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Abstract

A path in an edge-colored graph G, where adjacent edges may be colored
the same, is called a rainbow path if no two edges of the path are colored
the same. For a k-connected graph G and an integer k£ with 1 < k < &,
the rainbow k-connectivity rcg(G) of G is defined as the minimum integer
j for which there exists a j-edge-coloring of GG such that every two distinct
vertices of G are connected by k internally disjoint rainbow paths. This
paper is to investigate the rainbow k-connectivity of complete graphs.
We improve the upper bound of f(k) from (k + 1)? by Chartrand et al.
to ck2 + C(k), where ¢ is a constant, C(k) = o(k?), and f(k) is the
integer such that if n > f(k) then re(K,) = 2. Recently, we saw that
Dellamonica et al. got the best possible upper bound 2k, which is linear
in k. However, our proof is more structural or constructive.

1 Introduction

All graphs considered in this paper are simple, finite and undirected. Let G be
a nontrivial connected graph with an edge coloring ¢ : E(G) — {1,2,...,k}, k € N,
where adjacent edges may be colored the same. A path of G is called rainbow if no
two edges of it are colored the same. A well-known result shows that in every k-
connected graph G with k > 1, there are k internally disjoint « — v paths connecting
any two distinct vertices u and v for every integer k with 1 < k£ < k. Chartrand et
al. [2] defined the rainbow k-connectivity rci(G) of G to be the minimum integer j
for which there exists a j-edge-coloring of GG such that for every two distinct vertices
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u and v of G, there exist at least k internally disjoint u — v rainbow paths. It is
clearly well-defined.

The concept of rainbow k-connectivity has application in transferring information
of high security in communication networks. For details we refer to [2] and [4].

By the definition of rainbow k-connectivity rc,(G), we know that it is almost
impossible to derive the exact value or a nice bound of the rainbow k-connectivity
for a general graph G. So one investigates the rainbow k-connectivity of some classes
of special graphs, such as complete graphs, and complete multipartite graphs (see
[2]). In [2], Chartrand et al. studied the rainbow k-connectivity of the complete
graph K, for various pairs k,n of integers, and they derived the following result:

Theorem 1.1 ([2]) For every integer k > 2, there exists an integer f(k) such that
if n > f(k), then rep(K,) = 2. .

They obtained an upper bound (k+1)2 for f(k), namely f(k) < (k+1)2. This paper
is to continue their investigation, and the following result is derived:

Theorem 1.2 For every integer k > 2, there exists an integer f(k) = ck3 + C(k)
where ¢ is a constant and C(k) = o(k?) such that if n > f(k), then rey(K,) =2. 1

From Theorem 1.2, we can obtain an upper bound ck2 4+ C(k) for f(k), where ¢ is a
constant and C/(k) = o(k2), that is, we improve the upper bound of f(k) from O(k?)
to O(k%), a considerable improvement. Recently, Dellamonica et al. [3] got the best
possible upper bound 2k, which is linear in k. However, our proof is more structural
or constructive, and informative.

For notation and terminology not defined here, we refer to [1].

2 Proof of Theorem 1.2
In [2], the authors derived the following two propositions:
Proposition 2.1 ([2]) Forn >4, rca(K,) = 2 and forn > 5, res(K,) = 2. |

Proposition 2.2 ([2]) Let n > 6 be an integer. Then

3 ifn=6,7

It is easy to show that Theorem 1.2 holds for the case 2 < k < 4 by the above two
propositions, so we assume k > 5.
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Let Kyp)(r > 2) denote the complete (-partite graph each part of which con-
tains 7 elements and o = [max{y/5+ 1,52 +2}] (> 3). Let V = U, Ve

-
where Vi = {us1,us2,...,us,} (1 < s < ) is the vertex set of each part, and

U;j = {urj,usy,...,u;} (1 < j < r). We will give our result by means of the
following four steps:

Step 1. We will show that for every integer k > 5, if £ > £y, then reg,(Kep) = 2
(Proposition 2.3), which gives a result on the rainbow k-connectivity of the complete
(-partite graph Kyj,) where the number of parts ¢ = £? is a square number.

