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Abstract

Let T, be a (d — 1)-ary tree of height n. A bilateral regular tree is the
multigraph 77, that is defined by : (i) juxtaposing two T,’s, (i) drawing
a new edge between two roots and (iii) drawing d — 1 edges between each
leaf and a new vertex, called the sink. In this paper the sandpile group
of T4, is determined.

1 Introduction

The abelian sandpile model was introduced by Bak et al. in [2]. Since then, the
sandpile group has been widely considered in various domains, including statistical
physics [2, 7], algebraic combinatorics [3, 4, 5, 6] and arithmetic geometry [9, 10]. A
sandpile group is also called a critical group ([4]) or a Jacobian ([1]) in the combina-
torics literature. It is well-known that the order of the sandpile group of a graph is
the number of spanning trees in the graph.

Let G be a simple connected graph; we single out one vertex, s, called the sink.
A nonnegative vector u € Z!V(@I=1 may be considered as a (chip) configuration on
G with u; chips on vertex i. A toppling rule is defined as follows: a toppling occurs
when a vertex has a number of chips not less than its degree; in that case it transfers
a chip to each of its neighbors. A vertex ¢ (not the sink) is stable if the number
of chips w; on it satisfies u; < d;, where d; is the degree of the vertex 7. If i is
not stable, then by successively toppling unstable vertices in finitely many steps, a
stable configuration u° can be achieved, and we call u° the stabilization of u. A
stable configuration u is called recurrent if there is a nonzero configuration v such
that (u +v)° = .

The set of all stable configurations on a graph G forms a commutative semigroup
under the operation (u;v) — (u-+v)° and the set of all recurrent configurations forms
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a subgroup of the above semigroup; this group is called the sandpile group (denoted
by SP(G)) of the graph G. See [7] for more details.

Let T,, be a (d — 1)-ary tree of height n. Adding an edge between the roots of two
T,’s, and connecting each leaf to a single vertex (called the sink) by d — 1 edges, we
get a bilateral d-regular tree T,fyn. For convenience, we also regard the roots of two

T,’s as the roots of T . The spectra of bilateral regular trees has been discussed in
[11].

S

Fig. 1. A bilateral d-regular tree with d = 3,n = 2 and the roots r,r’

The aim of this paper is to explore the structure of the sandpile group SP(T¢ n) on
Td The remainder of this paper 1s organized as follows. In Section 2 we enumerate
the number of spanning trees of 77 and the orders of some elements of SP(TY7,).
In Section 3 we characterize the recurrent configurations on Td in terms of critical
vertices. In Section 4 we obtain the direct sum decomposition of SP(T? n)

2 The order of the sandpile group of T

n,n

Let T be the graph obtained by drawing d — 1 edges between each leaf of T}, and
the sink. Adding an edge between the root and the sink of T¥, we obtain a wired
d-regular tree T,, of height n. The sandpile group of 7,, and T was discussed in
[8, 12].

Throughout this paper, welet a =d —1and [ay =1+a+a®+--- +a" L

Lemma 2.1 (/8]) Let t,, be the number of spanning trees of T, with n > 3. Then

n—1

ty = 91 4+ (d— "+1th 2= 0 2(dt,_y — (d— 1)td)). (2.1)

More explicitly,

an— k a—
= [a]nt2 H[a k+1 et (22)
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Fig. 2. Graphs T, T, T, with d = 3,n = 2.
The number of spanning trees of T,‘f,n is given by the following lemma.

Lemma 2.2 Let x(T7,) be the number of spanning trees of Td, and n > 3. Then

n

an— k a 1
K’(T'in) = (la]ny2 = la]ny1)([a]ns2 + [a]nt1) H i1
k=1
That is,
a an—k
K(Trlziyn) = a""([a]ns2 + [a]nn H i(ﬂ Y
k=1

Proof. Let 7,7’ be the roots of T?,. We divide the spanning trees of T¢, into two
classes:

Case 1. The edge 77’ is included in the spanning tree. Then there is a path
from the sink to the root r (also to the root r) in the spanning tree. Without loss
of generality, we assume that the path exists in the first TF with root r. Regarding
this path from r’ to the sink s as an edge r 5 it is not hard to get the number of
spanning trees of T), including edge r’s is tn ! here t, is the number of spanning
trees of T,,. The number of spanning trees of 7* with root r is [[,_, h td 2. Since there
are 2(d — 1)"! possible paths from roots r to the sink s, the number of spanning
trees in the first case is

2(d — n+1td lﬂtd 2_2td 1 (t, 7td 1)
k=1

by Eq. (2.1).
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Case 2. The edge r7’ is not included in the spanning tree. Since there are
(d — 1)+t HZ;} t¢~2 spanning trees on Tj,, the number of spanning trees of T, in
the second case is

n—1
(=)™ e = (b —tazh)™
k=1
Therefore the number of spanning trees of T, is
26,73 (b — 1 71) + (= 1571)° = (b — 70t +1071).
Substituting ¢, by Eq. (2.2), the result follows immediately. (|

Let G be a tree with root 7 and let j (j # r) be a vertex of G. Let p; be the
parent of vertex j, C; be the set of children of j, V; be the set of descendants of j,
and le be the set of descendants of j in depth [. Denote the distance of vertices
i and j by dist(é, 7). Now S, is the sphere of radius m about the root of G, i.e.,
Sp = {k € V(G) : dist(r, k) = m}. We say that the root r (respectively, r’) is neither
a parent nor a child of root 7’ (respectively, r ) in T,fyn. The Laplacian matrix of
Td,is L =D — A, where A and D are the adjacency matrix and the degree matrix
of Tri{n, respectively. Deleting the row and column corresponding to the sink s in L,
we obtain a matrix A. Let V = V(T¢, )\ {s}, & (i € V) be the row vectors of A,
{x; :i € V} be the standard basis in Z". That is, the i-th coordinate of z; is 1 and
the others are 0. It is clear that

5, = { dz; — xp, — Zjeci x;, if dist(r,q) <n, (2.3)

dz; — xp,, otherwise.
J

Let A be a lattice of ZY spanned by {§; : i € V'}. Then the sandpile group of T,Zn
is isomorphic to Z" /A ([1]). Obviously, the image of §; in SP(T ) (denoted by d;)
is the identity element e.

By Lemma 2.2, we know the order of the sandpile group S P(T,‘in). Next we will
find out some elements with orders (d—1)"*1, ([a]nr2+[a]ny1) and (d—1)" 1 ([a]pee+
[alnt1) in SP(TY,), respectively.

Lemma 2.3 ([12]) Let pu1, ..., € Z' be linearly independent over Q and let A =
Xt _ Z, be the lattice spanned by pi1, . .., ;. Consider the finite abelian group K =

n=1

ZV/A\. Assume that u € 7 satisfies

t
TH= Y Tupt,
n=1

where v, rn, € Z, v >0 and ged(rq,...,r) = 1. Then the order of i in K isr.

Lemma 2.4 ([12]) Let G be an abelian group and let z, € G (0 < n < t). Let
ord(zg) = s. Assume rpzpp1 = Thy1zn (0 < n < t — 1), where v, € Z and
ged(ry, rns1) =1 (0 <n <t —1). Then ord(z,)|lem{sro,r1,..., 11} (1 <n <t).
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Lemma 2.5 ([12]) Let j € S, (1 < m <n). Then

Z[a n+1— lz 5k - n+2 mf] [a}n+l—mij~ (24)
kev}
Furthermore,
[a]nt2-mT; = [a}nﬂfmfpj' (2.5)

By the same argument, Lemma 2.5 is true for the graph T,fyn.

Proposition 2.6 Let xy and x; be the generators corresponding to roots v and 1/,
respectively. Then

ord(zo +3p) = [alnte — [alps1 = (d—1)",

ord(Zo — j{)) = [a]nt2 + [a]nta1-

Proof. Let S; be the set of descendants of both r and 7’ in depth . That is,
Sy = V! + V.. Consider the sum

((d—1)"* —1 5+Z — )T =) > 6y (2.6)

keS;

For !> 1, k € S, by Eq. (2.3), the coefficient of zj in (2.6) is
—(d=1)((d-1)"" = 1) +d((d— 1" —1) — ((d—1)"*"—1) = 0.

