AUSTRALASIAN JOURNAL OF COMBINATORICS
Volume 51 (2011), Pages 89-108

Ramsey numbers for small graphs versus
small disconnected graphs

RoLAND LORTZ

Technische Universitat Braunschweig
Diskrete Mathematik
38092 Braunschweig
Germany
r.lortz@tu-bs.de

INGRID MENGERSEN

Ostfalia Hochschule fiir angewandte Wissenschaften
Fakultat Informatik
38302 Wolfenbiittel
Germany
i.mengersen@ostfalia.de

Abstract

The Ramsey number (G, H) is determined for all disconnected (isolate-
free) graphs H of order six and all graphs G of order at most five, except
the three cases (G, H) € {(K; — 2K5,2K3), (K5 — €,2K3), (K5,2K5)}
where bounds with difference 1 are established. Moreover, general results
are obtained for some small disconnected graphs H and any graph G.

1 Introduction

The Ramsey number (G, H) has been studied intensively for small graphs G and H.
A detailed survey of known results is given in [20]. Especially, the values of 7(G, H)
have been determined for all graphs G and H of order at most five except for the
three cases where H = K5 and G € {K;5 — 2K5, K5 — e, K5} (see [1,2,4,5,6, 7,9,
10, 17, 21, 23]). If H is a connected graph of order six, then (G, H) is known for all
G C Ky—e (see [8, 11, 12, 15, 16, 18, 19, 22]), whereas only partial results have been
obtained in case of G = K. Here we will study r(G, H) for all disconnected graphs
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H of order six and all graphs G of order at most five. Moreover, general results are
obtained for H € {P; U Ky, K3 U K5,3K5,} and any graph G.

Some specialized notation will be used. The number of vertices of a graph G is
denoted by p(G). When considering a 2-coloring x of the edges of K,,, we refer to
colors red and green, and say that x is a (G, H)-coloring if it contains neither a red
subgraph G nor a green subgraph H. We use V' to denote the vertex set of K,
and define functions d,(v) and d,(v), for v € V, to be the numbers of red and green
edges incident to v. For U C V(K,,), the subgraph induced by U is denoted by [U].
In case of U = {uy, us, ..., ux} we write [ug, us, ..., u;] instead of [{u,us, ..., ug}l.
Moreover, for disjoint subsets Uy, Uy C V(K,,), ¢,.(U1, Usz) denotes the number of red
edges from U to Us, and q4(Uy, Us) is defined similarly.

2 General Results

To establish bounds and exact values of r(G, H) for disconnected graphs H, the
following theorem will be useful.

Theorem 2.1 Let F, Fy, Fy, and G be isolate-free graphs, where Fy and Fy have
disjoint vertex sets. Moreover, let m = max{r(G, F}),r(G, Fy)}. Then

m < r(G, F1 U Fy) <m+ min{p(F1), p(F2)}, (1)
r(G,F)+1<r(G,2F) <r(G,F)+p(F), (2)
T(G7 Fl U Fg) = ’I’(C:7 Fl) Zf ’I’(C:7 Fl) 2 7’(C;7 FQ) +p(F1) (3)

Proof. (1): Obviously, r(G, Fy U F3) > m. To prove the second inequality, let
X be a 2-coloring of K, where n = m + min{p(F1), p(F2)}. We may assume that
p(F1) > p(Fy). Suppose there is no red subgraph G in x. Then we find a green
subgraph F5 in y. Delete the vertices of a green Fy. It remains a 2-coloring of K,
where m > r(Fi,G). Since a red subgraph G shall not occur, the coloring of K,
must contain a green Fj yielding a green Fy U F5 in .

(2): The right inequality follows from (1). To prove the left inequality, consider a
(G, F)-coloring of K,, where n = r(G, F)) — 1. Add a vertex v and join it green to all
vertices of K,,. We obtain a 2-coloring of K, without red subgraph G and green
subgraph 2F since G' does not contain isolates and every green subgraph F must
contain the vertex v. Thus, r(G,2F) >n+2=r(G,F)+ 1.

(3): By (1) we obtain that r(G, Fy U Fy) > m = r(G, F}). To establish equality we
have to prove that r(G, F} U F3) < m. Consider any 2-coloring of K,,. Suppose that
no red subgraph G occurs. Then m = r(G, F}) forces a green subgraph Fj. Delete
the vertices of a green Fj. The remaining 2-coloring of K,,, where n = m — p(Fy) >
r(G, Fy), must contain a green subgraph Fy, and this yields a green Fy U Fs. |
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The only isolate-free disconnected graph H with p(H) < 4 is H = 2K, and for any
isolate-free graph G with p vertices it is well-known (see [4]) that

p+2 if G=K,,

p+1 otherwise.

(G, 2k,) = { (4)

In case of p(H) = 5 there are two isolate-free disconnected graphs H, namely H =
Py UK, and H = K3 U Ko, and (G, H) will be considered for these graphs H in the
following two theorems.

Theorem 2.2 Let G be an isolate-free graph with p > 4 vertices and let 3 (G) be
the edge independence number of the complement G of G. Then

2p—25(G) — 1 if Bi(G) <P,
T(G7P3UK2): p+2 Zf 61(5)>P_
p+1 otherwise.

Proof. We will use r(G, K3) = p and (see [4])

P if G has a 1-factor,

— . (5)
2p —203,(G) — 1 otherwise.

’I’(C:7 P3) = {

Case I: 5,(G) < 2. Then G does not contain a 1-factor, and this implies r(G, P;) =

2p — 23,(G) — 1.

First let 4,(G) < 2. Then r(G, P3) > p+ 3 = r(G, K») + p(Ps), and Theorem

2.1(3) implies 7(G, P3 U K3) = r(G, Ps).