Step 2. We will obtain a similar result for the general complete ¢-partite graph
Ky using Proposition 2.3: for every integer k > 5, if £ > (o?, then reg(Kyp) = 2
(see Lemma 2.4). Here the number of parts /£ is not always a square number.

Step 3. Let G’ be a complete (¢ + 1)-partite graph with ¢ parts of order r and
one part of order p where 0 < p < r — 1, that is, G’ is obtained from Ky}, by adding
a new part with p vertices. We will obtain a similar result: for every integer k > 5, if
¢ > £y?, then rcy(G') = 2 (Proposition 2.5). We can see that Lemma 2.4 is a special
case (when p = 0) of Proposition 2.5.

Step 4. We derive Theorem 1.2 from Proposition 2.5.

We first consider the graph G' = K¢ where £ > {y > 3 is an integer. Now
V= Ug; Vi, where Vy = {ug 1, s, .. s, } (1 < s < E%). Let Upj = {ug-1yes1,4s-- - »
e ;}, and V; = Ule Wii—1)et, where 1 <@ < ¢, 1 < j <r. Then the subgraph of G
induced by U, ;, say G;;, is the complete graph K¢; the subgraph of G induced by
U;, say G}, is the complete graph K2, and G ; is a subgraph of G;. See Figure 2.1
for the case k =5, £ = 3, r = 4; the vertex subsets Uy, U1, V1 and V, are shown in
the figure and the subgraph G is K3, G; is K.

U,y Vi
[JU1,1 1,2 1.3 Hi4 |
ol2.1 o42,2 U2.3 H2.4
| U3l 3,2 .'Uz3_3 U3 4 -
Ui V5
ol 1 Qa2 oS3 Ja 4 /
oU5,1 oU5.2 oU45.3 5,4
1 X
oU6,1 o16,2 o 6:3 JU6.4
QU711 U722 7.3 A7.4
oU8.1 18,2 8.3 84
U911 U92 9,3 9.4

Figure 2.1 The figure for the case k =5, £ = 3, r = 4 (we omit the edges).
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Proposition 2.3 For every integer k > 5, if £ > Ly, then rey(Keepyy) = 2, where
r> 2.

Proof. At first, we give G a 2-edge-coloring. Similar to the edge coloring in the
proof of Theorem 1.1 in [2], we first give a 2-edge-coloring of each G; (1 < j < r)
as follows: We assign the edge uwv of G the color 1 if either uv € E(G;;) for some
i (1< <€) orif uv = ug,—1)e4t,j Ugia—1)ett,; for some iy, 49, ¢ with 1 < dy,49,8 < &
and i1 # i3. All other edges of G; are assigned the color 2. For example, in the
graph G of Figure 2.1, we choose iy =1, i, =2, t =2, j =1, £ = 3, and then edge
Uiy —1)e+t,5 U(in—1)e+t,j = Uz,1Us,1 Teceives the color 1; all edges with color 1 in G are
shown in Figure 2.2. With a similar argument to Theorem 1.1 in [2], we can obtain:

There are £ — 1 disjoint rainbow u — v paths for any two vertices u,v in the
subgraph G; including one path of length 1 and {—2 paths of length 2. (*)

For other edges, that is, the edges between distinct Gs, we use the above two
colors as follows. Let uv = u;, j,ui, j, where w;, ;, € Gj,, ui, j, € Gj,; we give it the
color different from the color of edge w;, j,wi, j, of graph G, or w; j,u,, ;, of graph
G, (since edges u;, j ui, j; and g, j,u;, j, have the same color by the above coloring).
For example, we choose i1 = 1, 5 = 5, j1 = 1, jo = 2, edges u;, j, Ui, j;, = U1,1Us1
and u;, j, Uiy j» = U12Us2 get the same color 2 as shown above, so edges u;, j, Ui, j, =
U11Us2 and s, Ui, 5, = U1,2Us1 get color 1.

