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Abstract

We extend the notion of 2-decomposition to the class of half-edged ribbon
graphs and then to rank D-weakly colored graphs, generalizing thereby
the 2-sums and tensor products of these graphs. Using this extension
for the 2-decompositions, we provide new expansion formulas for the
Bollobas Riordan polynomial for half-edged ribbon graphs and also for
the polynomial invariant for weakly colored stranded graphs.

1 Introduction

A graph-theoretic invariant called separability was recently introduced by Cicalese
and Milan¢ [6]. In general, a graph is called k-separable if any two non-adjacent ver-
tices can be separated by the removal of at most k vertices. The k-separability turns
out to be an important property of a graph used to investigate the computational
complexity of several optimization problems for graphs of bounded separability [6].
One of the main results in [6] is a decomposition theorem for the 2-separable graphs.
This decomposition has been extended to ribbon graphs by taking into account the
cyclic order of the vertices [10].

Defined as a neighborhood of a graph embedded in a surface, a ribbon graph
[4, 7] can be decomposed into its 2-connected components according to the following
description: assume that a ribbon graph Gis 2-separable and then regard it as arising
from a sequence of 2-sums of a collection of ribbon graphs {A.}.ce with a ribbon
graph G = (V,&). Along the edge e € £, we “glue” the distinguished ribbon graph
A.. Strictly speaking, a 2-sum of two graphs G and F with distinguished edges e
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and f respectively in G and F is defined by identifying e with f and deleting the
identified edge [10]. The structure (G,{H,}ces), is called a 2-decomposition for G
with H, = A, —e, for alle € £.

In [10], Huggett and Moffat find a connection between the Bollobas Riordan (BR)
polynomial of G and those of G and H,. This result generalizes Brylawski’s result in
[5] which expresses the Tutte polynomial of the tensor product T(G ® A) in terms
of those of its two factors G and A. The goal of the present work is to make one
step further and to extend these series of results to new classes of generalized graphs
appearing in quantum field theory and in theoretical physics [9, 3].

Graphs can be generalized as half-edged graphs (HEGs) [2]. A half-edge is de-
fined as any edge incident to a unique vertex without forming a loop and a HEG
is a graph together with an incidence relation which associates each half-edge with
a unique vertex. HEGs are the natural class of graphs of quantum field theory
[11], with half-edges representing field modes with much lower energy than inter-
nal processes represented by well-formed edges. Combining the definitions of HEGs
and ribbon graphs, half-edged ribbon graphs (HERGs) arose as a class of graphs
encompassing those. HERGs have both an underlying half-edged graph and ribbon
graph structures. Ribbon graphs are also surfaces with boundary and each boundary
component is called face of the ribbon. In the case of HERGs, the presence of the
half-edges induces two kinds of faces: internal and external faces. The internal faces
are components homeomorphic to the 2-dimensional disk D, and the external are
the remaining ones which are homeomorphic to any open segment. Following the
external faces, we obtain connected components called connected components of the
boundary graph. As a new feature, the notion of 2-decomposition for HERGs that
we introduce in the present work distinguishes the treatment of the internal faces
and the connected components of the boundary graph during the 2-sum operation.

The Tutte and Bollobas Riordan polynomials have found an extension to HERGs
by including extra variables: one for keeping track of the number of connected com-
ponents of the boundary graph and another for the number of half-edges. This
extension satisfies a similar recurrence to the contraction and deletion of edges and
details have been given in [2]. Using the bijection between the states of G and those
of G and H,, we find the expression for the number of internal faces, number of
connected components of the boundary graph and half-edges of a state of G in terms
of those of the states of G and H,. This task remains complex because, first, the
definition by Hugget and Moffat must be modified to take into account the pres-
ence of the half-edges. Then, we must deal with the fact that the internal faces
or connected components of the boundary graph of a state in G may be generated
by different types of components in the states in G and the graphs H.. To tackle
this issue, we identify a matrix e which captures the subtlety of the 2-decomposition
of HERGs. This matrix called €(f, z.) is labelled by rows indexed by the internal
faces of a state in G and columns indexed by the points . that define the meeting
places of the graphs H, on G in the construction of G. The important quantity to
master the decomposition of HERGs is the rank of €. As a consequence, we relate
the multivariate polynomial invariant of G and of those of G and of H..
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The level of difficulty increases when we seek for such relations for the class of
graphs called rank D weakly-colored (w-colored) stranded graphs [1]. Such graphs are
called stranded graphs because they are made with stranded vertices which are chord
diagrams and stranded edges which are collections of segments. Gurau introduced in
[8] a coloring on them and proved that they are dual to simplicial pseudo-manifolds
in any dimension D. This duality was the stimuli for particular quantum gravity
models claiming that the geometry of spacetime at high energy is simplicial. In that
sense, stranded graphs represent quantum (discrete) spaces. In a colored graph, the
vertices are called O-cells, lines or edges 1-cells and the faces 2-cells. A p-cell or p-
bubble is defined as a connected subgraph made only of lines of p chosen colors. Once
we impose upon the vertices a fixed coordination D, we obtain a specific stranded
graph called colored tensor graph '. The coordination of the vertices in a colored
tensor graph gets modified if we perform a contraction of an edge. Allowing such a
contraction enlarges the class of graphs from the colored tensor graphs to what is
called weakly-colored (w-colored) graphs. The BR polynomial invariant has a natural
extension from ribbon graphs to rank D w-colored graphs [2, 1]. In the second part
of this work, we introduce the 2-decomposition for rank D w-colored graphs and
establish few properties of it. The expression of the generalized invariant on the
graph G in terms of the invariants of the corresponding graphs G and H. is much
more involved.

In this paper, Section 2 reviews the ribbon graphs, half-edged ribbon graphs and
the BR polynomials on such graphs. We show in Section 3, how to compute the BR
polynomial of a graph G = (G, {H.}cee), by introducing two matrices which capture
the details generated by that 2-decomposition. Two particular cases are studied: the
case where each graph H, is embedded in the neighborhood of e in the embedded
graph G and the general case. Theorems 3.11 and 3.19 establish the main results
of this section. We investigate the 2-decomposition extended to the class of weakly
colored graphs in Section 4 and report already a preliminary result of an expansion
of the invariant of the weakly colored graphs. The complete expansion in terms of
the invariants of G and of H, is solved for a particular class of weakly colored graphs.

2 Preliminaries

In this section, we briefly review some essential concepts on ribbon graphs, HERGs
and the Bollobas Riordan polynomial.

A ribbon graph G = (V,€) is a surface with boundary where the vertices are
represented by a set of disks and the edges are represented by ribbons (rectangular
disks) [4]. A spanning subgraph s = (V,&’) of G, where & C &, is called a state of G
and we denote by S(G) the set of states of G. Let v(s), e(s), k(s), r(s), n(s) and 9(s)
be respectively the number of vertices, edges, connected components, rank, nullity
and boundary components of s. Besides the parameters of this graph, there is ¢(s),
which records the orientability of an embedded graph s. By definition t(s) = 0 if s

!'Notice that this notion of tensor graph is technically different from the notion of tensor product
of graphs defined as a particular 2-decomposition.
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is orientable and t(s) = 1 otherwise.

There are three kinds of edges that we can identify in a ribbon graph G. An edge
e of G is called a bridge if its removal disconnects a component of G. If the two ends
of an edge e of G are incident to the same vertex v of G then e is a loop and e is a
regular edge of G if it is neither a bridge nor a loop. A ribbon edge can be twisted
as well (see Figure 1). A loop e at a vertex v of a ribbon graph G is twisted if v U e
forms a Mobius band as opposed to an annulus (an untwisted loop). We say that a
loop e is trivial if there is no cycle in G which can be contracted to form a loop f
interlaced with e.

t

Figure 1: Untwisted (left) and twisted (right) edge notations

There are some graphs operations which we now describe

Definition 2.1 (Deletion and contraction [4]). Let G be a ribbon graph and e one
of its edges.

e We call G — e the ribbon graph obtained from G by deleting e and keeping the
end vertices as closed discs.

e If ¢ is not a loop and is untwisted, consider its end vertices v; and v,. The
graph G/e obtained by contracting e is defined from G by replacing e, v; and vy by
a single vertex disc e Uv; Uvy. If e is a twisted non-loop, then untwist it (by flipping
one of its incident vertex) and contract.

o If ¢ is a trivial twisted loop, contraction is deletion: G —e = G/e. The contrac-
tion of a trivial untwisted loop e is the deletion of the loop and the addition of a new
connected component vertex vy to the graph G — e. We write G/e = (G —e) U {vg}.

