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Abstract

An edge labeling of a graph G = (V| E) is a bijection from the set of
edges to the set of integers {1,2,...,|E|}. The weight of a vertex v is
the sum of the labels of all the edges incident with v. If the vertex
weights are all distinct then we say that the labeling is vertex-antimagic,
or simply, antimagic. A graph that admits an antimagic labeling is called
an antimagic graph.

In this paper, we present a new general method of constructing fami-
lies of graphs with antimagic labelings. In particular, our method allows
us to prove that generalized web graphs and generalized flower graphs
are antimagic.

1 Introduction

All graphs in this paper are finite, simple, undirected and connected, unless stated
otherwise. An edge labeling of graph G = (V, E) is a bijection ! : E — {1,2,...,|F|}.
The weight of a vertex v, wt(v), is the sum of the labels of all edges incident with .
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In 1990, Hartsfield and Ringel [7] introduced the concept of an antimagic labeling
of graph. An antimagic labeling of a graph is an edge labeling in which the vertex
weights are pairwise distinct. A graph is antimagic if it has an antimagic labeling.

Hartsfield and Ringel [7] showed that paths, stars, cycles, complete graphs K,,,
wheels W,,, and bipartite graphs K, ,,, m > 3, are antimagic. They conjectured that
every connected graph, except Kj, is antimagic, a conjecture that has remained open
for over two decades. Several families of graphs have been proved to be antimagic,
for example, see [1, 2, 3, 4, 5]. Many other results concerning antimagic graphs
are catalogued in the dynamic survey by Gallian [6]. Most recently, new families of
antimagic graphs have been discovered by Phanalasy et al. [8] and Ryan et al. [9],
using completely separating systems for the construction of the labelings.

In this paper we introduce a new approach which allows us to produce antimagic
labelings of two new families of graphs called generalized web and generalized flower
graphs. We also extend the results to more general cases, showing the antimagicness
of the single apex multi-generalized web graphs and the single apex multi-(complete)
generalized flower graphs. The antimagicness of paths and cycles that have been
proved in [7] are special cases of our results.

2 Results

In this paper we extend definitions in [9]. Let G be a k-regular graph with p vertices.
The generalized pyramid graph P(G,1), is the graph obtained from the graph G by
joining each vertex of G to a vertex called the apex; the graph G is called the base.
Note that the wheel is a special case of the generalized pyramid graph P(G, 1) when
G = Cy, n > 3. The generalized pyramid graph P(G,2) is the graph obtained from
the graph P(G, 1) by attaching a pendant vertex to each vertex of the base and
then joining each pendant vertex to the corresponding vertex in a copy of G. By
iterating the process of adding pendant vertices to the newest copy of G and joining
them to form a new copy of G, we obtain the generalized pyramid graph P(G,m),
m > 1. Alternatively, to get P(G,m), take the Cartesian product G x P, and adjoin
a vertex, the apex, to each vertex of one end copy of G.

The generalized web graph W B(G,m,n) is the graph obtained from the general-
ized pyramid graph P(G,m) by taking p copies of P, (n > 2) and merging an end
vertex of a different copy of P, with each vertex of the furthermost copy of G from
the apex. When G is a cycle, W B(G,m, 2) is simply called the web graph.

The generalized flower graph with p petals (or simply, generalized flower graph)
FL(G,m,n,p) is the graph obtained from the generalized web graph W B(G,m,n)
by connecting each of the p pendant vertices to the apex with an edge. A petal
of FL(G,m,n,p) is the subgraph C,,, that contains the new edge. The complete
generalized flower graph with (m + n — 2)p petals (or simply, complete generalized
flower) CFL(G,m,n, (m+mn — 2)p) is the graph obtained from the generalized web
graph W B(G, m,n) by adding (m+n —2)p edges to ensure that the apex is adjacent
to every other vertex. Petals in CFL(G, m,n,(m + n — 2)p) are defined as for the
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generalized flower graph and there are m + n — 2 types of petals: C3,Cy, ..., Chin.
When G is a cycle, CFL(G,m,n, (m+n — 2)p) is simply called the complete flower
graph.

An edge labeling [ of a graph G will be described as an array L. Each row of L
represents a vertex of GG, and each entry of the array is an edge label and must appear
in exactly two different rows. These two rows represent the two vertices incident to
the edge with that label.

Hereafter we denote by T the transpose of the array T.

Theorem 1. Let G = (V, E) be a k-regular graph and G # K. Then the generalized
flower graph FL(G,m,n,p), m > 1, n > 2, is antimagic.