Now let 3 (G) = ?. Then (;(G) > 1 because of p > 4, and G C K, — e.
By Theorem 2.1(1) we obtain (G, P; U K3) > r(G, P;) = p+ 2. To prove that
(G, PsUK,) < p+2, consider any 2-coloring of K,,;». Assume that no red subgraph
G occurs. Then there must be a green Py, i.e. a vertex v with dgy(v) > 2.

o If d,(v) > 4, a green edge not incident to v has to occur since otherwise we
find a red K,41 D G. But this yields a green P U K.

o If d,(v) = 3 and no green P; U K, shall occur, then the p — 2 vertices joined
red to v together with v induce a red K,_;. Moreover, no green edge from a
green neighbor of v to one of the red neighbors of v occurs. But this yields a
red K, —e 2 G.

o If dy(v) = 2 and no green P;U K, shall occur, the p—1 red neighbors of v yield
a red K, ; and together with v ared K, 2 G.
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Case II: 5,(G) > %. This implies 7(G, P3) < p+ 1.

e First let K3 € G. We obtain a (G, P; U Ks)-coloring of K,.; by coloring
the edges of a subgraph K, green and all remaining edges red. This implies
(G, Py UK,) > p+ 2. By a case distinction as in Case I it can be shown that
r(G, P3 U Kjy) < p+ 2, and equality is established.

e The remaining case is K3 C G. This implies G C K, — K3. Consider a red
K,_, and join an additional vertex green to all vertices of the red K,_;. This
yields a (G, Py U Kj)-coloring of K, implying that r(G, P U Ky) > p+1. To
prove that 7(G, P3U K3) < p+ 1 consider any 2-coloring of Kj,;1. Assume that
no red subgraph G occurs. Because of (G, P;) < p+1 we find a green P, i.e.
a vertex v with two green neighbors v and w. If no green P; U K shall occur,
the remaining p — 2 vertices induce a red K,_,. If there are two vertices of the
red K,_o joined green to u or w, a green P;U Ky is established. If at most one
vertex of the red K,_, is joined green to u or w, then the red K,_, together
with v and w yields a red K, — K3 2 G. [ |

Theorem 2.3 Let G be an isolate-free graph with p > 4 vertices. Then

r(G,K3) if r(G,K3)>p+3,

r(G,K3UKy) =
( : 2) {p+2 otherwise.

Proof. In case of (G, K3) > p + 3 the desired result follows from Theorem 2.1(3)
since p + 3 = r(G, K3) + p(K3).

The remaining case is (G, K3) < p+ 2. To prove that r(G, K3 U Ky) > p+ 2 take a
K11 where a subgraph K,_; is colored red and all other edges are colored green. To
prove that r(G, K3UK3) < p+2 we will first establish that in case of (G, K3) < p+2
the graph G has to be disconnected. It is well known (see [4]) that

7'(G7 F) > (Xchr(F) - 1)(C(G) - 1) +1

where xen(F) denotes the chromatic number of F' and ¢(G) the cardinality of the
largest connected component of G. Applying X (K3) =3 and r(G, K3) < p+ 2 we
obtain that 2¢(G) — 1 < p + 2. This implies ¢(G) < # < p for p > 4. Thus, G has
to be disconnected and must contain a component with at most | 5] vertices. This
yields a vertex not adjacent to [§] vertices in G, and G C K, — K 2.

Now consider any 2-coloring y of K,, where n = p+ 2. Assume that no red subgraph
G occurs in y. Because of (G, K3) < p + 2 we then find a green K3 in x. Let
V' = {v1,vq, v3} be the vertex set of a green K3, and let U be the set of the remaining
p—1 vertices. If two vertices in U are joined green, a green K3UK5 occurs. Otherwise
U induces a red K,_;. Assume first that a vertex u € U is joined green to at least
two of the vertices in V, say v; and vy. Then any green edge from vz to U \ {u}
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yields a green K3 U K, and only red edges yield a red K, —e 2 G. The remaining
case is that every vertex of U is joined green to at most one of the vertices vy, v
and v3. Then one of these three vertices is joined green to at most L%j vertices in
U. But this yields a red K, — KLL%J O G. |

In the following theorem r(G, H) is determined for one of the disconnected graphs
H with p(H) = 6, namely H = 3K5, and any graph G.

Theorem 2.4 Let G be an isolate-free graph with p vertices. Then
p+4 if G=K,
r(G,3Ky) =<¢ p+3 if G#£K, and K3 Z G,
p+2 otherwise.

Proof. Firstlet G = K,,. We obtain (K, 3K,) < max{r(K,, 2K>),r(K,, K3)}+2 =
p + 4 from Theorem 2.1(1) and (4). To prove that r(K,,3K>) > p + 4 take a K, 3
where a subgraph Kj is colored green and all other edges are colored red.

Now let G # K, and K3 Z G. Theorem 2.1(1) yields r(G,3K5) < p + 3. To prove
that r(K),,3Ks) > p + 3 take a K, 5 where a subgraph Kj is colored green and all
other edges are colored red.

The remaining case is G # K, and K3 C G. A (G,3Kj)-coloring of K, is obtained
if the vertices of a green K, are joined green to all vertices of a red K,_;. Thus,
r(G,3K3) > p+ 2. To prove 7(G,3K,) < p+ 2 consider any 2-coloring of K.
Assume that no red subgraph G occurs. Since r(G,2K5) = p + 1 we find a green
2K5. Let U be the set of the remaining p — 2 vertices. If no green 3K shall occur, U
induces a red K,_,. From at least three of the four vertices of the green 2K, there
must be at least one green edge to U since otherwise we would find a red K, —e 2 G.
Thus, there are two vertices of the green 2K, which are joined green, and each of
them produces at least one green neighbor in U. But this yields either a green 3K,
orared K, — K3 2 G. [ |

3 Results for Small Graphs

In this section we will consider all isolate-free graphs G and H where 3 < p(G) <5
and p(H) = 6. The case p(G) = 2, i.e. G = K, is omitted since r(Ks, H) = p(H)
is obvious. Exact values or bounds for r(G, H) are given in Table 1. The graphs G
are labelled G ; where ¢ denotes the number of vertices of G; ;. All graphs G;; not
defined in Table 1 are given in Figure 1.

The values of r(G, H) in Table 1 concerning the rows where G € {P3,2K5, P3 U
Ky, K3 U Ky} follow from (5), (4), Theorem 2.2, and Theorem 2.3, and r(G, 3K3) is
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G5,5 G5,5 G5,8 G5,9

Figure 1: The graphs G; ; not defined in Table 1

obtained from Theorem 2.4. The remaining cases will be considered in the following
sections. The values for G € {Cy, C5} have already been determined in [12] and [14].
In case of H € {3K5,2P;,2K3} the graph H consists of multiple copies of a graph
H'. General results for this case can be found in [3].

3.1 H=FUK,

Since 7(G, Ks) = p(G) and p(F) = 4 for F € {P,, K1 3,Cy, K13+¢, Ky —e, K4} from
Theorem 2.1(3) we obtain

r(G,FUK,) =r(G,F) if r(G,F)>p(G)+4.

