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Abstract

The game of Tic-Tac-Toe is well known. In particular, in its classic
version it is famous for neither player having a winning strategy. While
classically it is played on a grid, it is natural to consider the effect of
playing the game on richer structures, such as finite planes. Playing
the game of Tic-Tac-Toe on finite affine and projective planes has been
previously studied. While the second player can usually force a draw,
for small orders the first player has a winning strategy. In this regard,
a computer proof that Tic-Tac-Toe played on the affine plane of order
4 is a first player win has been claimed. In this note we use techniques
from the theory of latin squares and transversal designs to give a human
verifiable, explicit proof of this fact.

1 Introduction

The game of Tic-Tac-Toe is well known, particularly for there being no winning
strategy. While classically it is played on a grid, it is natural to consider the effect of
playing the game on richer structures, such as finite planes. Carroll and Dougherty [5]
examined Tic-Tac-Toe played on finite affine planes (denoted 7, ) and finite projective
planes (denoted II,,). They showed that for n < 4, m, is a first player win, whereas
for n > 4, it is always possible for the second player to force a draw. In this regard,
they claim a computer proof that 74 is a first player win. They note that despite this,
they are able to hold a local Tic-Tac-Toe tournament played on 74 as the strategy
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is not obvious. In this paper we give an explicit, human verifiable proof that m, is a
first player win. We do this by using the language of latin squares and transversal
designs, see [6, 7] for further definitions and details.

The game of Tic-Tac-Toeis a positional game. Positional games are games where
players alternately pick points and a player wins if they are the first to occupy all
points of some specified configuration(s), otherwise the game is a draw. Positional
games, including classical Tic-Tac- Toe played on a square grid, have been well studied
(see [1,2,9]). In addition, playing the game on other structures has been investigated,
for example on hypercubes [11], graphs [3], as well as affine and projective planes
[5]. Other variants, including quantum moves [10], infinite boards [4], and movable
pieces [12], have also been explored.

In the context of playing Tic-Tac-Toe on a finite affine plane, players alternate
choosing points on the plane; the first player who collects all of the points of a line
wins the game. Following the convention of [5], we call the first player Xeno and the
second player Ophelia.

Classically, an affine plane, ,, is a set of n? points and n(n+1) lines, each of which
contains an n-set of points, with the property that given any pair of points there is
exactly one line that contains them both. Further, a set of lines that partition the
point set is called a parallel class and the lines of m, can be partitioned into parallel
classes. It is well known that 7, exists for every prime power order, see [6], but it is
a longstanding open problem whether 7, exists for any non-prime order n. In this
paper we focus on the case when n = 4; so m, consists of 16 points and 20 lines, each
line contains 4 points, and the lines can be divided into 5 parallel classes. In order
to introduce 7, more explicitly we use the language of latin squares and transversal
designs, which we describe below.

A latin square of order n is an n x n array filled with elements from an n-set,
called the symbol set, such that each symbol appears exactly once in each row and
once in each column. Two latin squares of order n are called orthogonal if every
pair of symbols appears in the superimposition of the two squares. Given k latin
squares, they are mutually orthogonal if they are pairwise orthogonal and we refer
to them as k-MOLS(n). Figure 1 gives three mutually orthogonal latin squares of
order 4 (3-MOLS(4)). We refer to the i*" row as r;, the i® column as ¢;, the ith
symbol in the first square as a;, the i*" symbol of the second square as 3;, and the i*®
symbol of the third square as ;. For example, in Figure 1 the symbol in r3, co is ay
in the first square, 3; in the second square, and ~3 in the third square. We refer to
the corresponding 5-tuple as an entry of the three mutually orthogonal squares. For
example, the entry in row r3, column ¢, of Figure 1 is the 5-tuple (rs, co, oy, 51,73).

Given integers k and n, a Transversal Design, TD(k,n), is a triple (X, G, B),
where X is a kn-set of points, G is a set of n-sets of X that partition X, called
groups and B is a collection of k-sets of X, called blocks, such that every pair of
points either appears in a block B € B, or in G € G, but not both. It is well known
that k-MOLS(n) is equivalent to a TD(k + 2,n). For example, taking the entries
(5-tuples) corresponding to all of the 16 cells of the 3-MOLS(4) in Figure 1 as blocks
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Q| Qg | g | Oy Bi| B2 B3| Ba Y| V2| V3| V4
Qg | Q1 | Oy | O3 Bi| B3| B2 | B Y3 | V4| V1| V2
Q3 | Gy | O | Qg Ba|Br|Ba]|Bs Ya V3|2 N
Qy | Q3 | Qg | O B3| Ba| Br]| B Y2 | V1| Y4 | V3

Figure 1: Three mutually orthogonal latin squares of order 4.

gives us the blocks of a transversal design, TD(5,4).