Proof. Assume that G has p vertices and ¢ edges. The construction of the generalized
flower graph F'L(G,m,n,p) uses m copies of G. We choose any edge labeling of G.
Let L;, 1 < j < m, be the array of edge labels of the j-th copy of graph G. Let v;
be the vertex represented by the i-th row of L;. We arrange the rows of L; so that
wt(v;) < wt(vigr), 1 <i < p—1. Let T, 1 < h < m+mn, be the (p x 1)-array of
the edges ¢;, 1 < i < p, where ¢; are the edges of F'L(G,m,n,p) that do not belong
to any copy of G. We construct the array A of edge labels of the generalized flower
graph FL(G,m,n,p), m > 1, n > 2, in two cases as follows.

Case 1: G=K,, p>2.

(1) Label the edge €;, 1 < i < p, in row ¢ of the array Tj,, 1 < h < m + n, with
i+(h—1)p,for1 <h<n+1l,andi+(h—1p+(h—n—1)q, for n+2 < h < m+n;

(2) Replace the edge labels in the array L;, 1 < j < m, with new labels obtained by
adding (n + j)p + (j — 1)q to each of the original edge labels;

(3) To form the array A,

Ifm=1andn > 2,

T, T,

T, T
Tn -1 Tn

T Tia

Tn T’rH—l Ll
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T~ .‘>\T2

Tn+1 \ ’

15
Ly Ly
Tn+3 . Tn+2

. L. L. K
Tm+nfl\O\—/Omi+n*2

Tm+n

Figure 1: [Illustration of the construction of the generalized flower graph
FL(K,,m,n,p), for p>2 m>2 n>3, and m is even

More generally, if m > 1 and n > 2,

Ty T,
T, T
T T,
Tn—l Tn
T Th

Tn Ll Tn+2
Tn+1 L2 Tn+3

Tm+n72 mel Tm+n
Tm+n71 Tm+n Lm

As an illustration, in Figure 1 we present the construction when m is even. The
case of m being odd is similar and left to the reader.

By the construction of the array A, it is clear that the weight of each vertex (row)
in the array is less than the weight of the vertex (row) below, except the weight of
the row T{T!,, and the weight of the first row of the subarray T,, LT, need to be
considered separately.

Let r(n—1)p41 and 7g_1)p42 be the row T{T} ; and the first row in the subarray
TnLyThyo, respectively. Let wt(rn—1)pt+1) and wt(rm—1)pt+2) be the weights of r(,—1)p+1
and r(,—1)p+2, respectively. Since the least possible edge labels (that yield the least
possible weight) of a vertex in the array Ly are 1+ (n+ )p,2+ (n+ 1)p,...,(p —
1) + (n + 1)p, it follows that wt(rp—1ypre) > 1+ (n—1L)p) + (1 +(n+1)p) +--- +
(P=D+@m+)p)+ 0+ n+p+qg) =2+ n—1p+220 4 (n 4 1)p* + ¢ >
(n+)p*+p=1+--+p+(L4+np)+ -+ (p+np) = wi(rm-1p41).

Case 2: G# Kp, p > 2.
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(1) Label the edge e;, 1 < i < p, in the row i of the array T),, 1 < h < m + n, with
i+(h—Dpfor1<h<n,andi+ (h—1)p+ (h—n)g, forn+1<h<m+mn;

(2) Replace the edge labels in the array L;, 1 < j < m, with new labels obtained by
adding (n+j — 1)p+ (j — 1)g to each of the original edge labels;

(3) To form the array A,

Ifm=1and n>2,

Ty Ty
T, T3
Tnfl Tn
Tn Ll Tn+1
Y Tin
Ifm>2andn=2,
Ty T
T, Ly Ts
T3 L, Ty
Tm+n—2 Lm—l Tm+n—1
Tm+n—1 Lm T’rrH—n
Tlt T7tn+n
and, in general, if m > 1 and n > 2,
T T
T Ty
Tn—l Tn
Tn Ll Tn+1
Tn+1 L2 Tn+2
Tm+n—2 Lm—l Tm+n—1
Tm+n71 Lm Tm+n
Tlt T’rtn+n

The construction used here is similar to the illustration in Figure 1 and it is

omitted.

By the construction of the array A, it is clear that the weight of each vertex (row)
in the array is less than the weight of the vertex (row) below. O

Surprisingly, when the array L;, 1 < j < m, is removed from the construction in

the proof of Theorem 1, when n = 2 we obtain an alternative proof of the following
corollary. The reason this works is that K3 has no edges, and hence the array of edge
labels is empty. The cycle has been proved to be antimagic in [7].



184 M. MILLER, O. PHANALASY, J. RYAN AND L. RYLANDS

Corollary 2. The generalized flower graph FL(Ky,m,2,1) = Cpy2, m > 1, is
antimagic.

Corollary 3. Let G = (V, E), where G # K, is any k-reqular graph. Then the
generalized web graph W B(G,m,n), m > 1, n > 2, is antimagic.