Thus, the values of r(G, F') imply the values of r(G, F'U K3) in case of G = K3 and
all other values of r(G, F U K3) > 9 in Table 1. Additionaly, note that the values of
r(G,F U K3) are already known for G € {Ps, 2K, P U Ky, K3 U Ks}.

Next we consider the two remaining cases where 7(G, F U K3) = 6, namely G = K 3
and F € {P,,C,}. From r(K3,3K2) = 6 we deduce r(K;3,F U K;) > 6. The
following lemma establishes equality.

Lemma 3.1
T(Klyg, C4 U Kg) S 6.

Proof. Let x be a 2-coloring of K¢ without a red subgraph K; 3. Then, because of
r(K3,Cs) = 6, a green subgraph C; must occur. Let U = {uy,uq, us, uq} be the
vertex set of a green Cy. Let the edges uyus, usus, usuy, usuy be green and let v and
vy be the two remaining vertices of Kg. If the edge vivsy is green, a green Cy U K3 is
obtained. Otherwise, as no red K 3 shall occur, there must be at least three green
edges from v; as well as from vs to U. Again we achieve a green subgraph Cy U K.

|

Now consider the remaining cases in Table 1 where (G, F'U K3) = 7. We already
know that r(2K5, FUK>) = 7 establishing (G, FUK5,) > 7 for all G where 2K, C G.
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| c\# |35 PiUKS| K sUR iU RS |G s US| Ga sU R KUK 2P [Ksu Py 28 |
Gs1 = Py 6| ¢ 6 6 6 6 7 6] 6 |6
Gya= K3 7] 7 7 7 7 7 9 |s] s | s
Gy = 2K> 7] 7 7 7 7 7 7 7] 7 |7
Gi2= Py 7] 7 7 7 7 7 w [ 7| 7 | s
Gas=Kis 6] 6 7 6 7 7 0 6| 7 | s
Gaa=Cy 7] 7 7 7 7 7 w | 7] 7 | s
Gas=Kigte | 7] 7 7 7 7 7 0 | s| s | s
Gio=Ki—c || 7] 7 7 7 7 10 11| 8| 8 | s
Gar = K, 8| 10 10 10 10 11 18 [ 10| 10 | 11
Gs1=PUKy, | 7] 7 7 7 7 7 s 7] 7 | s
Gso=KsUK, | 8| 8 8 8 8 8 9 |s] s | s
Gs3 = D5 7 7 7 7 9 9 13 7 9 10
Gsa=Kia 7] 7 7 7 9 9 13 6] 9 | 10
Gs.5 7] 7 7 7 9 9 13 7] 9 |10
Gs6 7] 7 7 7 9 9 13 7] 9 |10
G =Kag 7] 7 8 8 9 10 4 | 7] 9 |10
Gss 8| s 8 8 9 9 13 | 8] 9 | 10
Gso 7] 7 7 7 9 9 13 | 8] 9 | 10
Gsio=FKiate | 7] 7 7 7 9 9 13| 8] 9 | 10
Gs11=Cs 8| s 8 8 9 9 13 s8] 9 |10
Gsio=Ks—Cy | 8| 8 8 8 9 9 13 s8] 9 |10
Gsas=Ks—Gus| 7| 7 7 7 9 10 13 8| 9 | 10
Gsia=Ks—Gss| 8| 8 8 8 9 10 13 8| 9 | 10
Gsis=Ks—Ps | 8| 8 8 8 9 9 13 s8] 9 |10
Gsis=Ks—P, || 8| 8 8 8 9 10 13 | 8] 9 |10
Gsar=Ks—Gsy| 8 | 8 8 8 9 10 4 | 8] 9 |10
Gois=Ks—Ks | 7] 7 8 9 9 11 4 | 8] 9 |10
Gso = Ks—Kis| 8 | 10 10 10 10 11 18 | 10] 10 | 11
Gsao=Ks—Ps || 8| 10 10 10 10 11 18 [ 10| 10 | 11
Gsol = Ks—2K,| 8 | 8 9 9 11 11 17 | s | 11 [12/13
Gsm=Ks—c || 8| 10 10 11 11 13 19 | 10| 11 [12/13
Gis.s = K 9| 13 13 14 14 16 25 | 12| 14 [15/16

Table 1: Ramsey numbers (G, H) for small graphs
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The cases G = Gu3 = K13 and G = G54 = Ky 4 are left. A (Ky3, K13 U Ky)-
coloring of K is obtained, if the edges of two vertex-disjoint subgraphs K3 are
colored red and all other edges are colored green. This implies r(K; 3, F U Ky) > 7
for F € {Ky3, K13+ e, Ky —e}. Using that r(K; 4, F) =7 for F € {P;, K; 3,Cy} we
obtain (K 4, FUK3) > 7. To prove equality we have to show that r(G, FUK,) < 7.
Especially, note that all graphs G in question are subgraphs of Gj15 = K5 — K3 for
F = Py, subgraphs of G513 for F' € {K 3,C4}, subgraphs of K, —e for F = K 3+e,
and subgraphs of Cy or K; 3 + e for F' = K, — e. Thus, the following lemma yields
the desired results.

Lemma 3.2 Let A{ = {(K5 — [(3,P4)7 (C;5713,]<1,3)7 (G5,13, 6(4)7 (K4 — €, Kl,g + 6)7
(Ky5+e,Ky—e),(Cy, Ky —e€)}. Then, for all (G,F) € M,

T(G7FU Kg) < 7.

Proof. Assume that a (G, FUKy)-coloring x of K7 exists for some (G, F') € M. Be-
cause of (G, F) = 7 there must be a green subgraph F' in x. Let U = {uq, ug, u3, uq}
be the vertex set of a green subgraph F and V = {v1,vq,v3} the set of the three
remaining vertices of K;. Moreover, no green F' U K3 implies that [V] is a red Kj.

Case I: (G,F) = (K5 — K3,P;). Let the edges ujus, usug, and ugus be green.
Only red edges from wu; and uy to V yield a red subgraph K; — K3 and we obtain a
contradiction. Thus, we may assume that u;v; is green. Then no green P;U K forces
only red edges from u4 and from us to vy and v3. Again we obtain a red K5 — K3.