1
TTT Gy us,1
==t 1Lz Up,1
ST 9.1

Figure 2.2 The figure for the edges with color 1 in Gj.

To complete our proof, it suffices to show that there are at least k disjoint rainbow
paths connecting any two vertices u and v of G. So we now count the number of
disjoint rainbow u— v paths for any two vertices u, v of G. Without loss of generality,
let u = uy 1. We consider four cases:

Case 1. v =uy; (2 <j <r), that is, u and v are in the same part. An example
of v = uy 5 is shown in Figure 2.1.

By the coloring, edges u; 1u, ; and u ju; ; have distinct colors where 2 < s < €2,
and so path wuy 1, us;, u1,; is a rainbow v — v path. Similarly, path w1, us1,u1,; is a
rainbow v — v path for each 2 < s < £2. Clearly any two such rainbow paths are
disjoint, so there are at least 2(¢2 — 1) > k disjoint rainbow u — v paths in G.
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Case 2. v =u,; (2 <s<¢E?), that is, u and v are in the same G; (here j = 1).
An example of v = u5, is shown in Figure 2.1.

By (*), in subgraph G; there are £ — 1 disjoint rainbow u — v paths; in each
subgraph G; where 2 < j < r, since there are £ — 2 disjoint rainbow u; ; — u, ; paths
u1,5,Y, Us,; of length two for some y’s where y € G;, and the color of uy ;y(yu, ;) is
different from that of uy 1y(yus1), we obtain £ — 2 disjoint rainbow w1 — us1 paths
u1,1,Y, Us1. Then there are at least r(§ —2) + 1 > k disjoint rainbow u — v paths
in G.

Case 3_ v = Ugj;, where 2 < s < &,2 < jo < 7, that is, v and v belong to
the same V; (here ¢ = 1) but in distinct parts and distinct G,’s. Without loss of
generality, let jo = 2; an example of v = uy 4 is shown in Figure 2.1.

At first, the edge uy1us 2 is a rainbow v —v path. Next we consider the monochro-
matic w11 — us1 path uy1,y,us1 in Gy, then each path wui1,y,us2 is a rainbow
u1,1 — Us2 path of length two. In U;, we choose y = ugi_1)e4¢1 Where 1 <14 <€,2 <
t <& and t # s; there are £( — 2) such paths. Similarly, there are (£ — 2) disjoint
monochromatic u; o — 4, 2 paths w2, y, us 2 where y € U, and we can obtain another
£(£—2) disjoint rainbow u—wv paths. In each subgraph G; where 3 < j < r, there are
& —2 disjoint rainbow wuy ; —us ; paths u j,y, us ; of length two, then paths us 1, y, us 2
are disjoint rainbow u — v paths since the color of u; jy (yus ;) is different from that
of ui 1y (yus2).

So the number of disjoint rainbow u — v paths in G is at least

1+26E—-2)+(r—2)(E-2) 1+ (26+r—2)(-2)
14+7rE—-2)

k.

(ALY,

Case 4. v = Ug—1)¢4t9,50 Where 2 < iy < & 1 <ty <&, 2 < jo < r; that is, v

and u are in distinct V;’s and G;’s (here v is not in V; and Gy).
Subcase 4.1. t; = 1; an example of v = uy 5 is shown in Figure 2.1.

The edge uv is a rainbow u— v path. In subgraph Gy, we find the monochromatic
U — Uig—1)¢41,1 Path u, Y, ugo—1y¢11,1. We choose any vertex of Uy \ {Us,1 UU; 1} to be
y. Since the color of edge yu(,—1)e41,1 is different from that of yv, each path u,y,v
is rainbow, so we get £(£ — 2) disjoint rainbow w — v paths. Similarly, in subgraph
Gy, we can find monochromatic paths i j,, ¥, U@y—1)e+1,j0, and get another £(§ — 2)
disjoint rainbow u — v paths. In each subgraph G; where j # 1,jo, we find the
disjoint rainbow uy; — U(iy—1)¢+1,; Paths 1 j,y, uy—1)e41,; of length two. Since the
color of uy jy (Yu(io—1)e+1,;) 1s different from that of uy 1y (yug,—1)e41,1), respectively,
there are £ — 2 disjoint rainbow u — v paths w11, y, Ug—1)e+1,1-

So the number of disjoint rainbow u — v paths in G is at least

14 26(6-2) 4 (r—2)(E~2) = 142 +r—-2)(-2) > 1+r((—2) > k.
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Subcase 4.2. ty # 1; an example of v = u5 5 is shown in Figure 2.1.