Proof. In each case in the proof of Theorem 1, to construct an array which respects
an antimagic labeling of the graph, remove each occurrence of 77 and for A > 2,
replace T), by T,_1. It is easy to check that in each case this yields an antimagic
labeling of WB(G,m,n), m > 1, n > 2.

]

When n = 2, removing the array L;, 1 < j < m from the construction used in
Corollary 3, results in an alternative proof of the following corollary. The reason this
works is that K7 has no edges, and hence the array of edge labels is empty. The path
has been proved to be antimagic in [7].

Corollary 4. The generalized web graph W B(Ky,m,2) = Py, m > 1, is an-
timagic.

The antimagicness of complete generalized flower graphs is established by the
following theorems.

Theorem 5. Let G = (V, E) be a k-reqular graph and G # K. Then the complete
generalized flower graph CFL(G,m,n,(m+n —2)p), m > 1, n > 2, is antimagic.

Proof. Assume that G has p vertices and ¢ edges. We divide the proof into three
cases.

Case 1: n=2and m = 1.
The proof is the same as that of Theorem 1.

By definition, the construction of complete generalized flower graph
CFL(G,m,n,(m+n—2)p) uses m copies of G. We first choose any edge labeling of
G. Let L;, 1 < j <m, be the array of edge labels of the j-th copy of graph G. Let
v; be the vertex represented by the i-th row of L;. We arrange the rows of L; so that
wt(v;) < wt(vigq), for 1 <i<p—1. Let Ty, 1 < h < 2(m+n—2)+1, be the (px1)-
array of edges e;, 1 < i < p, where ¢; are the edges of CFL(G, m,n,(m +n — 2)p)
that do not belong to any copy of G. We construct the array A of edge labels of the
generalized flower graph CFL(G,m,n,(m+n —2)p), m > 1, n > 2, as follows.

(1) Label the edge e;, 1 <i < p, in the row i of the array Tj,, 1 < h < 2(m+n—2)+1,
with i+ (h—1)p, for 1 <h <m+2n—3, and i+ (h — 1)p+ (h — m — 2n + 3)q, for
m+2n—3<h<2(m+n-—2)+1;

(2) Replace the edge labels in the array L;, 1 < j < m, with new labels obtained by
adding (m +2n+ j —4)p+ (j — 1)q to each of the original edge labels;
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(3) To form the array A we consider two cases.

The array A is provided for all cases. The details of the proof are given only for
the last, most general, subcase.

Case 2: n = 2.

Subcase 2.1: m = 2.

T 15

T3 Ly Ty

T, T, Ly, Ts

T T T

Subcase 2.2: m = 3.

T Ts

T; Ty L

T, Ts Ly, T

T, Te L3 T

TH TY T T
Subcase 2.3: m > 4.

T, Ts
T, T, I
T, Ts Ts L,

T2m76 T2m73 T2m72 Lm72
T2m74 T2m71 mel T2m
TZm—Z TZm Lm T2m+1
Tlt T?f . TZtm—S TZtm—l T2tm+1

Case 3: n > 3.

Subcase 3.1: m = 1.

T, T
T, T, T

T2n74 T2n73 T2n72
T2n72 Ll T2n71
T ... . TL_, Tt

n—1

Subcase 3.2: m = 2.
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&L

9—(u+w)zl O

Figure 2: Illustration of the construction of the generalized flower C'F'L(G, m,n, mp),
forp >2,m>3,n>3, and m is odd

N T
T, Ty T

T2nf4 T2nf3 T2nf2
TZn— 1 L 1 TZn
TZn—Z TZn L2 T27H—1

Tlt T?f to . TZtn—S TZtn—l T2tn+1
Subcase 3.3: m > 3.
T T
15 13 Ty
Ton—2) Totn-1)—1 Ton-1)
T2n71 T2n Ll
To(n-1) Tons1)-1 To(ns1) Ly
T2(7n+n—2)—6 TZ(m+n—2)—3 T2(7n+n—2)—2 Lm—2
T2(7n+n—2)—4 T2(7n+n—2)—1 Lm—l T2(7n+n—2)
T2(7n+n—2)—2 TZ(m+n—2) Lm T2(7n+n—2)+1
Tlt T?f T ' T2t(m+n—2)—3 T2t(m+n—2)—1 T2t(m+n—2)+1

The diagram in Figure 2 illustrates the construction used here when m is odd.
When m is even, the construction is similar and left for the reader.
By the construction of the array A, it is clear that the weight of each vertex (row)
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in the array is less than the weight of the vertex (row) below, except the weight of
the last vertex (row) of the subarray Thgin—2)—2T2(mtn—2)

Ly To(min—2)+1 and the row TTTE ... T2t(m+n—2)—1T2t(m+an)+1

Let r; be the row f in the array A and wt(ry) be the weight of the row r;. Let
ef.q be the edge label in the row f and the column g in the array A.

that need to be verified.