Case II: (G, F) = (G513, K13). Let the edges ujug, ujus, and ujuy be green. If one
of the edges in [us, us, u4) is green, say usug, and no green K, 3U K5 shall occur, there
must be at least two red edges from uy to V', say to v; and vs, and at least one red
edge from w; to v or vy producing a red subgraph Gy 13. The remaining case is that
[ug, us, ug] is a red K3. At least two red edges from every vertex in {ug, ug, us} to
V yield a red G513. Thus we may assume that from us there are at least two green
edges to V, say to v; and ve. Then no green K; 3U K> forces that vsus and vsus have
to be red. If one of the edges from v; and vy to us and wuy is red, a red G513 occurs.
If all these edges are green, usvs has to be red yielding a red G513 once again.

Case III: (G, F) = (G513, Cy). Let the edges ujus, usus, usuy, and usuy be green.
First assume that two edges from u; to V, say ujv; and uyvq, are red. No green
Cy U Ky implies that one of the edges from us and w3 to v; and vy is red leading
to a red Gs13. The remaining case is that there are at least two green edges from
every vertex in U to V. Thus, two vertices x,y € U must have two common green
neighbors in V', say v; and v,. No green C,U K, forces that z and y are not adjacent
on the green Cy in [U]. We may assume that = u; and y = uz. But then a green
CyU K, cannot be avoided since one of the edges in {ug, us} x {v1,v9} must be green.

Case IV: (G, F) = (K4 — e, K13+ e). Let the edges ujua, ujus, ujug, and usug be
green. Since no red K4 — e shall occur, there must be at least two green edges from
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every vertex in U to V. Thus, we may assume that the edges usvy, usve, and uzv,
are green. But this produces a green (K335 +e€) U Kj in .

Case V: (G, F) = (K, 3+ ¢, K4 —e). Any red edge between U and V yields a red
K35+ e, and only green edges imply a green (K4 — e) U K».

Case VI: (G, F) = (Cy, Ky — ). Let the edges ujug, ujug, uiy, usus, and uzuy be
green. If any vertex in U produces two red neighbors in V', then we obtain a red Cj.
Therefore every vertex in U must have at least two green neighbors in V', and some
vertex in V, say v;, has at least three green neighbors in U. Thus, viu; and viuy
may be assumed green. Avoiding a green (K4 — e) U K, usvs and ugvs have to be
red yielding a red Cj. [ |

Finally we have to consider the remaining cases in Table 1 where r(G, F'U K;) = 8.
Except for (G7 F) S {(K2737 Kl,S)u (.[(2737 04), (C‘57 K113)7 (K5 - .Kvg7 Kl,S)} we obtain
(G, FUK,) > 8 using (G52, FUK,) =8 and G52 = K3UK, C Gor r(G,3K,) =8
and 3Ky C F U Ks. From r(Ks3,Cy) = 8 we deduce r(Ks3,Cy U Ky) > 8. A 2-
coloring of K7 where the edges of a subgraph Kj3 are colored green and all other
edges are colored red neither contains a green subgraph K; 3U K nor a red subgraph
Kg,g, 05, or K5 - K3 This 1mphes 7’(C;7 Kl,g U Kg) > 8 for G € {[(237 05, K5 - K3}
To prove equality it suffices to consider the cases in the following lemma.

Lemma 3.3 L@t M = {(K5*2K27 P4), (K5*P4, _K7173)7 (K5 — (PgUKQ), _K7173)7 (K5 —
Kg, [(13)7 (K5 - P47 6(4)7 (K5 - (P3 U ]{2)7 04)} Then, fOT‘ all (G, F) S M,

r(G, FUK,) <8.

Proof. Suppose that a (G, F'U Kj)-coloring x of Ky exists where (G, F) € M. Be-
cause of (G, F') < 8 there must be a green subgraph F in x. Let U = {uq, ug, u3, uq}
be the vertex set of a green subgraph F and let V' = {v1, va,v3,v4} be the set of the
four remaining vertices. No green F'U K, forces [V] to be a red Kj.

Case I: F' = P;. Let the edges ujus, ugus, and usuy be green. Then gg(uy, V) > 2
and gg(uz, V') > 2 is forbidden since no green P;UK, shall occur. The remaining case
is gr(u1, V) > 3 or g.(uz, V) > 3 yielding a red K5 — e D K5 — 2K3, a contradiction.

Case II: F' = K; 3. Let the edges ujug, uius, and ujuy be green. No green K 3U Ky
forces at least two red edges from us to V. But this yields a red K5 — P3 containing
ared K5 — Py, ared K5 — (P; U K3), and a red K5 — K3, a contradiction.

Case III: FF = (). Let the edges ujug, ususz, uguy, and ugu; be green. Then
¢-(x,V) > 2 for some x € U is forbidden, because otherwise a red K5 — P3 would
occur yielding a contradiction. The remaining case is g4(z, V') > 3 for every z € U.
But here u; and uy must have two common green neighbors in V', and these four
vertices and the edge uzuy yield a green Cy U K. |
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3.2 H=2P

From Theorem 2.1(2) we obtain

(G, P3) +1 < r(G,2P) < (G, P;) + 3. (6)

The values given for 7(G, 2P;) in Table 1 match r(G, P;)+1 for G € {K; 3, K14, K5—
Kg}, ’I’(C:7 P3) +2 for G € {P3 U K27 P57 C;(rr)"rg7 G5767 [(23}7 and ’I’(C:7 P3) + 3 otherwise.

In case of r(G,2P;) = r(G, P5) + 1 it suffices to prove r(G,2P;) < r(G, P3) + 1 due
to (6). Because of K;35 C K;4 we only have to show that r(Kj4,2P;) < 6 and
r(Ks — K3,2P3) < 8 (see Lemma 3.5).

In case of (G, 2P;) = r(G, P3) + 2 we already know that r(P; U K3,2P;) = 7. This
implies the lower bound 7 for the remaining G because P3U Ky C G. Since G C Ks 3
for all G in question, equality follows from r(Ky3,2P;) < 7 (see Lemma 3.5).

In case of r(G,2P;) = r(G, P3) + 3 the values of r(G,2Ps) are already known for
G € {P5,2K5, K3 U Ky }. Because of (6) for the remaining G we only have to show
that r(G, P3)+3 is a lower bound. For G = P, and G’ = C} the lower bound 7 follows
from r(2K,,2P;) = 7. A 2-coloring of K7 where the green subgraph is isomorphic to
K5 U K neither contains a green 2P; nor a red Cs, and it implies r(C5,2P3) > 8. In
all other cases we obtain the desired lower bound considering a maximal complete
subgraph of G and the following lemma, which presents a class of graphs where the
upper bound r(G, P3) + 3 from (6) is attained.