Similarly, the coefficient of zy is also 0 for [ = 1, k € V!. For I = 1, k € V., the
coefficient of z;, is
d(d—1D"=1) = (d—-1)((d—-1)""—=1)=(d—1)"" —1.
The coefficient of xg is
d((d—1D"" 1) —(d—=1)((d—=1)" = 1) = (d — 1)"* — 1.
The coeflicient of z, is
—((d=1)"" = 1) = (d=1)((d—1)" = 1) = =2(d — )" +d.
Therefore we have
(( - n+1 5 + Z o n+1—l o 1) Z Sk
keSS,
=((d—-1)"" = Z z + ((d—1)"2 = Dxg — (2(d — )™ = d)aj. (2.7)

keC,,
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Dividing by d — 2 in both sides of Eq. (2.7) , since

we obtain

[a]n410, + Z a)pt1— lz Ok = [a]ns Z T + [a]nsozo — (2]l — D). (2.8)

keSS, kECT/
Let j € C}v. By a similar argument, we get

Z alnt1-1 Z Ok = [a]np Z z, — (d — 1)[a] (. (2.9)

=1 kaT/ keC,,

Substituting Eq. (2.9) into Eq. (2.8), since (d — 1)[a],, = [a],+1 — 1, we have

[ ]n+2f0 n+11() Z[a n+1—1 Z 5k (210)
kev}
Similarly, we obtain
[a]nyoh — [alni1m0 = Z[a]n+l—l Z Ok (2.11)
1=0 kev,
By Egs. (2.10) and (2.11), we get

([a]n+2 + [a}nJrl)(wO - 1‘0) = Z Alpt1-1 Z O — Z 5k (2.12)

1=0 kev} kev!,

([alns2 = [alni1)(z0 + 7() = Z alnar-(> 0+ > ). (2.13)

=0 kev} kev!,

Since [a]; = 1, by Lemma 2.3, the result follows. U
The orders of more elements in SP(T}¢,) are given in the next two propositions.
Proposition 2.7 The order of Ty ( &y) is ([a]nt2 — [alnt1) ([@]ns2 + [a]nt1)-

Proof. Since
2z = (zg + x5) + (T0 — T7), (2.14)

multiplying ([a]n+o — [a]nt1)([@]nt2 + [a]ns+1) on both sides of Eq. (2.14), we obtain
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2([a]nv2 = la]ny1)([a]ny2 + [alni1)zo = ([alnr2 — [alnr1)([a]ns2 + [alnsr) (@0 + 25) +
([alns2 — [a]nt1) ([a]nt2 + [@]nt1)(zo — 25)- By Egs. (2.12) and (2.13), we obtain

n

([alnt2 — [a]nt1)([@]ns2 + [a]ns1) 20 = Z[a]nﬂfl([a]wﬂ Z O + [a]ngr Z Ok)-

=0 keV} kev,
Since [a]; = 1, ged([a]n2, [a]nt1) = 1, by Lemma 2.3,

ord(z) = ([a]ny2 — [a]ny1)([a]na + [a]ns1)-

Similarly, we can obtain the order of z;. (]

Proposition 2.8 Let ji, jo € Sn, 1 < m < n. Then the order of T;, — Zj,
is [alnyo—m if they are siblings (that is, they have the same parents); ord(z; —
zj,)|lem([alpt1([a]nte + [a]nt1)s [@ln, - - -, [@]nso—m) if they are not siblings.

Proof. The proof of the first part is similar to the proof of Proposition 7.6 in [12].
Let ¢j, (cj,) be a child of ji (j2), by Eq. (2.5), [a]n-m+1(Zc;, —Te;,) = [a)n-m(ZTj, —T55)-
Let 7, = [a]ln—m+1, 2m = Tj, — Tj,; by Proposition 2.6 and Lemma 2.4, the second
conclusion holds. In particular, for m = 1, and with j;, j> not siblings, ord(z; —
232) = (a1 (@os2 + [alar).

Similar to the proof of Proposition 7.7 in [12], we also have the following.

Proposition 2.9 Let y,, = > g 2. Then the order of §, is (d — 1)nti=m 0 <
m <n.