The Bollobés-Riordan polynomial R(G; z,y, z,w) € Z[z,y, z, w]/w?—w for ribbon
graphs is defined as the state sum:

RGiay. 5 w) = 3 (1= 100y 40000 ), )
s€S(9)

In the following we set w = 1 and use an abuse of notation e € s rather than e € £(s).
Under these assumptions, the multivariate Bollobas-Riordan polynomial [13] is

Z(G;a,b,c) = Z ak(s)<Hbe> ) (2)
s€S(9) e€s

where a and ¢ are indeterminates, and b := {b./e € £} is a set of indeterminates
indexed by &. If we set all the variables b, = b in (2), then using equation (1), we
obtain

R(G;z,y,2) = (x = 1) " (y2) "D Z(G; (v — 1)y2?,yz,271).

Let us now discuss a polynomial invariant for ribbon graphs with half-edges or
half-ribbons.
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Definition 2.2. A HERG G(V, E,{°) (or simply Gy is a ribbon graph G(V, E) (or
shortly G) with a set f° of HR together with a relation which associates each HR
with a unique vertex. The ribbon graph G is called the underlying ribbon graph of
the HERG Gyo.

Starting with a HERG G we can find its underlying ribbon graph by deleting the
half-ribbons or closing (pinching) the external points of each HR in {°. The ribbon
graph G is also denoted G.

Note that the HERGs was originally studied in [11] where a half-ribbon edge (or
simply half-ribbon, denoted henceforth HR) is a ribbon incident to a unique vertex
by a unique segment and without forming loops. Half-ribbons allowed another graph
operation called the cutting of an edge. Cutting an edge e in a ribbon graph G,
means that we remove e, and we let two HRs attached at the end vertices of e. If e
is a loop, the two HRs are on the same vertex.

e A ribbon graph G with HRs or a HERG is defined as a ribbon graph G(V, &)
with a set f = f! U, where §' is the set of HRs obtained from the cut of all edges
of G, and {° is the set of additional HRs together with a relation which associates
with each additional HR a unique vertex. A ribbon graph G(V,€) with the set
of additional HRs is denoted Gyp(V,€). An illustration is given in Figure 2. The
subgraphs of Gjo(V, ) are obtained by using the “cutting” operation to replace the
usual operation of deletion.

e A c-subgraph A of Gp(V,€) is defined as a HERG Ajo (Va,&4) satistying
V4 CVand £4 C & such that the incidence relation between edges and vertices is
respected. We now denote by &4 the set of edges incident to the vertices of A and
not contained in £4. The set of HRs of Ay is o = 150 U % (E4) with §%5° C ° and
%1 (£4) C §, where §%'(£4) is the set of HRs obtained by cutting all edges in £, and
incident to the vertices of Af% . We denote ATOA C Gjo. See an example of c-subgraph
Af% in Figure 2.

e A spanning c-subgraph sp or a state of Gp(V,&) is defined as a c-subgraph
sfg(Vs,SS) of G with all vertices and all additional HRs of Gp. Then & C & and
Vi =V, f2 = fPUFP(E;). We use the notation sp € Gjo and denote by S(Gp) the set
of states of Gp. (See sp in Figure 2.)

t

Gro Ay 510

Figure 2: A ribbon graph with HRs G together with a c-subgraph
AfOA and a spanning c-subgraph sjo

The states or spanning c-subgraphs have crucial importance in this framework
since they are involved in the state sum of the BR polynomial defined on HERGs.

There are two kinds of boundary on a HERG which deserve to be analyzed: the
boundary faces following the contour of the HRs and the initial ones which follow



R.C. AVOHOU / AUSTRALAS. J. COMBIN. 79 (3) (2021), 340-370 345

the boundary of well-formed edges. More precisely let us consider a ribbon graph
with HRs Gp(V, £).

e A closed or internal face is defined as a boundary component of a ribbon graph
which never passes through any free segment of the additional HRs. We denote by
Fint(Gpo(V, E)) the set of closed faces of Gyo(V,E).

e A boundary component obtained by leaving an external point of some HR
rejoining another external point is called an open or external face. We denote by
Fext(Gp(V, E)), the set of open faces of Gyo(V, E).

e The set of faces F(Gp(V,E)) of Gp(V,E) is defined by

]:int(gfo V,€))uU ]:ext<gf0 V,€)).

If Fot(Go(V,E)) # 0, ie. 2 # 0, then Go(V, E) is said to be open. Otherwise it is
closed.
An illustration for closed and open faces is given in Figure 3.

o

_—

f,

Figure 3: A HERG Gjp with Fint(Gp) = {fo}, and Fext(Gpo) =
{f1, fa, f3}

The boundary dGp of a ribbon graph Gp(V,€) is a simple graph 9Gp(Va, &)
such that Vy is one-to-one with f and & is one-to-one with Fey(Gpo(V,E)). Then
the boundary graph of a closed ribbon graph is empty. By construction, the boundary
graph 0Gso, is obtained by inserting a vertex of valence or degree two at each HR,
the edges of JGj are nothing but the external faces of Gp. An illustration is given
in Figure 4. The operations of edge contraction and deletion for HERGs keep their
meaning as in Definition 2.1.

f2

Figure 4: The boundary graph associated to the HERG in Figure 3

Definition 2.3 (BR polynomial for HERGs). Let Gp(V,€) be a HERG. We define
the ribbon graph polynomial of G to be

Rgfo (.T, Y, 2, w, t) _ Z (ZL’ o 1)r(gf0)—r (s) (y . 1)n(s)zk(s)—Fmt(s)+n(s) wC’a(s) tf(s)’ (3)
s€S(Gj0)

where Cy(s) = |Cy(s)| is the number of connected components of the boundary of s,
f(s), the number of half-edges and Fi,(s) = | Fins(s)].
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This definition gives a polynomial R (3) which is a generalization of the BR
polynomial R (1) from ribbon graphs to HERGs. The multivariate Bollobas-Riordan
polynomial for HERGs is

Zgo(a,b,c,d)l) = Z ak(s)(Hbe) (Fine(5) gO) 1 (5). ()

sES(gfo) e€s

where a, ¢ and d are indeterminates, and b := {b./e € £} is a set of indeterminates
indexed by &. If we set all the variables b, = b in (4), then using equation (3), we
obtain

Roq (.4, 2,w,8) = (@ — 1)) ()90 Zg (@ = Dy=2,yz, =~ w ). (5)

3 Expansion for the Bollobas-Riordan polynomial on half-
edged ribbon graphs

The formation of the HERG éf/o from its 2-decomposition (G, {Hc}ece) is ob-
tained by replacing each ribbon edge e by H.. In fact from the 2-decomposition
(Gjo, {He}ece) locally at e = (uc,we) of the template Gp, the graph Gjo is con-
structed by identifying the arcs m, and n, of the vertices u., and w, of H, with the
corresponding arcs m. and n, on the vertices v, and w, on the template Gpo —e. We
use the same notations n. and m,. according to the identification of the arcs. An
illustration is given in Figure 5, where the arcs m, and n, are shown in red.

Figure 5: Replace the edge e by H. to obtain éf/o

3.1 The 2-decomposition of HERGs

We give in this subsection a natural extension of the 2-decomposition of graphs,
from ribbon graphs to HERGs. Given a HERG Gp = (V, £), we may wonder how to
evaluate the number of its internal faces or connected components of the boundary
graph using its 2-decomposition.

Definition 3.1. Let Go = (V,€) be a HERG and {A.}.ce be a set of half-edged
ribbon graphs each of which has a specific non-loop edge distinguished. For each
e € & take the 2-sum Gjo ®y A, along the edge e and the distinguished edge in A,
to obtain the half-edged ribbon graph Quo; 0 = fo Ue fU(A.) and fO(A.) the set
of half-ribbons of A.. For each e € £ we define H, = A, — {e}. We will call the
structure (Gyo, { Hc}ece) a 2-decomposition for éf/o.
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We can construct the graphs A, by performing the reverse operation. That is
we look Gyo as a 2-decomposition (G, { He }ece) Where we identify two distinguished
vertices u, and w, of each H. with the corresponding end vertices of e in Gyo. From
each H, we can define a graph A, = H, U {e}.

The set of states S(H,) of each H, is partitioned into two subsets: S*(H,) consists
of all states in S(H,.) in which u, and w, lie in the same connected component, and
S?(H,) consists of all states in S(H,) in which u. and w, lie in different connected
component. A state § € G\fo is obtained by replacing the edges e in a state s € S(Gp)
with elements of S'(H.), and the edges f which are not in s by elements of S?(Hy).

Lemma 3.2. If a state s of the embedded graph QA‘uo 15 decomposed into states s €
S(Gp), se € SY(H.)US*(H,), e € & in the decomposition above, then

KB) = ) k(se) = [{sc € S'(Ho)} — 2/{s. € S*(Ho)} + k(s),

Fint(g) + Ca(§) = ZFint(Se) - |{Se S Sl(He)}l - 2’{36 S Sz(He)H + Fint(s)
+ > Colse) + Cals), (6)
ecf

where |{s. € S"(H.)}|; i = 1,2 is the number of states in S'(H.,), at fized e.