A parallel class of a transversal design is a disjoint set of blocks whose union
contains all of the points. If the blocks of a transversal design can be partitioned
into parallel classes, it is called resolvable and we refer to a Resolvable Transversal
Design, RTD(k,n). Given k-MOLS(n) it is well known that we can use the entries
of the final square to index the entries in each parallel class to obtain a resolvable
transversal design, RTD(k + 1, n).

The RTD(4,4) corresponding to the three latin squares from Figure 1 has 16
points, 16 blocks and 4 groups. The point set, X, consists of the 16 points defined
by the rows, columns, and the symbol sets of the first two squares

X = {riacjaaknﬂﬁ 1 S i)j) k:vg S 4}

The blocks are defined by the 4-tuples corresponding to each cell from the first two
squares, see Figure 2. Each of the rows in Figure 2 is a parallel class corresponding
to the cells containing ;. The sets of rows, columns, entries of the first square, and
entries of the second square are the groups of the transversal design, see Figure 3.

Yo Arnenon, By, {ra, e a3, Ba), {2, e, a4, 82}, {73, ¢4, a0, B}
Y2 {7’3,03,@1,64}, {TlaCQ,CYQ;BQ}a {T4’01>O‘4a63}7 {T2,04,Oz3,51};
V3 {7’2701,@2,54}, {7“3,02,@4,51}, {7“1,037043,53}> {7“4,047041,52};
Ya: Ars,cr, a3, B2}, {re,co, 0, B3}, {ra, e, a0, Bit, {1, ca, au, B}

Figure 2: The blocks of the resolvable transversal design corresponding to the three
latin squares in Figure 1.

We may obtain m, by taking the point set to be X above, and as lines we take the
blocks of the RTD(4,4) in Figure 2 along with the groups from Figure 3, which form
an additional parallel class. We refer to this additional parallel class as the index
parallel class and refer to the blocks of this class as the row block, column block,
symbol set one block, and symbol set two block respectively (see Figure 3).

{7"1,7"2,7"3,7"4}, {61762763764}7 {041,042,043,044}, {ﬁlaﬁ%ﬁ&ﬁll}'

Figure 3: The index class of m4, equivalently the groups of the RTD(4,4).
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T2 | Oy 52 C3

51 Gl |11 | O

Cyq 53 Qg | T3

Q3 | Ty | C2 54

Figure 4: A Tic-Tac-Toe grid.

x|ly|z|w x|ly|z|w
ylxz|w|z wlz|ylx
zlwlz|y ylxz|w|z
wlz|ylx zlwlz|y

(a) The winning diagonals from 3.  (b) The winning diagonals from ~;.

Figure 5: The winning diagonals corresponding to 3 and 4.

In order to play Tic-Tac-Toe on w4, players move by alternately choosing points,
and win if they complete a line. We can view the game as being played on a pair of
MOLS(4), picking rows, columns, and symbols. A player wins if they have chosen
all of the components of an entry or chosen all of the rows, all of the columns, or all
of the symbols from a square.

We note that when playing on 74, the third square is suppressed and we are only
playing on the first two squares. Indeed, playing on the TD(5,4) together with the
index class, equivalently playing on all three MOLS(4), is the same as playing on the
projective geometry Il4, for which it is known that Ophelia can force a draw [5].

We can represent this in a more standard Tic-Tac-Toe grid-like structure as fol-
lows. We create a square grid in which the blocks of v; are the rows and the blocks
of 5 are the columns as shown in Figure 4. We define a diagonal to be a set of four
cells such that each row and column is represented exactly once. Now, choosing any
of the following is a winning set of cells:

e a row (corresponding to a block from ),
e a column (corresponding to a block from ~3),

e a diagonal containing different index types, see Figure 5 (corresponding to a
block of 3 or ),

e all cells containing the same index type (corresponding to a block from the
index class).
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A paratopism of 2-MOLS(n) is a map, which can be described by a 5-vector
(7,0p,0c,04,03), where 7 is a permutation that maps rows, columns, and symbols
in the squares between themselves and o,, 0., 0,, 05 are permutations of the result-
ing rows, columns, symbols in the first square, and symbols in the second square
respectively. We use 7 to represent the identity permutation. An autoparatopism is a
paratopism that leaves the squares unchanged, see [8]. Clearly, any autoparatopism
of a pair of MOLS(4) generates an isomorphism of 7. It is well known that m, is
unique up to isomorphism, see [6, 8]. Thus the squares in Figure 1 and the corre-
sponding RTD in Figure 2 are also unique up to isomorphism.

