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Abstract

Well-known necessary conditions for the existence of a generalized Bhaskar
Rao design, GBRD(v, 3, λ; G) with v ≥ 4 are: (i) λ ≡ 0 (mod |G|), (ii)
λ(v − 1) ≡ 0 (mod 2), (iii) λv(v − 1) ≡ 0 (mod 3), (iv ) if |G| ≡ 0
(mod 2) then λv(v − 1) ≡ 0 (mod 8). In this paper we show that these
conditions are sufficient whenever (i) the group G has odd order or (ii)
the order is of the form 2q for q = 3m or q an odd number which is not
a multiple of 3.

1 Introduction

Throughout this paper G is a finite (multiplicative) group, 0 �∈ G is a zero symbol,
t, v, b, r, k, λ are positive integers and K is a finite set of positive integers. The cyclic
group of order n is denoted C(n).

1.1 Block designs and generalized Bhaskar Rao designs

Definition 1. Let v and λ be positive integers, K be a set of positive integers and
X be a set of v elements. A pairwise balanced design, or PBD(v; K; λ), is a collection
of subsets of X, called blocks, for which each pair of distinct elements of X appears
together in exactly λ blocks and if a block contains exactly k elements of X then k
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belongs to K. A balanced incomplete block design, BIBD(v, k, λ), is a PBD(v; {k}; λ)
in which k < v.

Definition 2. Let x = (x1, x2, . . . , xb) and y = (y1, y2, . . . , yb) be vectors, where each
xi and yj is either 0 or an element of G. Then we say x and y are λ-orthogonal if
the list

xi y
−1
i : i = 1, 2, . . . , b, xi �= 0, yi �= 0,

contains each group element exactly λ
|G| times.

Clearly, if x and y are λ-orthogonal, then λ ≡ 0 (mod |G|).
Definition 3. A generalized Bhaskar Rao design GBRD(v, K, λ; G) is a rectangular
array with v rows (and b columns), each entry of which is either 0 or an element of
G and such that for each column the number of group entries is an element of K and
each pair of distinct rows is λ-orthogonal. When the set K has only one element, we
usually use the notation GBRD(v, k, λ; G) rather than GBRD(v, {k}, λ; G).

For a GBRD(v, K, λ; G) to exist requires v ≥ k for each k ∈ K and that
λ ≡ 0 (mod |G|). It is often convenient to write GBRD(v, K, t|G|; G) rather than
GBRD(v, K, λ; G).

Note that replacing the group entries in a GBRD(v, k, λ; G) by 1 and leaving
the others 0, results in an incidence matrix for a balanced incomplete block design,
(or an all 1’s matrix if v = k). Hence (i) the number of group entries is constant
for each row and equals r = λ(v − 1)/(k − 1), (ii) the number of columns in the
GBRD is b = λv(v− 1)/(k(k − 1)). For a GBRD(v, K, λ; G), |K| �= 1, the number of
group entries in rows is not necessarily constant and the number of columns b is not
determined by the parameters of the design. It is often helpful to think of a GBRD
as the incidence matrix of a BIBD (or PBD) which has been ‘signed’ over a group
G, or alternatively to think of the incidence matrix of a BIBD (or PBD) as a GBRD
over the trivial group.

We are interested in constructing GBRDs, and in determining for which values
of v, K, λ, G there does exist a GBRD(v, K, λ; G). In this paper we focus on the case
K = {3}, and we begin with some direct constructions of new GBRDs which we use
in the proof of our main result.

Example 4. The following array is a GBRD(9, 8, 7; C(7)) over the cyclic group of
order 7. For notational simplicity we use additive notation (the usual convention
with cyclic groups). We use • to replace the ‘zero symbol’.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

• 1 2 0 4 4 0 2 1
1 • 1 2 0 4 4 0 2
2 1 • 1 2 0 4 4 0
0 2 1 • 1 2 0 4 4
4 0 2 1 • 1 2 0 4
4 4 0 2 1 • 1 2 0
0 4 4 0 2 1 • 1 2
2 0 4 4 0 2 1 • 1
1 2 0 4 4 0 2 1 •

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Example 5. A GBRD(8, {8, 7}, 7; C(7)) can be obtained by taking any eight rows
of the GBRD(9, 8, 7; C(7)) given in Example 4.