Lemma 3.4
r(K,,2P3) =2n+2 for n>2.

Proof. Note that r(K,,, P3) = 2n— 1 follows from (5). Thus, r(K,,2P;) < 2n+2 by
(6). To establish 2n + 2 as lower bound take a 2-coloring of Kbs,,1 where the green
subgraph is isomorphic to K5 U (n — 2) K. ]

Lemma 3.5

r(K14,2P3) <6, 1(Ky3,2P3) <7, r(Ks;— K3,2P;) <8.

Proof. Assume that a (G,2P;)-coloring x of K,, exists where n = 6 in case of
G =Ky, n="Tincase of G = Ky3, and n = 8 in case of G = K5 — K3.

Let ¢ be the maximal length of a green path in x and let P be a green path of
length ¢. Because of r(Ky4, P3) = r(Ka3, P3) =5 and (K5 — K3, P3) = 7 a green
P; must occur in x implying ¢ > 2. Moreover, no green 2P; forces { < 4. Let
U = {ug,u1,...,us} be the vertex set of P where the edges u;u;y1 are green for
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i=0,...,0 —1. Moreover, let V = {v1,...,v,_¢—1} be the set of the remaining
vertices of K,,. Especially, note that all edges from ug and u, to V' have to be red.

Case I: ¢ = 4. In this case also the edges from w; and uz to V' have to be red,
avoiding a green 2P;. This yields a red K4 in case of n = 6. For n = 7 we obtain
a red K3 because |V| = 2. In case of n = 8 no green 2P; forces red edges in [V].
Thus, let v1v2 be red. But then [vy, va, ug, u1, uz] contains a red K5 — K.

Case II: ¢ = 3. In case of n = 6 no red Kj 4 implies that one of the edges from vy
to w1 Or ug, say to ug, must be green. Then ¢ = 3 forces that vyu; and vivy are red
yielding a red K 4. In case of n =7 a red K33 must occur because |V| = 3. In case
of n = 8 the edge ugus has to be green as no red K5 — K3 shall occur. Then ¢ = 3
forces that all edges from U to V are red. But this leads to a red K5 — K3, since [V]
must contain red edges.

Case III: ¢ = 2. For n = 6 no green 2P; forces two red edges in [V]. Let x be the
common vertex of these edges. But then the red edges from = to ug and uy complete
ared Ki4. In case of n = 7 the red edges from uy and us to V' lead to a red Ky 3.
For n = 8 no green 2P; implies a red K3 in [V] because r(Kj3, P;) = 5. But then the
red edges from wug and us to the red K3 yield a red K5 — e D K5 — K. [ |

33 H=K,UD,

From Theorem 2.1 we obtain
’I‘(G,Kz;) < ’I(G,K3UP3) < T(G, Kg) +3 (7)

and
’I'(C:7 K3 U Ps) = ’I’(C:7 K3) if ’I’(C:7 K3) > 7’(C;7 Ps) + 3. (8)

The values given for r(G, K3 U P;) in Table 1 match (G, K3) + 2 for G € {K3,2K5,
KgUKQ}, T(G7 K3)+1 fOI‘ G S {Pg7 K1‘3 +€, _[(4*(37 [(47 P3UK2, _[(5*_[(1737 [(5*P3}7
and r(G, K3) otherwise.

In case of (G, K3 U Py) = r(G, K3) 4+ 2 the values for G = 2K, and G = K3U K, are
already known and (K3, K3UP;) = 8 follows from 8 = (K3, 2P;) < r(K3, K3UP;) <
T(Kg U KQ,Kg @] Pg) = 8.

In case of r(G, K3 U P3) = r(G, K3) + 1 the values for G = P; and G = Py U K> are
already known. For the remaining G' we obtain (G, K3)+1 as lower bound applying
r(G,K3 U P;) > r(G,2P;). Equality follows from r(K; — e,2K3) < 8 (see Lemma
3.8) and r(K5 — P3, K3 U P3) < 10 (see Lemma 3.6).

In case of (G, K3UP;) = (G, K3) the values of (G, K3UP) are a direct consequence
of (8) except for G € {K;3, K5 — K3}. In these two cases it suffices to establish
r(G, K3) as an upper bound. This will be done in the following lemma.
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Lemma 3.6

T(K1‘37K3UP3) S?, T(K5*K37K3UP3) §9, T(K5*P3,K3UP3) S 10

Proof. Assume that a (G, K3 U Ps)-coloring x of K, exists where n = 7 in case of
G = Ky3,n=91in case of G = K5 — K3, and n = 10 in case of G = K5 — Ps.
There must be a green K3 in x because r(K;3, K3) = 7 and r(K; — K3, K3) =
r(Ks — P3, K3) = 9. Let U = {u1,u2,u3} be the vertex set of a green K3 and let
V = {v1,v9, ..., 0,3} be the set of the remaining vertices of K,,. Note that adjacent
green edges in [V] are forbidden, since otherwise a green K3 U P; would occur.

Case I: n = 7. As no red K 3 shall occur in [V], the green subgraph of [V] must be
isomorphic to 2K,. But then the edges from U to V either lead to a red K3 or to
a green K3 U Ps.

Case II: n = 9. As no red K5 — Kj shall occur in [V], the green subgraph of [V]
must be isomorphic to 3K5. But then at least four green edges from every vertex in
U to V yield a green K3 U P3, and at least three red edges from any vertex in U to
V yield a red K5 — K.

Case III: n = 10. Since adjacent green edges in [V] are forbidden, a red K5 — Pj
occurs in [V]. [ |

3.4 H=2K,

From Theorem 2.1(2) we obtain

(G, E3) + 1 < (G, 2663) < (G, K3) + 3. 9)

The values given for r(G, 2K3) in Table 1 match (G, K3) + 2 for G € {K3,2K5, Ky,
P3UK,, KsUK,y, K5— K 3, Ks—Ps } and (G, K3)+1 otherwise, except the three cases
G € {K5—2K,, K5 — e, K5} where the given bounds are 7(G, K3) +1 < r(G,2K3) <
T(G, Kg) + 2

In case of r(G,2K3) = r(G, K3) + 2 the values for G € {2K,, Py U Ky, K3 U K»} are
already known. For the remaining G we will first establish r(G, 2K3) > (G, K3)+ 2.
The bound r(K3,2K3) > 8 follows from r(K3,2P;) = 8. The 2-coloring of Ko
where the green subgraph is isomorphic to K5 U C5 neither contains a red K, nor
a green 2K3. Thus, Ky C K5 — K13 C K5 — P yields r(G,2K3) > 11 for G €
{K4, K5 — K13, K5 — P3}. In Lemma 3.8 it will be shown that r(K; —e,2K3) <8
implying (K3, 2K3) < 8. In Lemma 3.9 we will prove r(K5— P3, 2K3) < 11 implying
7’(C;7 2K3) < 11 for G = K4 and G = K5 - K173.