Proof. The proof of this lemma will follow the one of Lemma 3 in [10] by considering
the underling ribbon graphs § and s, associated respectively to the half edged ribbon
graphs s and s, and using the equalities

A(3) = Fie(8) + Cy(5),  9(3.) = Fine(se) + Cy(se).

O

We are now interested in a separate formula relating Fin(5), Fine(se) and Fiy(s)

and a formula relating Cy(5), Cs(se) and Cy(s). This leads us to consider different

cases. The case where a connected component of the boundary of s corresponds to

a connected component of the boundary of § and the case where a closed face of s

corresponds to a connected component of the boundary of 5. We take H, = A,V {e}
in the following subsection in order to overcome this issue.

3.2 The BR polynomial for HERGs embedding in a neighbourhood

In this subsection we assume that the graph Q\fo = (Gjo, {H}cee) is embedded graph
where G is embedded and each graph H, is embedded in the neighborhood of e.
Let us remember the 2-decomposition in order to evaluate the BR polynomial on
HERGs. Consider two HERGs Gy and Fyo with distinguished edges e € E(Gjp) and
[ € E(Fjo). The 2-sum Gjo @y Fjo is defined by identifying e with f and deleting
the identified edge. We introduced here another way to perform this sum which will
be generalized on tensor graphs. In the process of identification of e and f, assume
that a vertex u. € V(Gp) is identified with uy € V(Fpo). We introduce an edge
between u. and uy such that the end points of this edge coincide with the end points
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of the identified edges. We contract this edge and obtain that the cyclic order around
the new vertex will be {e1,--- , ey, f1,- -+, fin} if the cyclic order around u, and u;
are {e,eq, -+ ,e,} and {f, f1,---, fm} according to a choice of orientations on these
ribbon graphs. An illustration is given in Figure 6.

e, e
2
e 3 1
: e e -

Figure 6: The process of identification of e and f (on the left), through
the introduction of an edge between u, and uy (midle) and the 2-sum
obtained after contraction (on the right)

The definition 3.1, can be reformulated as follows:

Definition 3.3. Let Go = (V,€) be a HERG and {A.}.ce be a set of half-edged
ribbon graphs each of which has a specific non-loop edge distinguished. For each
e € &€ take the 2-sum Gjo By A., along the edge e and the distinguished edge in A, as
introduced above, to obtain the half-edge ribbon graph g}o; 9 = fo U, f°(A.) and
f°(A,) the set of half-ribbons of A,. For each e € £ let us deAﬁne H. = A.V{e}. We

will call the structure (Gyo, { Hc}eee) a 2-decomposition for Gyo.

From Definition 3.3, each H. has at least two half-edges attached to the points
me and n.. Definition 3.1 shows that Gyo is obtained by identifying the distinguished
vertices u, and we, for e = (u., w,), of each graph H, with their correspondence in
Gjp. Then we may not have some half-edges attached to m,. and n..

Let a. and a, be the two endpoints of the arcs m, and b, and b/, the endpoints of
the arcs n.. Some of these points may belong to the same internal face or connected
component of the boundary graph. These points a., a., b. and b, induce points on
the boundary of Gy, éf/o and H., and then on the states s € Gy, § € @o and s, € H..

Consider one of such points, say, x in an internal face f of a state s € S(G). This
point has a correspondent point x. in each of the graphs s, such that f will pass
by e in 5. We can define a matrix ¢ which columns are indexed by the points z,
and rows indexed by the internal faces of s. The elements of this matrix are given
by: €(f,x.) = 1 if x, corresponds to a point = in f and belongs to a connected
component of the boundary graph in sUe and €(f, z.) = 0 otherwise. To the matrix
€ we can associate a sub-matrix € obtained by removing from e, all the zero and
collinear column vectors except one. It is clear that € is a square matrix. We denote
by {Z.}. the set of the remaining points indexing the columns of € and 7 the number
of internal faces in s which become open in §. The following result is straightforward.

~

Lemma 3.4. Let us consider the 2-decomposition § = (s,{s}.) where § € S(G),
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s € S5(G), s. € S(H,) and G = (G,{H}.) and € as defined above. We have
7 = rank(e) = rank(é).

We want to express 7 as a sum over e in s. Consider another matrix ¢ whose
rows are indexed by the points {z.}. and columns indexed by the edges e. We say
that =, € e if and only if =, has a correspondent point =z € e and = € e = (m,, n.)
means that x is one of the points a., a., b and b,. Each matrix element is given
by: o(z,,e) =1if x, € e and x, belongs to a connected component of the boundary
graph in s Ue and o(z.,e) = 0 otherwise. We can deduce the matrix & indexed by
the elements {Z.}. discussed above.

Xel|X xt ||
He \ Hf
e )
YefTve . —_—

' Xh

Yh

Figure 7: The 2-decomposition of G = (G,{H.,Hy, Hy, Hy}) with the
meeting points colored according to the faces of G.

In Figure 7, we give the details of the 2-decomposition of G = (G, {H.,Hy, H,,
Hy}) in order to compute the matrices € and o. As discussed earlier, the set of the
points is

{l’ea .’L';, Xy, xlfa Lg, ZL‘;, Th, x;u Ye, yév Yr, y;‘ﬁ Yg, y;7 Yn, y;z}v

the set of faces, {f1, f2, fs} and the edges set {e, f,g,h}. The columns vectors in
e indexed by ., 7, xy, 7%, 74, 7, T and ) are respectively the same with the
columns vectors indexed by ye, Y., Yr, ¥y, Yy, Yy, Yn and y;,. Without lost of generality
we can compute € for the vectors indexed by w., z, vy, 2%, g, ,, T4, T}, say, in
that order. Hence

1 0101001
e=(01 01 0O0O0O0
000O0OO0ODT1TT1TTPO
We deduce the matrix €
1 00
e= |0 1 0]. (7)
0 01

From Figure 7 and equation (7), we have 7 = 3 = rank(€).
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The corresponding matrices o and ¢ are given by

O OO OO o oo
DO DD O OO oo
DO o OO oo

O OO O OO+

and

)

0 0
0 0
0 00

Qe
|

O = =
o

Lemma 3.5. The number T introduced above is

T=Y ) D S E)5(ige).

ecs fefznt(s) IEg

Lemma 3.6. Consider a state § of the embedded graph éf/o decomposed into the
states s € S(Gp) and s, € S'(H.) U S*(H.), e € £ with the matrices € and & as
introduced above. Then

Co(8) = > Colse) + Cols) — [{se € S"(Ho)}| — 2l{s. € S*(Ho)}+

eef

YD D AN T (E0), (8)

e€s fe}—znt( ) leg

Fus(3) = ) Fulse) + Fuls) =Y Y Y &(f.3,)5(ige), (9

ecf €cs fe]:znt( ) xg

=) f(se) —2|{s. € SY(H.)} — 4l{sc € SP(H)}, (10)

ec&
where |{s. € S'(H.)}|; i = 1,2 is the number of states in S'(H.), at fired e.

Proof. From the proof of (8) we can deduce (9) by using the relation (6) in Lemma
3.2. Let e = (me,ne), a. and a, be the end points of the arc m, and b, and b, those
of n,.

- If a connected component of the boundary graph of the graph s € S(Gp) is such
that it does not contain any of the points a., a., b, and b,, then there is a natural
corresponding component in §.



R.C. AVOHOU / AUSTRALAS. J. COMBIN. 79 (3) (2021), 340-370 351

- If a connected component of the boundary graph of the graph of s € S(Gp)
contains some of the points a., a., b, and b, then there is a correspondence connected
component of the boundary of the graph s € S (g}) containing the same set of points.

- Assume that an internal face of s € S(Gjp) contains some of the points a., af,,
be, b.. This face can correspond to a connected component of the boundary graph
of the graph s € § (é\fo) containing the same set of points. The total number of
the components for which some of the points a., a., b. and b, belong to connected
component of the boundary graph in §is 37 >, 7 o 2oz €(f,Tg)0(Zg, €).

However, $ has two kind of extra connected components "the unmarked compo-
nents in the graphs s, which do not contain any of the points a., a,, b. and b, and
the one containing some of these points belonging to connected components of the
boundary graphs. The number of the unmarked components for each e for which
s. € SY(H,) or s, € S*(H,) is Cy(s.) — 1 and Cy(s.) — 2 respectively. The number
of connected components of the boundary graph of § is

Col3) = Cols)+ Y. (Cols)=1)+ Y (Cols)—2)+
se€S1(H,) 8c€S2(H,)

2 2 2 AL

ecs fé}-znt( )

The proof of (10) is direct since by inserting s, € S'(H,) in s, we keep all the
half edges of s but two half edges of s. are lost. Inserting s, € S?(H,) in s we lose
two half edges of s and two half-edges of s.. This ends the proof. R 0

In order to evaluate the connection between the BR polynomial of Gyo and those
of Gpo and H. let us come back to the relations in Lemma 3.6. It appears that
the evaluation of the number of connected components of the boundary graph and
internal faces of § in term of those in s, and s becomes more complicated.