The edge uv is a rainbow u— v path. In subgraph Gy, we find the monochromatic
U — Ugiy—1)e+t0,1 PN U, Y, Ug—1)eq10,1- L€t y = ug_1yeqe1 Where @ # 1,0, t # 1,0
O Y = U1 OF Uiy—1)e+1,1- Since the color of edge yu(iy—1)¢44,,1 is different from
that of yv, each path w,y,v is rainbow, and so there are (£ — 2)(§ — 2)+2 disjoint
rainbow u — v paths. Similarly, in subgraph G, we can find monochromatic paths
Ut jo, Ys U(io—1)é+1,50, and get other (£ — 2)(§ — 2) + 2 disjoint rainbow u — v paths.
In each subgraph G; where j # 1, jo, we find the disjoint rainbow wu; ; — w(iy—1)¢+0.5
paths w1 j, Y, Ugiy—1)¢410,; Of length two. Since the color of uy jy and yu,—1)e44,5 18
different from that of w1y and yu(iy—1)e4+y,jo, TeSpectively, there are & — 2 disjoint
rainbow u—v paths uy 1, ¥, Uiy—1)e+t0,50 (here y € G where j # 1, jo). So the number
of disjoint rainbow u — v paths in G is

5426 -2)E-2)+(r—2)(¢-2)

54 (28 +r—06)(¢E—2)

> 547 -2)

> k.

]

Next we will consider the case for the general complete multipartite graph G =
Kyjyy with equal parts, where £ > 3. Let € be the integer satisfying £ < ¢ < (£+41)?
where £ > {5. Then by Proposition 2.3, we only need to consider the case 1 < g = {—
£ < 2¢. Let G be obtained from K2,y by adding ¢ new parts P; (1 < i < ¢). Let the
vertex set of each corresponding new part be V(F;) = {v;1,vi2,...,vi.} (1 <i<q).
We now update Vj as follows: if 1 < ¢ < &, let the new V; be the union of the
old V; and V(P,); if € < ¢ < 2¢, let the new V; be the union of the old V; and
V(P;) UV (Pey;) (if this exists). Similarly, we update U, ;,U; (1 <i<¢,1<j<r)
(and also Gj, G; ;). See Figure 2.3 for the case k =5, £ = 3, r = 4 and ¢ = 13; the
vertex subsets Vi, V(P) and new vertex sets Uy, Uy 1, V; are shown in the figure and
the new subgraph Gi; is K5, and G is Kis.

By a similar argument (but a little more complicated) to the proof of Proposition
2.3, we derive the following lemma which will be used in the sequel:

Lemma 2.4 For every integer k > 5, if £ > (3, then reg(Kep)) = 2, where r > 2.

Proof. At first, we give a 2-edge-coloring to graph G as follows: For each G; (1 <
j < r) (similar to the proof of Theorem 1.1 in [2]), we assign the edge uv of G
the color 1 if uv € E(G;;) for some i (1 < i < &) or uv = g, —1)¢41,j U(in—1)¢+t)
OF UV = Uj,j Viyj O UV = Vgti, j Vgyip; fOT some i1,%9,t with 1 < 41,49,¢ < € and
i1 # 2. For example, all edges with color 1 in the subgraph G; of graph Kijy
are shown in Figure 2.4. All other edges of G, are assigned the color 2. For other
edges of G, that is, edges between distinct G’s, in a similar way to the proof of
Proposition 2.3, we use the above two colors as follows. If uv = w;, j, w;, j, where
Uiy € Gy, Uiy 4o € Gy, we give it the color different from that of edge w;, j, wi, j,
of graph G, or w;, j, Wi, ;, of graph G, (since edges u;, j, Ui, j, and w;, j, W, ;, have
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Uy (new)
Uj1(new
s ( ) I |.u1.1 .’U,Lz .u1_3 .Ltl,,,l i‘—‘/l
JU2,1 o422 U233 oU2,4
oU3.1 o432 3,3 M3,
V(P) {11 L2 L3 L4 |