In case of r(G,2K3) = r(G, K3) + 1 the value for G = P; is already known. For
the remaining G it suffices to prove r(Ky — e,2K3) < 8 (see Lemma 3.8) and
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7(G5,4,2K3) < 10 where ¢ = 16,17, 18 considering (9) and G C Ky —e or G C G5,
for some i € {16, 17, 18} (see Lemma 3.13).

To show (G, K3) +1 < r(G,2K3) < r(G,K3)+2 for G € {K5— 2K, K5 —e¢, K5} it
is sufficient to establish r(K;5 — e,2K3) < 13 and r(Kj;,2K3) < 16 (see Lemma 3.9).

To prove Lemma 3.8 and Lemma 3.9 the following lemma will be useful.

Lemma 3.7 If x is a (G,2K3)-coloring of K,, where n =1(G, K3) + 2 then x must
contain a green subgraph Ks.

Proof. Because of n > (G, K3) a green K3 with vertex set V7 = {u1, uz, us} must
occur in x. Note that if any two vertices x and y of a green K3 = [z, y, 2] are deleted,
the remaining coloring of K,,_5 still must contain a green K3 since n —2 = r(G, K3).
This green K3 must cover z since no green 2K3 shall occur. Thus, there must be a
green K with vertex set Vo = {us, u4, us}. Suppose that [uy, us, us, w4, us] is not a
green K5. We may assume that the edge ujus is red. Now delete uz and uy. Then
there must be a green K3 with vertex set V3 and us € V3. No green 2K3 and uy ¢ V3
imply us € V3. Let ug be the third vertex in V3. The edges ujug, ugug, and ujuy
have to be red. Now delete uy and us. Then there exists a green K3 with vertex set
Vi and usz,ug € Vj. Moreover, uy,uqy € Vi. Let ur be the third vertex in V;. The
edges from wu7 to ug, us, uy, and uz have to be red since otherwise a green 2K3 would
occur. Finally delete us and ug. Then a green K3 exists with u; and none of its red
neighbors wuy, ug, ug, and us. But this yields a green 2K3, a contradiction. [ |

Lemma 3.8
T(K4 — €, 2K3) S 8.

Proof. Assume that a (K4—e, 2K3)-coloring y of Ky exists. Since r(K,;—e, K3) =7,
there must be a green K3 in x. Moreover, x also must contain a red K3. Otherwise,
by r(K3, K3) + 2 = 8 and Lemma 3.7 a green K5 has to occur in x. Let U be the
vertex set of a green Kj and let V' be the set of the three remaining vertices. No
green 2K3 forces at least one red edge in [V] and ¢,(v,U) > 4 for every v € V. But
then two vertices joined red in V' and a common red neighbor in U yield a red Kj,
a contradiction.

Let U = {uy, up, u3} be the vertex set of a green K3 and let V' = {vy,...,v5} be the
set of the five remaining vertices of K.

Case I: [V] contains a red K3. Let vq, ve, and vg be its vertices. The edge v4v5 has
to be red since otherwise the edges between {vy, ve,v3} and {vy, v5} would lead to a
red Ky — e or a green 2K3.
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e I.1: One of the vertices vy, vs, v3, say vy, is joined green to uy, us, and uz. At
least one of the edges between {u1,us} and {vs,vs} must be green. We may
assume that ujvy is green. Moreover, v4vy Or v4v3, Say v4v9, Mmust be green.
Then uqv9 has to be red, ujvs green, vyvz red, and vqv; green. From vs there
must be at least one red edge to us or us, say to us. Then usvy has to be
green, usvy and voug red, vsus and uzvs green, and vsvy and vsvy red. But this
produces a red Ky — e in [v1, va, v3, V).

e 1.2: There is at least one red edge from every vertex of the red K3 to U. As a
red K4 — e has to be avoided, we may assume that the edges viuy, voug, and
vaug are red and all other edges between U and {vy, ve,v3} are green. At least
one edge between {uj,us} and {vy,v5} has to be green, say ujvy. But then a
green 2K3 occurs if one of the edges v v9 or vyvs is green, and a red Ky — e
exists if both edges are red.

Case II: [V] does not contain a red Kj. Since a green K3 in [V] would lead to a
green 2K3, [V] must consist of a red and a green Cs. Let the edges vyvs, vous, 30y,
v405, and vsv; be red. We know that there must be a red K3 in x. Thus, we may
assume that [u1,v1,v9] is a red K3. No red K, — e forces ujv3 and uqvs to be green.
At least one of the edges from us to v1 or v9 has to be green and additionally at least
one of the edges from ugz to v; or vo. We may assume that uov; is green. Then vyus
has to be red, ugvy green, usve, usvy, and uzvy red, and uyvs and uzvs green. But in
that case [us, v2, vs] and [ug, v1,vs] yield a green 2K, a contradiction. [ |

Lemma 3.9

T(K5 — P3,2K3) < 117 T(K5 — €, 2K3) < 13, 7”(](57 2K3) < 16.

Proof. Assume that a (G,2K3)-coloring x of K, exists where n = 11 in case of
G =Ks— P3,n =13 1in case of G = K5 — e, and n = 16 in case of G = Kj5. Since
n = r(G, K3)+2, by Lemma 3.7 there must be a green Kj in x. Let U be the vertex
set of a green K5 and let V' be the set of the n — 5 remaining vertices of K. Note
that no green 2K3 implies at least four red edges from every vertex in V' to U.

If V| >6,ie n > 11, ared K3 must occur in [V] because r(K3, K3) = 6 and a
green K3 is forbidden in [V]. From the three vertices of a red K3 in [V] there must
be at least 3-4 = 12 red edges to U. Thus, two vertices in U are joined red to every
vertex of the red K3. This yields a red K5 — e, and we obtain a contradiction in case
of G=Ks—Pyor G=K;5—e.