We consider the following state sums:

(1)<a b c, d l) o Z ak(se)—lbe(se)CFim(se)dCa(se)—llf(se)—Q7
se€S'(H.)
Wb dl) e 3 aHe-2ele) o) g 2o

sc€S2(H.)
Furthermore let § be a map defined for s € S(G), b
S(S 77,(31)((17 b7 c, d7 l)) — Z ak(se)—lbe(se)CFint(Se)—Zfe]:im(s) Egzg &(f.2g9)5(Zg.e) X

seesl(He)
dCa(Se) 4+ Y fer () Log e(f,f:g)&(i:g,e)lf(se)—2’ (11)

where €(.) and €(.) are defined above.

We remark that if the graph s does not have any internal face i.e Fj;(s) = () or
if the product €(.)e(.), is always vanishing then the relation (11) becomes

S(s 7! (abcdl))-ne (a,b,c,d,l) Vs € S(Gy,)-
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As consequence, the relation (11) for e )( ) gives

%’(s 7 (&bcdl))—ne (a,b,c,d,l) Vs € S(Gy,).

Sometimes we will use the following notations:
%(3 nY(a, b, cdl)) s oM (a,b,e,d, 1) =0 and 5P (a,b,c,d, 1) =n?.

Lemma 3.7. Let (Gp,{Hc}ece) be a 2-decomposition of Qf/o and §5, e @ two func-
tions as introduced above. Then

Z(Gpia,b, c,d, 1) = D a)m gl ()
s€S(Gj0)

(T (1)

e€s e¢s

Proof. We recall that any state § is decomposed into states s € S(Gp), s. € S*(H.)
and t;, € S*(Hy). By Lemma 3.6, we have
¥ (5) Fini () JCo(s) £ (5) H ak(se)—lbe(se)CFint(Se)_ng}-mt(s) 2z, €(f89)5(Zg,€) %

ecs

da(se)—l'f‘Zfe}'mt(s) 2k, g(f@gﬁ(fg»e)lf(se)—? % H aFtn)=1pe(tn) Fine(tn) gO(tn) =27 f(th)—4

hés
ak(s)JrZ(k(Se)*1)+Z(k(th)*2)CZ Fing(se)+2- Fine(Sh) =2 ces ZfEJ:im(S) Zig &(fZg)5(Zg,e) %

SO0 DS Colt) DA ey T e ryngte) Sag )5 () [S(F (56) -2+ (b)) o
bz e(se)+>  e(tn)
_ ak’(é)be(s 1nt dCB(S lf(s

O

Example 3.8. Let us compute Z(.) for the 2-decomposition (G,{Hy, H,}) of the
graph G shown in Figure 8.

Figure 8: A HERG G on the left and its 2-decomposition (G, {Hs, Hgy})
on the right

In this example, Fiy(G) = 0 and

Z(Gsa,b,c,d,1) = adlnhnl + PdPPnin? + d*Prin} + a2,
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77}((1, b,c,d,l) = b*c + 2bI7, nfc(a, b,c,d,l) =I?
ny(a,b,c,d, 1) =b*  n(a,b,c,d) =2b+ adl’.

Hence

Z2(G;a,b,¢,d, 1) = adl(b*c+ 2b2)0> + a®d?1P(b%c + 201)(2b + adl?) + a*b?*d21?
+a’d’1°(2b + adl?)
= abcdl + 2ab*dl® + 2a°b*cd®l® + @V cd’l® + 4’V dP1°
+2a*bd1" 4 a*V*d*1* + 2a°bd®1° + a*d*l".

Lemma 3.9. Let (G, {H.}ece) be a two decomposition of @,o. We have

Z(Gp; a,b,c,d, 1) = (H (7722))>Z(gf0; a, {32 /1P }eee, . d,1). (12)

eef

Consider a graph A, as introduced above with H, = A,V e and éfo = (Gp, {H.}).
Let us study the effect of the insertion of the edge e in a state s of H,. If s € S*(H.,),
then the insertion of e in s decreases the number of connected components and
connected components of the boundary graph of s by one and the number of half
edges by two. In other words, if the contribution of s is the term a*b¢cfind“?]/ in the
expression of Z(.), then the state sUe contributes the term a*~!(b¢z,)cFined%=1]/=2,
Assume that s € S'(H,). Three possibilities occur. In all these possibilities, inserting
ein s € S'(H,) will decrease by two the number of half edges.

e Inserting e in s € S'(H,) increases the number of internal faces by two and
decreases by one the number of connected components of the boundary graph. If s
contributes the term a*b¢cFired“?1/ to the HERGs BR polynomial then the state sUe
obtained by inserting e contributes a*(b¢z, )clin+2d% 11/ =2,

e Inserting e in s € S'(H,) increases the number of internal faces by one such
that if s contributes the term a*bc™d“[f to the HERGs BR polynomial then the
state s U e obtained by inserting e contributes a*(b¢z,)clinet1q%0 /=2,

e Inserting e in s € S'(H,) increases the number of connected components of
the boundary graph by one such that if s contributes the term a*b¢cFndlf to
the HERGs BR polynomial then the state s U e obtained by inserting e contributes
ak(bex,)ctimdCot1]/ =2,

We can summarized all these possibilities by saying that if s € S'(H,) and s
contributes the term a*b¢cfid[f to the HERGs BR polynomial then the state sUe
obtained by inserting e contributes a* (b, )clint0()gCo+1=0()11=2. 9(s) € {0, 1, 2}.

Based on this we can write S(s, 775;”) as

%(smﬁ”) = 3§ (smé”) + 3§ (s,né”) + 3§ (8,773)), (13)
with

3 (57 7721)> = Y RO T e ) 2y O]
s€S(H,)|0(s)=0



' (s né”) = >

F(snh) = >
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dCB(S) 1+Zfe]:mt (s) Zig €(f,ig)5(ig,e)lf(s)72

lbe s lnt( )— Zfe]—‘int(s) Zgzg €(f,29)5(Zg.e) X

s€ST(He)|0(s)=
dC@ S) 1+Zfe-7:1nt (s) Zig €(f,ig)5(ig,€)lf(s)—2

lbe s 1nt( )— Zfe}_int(s) Zig €(f,2g)5(Zgs€) X

SGSI(He)\9(5)=
dCa(s)flJere]:im(s) Zgzg &(f,2g)5(Zg.e) lf(s)_Q

The map § applied on Z4, (a,b,c,d,l) and s € S(Go), gives

S(s, Za,(a,b,c,d, l))

354

Z k(se be(se Fint(se) =2 rer,, () Zig €(f2g)5(Zg.e) X

SeES(Ae)
dca(86)+zf€]:int(s> ng g(fng)&(f97e)lf(s€) .

Then we can write the following decomposition

3(3, Za(a,b,¢,d, l))

or

S(s, Za,

Furthermore

(a,b, ¢, d, l))

Za,(a,b,c,dl) =

_ Z ak(se)be(se) %

seSL(H,)
CFint (se)foe;im(S) chg &(f,%4)5(Zg,e) X
dcc’}(se)+2fe_7-‘int(s) Zg‘gg g(ﬁ{&g)&(jgve)lf(se)

Fa Y aHeeeox

s€S1(He)|0(se)=0,1,2
c Fing(se)— Zfefmt(s) Zig &(f,2g)5(Zg.e) %
dc Se) T2 peFy(s) 2aig E(FiTg)(Eg,€) +1*9(“56)lf(se)

+ (L4 a'zed 7% Y ablepeldx
SESQ(HE)
c Fint(se) =2 fer,,,(s) 2oy €(f1T9)0(Zg.€) %
dCa(Se)—Fng]:,mt( ) Z" &(f,2q)5( m‘i’e)lf(se)

adl®F (s,nV) + x.1? (adzgo (s,n))+

acdF! (s 77e )+S (3 ne )>—I—

(1+a 'zed '17%)a?d* 1"y,

adi? (3(3 nD) + adl? ,g2>) +awl? (d2s° (s, 7)
+ed§ (s, 1) + F2 (s, nM) + dnf))'

Zu,(a,b,c,d, 1)+ xcZ4,/.(a,b,c,d,l).