oU4,1 V4,2 V4.3 L4
o4, 1 4,2 4.3 a4

_ o5, o452 M5.3 54

Va(new) 6,1 U6,2 6,3 U4
21 2.2 2.3 J2,4
o7l o7.2 73 oU7,4
JU8,1 o U8,2 U3 U8 4
o191 o492 .Ugyg .uf).'-'l
oU3.1 oU3.2 3.3 D34

Figure 2.3 The figure for the case k = 5, £ = 3, r = 4 and ¢ = 13 (we omit the
edges).

the same color by the coloring). Similarly, we color the edges for the cases in which

UV = Uy, j, Viy jo AN UV = V;) 5\ Vig o -

Figure 2.4 The figure for the edges with color 1 in subgraph Gj.

By the proof of our Proposition 2.3, there are at least k disjoint rainbow paths
connecting any two vertices u,v € V(G)\ UL, V(). We need to count the number
of disjoint rainbow paths between u and v where u € JL, V(F;) and v € V(G).
Without loss of generality, let u = vy 1, and we consider four cases, which are similar
to the four cases in the proof of our Proposition 2.3.

Case 1. v € V(P), that is, u and v = vy, (2 < jo < r) are in the same part
(here the part is P;). An example of v = vy 5 is shown in Figure 2.3.

G contains the disjoint rainbow w — v paths vy 1,y,v1,4, where y € Uy U Uj, \
{v11,v14,}- So the number of these paths is at least 262 > 262 > 2(¢2 — 1) > k.
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Case 2. v € Uy, that is, v and u are in the same subgraph G;. An example of
v = Va1 is shown in Figure 2.3.

In G4, there are at least £ — 1 disjoint rainbow u—wv paths. Ineach G; (2 < j <r)
there are at least & — 2 disjoint rainbow «' — v paths «’,y,v" of length two where
o', v' are in the same part with u, v, respectively. So we get at least £ — 2 disjoint
rainbow u — v paths u,y,v, where y € G; (2 < j < r). Then the number of disjoint
rainbow u — v paths is at least 1 +r(§ —2) > 1+ r(ly — 2) > k.

Case 3. v € V; but not in U; UV(P,). Without loss of generality, let v € Uj,.
Initially, edge uv is a u — v path.
Subcase 3.1. v = v¢i1,5,. An example of v = vy is shown in Figure 2.3.

Similar to Case 3 in the proof of Proposition 2.3, we find the monochromatic
u — vgy1,1 path of length two in the subgraph Gy and get at least ¢* disjoint rainbow
w — v paths. Similarly, there are another £2 disjoint rainbow u — v paths by finding
the monochromatic vy ;o —vey1 j, paths in Gj,. In each G; (j # 1, jo), similar to Case
3 in the proof of Proposition 2.3, we get at least £ — 2 disjoint rainbow u — v paths
of length two by finding rainbow vy ; — ve41; paths in G;. So the number of disjoint
rainbow u — v paths is at least

142824+ (r—2)(E-2) > 14+2(E-2)4+(r—2)(E-2)
= 1+(26+7r-2)(£-2)
> 14 (20 +7—2)(ly —2)
> 147y —2) > k.

Subcase 3.2. v = u,, ;, where 1 < 55 < &,2 < jo < 7. An example of v = u3 is
shown in Figure 2.3.

By a similar procedure to Subcase 3.1, we can get at least 1 +2£(§ — 1) + (r —
(E-2)>142+r—2)(—-2)>21+2+r—2)lo—2)>1+7r(ly—2) >k
disjoint rainbow w — v paths in graph G.