If n = 16, then |V| = 11, and a red K4 must occur in [V] because r(Ky, K3) = 9.
There must be at least 4 -4 = 16 red edges from the vertices of a red Ky in [V] to
U. Thus, one vertex in U is joined red to every vertex of the red K4 producing a red
K5, and again we have obtained a contradiction. [ |

The following three lemmas will be useful for proving Lemma 3.13.
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Lemma 3.10 Any 2-coloring of Ko containing a red K, and a green Kz with dis-
joint vertex sets contains a red subgraph Ks — P3 or a green subgraph 2Kj.

Proof. Assume to the contrary that we have a (K5 — Pj,2K3)-coloring of Ko
containing a red K, with vertex set U = {u1, u2, us, us} and a green K3 with vertex
set V' = {v1,v9,v3}. Let W = {wy, ws, w3} be the set of the three remaining vertices
of KlO-

No red K5 — Pj forces at least three green edges from every vertex in VU W to U.
Thus, from V to U as well as from W to U there are at least 9 green edges. This
yields a vertex in U, say uy, joined green to vy, ve, and vz. Moreover, a vertex in
U has to be joined green to wy, wy, and ws. This forces [W] to be a red Kj since
otherwise a green 2K3 would occur. We may assume that the edges vius and viug
are green. Since every vertex in W must be joined green to us or us, no green 2Kj
implies that all edges from v; to W are red yielding a red Ky = [v1, wy, wa, ws).
Avoiding a red K5 — P3 we may assume that the edges vous, vowy, and vewsy are
green. But then a green 2K73 occurs if one of the edges from uy to wy or wy is green,
and otherwise we obtain a red K5 — Ps. [ |

Lemma 3.11 Any 2-coloring of Ki9 containing a green subgraph Ky contains a red
subgraph K5 — K3 or a green subgraph 2Ks;.

Proof. Assume to the contrary that we have a (K5 — K3, 2K3)-coloring of Ko
containing a green subgraph Kj. Let U be the vertex set of a green K5 and let V' be
the set of the remaining vertices of Kjg9. As no green 2K3 shall occur, there must be
vertices v1 and v in V' where vyvs is red. If g4(v1,U) > 2 or g4(ve, U) > 2, we obtain
a green 2K3. The remaining case is that ¢,.(v1,U) > 4 and ¢,(v2, U) > 4. But then
vy and vy have three common red neighbors in U yielding a red subgraph K; — K.

|

Lemma 3.12 The green subgraph of any (K4, K3)-coloring x of Kr is isomorphic
to one of the graphs in Figure 2, where dotted edges may be either red or green.

Proof. Since no red K, shall occur, the green subgraph must not be bipartite. This
forces a green cycle of odd length in x. Let C; be a green cycle of maximal odd
length ¢. No green K3 demands £ = 5 or £ = 7. Let the vertices of K; be denoted by
Vo, U1, - -+, Vg-

First let £ = 7 and let the edges v;9;41 (mod 7) be green for i = 0, ..., 6. Then the edges
ViVit2 (mod 7) have to be red and additionally at least four of the edges v;vi+3 (mod 7)-
Thus, the green subgraph of x is isomorphic to H;.

The remaining case is £ = 5. Let the edges v;vi41 @mod 5 be green for i = 0,...,4.
Then the edges vi¥Vi12 (mod 5) have to be red. First assume that the edge vsvg is green.
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v
Yo Y.I6_,
v, Vs . v
% 1%
v, Vs 1 4
v, v, v, v,
H, H,

Figure 2: The possible green subgraphs of any (K4, K3)-coloring of K

No green K3 and no green C; allow at most two green edges between {vg, ..., v4}
and {vs, v} leading to a green subgraph isomorphic to Hs or Hz. It remains that
vsvg is red. We will prove that in this case we find another green cycle C5 where the
two vertices not belonging to this C5 are joined green. No red K, forces that one of
the edges from vy or vy to v5 or vg is green. We may assume that vyvs is green. This
implies that vsvg and vsvy are red. Then one of the edges from vg to vy or vy, say
vgU2, has to be green. This demands that vgvs is red and that vsvs or vy has to be
green, yielding a green C5 and a green edge between the two vertices not belonging
to this Cs. As this case has already been considered, the proof is done. [ |

Lemma 3.13

’I‘(C:7 2K3) <10 fOT’ G e {G5716, GY57177 G5718}.

Proof. Assume to the contrary that a (G,2Kj3)-coloring x of Kjqg exists for some
G € {G516,G517,G518F. Then 7(G, K3) = 9 guarantees a green K3 in x. Let
U = {u1,us,uz} be the vertex set of a green K3 and let V' = {wy,v1,...,v6} be the
set of the seven remaining vertices of Kip. Since G C K5 — P3, a red Ky in [V] is
forbidden by Lemma 3.10. Thus, the coloring of [V] has to be a (K4, K3)-coloring.
By Lemma 3.12 the green subgraph [V], of [V] is isomorphic to one of the graphs
Hy, Hy, or H in Figure 1.

Case I: [V], is isomorphic to H;.

o G = (G516 = K5 — Ps: No red subgraph G in [V] forces the dotted edges to be
green. Note that any red edge vou for some w € U implies that all edges from
u t0 {vg,v3, 04,05} have to be green. Thus, at least two red edges from v, to
U yield a green 2K3. The same holds if there are two green edges and one red
edge from vy to U. The remaining case is that all edges from vy to U are green.
Then only green edges from v; and vg to U imply a green 2K3. If one of the
edges from vy or vg to U, say viug, is red and no red subgraph G shall occur,
then the edges uivs and uyvs have to be green. But this produces a green 2K
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if one of the edges ujvy or ujvg is green. Otherwise we find a red subgraph G
in [ug, vy, va, v4, g].