Example 6. The following array is a GBRD(9, 5, 5; C(5)) over the cyclic group of
order 5. Once again, for simplicity we use additive notation and use • to replace the
‘zero symbol’.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 4 4 1 • • 1 • • 0 • • • 1 4 • 4 1
4 0 4 • 1 • • 1 • • 0 • 4 • 1 1 • 4
4 4 0 • • 1 • • 1 • • 0 1 4 • 4 1 •
1 • • 0 4 4 1 • • • 4 1 0 • • • 1 4
• 1 • 4 0 4 • 1 • 1 • 4 • 0 • 4 • 1
• • 1 4 4 0 • • 1 4 1 • • • 0 1 4 •
1 • • 1 • • 0 4 4 • 1 4 • 4 1 0 • •
• 1 • • 1 • 4 0 4 4 • 1 1 • 4 • 0 •
• • 1 • • 1 4 4 0 1 4 • 4 1 • • • 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

If any row of this array is deleted, the remaining 8× 18 array is a GBRD(8, {5, 4}, 5;
C(5)).

From Abel et al. [5] we have the following two existence results:

Lemma 7. For v ≥ 3, there exists a PBD(v; {3, 4, 5, 6, 8}; 1).

Lemma 8. For v ≥ 3, v ≡ 1 (mod 2) there exists a PBD(v; {3, 5}; 1).

We use construction theorems which are based on normal subgroup structure.

Theorem 9. [9] If there exist a PBD(v; K; λ) and, for each h ∈ K, a GBRD(h, k,
μ; G), then a GBRD(v, k, λμ; G) exists.

This generalizes to:

Theorem 10. [7] Let N be a normal subgroup of a finite group G. Then, if there
exists a GBRD(v, K, λ; G/N), and for each h ∈ K a GBRD(h, k, μ; N) exists, a
GBRD(v, k, λμ; G) also exists.

1.2 GBRDs with k = 3

For v = 3, the existence of a GBRD(v, 3, |G|; G) is equivalent to the existence of a
complete mapping of the group G, or, equivalently, of an orthomorphism of G. See,
for example, Evans [11] or Palmer [17].

The following theorem, for v = k = 3 but where λ is not necessarily equal to
|G|, follows as a consequence of the Hall-Paige Conjecture [14]. This long standing
conjecture has recently been proved (Evans [10], Wilcox [22], and Wilcox, Evans and
Bray [6] - New results) so it is now the Hall-Paige Theorem about the existence of
complete mappings for all groups without non-trivial cyclic Sylow 2-subgroups.
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Theorem 11. [4] If G is an even order group with a cyclic Sylow 2-subgroup, then
there exists a GBRD(3, 3, λ; G) if and only if λ ≡ 0 (mod 2|G|). For all other groups
G, a GBRD(3, 3, λ; G) exists for all λ ≡ 0 (mod |G|).

For v ≥ 4, necessary conditions for a GBRD(v, 3, λ; G) are given, for example, in
Abel et al. [4]:

Lemma 12. For v ≥ 4 the following conditions are necessary for the existence of a
GBRD(v, 3, λ; G):

(i) λ ≡ 0 (mod |G|);
(ii) λ(v − 1) ≡ 0 (mod 2);

(iii) λv(v − 1) ≡ 0 (mod 3);

(iv) if |G| ≡ 0 (mod 2) then λv(v − 1) ≡ 0 (mod 8).

Abel et al. [4] conjecture that these necessary conditions are sufficient:

Conjecture 13. The necessary conditions in Lemma 12 are sufficient for existence
of a GBRD(v, 3, λ; G) for v ≥ 4.

We view Conjecture 13 as a generalized Hall-Paige Conjecture (GHP Conjecture).
There is much evidence for the conjecture.

It is known that the necessary conditions are sufficient when the group is abelian,
and the proof of this developed over some time and involved many people. For
example, the result for the cyclic group C2 was obtained by Seberry [20] and for
the group C2 × C4 by Palmer and Seberry [18]. For C4 the result was obtained by
de Launey, Sarvate and Seberry [8]. For some other abelian groups, including all
elementary abelian groups, the result was obtained by Lam and Seberry [15] and
Seberry [21]. Recently Ge et al. [13] completed the proof for all abelian groups.