(14)
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There is a one-to-one correspondence between each state s € S(A.) such that
e € ¢, and a state s’ := s'/e € S(A./e). Let us consider the map

3 <S, ZAe/e(av b, c,d, l)) — Z aFs' /e pes’/e) o
s'/e€S(Ac/e)

Hine (8= e F,,, (o) 2z €(FEg)0(Tg,€) gCo(S' /)2 per,, (s 2zg g(fv”ig)‘}(i”g76)lf(S'/@)7 (15)

where € and & are defined for s'.
The following lemma is direct

Lemma 3.10. Given a state s € S(Gyo), we have
§(s,Za.(a,b,c,d,l) =F(s, Zu, (a,b,c,d, 1) + 2.5 (s, Za.je(a, b, c,d,1)). (16)

where §'(s, Za,se(a,b,c,d, 1)) is defined as in (15).
An identification of (14) and (16) gives

adi? (3 (s,1") + adi*n®) = §(s, Zn. (a.b, ,d, 1))

al? (dQS" (s,9V) + cdF* (s,nV) + 3 (s,08)) + dnf)) =

5 (s, Za,je(a,b,c,d,l)). (17)
A substitution of (17) in (12) together with (13) gives

Theorem 3.11. Let Q\f/o be a half edged embedded graph with 2-decomposition
(Gjo, {Hc}ece), such that each graph H, is embedded in a neighbourhood of the edge
e of the embedded graph Gyp. Let A, be a HERG as introduced above. Then

Zs, (a.b.c.d.1) = (ad®) 0 (T] ) Zg, (0. {1/ 56} .. D)

ec&
where f. and g. are the solutions to
adl*ge + f. = §(s, Zy.(a,b,c,d,l))

adl®(d — ¢)§"(s,n.) + acl*(c — d)F*(s, 1) + cfe + g =
8//(37 ZAe/e(aa b7 ¢, d7 l))

This leads to
Corollary 3.12. Let Gy be a HERG, A be a planar HERG * and H = AV e. Then

R sy Yy <y 7t h/
H(xyzw )Jy_7Z7w7t

n h )

Rgpoa(@,y, 2, w,t) = hG) p/r (ng)Rng (Gpo;
where h and h' are the unique solution to

2wt (zwt?(x — Dh+ 1) = F(s,Ru(z,y,2,w,t)),
(.CE . 1)—k(H)+1y—v(H)+2Z—U(H)+3t2(w o z_l)x

(w§(s,m) — 27 'F(s,m2)) + zwt(yh' + h) = F'(s,Rase(a,y,z,w,t)).

2Planar here means that the underlying ribbon graph is planar.
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Proof. From (5), we have

Rgf0®A(x7 Y, 2, W, t) = (.Z‘ _ 1)*k(gfo®A) (yz)fv(gfo®A) x
ng()@A((I - 1)y22’ ?JZ, 2_17 w, t)

Applying Theorem 3.11, we obtain

Roon(e,y 2 w,t) = (x— 1) 08 (1) 009 e
Zay((o = 1y, L 2w, (18)

where f and ¢ are solutions to

(z — Dy2*wt® (f + (z — Dy2*wt’g) = F(s, Zu((z — 1)yz*,yz, 27", w, 1)),
(x — Dyt (w — z71) (wSO(s, nt) — 271§ (s, 77;)) + (z — 1)yz2wt? (Zflf + g) =
§'(s, Zaje((x — Dyz?yz, 271w, t)). (19)

Applying (5) in (18), we obtain

1)—k(gfo®A)( )—v(gf()@A)ge(ng) < (x — 1)yzg>k(gfo) "

v(G:0) —1
(£) g, (E= ] T ),
g i f zg
Now we set

b= (z — 1) REFL ()70 D20 gl (g — 1) 7RUEDFL () —oE)HL
Using the relations
v(Gp ® A) = (v(H) — 2)e(Gp) + v(Gp) and k(Gp @ A) = (k(H) — 1)e(Gp) + k(Gp),

we have

((x = 1)h+hn" yb'

T) T? Z, W, t) .

Again using (5) and the identities k(H) = k(A/e) and v(A/e) = v(H)—1, the system
(19) becomes

Rgf()@A(l', Y, =, w, t) - hn(ng)hlr (ng)Rng (

wt (2wl — Dh+ ) = §(s,Rule.y. 2 w,b)),
(33 o 1)7k(H)+1yfv(H)+227v(H)+3t2(w . Zfl)x

(w§(s,m) — 27" (s,m0)) + zwt(yh' + h) = F'(s,Rajela,y,z,w,t)).

O
The following corollary gives a way to construct many pairs of distinct HERGs
with the same BR polynomial.

Corollary 3.13. Let Gpo ® H and Qf’o ® H be two embedded HERGs with the prop-
erty that each copy of H is embedded in the neighborhood of an edge. Then if,
Rgfo ("L‘a Y, z,w, t) = RQ;O (l’7 Y, z,w, t); Rgfo@)H(% Yy, z,w, t) = RQ;O®H("E7 Y, z,w, t)
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Proof. The proof of this corollary is a direct consequence of Corollary 3.12. Let
z=1,w=1and?=1. ThenT(Gp) = T(G;) where T" denotes the Tutte polynomial
obtained by taking the summation over the spanning cutting subgraphs. Furthermore
the rank and nullity can be recovered from this polynomial and n(Gp) = n(gf’o),
r (Gp) =r(Gp). O

Coming back to the definition of &(.) and €(.), from now, in order to simplify our
results we assume that the template has no internal face or the product (.)é(.) is
always equal to zero.

3.3 The BR polynomial for HERGs: the general case

Consider the construction of g}o from the 2-decomposition (G, {H.}cce) at an edge
e = (ue,w.) of the template Gp. As discussed earlier, the graph QA,uo is obtained by
the identification of the arcs m. and n. of the vertices u. and w, in H, with their
correspondence in Gp. It is important to compare again in this subsection the two
definitions of the 2-decomposition and discuss a partition of the set S(H.) in each
case.

From Definition 3.1, the graph H, is obtained from A, by deleting the edge e, i.e
A. = H, — e. The partition of S(H,) will be

. SZ(He): the set of states of H, in which m, and n. lie in different connected
components and different internal faces or connected components of the boundary
graph. We may need to split the set S’Z(He), in two subsets. The first containing
the set of states of H, in which m, and n, lie in different connected components and
different internal faces. The second containing the set of states of H. in which m,
and n, lie in different connected components and different connected components of
the boundary graph.

oS 1(H,): the set of states of H, in which m, and n, lie in the same connected
component and the same internal face or the same connected component of the
boundary graph. We may split in the same way as above the set S'(H,) in two
subsets.

. Sl(He): the set of states of H, in which m, and n. lie in the same connected
component and different connected components of the boundary graph or internal
faces. In this case three different possibilities may occur. The points m, and n, lie in
two different internal faces or two different connected components of the boundary
graph. Else one of the points m. and n. lies in an internal face and the second in a
connected component of the boundary graph.

Finally, Definition 3.1 may give use a partition of S(H,) in seven different subsets.
Now from Definition 3.3, the partition of S(H,) will be

° 5'2(He): the set of states of H, in which m, and n. lie in different connected
components and different connected components of the boundary graph.

e S1(H,): the set of states of H, in which m, and n. lie in the same connected
component and the same connected components of the boundary graph.

S Y(H,): the set of states of H, in which m, and n, lie in the same connected
component and different connected components of the boundary graph.
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Then we obtain S(H,) = S*(H,)US*(H,)US*(H,). We adopt Definition 3.3 and
we have

Lemma 3.14. The sets 5*(H,), S'(H.) and S'(H,) partition the set S(H,), e € £.

Moreover every state of Gyo can be uniquely obtained by the replacement of an edge
in a state of Go by an element of S'(H.) and a replacement of a non-edge in that
state of G in an element of S*(H,) U S*(H,).

Figure 9: A particular graph in the construction of the set of states.

If we want to construct the set of states of S (éf/o) by using the states of Gy, we
run into a problem. We then introduce a class of states @o = Gjo @ T" where T is
given in Figure 9. We say that two states of éfo are equivalent if for some choice of e,
one state contains neither of the edges g. or f., the other state contains the edge f,
but not g., and the remaining edges contained in the two states are the same. This
gives an equivalence relation ~ and we say that two states are equivalent if they
contain both of f. and g. or they contain both g. but not f. or one contains neither
ge or fo and the second does not contain g, but may or may not contain f..

Consider the set S(Gjo)/ ~ and [s] € S(Gjp)/ ~ a class with s one of its represen-
tatives. A state of QAf/o is obtained by the following

e if the state s contains both of f, and g., we remove both of them and replace
in a state from S*(H.,).

e if the state s contains g, but not f., we remove g, and replace in a state from
S'(H.).

e if the state s contains f, but not g., we remove f, and replace in a state from

SQ(HG), or if s contains neither of the edges g. or f., then we replace in a state from
S2(H,).

Lemma 3.15. The sets S2(H,), S'(H,) and S*(H,) partition the set S(H.), e € €.
Moreover every state of Gyo can be uniquely obtained by replacing classes in S(Gyp)/ ~
by an element of S*(H.), S'(H,) and S'(H,) in the manner described above.