3 The recurrent configurations on 7%

In this section, we discuss the recurrent configurations on 7%  in terms of critical

n,n
vertices.

Lemma 3.1 ([7], Burning algorithm) Let 3(i) be the number of edges in graph G
from vertex i to the sink. A stable configuration u on G is recurrent if and only if
adding (i) chips at each vertex i cause every vertex to topple exactly once.

Let T;, (vespectively, T7) be a (d — 1)-ary (respectively, (d' — 1)-ary) tree of depth
n and root r (respectively, 7). The graph I is obtained by joining the two roots by
an edge and connecting each leaf of T), (respectively, 7)) to the sink s by (d — 1)
(respectively, (d' — 1)) edges.

Definition 3.2 ([8]) A vertex i € V(I') is critical for a configuration u if ¢ # s and

u(@) < #{j € C;|jis citical}. (3.1)
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From the definition, we know that the leaf vertex i is critical if and only if u(i) = 0.

Proposition 3.3 A stable configuration u on I is recurrent if and only if at least one
of the two roots is non-critical and equality holds in (3.1) for every critical vertex i.

Proof. If a stable configuration is recurrent, then by Lemma 3.1, adding (i) chips
at each vertex i cause every vertex to topple exactly once. If i is critical, then

uw(i) + #{j € C; | j is not critical} < d; — 1.

Obviously, for every critical vertex i, equality holds in (3.1); otherwise ¢ never topples.
Assume that both r and r’ are critical. Then after chips are added, the two roots
never topple because they can receive at most (d,—1) and (d,» —1) chips, respectively,
SO u is not recurrent.

If at least one of the roots is non-critical and equality holds in (3.1) for each critical
vertex 4, similar to the proof of Proposition 3.1 in [8], we begin toppling vertices in
order of decreasing distance from the roots. A non-critical vertex i satisfies

u(i) + #{j € C; | j is not critical} > d; — 1.

Inducting upwards, every non-critical vertex topples once. Since equality holds in
(3.1) for every critical vertex 4, the critical vertex i has either toppled (if its parents
toppled) or is left with exactly d; — 1 chips (if its parents did not topple). If two
roots are both non-critical, then they toppled and all vertices toppled just once. If
one of the two roots is critical, say r, then the number of chips on it is d, — 1 by the
above discussion. When 7’ toppled, r receives a chip and then it begins to topple.
Thus all vertices topple just once. By Lemma 3.1, u is recurrent.

By the Burning algorithm, for a graph G with |V(G)| vertices,
B=(B(1))cvic) =A= —Z;‘;ﬂcﬂ’lAj c AzV@&I-1

Its recurrent representative is B = e. Since  is constant on each of the levels on
Tg‘n, one can denote [ by (0,0,...,0,d — 1) which means that the vertices on the

(n + 1)-st level have d — 1 chips and all the other vertices have no chip on them. It
is not hard to obtain e = (d —1,d — 2,...,d — 2) from § =e = (8 + €)°.

The principal branches of T, are the subtrees rooted at the children of the root.
LetiTi7 i=1,...,d—1 (respectively, T", i = 1,...,d — 1) be the principal branches
of T, (respectively, T7). If s; (respectively, ¢;) is a configuration on T (respectively,

. n
T"), a, b are two nonnegative integers. Denote (S N b ) the configuration

1yeesSd—1,015005td—1
on I with a chips on r and b chips on . By Proposition 3.3, we have the following

lemma.
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Fig. 3. A recurrent configuration on the bilateral 3-regular tree of height 3. The bottom
edges lead to the sink and the critical vertices are circled.

Lemma 3.4 Letu=(, ° L.

S1yeesSd—1,0150 0 td—1

) (respectively, (t1 b ))

(i) If u is a recurrent configuration on ', then ( ot

815008d

is a recurrent configuration in SP(T,) (respectwely, SP(T.)).

-----

tively, Tn), and at least one of the two roots is non-critical, then u is recurrent
on I'.

Let R(Tff’n) be the subgroup (Zo, ;) generated by Zg,Z; in SP(Tfl{n). Then
R(T;f,n) is a cyclic subgroup from the next proposition.

Proposition 3.5 Let R(TY,) = (T, ;). Then R(T{,) is a cyclic subgroup with
generator Ty (or Tj).