The necessary conditions have been shown to be sufficient for any odd order
nilpotent group by Palmer [16], for any dihedral group, for nilpotent groups in general
and for 2-groups or semi-dihedral groups and for any sufficiently small group or any
dicyclic group by Abel et al. in [1], [2], [3] and [4]. We summarise the evidence for
the GHP Conjecture in the following theorem:

Theorem 14. Let G be a finite group. Then, for v ≥ 4, in each of the following
cases, the necessary conditions in Lemma 12 are sufficient for the existence of a
GBRD(v, 3, λ; G):

• For G nilpotent, and in particular for G abelian;

• For G dihedral, dicyclic or semi-dihedral;

• For G with |G| = pq for p, q primes;

• |G| ∈ {2np: p ≥ 5 prime, n the smallest positive integer with p|(2n − 1)}, (the
only numbers of this form with 2np ≤ 10, 000 are 56, 80, 992, 4352);
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• For G with |G| ≤ 100 with the possible exception of |G| ∈ {36, 48, 54, 60, 72, 96}.
For a group G, we say the GHP Conjecture holds for G if the necessary conditions

in Lemma 12 are sufficient for the existence of a GBRD(v, 3, λ; G) for v ≥ 4.

We note that the necessary conditions include a dependence on the gcd(|G|, 12).
In our main result in this paper we show that the GHP Conjecture holds for all
groups of odd order, or of order |G| = 2q, where q = 3m or q is an odd number not
divisible by 3.

In our investigations of odd order groups we can sometimes use the following
lemma:

Lemma 15. Let G be an odd order group with a normal subgroup N such that if
|G| ≡ 0 (mod 3) then |G/N| ≡ 0 (mod 3). Then, if the GHP Conjecture holds for
the quotient G/N, then the GHP Conjecture also holds for G.

Since for any group N of odd order there exists a GBRD(3, 3, |N|; N), Lemma 15
is a particular case of Lemma 16.

Lemma 16. [2] Let G be a group with normal subgroup N such that a GBRD(3, 3,
|N|; N) exists and gcd(|G/N|, 12) = gcd(|G|, 12). Then, if the GHP Conjecture holds
for the quotient G/N, the GHP Conjecture also holds for G.

2 New Results

In this section we prove that the GHP Conjecture holds for groups of odd order and
for groups with order 2q where q = 3m or q is prime to 6. We use the Feit-Thompson
Theorem [12] that groups of odd order are solvable. We also use the theorem that
if a group has order 2q for odd q then the group has a normal 2-complement (this
follows from a theorem of Burnside, see for example Theorem 6.2.11 in Scott [19]).
We state this as a theorem:

Theorem 17. If |G| ≡ 2 (mod 4), then G has a normal subgroup of index 2.

2.1 Designs with k = 3 over groups of odd order

Let G have odd order, and v ≥ 4. Then the necessary conditions for a GBRD(v, 3, λ;
G) can be written as λ ≡ 0 (mod |G|), λ(v − 1) ≡ 0 (mod 2) and λv(v − 1) ≡ 0
(mod 3).

Theorem 18. The GHP Conjecture holds for groups of odd order not divisible by 3.

Proof. Suppose that G is a minimal group of odd order, not divisible by 3, such
that it has not been determined that Conjecture 13 holds for G. Then, G cannot be
cyclic, and hence G is not simple, so there is a proper non-trivial normal subgroup
N. Clearly N and G satisfy the conditions of Lemma 15, and hence Conjecture 13
holds for G. Therefore the Conjecture holds for groups of odd order not divisible
by 3.
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Theorem 19. The GHP Conjecture holds for groups of odd order.

Proof. Let G be a group of odd order. Since the GHP Conjecture is known to
hold for abelian groups and for groups of odd order not divisible by 3, we assume
G is non-abelian with |G| ≡ 0 (mod 3). Since the order is odd, G is solvable, so
there is a proper non-trivial normal subgroup N with (non-trivial) cyclic quotient
G/N ∼= C(p) for some prime p. If we can find such an N with p = 3, then, since the
GHP Conjecture holds for C(3), we apply Lemma 15 to determine that the GHP
Conjecture holds for G.

So, for the remainder of this proof, assume that G is a group of odd order |G| ≡ 0
(mod 3) and that N is a normal subgroup with odd order |N| ≡ 0 (mod 3), and
G/N ∼= C(p) for some prime p ≥ 5. Assume that G is a minimal group of odd order
for which it is not determined whether or not the GHP Conjecture holds for G, so
that we know that the GHP Conjecture holds for N.

