let A =s(I —2Ey;) +tI € M(n,Zs). Then A is invertible by Lemma 2.3. Since
t # 2, we have s # —s and so A1; = —s+1t # s+t = Ays. Thus A is not a scalar.
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Writing X, ; = x;; and X, ; = tu;; for ¢ # j as in the previous case,

(=s+t)r11 (—s+tturs ... (—s+t)tur,
AxX — (s + t.)tuzl (s + ?)932,2 = (s + t.)tu2,n
(s +t)tuns (s+ttups ... (S+1)Ton
_(—S + t).l’l,l t2u1,2 . tz’ul’n
t2U271 (S + t).l’g,g N t2U27n
21 121y, N R
[ (*S + t)l’171 (S + t)tULg RN (S + t)tum
(*S + t)tu271 (S + t)x212 RN (S + t)tuzn
(=s+t)tun1 (s+t)tuns ... (s+t)Tnn
= XA.

So A € Carm,z.)(X) \ Z2(GL(n, Zy)) and this case is done.

Case 3: Now there exist distinct v, w such that X, ., # tu for any u € Zg. Let
A =sX +tI € M(n,Zs), which is invertible by Lemma 2.3. Now A, ,, = sX,, # 0
as X, ., is not a multiple of ¢. Since v # w, A is nonscalar. Then A clearly commutes
with X and so A € Carm,z,,)(X) \ Z2(GL(n, Zy)) and the lemma is proved. O

Lemma 2.9. If s,t are coprime natural numbers greater than 1, then I'(GL(n,Z))
and T'(M(n, Zy)) are connected and diam(I'(GL(n, Zy))) = diam(T'(M(n, Zy))) = 3.

Proof. Let s,t be coprime natural numbers greater than 1. Let X,Y be arbitrary
vertices in I'(M(n,Zy)). By Lemma 2.8, there exist A, B € M(n,Zy) and k,{ €
Zg such that sA 4+ kI € Cyn,z,)(X) \ ZM(n,Zy)) and tB + (I € Cynz)(Y) \
Z(M(n,Zg)). Now

(sA+KkI)(tB+¢I) = stAB+ stAI + ktIB + k(I
= 0+ {lsIA+tkBI + (kI
= tsBA+(sIA+tkBI+ (k]
= (tB+)(sA+kI).
So X,sA + kI,tB + (I,Y is a path of length 3 between X and Y. Therefore
I'(M(n,Zs)) is connected and, with Corollary 2.5, diam(I'(M(n, Z))) = 3

Moreover, if X, Y € I'(GL(n,Zs)) then, by Lemma 2.8, A, B,k and ¢ can be
chosen such that sA + kI,tB + (I € GL(n,Zs). Thus the intermediate vertices on
the path given above can be replaced with invertible ones, and so I'(GL(n,Zg)) is
connected and, using Corollary 2.5, diam(I'(GL(n,Zy))) = 3. O

Since any composite integer is either a prime power or a product of two coprime
factors, the proof of Theorem 1.1 is concluded by combining Lemmas 2.7 and 2.9.
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