Proof. Obviously, since e is constant on each of the levels of Tgn, in the process of
stabilizing configuration (kizo+koxy) (k1, ke are non-negative 1ntegelrs)7 the property
of being constant on each of the levels of T}, is preserved. Enumerate the number
of recurrent configurations of T¢, with constant on each levels of T, now. Let

u = ( ¢ b ) = (w Vv) be a recurrent configuration, constant on each level
815e0y8d—151 50 std—1 ’

of T,,, where w = ( @ )7 v = ( b ) and the symbol “V” is a connector. Then
S1y00,8d—1 t1yeestd—1
both w and v are recurrent configurations, constant on each level of T;,, by Lemma 3.4.
Conversely, let w = (51,..?5(1_1)’ v = (tl,...l,?tdq) be recurrent configurations, constant
on each level of T,,. We can represent w (v) as a vector (aj, ..., a,11)-
If neither w nor v contains coordinate 0, then there are (d — 1)2™*V) recurrent

configurations.

If both w and v contain a coordinate 0, then all vertices between that level and
the root are critical and each of them must have d — 1 chips. By Proposition 3.3,
u = (wVw) is not a recurrent configuration. This means the configuration u = (wVv)
is recurrent, constant on each of the levels of T, if and only if both w and v are
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recurrent configurations constant on each of the levels of 7}, and coordinate 0 cannot
occur in w and v at the same time.

If there is a 0 coordinate in either w or v, the number of recurrent configurations

2((d _ 1)(n+1)+n + (d _ 1)(n+1)+(n—1) S (d _ 1)n+1) _ 2<d _ 1)n+1[a}n+l.

So the number of all recurrent configurations constant on each level of T, is

(d =)%Y +2(d = 1) Malurr = (d = 1" ([a]usz + [a]ur)
= ([a]ny2 — [a]ny1)([a]ns2 + [@]ng)-
Since ord(Zg) = ord(Zy) = ([alns2 — [a]nt1)([@]ns2 + [a]ns1), it follows that
(To) = R(Tﬁ,n) a

The following proposition gives the relation between z, and zj,.

Proposition 3.6
7o = (d(d — 1" alsr — (d = Dlalusa)Th.
Proof. By Egs. (2.10) and (2.11), we have
[a]n42Zo = [a]p1Zy;
[aln42%y = lanr1Zo. (3.2)
Then
[a]ny2T0 = To + (d — 1)[alny1T0 = To + (d — 1)[alny2Ty = [a]n1Tp-

So we obtain
zo = ([a]ns1 — (d — 1)[a]ny2) .

Since [a],11 — (d — 1)[a]nse < 0,
ord(Zo) = ([alnt2 — [alns1)([alnr2 + [a]ntr) = (d — 1)n+1([a}n+2 + [a]n+1),

and we have

o = ((d= 1" (aro + [alors) + [aluss — (d — Dalusz))
= (d= 1" (14 (d = Dlaluss + [alusr) + [aloin
— (d = D(alnss + (d = 1))z
= (d— D" 1+ dlalu) — (d— 2l — (d - 1))
= (d(d 1) s — (d - )" 4 1))
(d(d — 1" a1 — (d — 2)[a]or2)T).
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4 The direct sum decomposition of SP(T},)
The following theorem plays an important role in the proof of our main results.

Theorem 4.1 Let T,fyn be a bilateral d-reqular tree, R(Tffn) be the subgroup generated
by o, 7, and R(T,) be the subgroup generated by g in SP(T,), where j is the
generator of root r in T,,. Then

SP(Ty,)/R(T;,) ~ SP(T,)/R(T,) ® SP(T,)/R(T,). (4.1)

Proof. Define  : SP(T{, ) — SP(T,) ® SP(T,) by

— s .
817"'7Sd717t17"'7td71 S1y-++58d-1 t17"'7td71

By Lemma 3.4, the map ¢ is well-defined. From a combinatorial viewpoint, zq (or
xy) can be regarded as a configuration with a single chip on r (or 7’) and no chip on
other vertices. For any recurrent configuration u, (u + Zo)° = (u + x0)°. Consider
the recurrent configuration

‘ b Y hm) = (o) my
u = z = ((wVv)+Ty)°.
Sl7-~-7sd—17t17"’7td—1 0 0

If @ < d— 1, since r does not topple after adding a chip on it, then u — ((w +
To)°,v).