Since |G| ≡ 0 (mod 3), the necessary conditions for a GBRD(v, 3, λ; G) reduce
to λ ≡ 0 (mod |G|) and λ(v−1) ≡ 0 (mod 2) so that either λ ≡ 0 (mod 2) or v ≡ 1
(mod 2). To show that the GHP Conjecture holds for G we need to prove that these
conditions are sufficient to ensure the existence of a GBRD(v, 3, λ; G). Note that it is
sufficient to show that a GBRD(v, 3, t|G|; G) exists for (i) t = 1 and v ≡ 1 (mod 2)
and for (ii) t = 2 and any v ≥ 3. In each case we show the existence of designs with
certain small values of v and then use PBD-closure results.

Case (i) t = 1 and v ≡ 1 (mod 2). By Lemma 8, we have that for v ≥ 3,
v ≡ 1 (mod 2) there exists a PBD(v; {3, 5}; 1). Hence, by Theorem 9, it is enough
to show that there exists a GBRD(v, 3, |G|; G) for v ∈ {3, 5}. There exists a
GBRD(3, 3, λ; G) for any group G of odd order (see for example Theorem 11). For
v = 5, we use the normal subgroup N which has cyclic quotient G/N ∼= C(p) for
some prime p ≥ 5. It is well known that there exists a GBRD(p, p, p; C(p)) for any
odd prime p (for example the multiplication table of the finite field of order p is a
GBRD(p, p, p; C(p)) over the additive group of the field.) By removing all but the
first 5 rows of this, gives a GBRD(5, 5, p; C(p)) and hence a GBRD(5, 5, p; G/N).
By minimality of the choice of G, we have that the GHP Conjecture holds for N.
Since |N| ≡ 0 (mod 3) the necessary and sufficient conditions give that there ex-
ists an GBRD(v, 3, |N|; N) for all v ≥ 3, v ≡ 1 (mod 2). Hence there exists a
GBRD(5, 3, |N|; N) and so, by Theorem 10, there exists a GBRD(5, 3, |G|; G). There-
fore there exists a GBRD(v, 3, t|G|; G) when t = 1 and v ≡ 1 (mod 2).

Case (ii) t = 2 and any v ≥ 3. By Lemma 7 we have that for v ≥ 3, there exists a
PBD(v; {3, 4, 5, 6, 8}; 1). Hence, by Theorem 9, it is enough to show that there exists
a GBRD(v, 3, 2|G|; G) for v ∈ {3, 4, 5, 6, 8}.

• For each of v = 3, 5, we have just shown there exists a GBRD(v, 3, |G|; G), and
two copies of one of these, placed side by side yields a GBRD(v, 3, 2|G|; G).

• For v = 4, 6, which are each ≡ 0, 1 (mod 3), we again use the normal sub-
group N with quotient C(p), with p ≥ 5. Since the GHP Conjecture holds
for C(p) there exists a GBRD(v, 3, 2|C(p)|; C(p)) for v ≡ 0, 1 (mod 3), and
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hence there exists a GBRD(v, 3, 2|G/N|; G/N) for v = 4, 6. There exists
a GBRD(3, 3, |N|; N) since N has odd order. By Theorem 10 this gives a
GBRD(v, 3, 2|G|; G), for v = 4, 6.

• For v = 8, again we make use of N, with G/N ∼= C(p). Since the GHP
Conjecture holds for N, and |N| ≡ 0 (mod 3), we have that for all v ≥ 3 there
exists a GBRD(v, 3, 2|N|; N), and in particular a GBRD(p, 3, 2|N|; N). If the
prime p ≥ 8, we again make use of the existence of a GBRD(p, p, p; C(p)) and
remove all but the first 8 rows to determine the existence a GBRD(8, 8, p; C(p)),
that is a GBRD(8, 8, p; G/N). Since we have a GBRD(8, 3, 2|N|; N), Theorem 10
ensures the existence of a GBRD(8, 3, 2|G|; G).

If the prime p < 8, then p = 5 or 7. For p = 7, we use the GBRD(8, {8, 7}, 7;
C(7)) given in Example 5. Since we have GBRD(u, 3, 2|N|; N) for each u ∈
{7, 8}, Theorem 10 ensures the existence of a GBRD(8, 3, 2|G|; G). For p =
5, we use the GBRD(8, {5, 4}, 5; C(5)) given in Example 6. Since we have
GBRD(u, 3, 2|N|; N) for each u ∈ {4, 5}, Theorem 10 ensures the existence of
a GBRD(8, 3, 2|G|; G).

2.2 Designs with k = 3 over groups of order 2 × 3m

Lemma 20. If G is a group with order |G| = 2 × 3m, m ≥ 1, then G has a normal
subgroup of order 3.