G = G517 = K5 — (P3 U K3): The edges vjvy and vsvs have to be green
since otherwise we would obtain a red subgraph G in [vg, v1,vs, Vg, v5] Or in
[Vo, Vo, U3, Vs, vg]. Consider now the two red subgraphs Ky — e in [vg, v1, v3, vs)
and [vg, va, vy, V). If any edge uvy is red where u € U and a red G is avoided,
then the edges uv; and uvg must be green. Moreover, one of the edges uwvy or
uvy and one of the edges uvs or uvs has to be green. This yields a green K3 with
u, v1, and one of the vertices vy or vy and another green K3 with u, vg, and one
of the vertices vz or vs. Thus, we obtain a green 2K3 in case of ¢,.(vg, U) > 2.
Moreover, also in case of ¢,(vo,U) = 1, i.e. g4(vo,U) = 2, a green 2K3 must
occur. The remaining case is g,(vy, U) = 3. If some edge uv where v € U and
v € {ws,v4}, say v = vg, is green, then either a green 2K3 occurs or all the
edges uv, uvy, and uvg are red, and [u, vo, Ve, V4, V] contains a red subgraph
G. Thus, all edges from v3 and v, to U have to be red. But then g,.(v,U) > 2
or g;(ve,U) > 2 yields a red G. In the remaining case g,(vi,U), gy(v2, U) > 2
the vertices vy and v, have a common green neighbor in U. This yields a green
K3, and the two other vertices in U together with vy lead to a green 2K3, a
contradiction.

G = G515 = K5 — K3: Consider the two red subgraphs K, — e in [vg, vy, vs, Us]
and [vg, vg, v4,v6]. No red subgraph G implies g,(u, {vs,vs}) > 1 and g4(u,
{v2,v4}) > 1 for every u € U. Thus, ¢,({vs,vs},U), go({ve,v4},U) > 3.

(2) First let g,(v,U) > 2 for some v € {vs,v4}. We may assume that the edges
vsu; and wvsug are green. Note that a green K3 with uq, vs, and one of the
vertices vy or vy and a green K3 with ug, vs, and one of the vertices vy or vy
must occur.

Now assume that vsug is red. It follows that uzvs is green, uzvy and usvg red,
uszvy green, and uszv; and vevs red. The edges vivy and vsvg have to be green,
the edges vsu; and vsus have to be red. Only red edges from vg to u; and us
yield a red subgraph G in [us, ug, vo, v2,vs5]. Thus, we may assume that vou;
is green. This forces ujv; and ujvs to be red. Moreover, vouz has to be red
since otherwise [vg, u1,us] is a green K3 leading to a green 2K3. No red G in
[v1, V3, Us, U1, Ug] forces vius to be green and thereby usvp has to be red. No red
G 1in [vg, Va, Vg, Uz, uz] implies that ugvs must be green and thereby ujvs has to
be red. No red G in [vg, va, Vs, U1, us] forces ugvy to be green, and uqvy must be
red. But then [vg, vy, v, w1, us] contains a red subgraph G.

It remains that vsug is green. We already know that g,({vs,v4},U) > 3 im-
plying ¢,(v2,U) > 2 or gq,(vs,U) > 2. If q4(v2,U) > 2, we may assume
that vou; and vouy are green. Then ugvy has to be red and wzvs green as
qq(us, {ve,va}) > 1. But now [vg, vs, ug, ug, us) is a green K, and Lemma 3.11
yields a contradiction. If g (vs, U) > 2, we may assume that vqu; and vsuy are
green. No green 2K3 implies that ugv, is red, and this forces uzv, to be green.
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But then [vs, vy, u1, ug, ug] is a green Ky and again we obtain a contradiction
using Lemma 3.11.

(41) The remaining case is g4(vo, U) > 2 and gy4(vs, U) > 2. We may assume
that vou; and woup are green. The edge wvous also has to be green because
otherwise uzv, and one of the edges ugvs or ugvs must be green yielding a
green 2K3. By symmetry, the edges from vs to U also have to be green. But
then any green edge from vy or vg to U yields a green 2K3, and only red edges
between {v1,v6} and U yield a red subgraph G.

Case II: [V], is isomorphic to Hs. Since [vg, v, vs, U5, V6| contains a red K5 —2K, and
G5,167 G5717 - K5 - 2K2, OHly G = G5,18 = K5 - K3 is left. Note that [’U(),’UI,’U37U5}7
[7)17 V2, Vg, U5]7 [U(), V2, Vs, U5]7 [Ul, U3, Vg, 1)5]7 [U(), V2, Vg, 05}7 [/UO7 V2, U3, UGL [/UO7 V2, Us, UGL
and [vg, v3, vs, V] contain a red Ky — e each.

First let vou; be red. Then the edges from wu; to vs, v3, vs, and vg have to be green.
No green 2K3 forces vgug or vous, say vous, to be red. But now all edges from us to
vy, U3, Us, and vg must be green, and we obtain a green 2Kj.

The remaining case is that all edges from vy to U are green. Only red edges from v,
and vy to U yield a red subgraph G. Thus, we may assume that vju; is green. Then
u1v2 has to be red, ujvs green, and u;vg red. Moreoer, one of the edges from vs to usy
or ug, say vsug, has to be red. This forces uzv; to be green for i = 1,2, 3,4 yielding
a green 2K3, a contradiction.

Case III: [V], is isomorphic to Hz. Again [vg, V2, U3, U5, Ug] contains a red Ky — 2K,
and only G = G518 = K5 — K3 is left. The red subgraph K4 — e in [vg, va, V4, Vg]
forces gg(u, {va,v6}) > 1 for every u € U. Thus, since vy and vg are equivalent, we
may assume that the edges vou; and voug are green.

First let vous also be green. The red subgraph Ky — e in [vg, vy, vs, v5] forces g4(u,
{vs,v5}) > 1 for every u € U. Then no green 2K3 implies that all edges from v, to
U are red. No red subgraph G in [vy, vy, u1, tg, u3] demands g4(v1,U) > 1, and we
may assume that vyu; is green. But then we obtain a green 2K3 if one of the edges
u vy or uyvg is green, and otherwise [ug, vo, v2, U3, U] contains a red subgraph G.

The remaining case is that veuz is red. No red G in [ug, vg, Ve, V4, V] implies that
uzvg is green. Now usv; and uzvs have to be red, ugvy and ugvz green, as there is no
red G in [ug, vg, V2,3, vs] or in [ug, vy, v1, v, vs), and uzvy red. Furthermore, no red
G forces qg(uy, {vo, v6}), q4(uz, {vo,v6}) > 1. This yields a green K3 with uy, us, and
one of the vertices vg or vg, and another green K3 with us, us, and once again one
of the vertices vy or vg. No green 2K3 then implies g, ({u1, us}, {v1,v3}) = 4 yielding
a red subgraph G in [uy, us, vy, v3, v5], a contradiction. [ |

Of course it would be nice to fill the three gaps in Table 1 where the exact values of
r(G, H) are unknown. But this seems to be somewhat out of reach without employing
computer algorithms.
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