Let us consider the following sums:

q)é(a? {gea fe}e€£7 ¢, d) = Z a*) ( H xe)CFint(s)dca(s)a
[sleS(Gjo)/~ ecs
i (a,b,c,d) = Z aF () =1pe(s) cFine(s) gCa(s) =2
s€S1(H,)
i@ (a,b,c,d) = Z a¥(5)=2pe(s) Fine () §Co (5) =2,
s€S2(H,)
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(1)((1 b C d) Z ak(s)_lbe(s)cﬂnt(S)dCa(s)—l
seS(H.)

where the product in ®z (.) is over a representative s of [s]. For simplicity we
i
suppose that s has the fewest edges in its equivalence class and z. stand for (fe, g ).

Lemma 3.16. Suppose that a state § of Q\f/o 1s obtained by the replacement from
the states [s] € S(Gp), s. € SYH.), t. € S'(H.), and u. € S'(H,) using the
decomposition above. Then

(8) =D (k(se) = 1) + > (k(te) = 1) > (K(ue) = 1) + k(s),

(8) =D (Colse) =2) + Y (Colte) —2) + > (Colue) — 1) + Ca(s),
Fint( ) = Z int Se + Z Fint(te) + ZFint(Ue) + Fint(S),

e(8) = e(se)+ Y elte)+ Y e(ue). (20)

where the representative s € [s] has a fewest number of edges in its class.

7
S
~—

V58

Proof. The proof of this lemma will follow the one given in Lemma 3.7. Consider
a representative s € [s| € S(Gp)/ ~ which has the fewest number of edges. A
connected component of s containing any of the points a., a., b, and b, corresponds
to a connected component of the boundary of the graph s containing the same set
of points. The extra connected components of the boundary graph of § arise from
the states s, € S'(H,.), t. € S'(H,), and u. € S'(H.). These components are
precisely the unmarked components. For each e they are (Cy(s.) — 2), (Cy(t.) — 2)
and (Cy(ue) — 1) extra components. This ends the proof of the second relation in
(20). The remaining follows. O

Let us consider the map F : Z[{ fe, ge fece] — Z[{ﬁél), it ﬁél)}eeg} as the linear
extension of

F- Hfae H aeﬂe (77,(31))66 acfe

ec& eef

Lemma 3.17. The multiariate version of BR polynomial on HERGSs, Z, of the
graph Gyo introduced above is given by

Zéf,o (a,b,c,d) = .7-"(<I>fgvfO ).

Proof. Each state s of QAf/o is obtained in the following way: we consider a representa-

tive s € [s] € S (g}) / ~ which has the fewest number of edges. We replace the three
edges configurations {fe, g.}, go and ) of the pair of edges {f.,g.} (as introduced
above) by s, € S'(H,), S'(H,), and S'(H,) respectively. The contribution of § in

ngo( ) is

aF () oFint(s) 1Cals) H ( )= 1pe(se) oFin(se) Ca(se) )aeﬁe y

ec&
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)(H T Fint( dCa(S ) (21)

eEs

(ak(sﬁ)_Qbe(SE)cF‘int Se dCB Se)—2)1_ﬁe (ak(se)—lbe(se)Cﬂnt(se)dCa(se)—:l)ﬁe_aeﬁe .

1 if f, € s,

where a, = .
¢ 0 otherwise,

|1 ifg. €s, . .
dB.= { 0 otherwise The expression (21) is also

equal to

aFEF2(k(se) =142 (k(te) =1)+2 0 (k(ue) =1) 3 ese)+3_ e(te) +3_ e(ue) o
CZF‘int(se)‘i‘zp‘int(te)“rzFmt(uP +Ent dz CB Se ) Z(Ca( ) 2)+Z(C€)( ) 1)""08(3) (22)

where s, € S'(H,), t. € S*(H.), and u, € S'(H,). Using Lemma 3.16, we deduce
that the relation in (22) is equal to a®(®)p¢®)cFine(3)qCo(%) Since the decomposition of
§into s and s, is unique, the result follows summing over the states. O

We remark that the proof of this lemma follows the proof of Lemma 8 in [10].
Following the proof of Lemma 9 in the same paper, we can prove the following result.

Lemma 3.18. Let (G, {Hc}ece) be a two decomposition ofé\f/o, and H:Z{ fe, ge }ece]

— Z[{ﬁél), it ﬁél)}eeg] be the linear extension of the map

Y - H fac H aeﬁe e(ff]él))Be*aEIBe.

eel eel

Then
Z(é\f/o;a,b, c,d) = ’H(Z(afo;a,a:,c, d)).

Let us study the effect of the insertion of the edge e in a state of H.: s &
SY(H,) U S*(H,) U S'(H,). The effect of inserting s in S*(H,) U S?(H,) is similar
to the one we discussed in the planar case. If s € S?(H,), then the insertion of
e in s decreases the number of connected components and connected components
of the boundary graph by one. This means, if s contributes the term a*b¢cFined®?,
then the state s U e contributes the term a*~1(b°x.)cfmtd“o =1, The case s € S'(H,)
is summarized in three possibilities: if s contributes the term a*b°cfnd®® to the
HERGs BR polynomial then the state s U e obtained by inserting e contributes
aF (bex, )P t0(5) 4Co+1-0(5): g(s) € {0,1,2}. Assume that s € S'(H,). Two possibili-
ties occur.

e Inserting e in s € S'(H,) increases the number of internal faces by one and
decreases by two the number of connected components of the boundary graph. If s
contributes the term a*bcfirtd“ to the HERGs BR polynomial then the state s U e
obtained by inserting e contributes a*(b¢z,)cfintt1d%+2,

e Inserting e in s € S'(H,) decreases the number of connected components of
the boundary graph by one such that if s contributes the term a*b¢cFnd“ to the
HERGs BR polynomial then the state s U e obtained by inserting e contributes
a (be ) mtdca 1

We can summarlzed our discussion by saying that is s € S L(H,) contributes the
term a®bcftd% to the HERGs BR polynomial, then the state s U e obtained by
inserting e in s contributes a*(b¢x,)cfm+0()gCa=1-0(s). 9(s) € {0,1}.



R.C. AVOHOU / AUSTRALAS. J. COMBIN. 79 (3) (2021), 340-370

Based on the previous discussions, we can write 77e (a b,c,d) as

iM(a,b,c,d) = n<

with

ﬁélVO)(a’ b, c, d) =

M ab e d)= Y )= pe(s) Fime(s) gCa(s) =1,
se§1(He)\9(s)=1
772172) <a7 b; C7 d) — Z 1b6 s mt dCa S) 1
se§1(H6)\9(s)=2
i cd)= Y )71 e(8) Fine () 4o () =2
sesl(He)\G(s):O
iy'él’l)(a, b, ¢, d) _ lbe 5) Fing( dC’a(s)—2'
s€§1(H6)\9(s):1
We also have
Zafabed) = 3 aOpEngen
s€S1(H.)
+ Z aF(®) pe(s) Fint(s)+0(s) JCo (s)+1-0(s)
s€S1(H.)|0(s)=0,1,2
+ Z ak(s) be(s) CFint(S) dc’a(s)
seS1(H,)
+ Z ak(s)be(s Fint(s)+0(s dCa(s —1-6(s)
s€S1(H.)|0(s)=0,1
+ (14a tad™?) Z aF) pe(s) Fini(s) JCa(s)
s€82(H,)
Za,(a,b,c,d) = adne + T (ad2 (1,0) +acdn ) + ac 7)( )+ad27'7'£1)
+ . (adij*? —|—acd2 11>) (1+a L d ) a?d*i?
= ad(7 él —i—dne +ad77(i )
i axe(dQﬁél’O)+cd77§1’1)—|—c277(12 +d7’7’§1’0)—|—cd2h’£1’1)+d7'7'£2)).
Furthermore

Za, (a,b,c,d) =

Then

ad() + diil) + adii?) =

(a b, c, d) + 7](1 1) (a, b,c,d) + ﬁém)

(CL7 b7 C7 d>7

Z ak(s)—lbe(s) CFint(S) dC'a(s)—l7

s€S(H.)|0(s)=0

Zu,(a,b,¢c,d) + 124, e(a,b, c,d).

ZHE (CL, b7 C, d)a

361
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a(d277£1’0) + cdﬁél’l) + C2ﬁ£1,2) + dﬁél’o) + cd27'7'§1’1) + dﬁf)) — ZAe/e<a7 b,c,d). (23)
The second relation in (23) can also be written as

ad(d — )7 + ac(c — d)iit™? + ad(1 — cd)ii™” + ad(cn} + cdij} + i) =
Za,se(a,b,c,d).