Ifa=d—1,b<d-— 1, after r topples, then 7’ receives a chip from r but does
not topple, and then u — ((w + &§)°, (v + F)°).

If a = b= d—1, then there are two positive integers ki, ko, such that u —
((w + k1Z0)°, (v + k27()°). So we can get a map of quotients

p: SP(T;,)/R(T,,) — SP(L,)/R(T,) & SP(T,)/R(T,).

Now we prove that ¢ is an isomorphism. First, we assert that ¢ is a bijection. For
elements w = (S],”f‘sdq), v = (t],...l,)td,1> € SP(T,), if either r or r’ is non-critical, then
by Lemma 3.4, (w V v) is the inverse image. If both r and 7" are critical, we assert
that there is a recurrent configuration w’ (respectively, v’) in SP(T,,) whose root
is non-critical, which is in the same equivalence class of w (respectively, v) modulo

R(T,,). We prove the assertion by discussing two cases.

Case 1. There is a child of r (+') which is non-critical. Thena <d—1 (b<d—1).
Adding a chip on 7 (') does not cause r (r') to topple; then r (r') becomes a non-
critical vertex. Thus w' = (51 “J“Sld_l) (1respectively7 "= (t1 'lffrtz_l)) is in the same

equivalence class of w (respectively, v) in SP(T,,)/R(T,).
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Case 2. All the children of r and " are critical. Then a = b = d — 1. Without loss
of generality, assume that v; € T,, is the first vertex whose chips number is less than
d — 1 but greater than 0. Then v is not a leaf since all the children of r are critical.
Adding a chip on r makes r topple. Now v; receives a chip from its parent and
becomes a non-critical vertex which never topples. If the number of chips on r is less

than d — 1 after stabilization and r is non-critical now, then w’ = ((51 ...asd_l) + Eg)

is what we required. If r is critical, after adding a chip on r again, then r is now

a

o
non-critical. So w’' = (( ) + 2@6) is in the same equivalence class of w in

S1ye0s8d—1
SP(T,)/R(T,). If the number of chips on r is d — 1 after stabilization, then r must
be a non-critical vertex by induction on the vertices of the path from vy to r during
the stabilization. For (d —1,d—1,... d—1,0), adding n + 1 chips on r, by toppling
successively, we get a recurrent configuration (1,1,...,1,1,1) and r is not critical
now. Thus we find the class of recurrent configurations (w'V v) in SP(T?) modulo
R(TZ,) corresponding to (w,v). So ¢ is a surjection.

Since the order of SP(T,)/R(TY,,) is [Ti—, [a}i(fl_l)an_lj which is the same as that

nn

of SP(T,,)/R(T,) ® SP(T,)/R(T,), the map @ is an injection.

Next, we prove that ¢ is a group homomorphism. For

a b
u =
Sl7'~-73d717t17"'7td71

, a g
= sh s ., th t!
12 99d—12 %1+ ¥d—1

we have
(w4 ') = (0 w) V (04 )

a+a' O+~7* ° b+b’ O+~—* °
5, z
S14 8, .., Sa1 + 55 J1%o o+t tae J2to

= (w+w' + 5175)°, (v + 0" + j2T5)°)

for some nonnegative integers ji, jo. Thus @ is a group homomorphism. The proof
is now complete. (]
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BENN:

113 121 122 123 131 132 133 211 212 213 221 222 223 231 232 233

Fig. 4. An example of labelling of vertices of Tfin with d =4,n = 2.

Index the non-sink vertices of T, by words of length no more than n + 1 in
the alphabet [d — 1] = {1,2,...,d — 1} (see Fig. 4). Fori = 1,...,n+ 1, let
o; be an automorphism of T, given by o;(wy ... wy) = wy... (w1 + 1)...wg
and o;(v1 ... vg) = v1. .. (Vg1 + 1)...vg, with the sum taken modulo d — 1, where
(w1 ... wg), (v1...v;) are the labels of vertices on depth k — 1 of two T,,’s, respec-
tively. If k < 4, then o;(wy ... w) = wy. wk,al(vl V) = v1...v5 For a map
a:[n] — [d—1], let o4 be the composition [[}_, o7 *® Then o, is an automorphism
of the sandpile group ([8]).