Case 4. v is not in V; and Uj, without loss of generality, let v € 72\ U,. We
consider two subcases similar to Case 4 in the proof of Proposition 2.3.

Case 4.1. v = vy, where 2 < j, < r. An example of v = vy is shown in
Figure 2.3.

Similar to Subcase 4.1 in the proof of Proposition 2.3, we can get at least 1+2£(£—
2)+(r—2)(—=2) =1+ 26+r—2)(6—2) > 1+ (2l +7—2)(lg—2) > 1+71(ly—2) > k
disjoint rainbow u — v paths in G.

Case 4.2. v # v, ,. An example of v = w49 is shown in Figure 2.3.

Similar to Subcase 4.2 in the proof of Proposition 2.3, we can get at least 1+2(€ —
DE=2)+(r=2)(€-2)=1+Q2+r—4)(E-2)21+r(-2) 2 1+r(lh—2) 2 k
(since & > 2) disjoint rainbow u — v paths in G. |
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From Lemma 2.4, we derive the following result.

Proposition 2.5 Let G’ be a complete (¢ + 1)-partite graph with ¢ parts of order r
and a part of order p where 0 < p < r. Then for every integer k > 5, if £ > (2, then
reg(G') = 2.

Proof. For the case p = 0, the conclusion clearly holds by Lemma 2.4, so we assume
p > 1. We know that G’ can be obtained from G = Ky, (graph of Lemma 2.5) by
adding p new vertices: wq,wo, ..., w, (1 <p <7 —1) and edge vw; where 1 < j <p
and v € V(G). For example, let the graph G’ be a complete 14-partite graph with
13 parts of order r = 4 and a part of order p = 2. Then G’ can be obtained from the
graph G in Figure 2.3 by adding a new part with p = 2 vertices.

We color the new edges as follows: Give color 2 to edges between U; and w;, and
color 1 to the other edges.

Now we count the number of disjoint rainbow u — v paths between any two
vertices of G. By Lemma 2.4, we need to consider the case that u = w;,v € V(G’)
(1 <7 < p). Without loss of generality, let u = wj.

Case 1. v € V(G).
Subcase 1.1. v € Uy; without loss of generality, let v = ;.

Then G contains theif v path u, v as well as the v — v rainbow paths wy, y, u1;
of length two where y € V3 \ {u11,...,u1,}. So the number of disjoint rainbow u—wv
paths is at least 1+ r({ — 1) > 14+ r(ly — 2) > k.

Subcase 1.2. v is not in Uy; without loss of generality, let v = uq 0.

Then G contains the u — v path u, v as well as the u — v rainbow paths wy,y, u1 2
where y € (U3 UUs) \ (Uig U U2 U {u(i_1)§+1‘j0}§:1) where jo = 1,2, or y €
{u(i,l)iﬁl’j]}fﬂ (1 # 1,2), or y = u,,; where 2 < s < £,j # 1,2. So the num-
ber of disjoint rainbow u — v paths is at least

T+2€6-DE-D+2(6=D(r—2) = 14+(£-1)(26+2r—06)

> 1+ (£—2)(26+2r—6)
> 1+(&6—-2)r > k

(here we let 7 > 2). The proof for the case that v = vy or vey1 2 is similar.

Case 2. v = w; where j # 1.

Then G contains the v — v rainbow paths ws,y, w; where y € U; U U;. So the
number of disjoint rainbow u — v paths is at least 262 > 262 > 2(¢2 — 1) > k. ]

We know that the graph in Proposition 2.5 is a spanning subgraph of the complete
graph K, where n = ¢r +p, £ > (2,0 < p < r. On the other hand, we choose
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r =ro = [V2k], and then

by = |max{

Let G” be the complete graph K,, where n = l3rg +p, {3 > (3,0 < p < ry. Then G”
contains a spanning subgraph G’, where G’ is a complete ({3 + 1)-partite graph with
{3 parts of order ry and one part of order p where 0 < p < ry. From Proposition 2.5,
Theorem 1.2 follows.
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