Theorem 3.19. Let éf/o be a ribbon graph with the 2-decomposition (Gp,{H.}), and
let A, be the ribbon graph H. with an additional ribbon e joining the vertices u. and
we. Then

Z(gf/o;a,x,c, d) = H(Z(ngo;a,x,c, d)),
where p., q. and r. are uniquely determine by the pair of equations

De + adQB + dre = ZHe (CL, b7 ) d)
ad(d — )7 + ac(c — )7 + ad(1 — cd)it? + epe + e + cdre =
ZAe/e<a7 b7 ¢, d)7

where the n are introduced above and H is deduced by

ae B TeyaeBe r e \1=Be a.Be—ae (Pe\Be—acpe
H:er gEHH(a—C) (—)1 (rePemae (Z2)femache,

2ac ac
ecf ecé

4 The rank D-weakly colored stranded graph 2-decompos-
ition and polynomial invariant

4.1 Weakly colored stranded graph

In this subsection we assume that the reader is familiar with stranded graphs. We
briefly review here the weakly-colored stranded graphs introduced in [1].

A graph G(V, £) is stranded when its vertices and edges are stranded. A rank D
stranded vertex is a trivial disc or a chord diagram with a collection of 2n points on
the unit circle (called the vertex frontier) paired by n chords and drawn in a specific
way. A rank D stranded edge is a collection of segments called strands respecting
some conditions as introduced in [1].

A rank D stranded graph G is a graph G(V, &) which admits: rank D stranded
vertices, rank at most D stranded edges such that the intersections of vertices and
edges are pairwise distinct. The graph G is a rank D tensor graph if the vertices of
G have a fixed coordination D + 1 and their pre-edges have a fixed cardinal D. The
merged point graph is Kp,; and the edges of G are of rank D.

Collapsing the stranded vertices of G to points and edges to simple lines, the
resulting object is a graph. The graph G is said to be connected if its corresponding
collapsed graph is connected. From this point, stranded vertices and edges are always
connected. If we assign a color from the set {0, --- , D} to each edge of G such that no
two adjacent edges share the same color, then the graph G is called a (D + 1) colored
graph. It is a bipartite graph if the set V of vertices is split into two disjoint sets, i.e.
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Y =VtuUV~ with VTNV~ = 0, such that each edge connects a vertex v+ € V* and
a vertex v~ € V. The rank D > 1 tensor graph G is a rank D > 1-Colored tensor
graph if it is a (D + 1)-colored and bipartite graph.

The collapsed graph associated to a colored tensor graph is obtained by regarding
the tensor graph as a simple bipartite colored graph and is called compact in the
following. In such a colored graph, there are some informations that we address
Nnow.

Definition 4.1 (p-bubbles [9]). Let G be a rank D colored tensor graph.

- A 0-bubble is a vertex of G.

- A 1-bubble is an edge of G.

- For all p > 2, a p-bubble of G with colors #; < i3 < -+ < 4, p < D, and
i, € {0,...,D} is a connected rank p — 1 colored tensor graph the compact form
of which is a connected subgraph of the compact form of G made of edges of colors

{i1,...,ip}
The concept of half-edge finds a natural extension on colored tensor graphs and
allows one to recall the operation called “cut” of an edge.

In the following, a stranded graph having stranded half-edges is denoted by
Gio(V,E) or simply G, where § is the set of the half-edges.

Definition 4.2 (Cut of an edge [12]). Let Gy (V, €) be a rank D stranded graph and
e a rank d edge of Gy, 1 < d < D. The cut graph Gy V e or the graph obtained from
Gjpo by cutting e is obtained by replacing the edge e by two rank d stranded half-edges
at the end vertices of e and respecting the strand structure of e. (See Figure 10.) If
e is a loop, the two stranded half-edges are on the same vertex.

Figure 10: The cut of a rank 3 stranded edge.

Using the operation of “cutting” of an edge, we obtain a c-subgraph A (Va,E4)
of a rank D stranded graph Gy (V, ) by cutting a subset of edges of Gpo. A spanning
c-subgraph called also state s of Gy is defined as a c-subgraph sgp(Vs, &) of Gio
with all vertices and all additional half-edges of Gjp. Then & C & and V, = V,
U = U 5L(E), where f21(E,) is the set of half-edges obtained by cutting all edges
in £ (the set of edges incident to the vertices of s and not contained in &) and
incident to the vertices of s. We write s € Gjo to say that s is a spanning c-subgraph
of gfo.

The cutting of an edge modifies the strand structure of the graph. In fact as
discussed earlier, the presence of half-edges immediately introduce another type of
faces which pass through the external points of the half-edges. We then distinguish
two kind of faces: open faces which are passing through the external points of the
half-edges and the others called closed or internal faces. We denote by Fi., the
set of closed faces and F. the set of open faces. The set of faces F for a rank D
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half-edged colored tensor graph is then the disjoint union Fi; U Fexe. A bubble is
called open or external if it contains open faces otherwise it is closed or internal. We
denote respectively by By, and B the sets of closed and open bubbles for a rank
D tensor graph.

Their is a graph directly associated to a color tensor graph called “boundary
graph” which is obtained by setting a vertex to each half-edge [9]. The boundary
graph 0G(Vs, £y) of a rank D half-edged colored tensor graph Gp(V,£) is obtained
by inserting a vertex with degree D at each additional stranded half-edge of G and
taking the external faces of G as its edges. Thus, |Vs| = |f°| and € = Fex. If the
rank D half-edged colored tensor graph is closed, then its boundary is empty.

Definition 4.3 (Equivalence class of half-edged stranded graph [1]). Let Dg, be the
subgraph in a rank D half-edge stranded graph Gj defined by all of its trivial disc
vertices and Gio \DgfO the rank D half-edges stranded graph obtained after removing
Dgfo from Gyo.

Two rank D half-edged stranded graphs G s0,) and Gy jo(g,) are “equivalent up
to trivial discs” if and only if G j0.g,) \ Dg, 06, = Y20(2) \ Dg, o, We note

glvfo(gl) ~ g27f0(92)'

As a consequence of this definition, the contraction of all edges in arbitrary order
of a half-edged tensor graph Gy yields a half-edged stranded graph gf% determined
by the boundary d(Gp) up to additional discs. Noting that contracting an edge in a
rank D (colored) half-edged tensor graph does not change its boundary.

We can now address a precise definition of a rank D w-colored graph.

Definition 4.4 (Rank D w-colored graph [1]). A rank D weakly colored or w-colored
graph is the equivalence class (up to trivial discs) of a rank D half-edged stranded
graph obtained by successive edge contractions of some rank D half-edged colored
tensor graph. An illustration is given in Figure 11 .

2y

Figure 11: Contraction of an edge in a rank 3 colored tensor graph
(left) giving a rank 3 w-colored tensor graph (right)

4.2 Polynomial invariant expansion

Here again, some definitions and notations introduced in [1] deserve to be review as
well.

Consider a representative G of any rank D w-colored graph. A d-bubble (closed
or open) in Gy is denoted by b?, the set of d-bubbles by B?, and its cardinal B<.
The set of vertices and edges of b? are denoted by Vya and Euq¢ of cardinal V4« and
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Eypa respectively. We also denote by Fiy.pe and By, , the sets of internal faces and

p-bubbles (p < d) of b? of cardinal Fj,p« and By, respectively.

Definition 4.5 (Topological invariant for rank n w-colored graph [1]). Let &(V, &, °)
be a rank n w-colored graph and a = {ay}x=3.., some positive rational numbers.
The generalized topological invariant associated with & is given by the following
function associated with any of its representatives Gyo.

‘Z@;a(l‘7 y7 Z) S? w> q7 t) = (Igfo;a(xﬂ y7 Z? Sa 'LU, Q> t) = (24>
3 (r -1 G0 ()gyn(5) P2 —mia(5) §Co(5) 4 Fols) g Fo()(s)
s@gfo
with
n(n —1) 5
Tnia(s) = ————=(V(s) = E(s)) + (n = 1) Fin(s) = (2+ (n — 2)as) B(s)

+ Zn: [(k; —Dagr — (n—k+ 1)%] B*(s)

a negative integer.

Expanding the definitions of r (s) and n(s) in (24) yields

Z@;Q('CL.? Y,z,s,w,(q, t) = ngoga(ma y,z,s,w,q, t) =
n(n— -V g n— n k(s n(n— els
(2 1) (4225 o > (o =1y ()<yz ) ) - Fu(s)
A@Qfo
x Z<2+<n—2>a3>33<s>( I] Z((l—k)am+<n—k+1>ak>Bk<s>) §Co(9) 1 Fo(s) o Bo(s) £f(5).

k=4, n

Let us introduce the multivariate version of this polynomial

Definition 4.6 (Multivariate form). The multivariate form associated with (24) is
defined by:

‘E:Qﬁ;a(xa {6@}7 {Zi}i:1,2,37 s, w,(q, t) - {ngo (Ia {ﬁe}) {Zi}i:1,~~~ e} zZ,5,W,(q, t)

=3 7@ ( I1 56) ( I1 z,.B"’) Fin(s) gCa(s) 4y Fols)  Fo ()4 f(5)

AEg ecs i=1,,n

for {Be}ecs labelling the edges of the graph G.