Lemma 4.2 Let T?  be a bilateral d-reqular tree. Then

n,n

SP(Ty,) ~ R(T,.,) & SP(T,)/R(T,) & SP(T)/R(T,). (4.2)
Proof. Let u = (wV v) be a recurrent configuration of SP(T)¢,) and

pla)=(d=17 > oa(®)’ € {wu}.

o:[n]—[d—1]

Then p is a map from SP(T,) to SP(T,) and is a projection onto R(T},) (Proposition
4.2 in [8]). Let y = (p(w) V (p(v)). Then § = (y + €)° is the recurrent representative
of y in SP(T,). Define a map 7 : SP(T¢,) — SP(TZ,) by 7(u) = y. Obviously,

7(u) is constant on each level of each subgraph T}, by constr uction7 and is a recurrent
configuration by definition. So the image of 7 lies in R(T? n) Conversely, let ©v =
(wVw) € R(Tff’n); since u is constant on each level of each subgraph T,,, we have
o(w) = w,o(v) =v. Then y = (((d — 1)"2w)° Vv ((d — 1)"*2)°) = (wVv)=u=7%
since the order of R(T},) is %. So 7(u) = u. Thus R(T¢,) is a summand of

SP(T30)- O
By Theorem 1.2 of [§]
P(T,L)/R(Tn) ~ Z[ 2 EB Z[j] l)(d—2) @ Z (d—1)"—1(d— 2)

lal2
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We obtain the abstract structure of SP(T¢,) immediately by Lemma 4.1 and the
above equality.

Theorem 4.3 The sandpile group of a bilateral d-reqular tree of height n is given by

SP(T?,) ~
2(d—2)(d—1)"1 2(d—2))(d—1)""2 2(d—2)
L1y + ([alnsa+lalngr) D Lig), DLy, D DLy, |-
Acknowledgements

The authors would like to express their sincere gratitude to a referee for a very careful
reading of the paper and for all his or her valuable suggestions, which make a number
of improvements on this paper.

References

[1] R. Bacher, L. Harpe and T. Nagnibeda, The lattice of integra flows and the
lattice of integral cuts on a finite graph, Bull. Soc. Math. 125 (1997), 167-198.

[2] P. Bak, C. Tang and K. Wiesenfeld, Self-organized criticality: An explanation
of 1/f noise, Phys. Rev. Lett. 59(4) (1987), 381-384.

[3] N.L. Biggs, Algebraic potential theory on graphs, Bull. London Math. Soc. 29(6)
(1997), 641-682.

[4] N.L. Biggs, Chip-firing and the critical group of a graph, J. Algebra Combin. 9
(1999), 25-45.

[5] A. Bjorner, I. Lovész and P. W. Shor, Chip-firing game on graphs, Furopean J.
Combin. 12 (1991), 283-291.

[6] R. Cori and D. Rossin, On the sandpile group of dual graphs, FEuropean J.
Combin. 21 (2000), 447-459.

[7] D. Dhar, P. Ruelle, S. Sen, et al., Algebraic aspects of abelian sandpile model,
J. Phys. A 28 (1995), 805-831.

[8] L. Levine, The sandpile group of a tree, European J. Combin. 30 (2009), 1026—
1035.

[9] D.J. Lorenzini, Arithmetical graphs, Math. Ann. 285 (1989), 481-501.

[10] D.J. Lorenzini, A finite group attached to the Laplacian of a graph, Discrete
Math. 91 (1991), 277-282.



THE SANDPILE GROUP 6]

[11] O. Rojo, The spectra of some trees and bound for the largest eigenvalue of any
tree, Linear Algebra Appl. 414 (2006), 199-217.

[12] E. Toumpakari, On the sandpile group of regular trees, European. J. Combin.
28 (2007), 822-842.

(Received 27 Aug 2010; revised 25 Mar 2011, 10 Aug 2011)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