Let 7(min—1)p a0d 7(m4n—1)p+1 be the last row of the subarray T5(mn4n—2)—2
Totmin—2) L Togmsn—2)41 and the row T{Tj ... TZt('m +71_2)_1T2t(m tn_2)+1; Tespectively.
We have the edge labels of the rows when G = K, p > 2, as shown below.

T(man—1)p : . 2lp+ (m —1)q o @2+ Dp+mg
Tlman—t)p+1: L ... p ... . Q=DLp+(m—-2)¢ ... 2l+1L)p+mg

where [ = m +n — 2.

Since 25:1 E(m+n—1)p+1,9 + E(m4n—1)p+1,(m4+n—2)p = p(p—;l) + (21 - 1)]7 + (m - 2)11 =
21P+(m* 1)CI = €(m+n—1)p,(m+n—2)p and €(m+n—1)p+1,(m+n—2)p—1 = €(m+n—1)p,(m+n—2)p—1
and €(min—1)pt+i,g > Eman—1)pg for (m+n—-2p+1 < g < (m+n—-1)p—1,
hence wt(rmin—1)p+1) > WH(rmin—1)p). This also warrants that wt(rgmn_1)ps1) >
W (man—1)p), when G # K,, p > 2. Therefore, for any k-regular graph G # Kj,
wt(r(m+n_1)p+1) > wt(r(m+n_1)p). O

When the array L;, 1 < j <'m, is removed from the construction in the proof of
Cases 1 and 2 of Theorem 5, the following corollary emerges.

Corollary 6. The complete generalized flower graph CFL(Ky,m,2,m), m > 1, is
antimagic.

3 Extension of Results

To extend our results in Section 2 to more general cases, we need the following
definitions. The single apex multi-generalized flower graph (or single apex multi-
generalized web graph or single apex multi-complete generalized flower graph) is the
graph obtained from generalized flower graphs (or generalized web graphs or complete
generalized flower graph) with a common apex.

Hereafter let rG =, G.

The proof of the following theorem is similar to a part of the proof of Theorem
1, and so it is omitted here.

Theorem 7. Let H be a k-reqular disconnected graph and H # rK,. Then the single
apex multi-generalized flower graph MFL(H,m,n,p), m > 1, n > 2, is antimagic.

When the array L;, 1 < j <'m, is removed from the construction in the proof of
Theorem 1, we have proved the following corollary.

Corollary 8. The single apex multi-generalized flower graph
MFL(rKy,m,2,r), m > 1, is antimagic.
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The proof of the following corollary is omitted since it is similar to the proof of
Corollary 3.

Corollary 9. Let H be a k-reqular disconnected graph and H # rK; . Then the
single apex multi-generalized web graph MW B(H, m,n), m > 1, n > 2, is antimagic.

When the array L;, 1 < j < m, is removed from the construction in the proof
of Corollary 3, we have proved the following corollary. The reason this works is that
rK1 has no edge, and hence the array of edge labels is empty.

Corollary 10. The single apex multi-generalized web graph MW B(rKy,m,2), m >
1, us antimagic.

Note that when r = 2, MW B(2K;,m,2) = P13, this is a special case of
Corollary 4.

The proof of the following theorem is similar to the proof of Theorem 5, so it is
omitted here.

Theorem 11. Let H be a k-regular disconnected graph and H # rKy. Then the
single apex multi-complete generalized flower graph MCFL(H,m,(m + n — 2)p),
m > 1, n > 2, is antimagic.

When the array L;, 1 < j < m, is removed from the construction in the proof of
Theorem 5, we have proved the following corollary.

Corollary 12. The single apexr multi-complete generalized flower graph
MCFL(rK;,m,2,mr), m > 1, is antimagic.

Example 1. Using the construction of Subcase 2.1 of Theorem 5, we have the
array A of edge labels of the single apexr multi-complete generalized flower graph
MCFL(4K,,2,2,16)



ANTIMAGICNESS OF GRAPHS 189

1 9

2 10

3 11

4 12

5 13

6 14

7 15

8 16

17 25 29

18 25 30

19 26 31

20 26 32

21 27 33

22 27 34

23 28 35

24 28 36

9 29 37 41
10 30 37 42
11 31 38 43
12 32 38 44
13 33 39 45
14 34 39 46
15 35 40 47
16 36 40 48
1 ... 8 17 ... 24 41 42 43 44 45 46 47 48

and the corresponding antimagic single apex multi-complete generalized flower graph
MCFL(4K3,2,2,16) as shown in Figure 8
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