The operation of 2-sum introduced earlier can be generalized on the class of graph
called weakly colored stranded graph. The only issue is the colors of the edges we
want to identify. It is clear that for this operation to be possible, the edges must
have the same color. This is illustrated in Figure 12.

The construction of a rank n weakly colored graph Gyo from the 2-decomposition
(G, {He}ees) at an edge e = (ue, we) of the template Gpo will be a direct extension
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Figure 12: The 2-sum of G; and G4 by their edges of color 4

of the one introduced earlier. We can say that the graph éf/o is obtained by the
identification of the n— 1 ball (in topological point of view) m, and n. of the vertices
ue and w, in H, with their correspondence in Gy V e. From this, we can give a
partition of S(H.): the set of states for a given H..

Let S%(H.) be the set of states of H, in which m, and n, lie in different connected
components and different connected components of the boundary graph. We set
S1(H,) as the set of states of H, in which m, and n. lie in the same connected
component and the same internal face or connected component of the boundary
graph. We work under the condition that m. and n. lie in the same connected
component if and only if they are in the same internal face or connected component
of the boundary graph.

Lemma 4.7. Let § be a state of the rank n weakly colored stranded graph @,o. Se €
SY(H,) US?(H,), e € £ in the decomposition above. Then

§) =D k(se) + k(s) = {5 € S'(He)} — 2/{s. € S*(Ho)}, (25)

ec&

8) =Y Calse) + Cals) — [{sc € S"(Ho)}| — 2/{s. € S*(H.)},

ec&

Ent § ZEnt Se +Ent( ) (26>

ec&

Zf _2|{seesl( e)}|_4|{SeESQ(He)}|> (27>

ecf

2(8) =3 Ea(se) + Eo(s) — nl{s. € S (H)}| — 2 x nl|{s. € S*(H.)}, (28

eef

>ZF8 )+ Fy(s) — n|{s. € S'(H.)}| — 2 x n|{s. € S*(H.)}|. (29)

ecf
Furthermore
= B(se) + B'(s) = B0 {0 € S"(He)} — 205" [{s. € S*(H)}|.  (30)
ect

With |{s. € S(H.)}|; i = 1,2 the number of states in S*(H,), at fized e.
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Proof. The proof of this lemma can be performed on colored tensor graphs since
the w-colored stranded graphs are obtained by a successive contraction of edges in
a colored tensor graph. Furthermore this contraction does not modify the boundary
or the number of bubbles in a colored tensor graph.

Equations (25), (26) and (27) are direct extension to the relations in Lemma 3.6.

Let us consider the graph J(s). Each edge of 0(s) or open face of s corresponds
to an edge in 0(S). However, 0(S) has extra edges which are the edges of O(s.);
s. € SY(H,) U S?(H,), e € £(Gy). Since s, is inserted in s by n strands then there
are F(0(s.)) — n such extra edges. This ends the proof of (28). The proof of (29)
is similar to (28). In this case s, is inserted in s by at most 3 faces of the boundary
J(se).

Let us assume that the graphs s, are inserted in s by the edges of colors 7. There
is a one to one correspondence between the p-bubbles of s and s, not containing any
i and those of § not containing the same colors . Furthermore each s, € S'(H.,)
share (2~! number of p-bubbles with s (these bubbles contain the color of e).

S¢ € 52( ¢), then the number is 20P~1. Hence the number of extra bubbles in § are
BP(s.) — CP~1. This ends the proof of (30).
O

We consider the following state sums:

1@ byed, [ {gp}) = Y @M gt pro (H O, (31)

s€S1(H,.)

nD(a,b,c,d, f,{gy}) := Z aF(5)=2pe(s) cFint(9) (Co(5)=2 g Eals 2"<Hng 5)-205" 1>.

sGSQ(He)
(32)

We can observe in the expressions of nél) and ng) given in (31) and (32) respectively
that there is no variable for the faces of the boundary graph. The reason of this

choice comes from the inequality given by (29).
Proposition 4.8. Let (Gio, {H.}cce) be a 2-decomposition of éf/o and nél), 779 two
functions as introduced above. Then

p=n
Z(Gpia,b,e,d. f{g,}) = Z @00 o) (T g0 )
p=3

Once again we can make a partition of the set S(H,.) of states s of H, where
e = (me,ne.). We can set S(H,) = S'(H,.) U S*(H,); where S'(H,) is the set of
states having m. and n. in the same connected component and the same compo-
nent of the boundary graph and S?(H,) is the set of states having m. and n. in
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different connected components and different components of the boundary graph.
It is clear that the insertion of e in s € S?(H,) decreases the number of con-
nected components of the boundary graph by one, the number of edges of the
boundary by n and the number of p-bubbles by [?~!. Then if s contributes with

the term ab(®)cline(s)qCa(s) fEo(s (Hp Pt ), the state s U e will contribute with
k)1 Fint(s)ng(s)flea(s)fn<Hz—g ng( )—Ch~ 1)

The insertion of e in a state s € S'(H,) of H, leads to different possible cases. For
example this insertion can increase the number of internal faces from 0 to n. We also
have multiple possibilities for the number of connected components of the boundary
graph, the number of edges of the boundary graphs and the number of p-bubbles. A
good analysis of the different possibilities may help to find a more explicit formula
than the one given in Proposition 4.8. For doing this let us make a restriction to
n = 3.

Consider s € S'(H,) and insert e in s. The number of 3-bubbles may decrease
from 0 to 3; but the number of internal faces may increase from 0 to 3. Depending
on the number of internal faces we add by the insertion of e, let us discuss the
different cases for the number of connected components of the boundary graph and
the number of edges of the boundary graph.

e Assume that the number of internal faces is stable after the insertion of e.
The number of connected components of the boundary graph is also stable after the
insertion of e or may increase by one. The number of edges of the boundary graph
will decrease by 3. Considering the previous discussions about the evolving of the
number of 3-bubbles under the insertion of e, if s contributes with the term

() (Fint () gCo(s) fE@ (H BP(S)’

in the polynomial then the contribution to the polynomial of the state s Ue will be
a¥(®) cFin () Co () +5(s) fEo(s) 3933 *) for B(s) =0,1and v(s) =0,1,2,3.

e Assume that the number of internal faces increases by one or two after the
insertion of e. Then number of edges of the boundary graph will decrease by two
or one respectively. It is also clear that the number of connected components of
the boundary graph is stable or may increase by one after the insertion of e. If s

contributes with the term a*()cFine(s)qCo(s) fFo 5)<H§ 3 g (s )), in the polynomial,
then the state s U e will contribute with

k(S)CFint(8)+a(8)dca(8)+5(8)fEa(S)—3+a(8)ng(5)—7(s)

a 3 )

for a(s) =1,2, B(s) = 0,1 and y(s) =0, 1,2, 3.

e Assume that the number of internal faces increases by three after the insertion of
e. The number of connected components of the boundary graph is stable after the in-
sertion of e or decreases by one. The number of edges of the boundary graphs is stable

after the insertion. If s contributes with the term @) ¢fint(s)qCo(s) fFals (szg g p(s))
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in the polynomial, then the state s U e will contribute with a¥(s)¢Fint(s)+3qCa(s)+5(s)
3 —Y(Ss
fEo) gB =) fr B(s) = —1,0 and y(s) = 0,1,2, 3.
We can summarized all the different cases in this way: if s contributes with the
term

p=n
(") (Fini(5) JCa(s) fEa(s) < H p fp(s)> ’
p=3

in the polynomial, then the state s U e will contribute with

k(3 Fin($)+a(s) GCo(8)+8(s) $Bo(s)=3+a(s) 953(5)—7(5)7

for a(s) =0,1,2,3, 8(s) = —1,0,1 and v(s) = 0,1, 2, 3.
Consider the following sum

Zaabcd, fgs) = > atn()qCal) pral) g ),
SES(Ae)

which is also equal to

Zaabed fugs) = Y aHIfmOgo) R gt
sESl(He)
3 —v(s
+ oz Z (9 (Fint(s)+a(s) gCo(s)+B(s) fEa(s)—3+oc(s)ggB (s)=(s)
seS(H.)
B(s)=—1,0,1

~(s),a(s)=0,1,2,3 ,
+ (I4a 'z d 3057 Z ak(s)cmm(s)dca(s)fEa(s)gf (s) (33)
s€ES2(He)

Furthermore
Za(a,b,c,d,l) = Zy,(a,b,c,d,l) + xcZa, se(a,b,c,d, ). (34)

A reformulation of the equation (33) in a great number of terms together with an
identification with (34) will help us to find a theorem similar to Theorem 3.11. The
case where the points m, and n. may belong to the same connected component
but different boundary components is not studied in this work and remains an open
question for future investigations.
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