Proof. Let G be a group with order |G| = 2 × 3m ≥ 6. Any Sylow 3-subgroup has
index 2 and so is normal. Let P be the unique Sylow 3-subgroup of G, and let τ be
any element of order 2 in G. Then the elements of the group can be partitioned into
G = P ∪ τP.

We define X to be the set of all elements of order 3 which are in the centre
of P. (The set X must be non-empty since P is a non-trivial group of prime power
order.) Furthermore, we can partition the elements of X into pairs of mutually inverse
elements, {s, s−1}. Conjugation by τ permutes these pairs because conjugation is a
group homomorphism. Any homomorphism preserves the properties ‘belonging to
the centre’ and ‘being of order three’ and ‘being mutually inverse’. Note that, since
τ has order 2, we have τ−1 = τ .

Take any s ∈ X. If {s, s−1} is fixed by conjugation by τ , i.e. τsτ = s or
τsτ = s−1, then the subgroup generated by s is normal in G. If {s, s−1} is not fixed
by τ , then by setting t = τsτ , we have τ{s, s−1}τ = {t, t−1} �= {s, s−1}. Since s and
t are both elements of order 3 in the centre of P, and t �∈ {s, s−1}, the element st is
an element of order 3 in the centre of P. Set w = st = ts, then

τwτ = τstτ = (τsτ )(τtτ ) = ts = w.

So the pair {w, w−1} is fixed by τ , and the subgroup generated by w is a normal
subgroup of G of order 3.
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Lemma 21. If G is a group with order |G| = 2 × 3m, m ≥ 1, then G has a normal
subgroup of index 6.

Proof. Let G be a group, |G| = 2 × 3m ≥ 6. We proceed by induction on m.
If m = 1 then |G| = 6 and the result is trivially true.
If m > 1 then |G| = 2 × 3m > 6. By Lemma 20, there is a normal subgroup

of order 3, with quotient group of order 2 × 3m−1 ≥ 6. This quotient group has
a normal subgroup of index 6, and this subgroup (of the quotient group) lifts to a
normal subgroup of G which has index 6 in G as required.

Theorem 22. The GHP Conjecture holds for groups of order |G| = 2× 3m, m ≥ 0.

Proof. Let G be a group with order |G| = 2q, with q = 3m. If |G| ≤ 6, then from
Theorem 14, the GHP Conjecture holds for G. If |G| > 6 then, by Lemma 21, G has
a normal subgroup N such that the factor group G/N has order 6, and hence from
Theorem 14, the GHP Conjecture holds for G/N. The normal subgroup N has order
3m−1 which is odd, and therefore, by Theorem 11, there exists a GBRD(3, 3, |N|; N).
The conditions are satisfied for Lemma 16, and we can conclude that the GHP
Conjecture holds for G.

Groups of order 54 were one case listed in Theorem 14 as possible exceptions for
the GHP Conjecture, but, since 54 = 2 × 33, we have

Corollary 23. The GHP Conjecture holds for groups of order |G| = 54.

2.3 Designs with k = 3 with |G| = 2q for q odd not a multiple of 3

Theorem 24. The GHP Conjecture holds for groups of order |G| = 2q, with q an
odd number which is not a multiple of 3.

Proof. From Theorem 17, G must have a normal subgroup, N, of index 2. There-
fore gcd(|G/N|, 12) = gcd(|G|, 12) = 2. Since |N| = q is odd, there exists a
GBRD(3, 3, q; N). Since G/N ∼= C(2), the GHP Conjecture holds G/N and hence by
Lemma 16, the GHP Conjecture holds for G.

2.4 Summary

We summarise the evidence we now have for the GHP Conjecture. Note that |G| = pq
for primes p, q, is now subsumed within the other cases.

Theorem 25. Let G be a finite group. Then, for v ≥ 4, in each of the following
cases, the necessary conditions in Lemma 12 are sufficient for the existence of a
GBRD(v, 3, λ; G):

• For G nilpotent, and in particular for G abelian;

• For G dihedral, dicyclic or semi-dihedral;
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• For G with

|G| ≡ 1 (mod 2), or

|G| = 2q where q = 3m or q odd not divisible by 3, or

|G| ∈ {2np: p ≥ 5 prime, n the smallest positive integer with p|(2n − 1)},
or

|G| ≤ 100 with the possible exception of |G| ∈ {36, 48, 60, 72, 96}.
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