We can describe a game of Tic-Tac-Toe on w4 by giving the sequence of moves in
order. For ease of reading we give Ophelia’s moves in parentheses. Thus a game on
74 might look like:

1, (7’2), T3, (01), g, (7’4), Ca, (52), Quy, (51), Cq, (53)7 Ba;

which results in a Xeno win as he now has the line (71, ¢4, g, £4). Any move whose
omission will result in the opponent winning the game is called a forced move and
we indicate this type of move by placing a line over it. In the above example [, is
forced because if Ophelia does not take (35 at this point, Xeno will take it and win
with the line (71, co, v, 52).

Note that in the example above, if Ophelia does not make the move 33 and instead
takes (3, in an attempt to stop Xeno from winning, Xeno can then take 3 and he
will still win the game with the line (73, ¢4, a9, B3). Generalizing this notion, if it is
Ophelia’s move and she has two forced moves = and y (as with g3 and (4 above),
Xeno is able to win the game regardless of Ophelia’s choice and so the game ends
with a Xeno win. We denote this situation by Xy (x,y). Thus the sequence of moves
in the game above would be written as

71, (TZ)a rs, (Cl)a Q, (7"4), Ca, (E)a Ay, (E)a Cyq, XW(ﬁ?n 54)

Since we wish to describe a winning strategy for Xeno, we only need to give
optimal moves for Xeno and thus we will not always indicate that a Xeno move is
forced for ease of exposition. On the other hand, if Ophelia’s move is not forced, we
either need to exploit a symmetry of the game or enumerate strategies for all possible
responses she could make, or a combination of the two.

At any point in the game we can describe the game thus far by listing the points
that Xeno has chosen and the points that Ophelia has chosen thus far. If Xeno has
chosen the set of points A and Ophelia has chosen the set of points B, we denote
these by X = A and O = B respectively.

2 The Affine Plane 74 is a Xeno win

We are now ready to present our main theorem.

Theorem 2.1. The affine plane of order 4, w4, is a first player (Xeno) win.
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Proof. We start by playing on an unlabelled 74. As the game progresses we label
the points so that they are consistent with the first two latin squares in Figure 1 and
thus the RTD in Figure 2 together with the index class in Figure 3.

Xeno initially plays on a point which we arbitrarily label ;. Ophelia now plays
on another point, which we label r5. Now, the line containing r; and ry is the row
block of the corresponding RTD. This block is contained in a parallel class P, which
we take to be the index class and so the blocks of that parallel class will label the
columns, symbol ones (a; ) and symbol twos (/3;) in some order. Xeno now plays on
another point of the row block, which we take to be rs.

If Ophelia’s next move is in the row block, it must be r4. In this case, Xeno
now plays a point in another block, which we label ¢; and thus the block of P that
contains it is the column block. Alternatively, if Ophelia’s next move is not in the
row block (i.e. not r4), we label her move ¢; and thus the block of P that contains
it is the column block. Xeno now plays a point on the block through 7o, ¢;, which
we label a5 to be consistent with the latin squares and RTD given in Figures 1 and
2 respectively. The fourth point in this block is thus labelled 35. Note that this
argument implicitly relies on the fact that there is only one 74 up to isomorphism.
Thus, the configuration to this point is either

X - (T17T3acl)7 O == (TQ,T4) or X - (7"1,7’3,0[2), O - (Tg,Cl).

We consider each of these possibilities in turn.

Figure 6: The 2-MOLS(4) in the first case. Entries in the first square correspond to
«; and the second to the (;. Cells are coloured: Blue - Neither can win with that
entry; Green - Xeno controls one coordinate; Red - Xeno controls two coordinates;
Yellow - Ophelia controls one coordinate.

The first case is illustrated in Figure 6. In this case we find two autoparatopisms
(m,0,,0c,04,03) that fix the moves of Xeno and Ophelia, given by:

U1 = (i, (13)(24), 1, (13)(24), (12)(34)),

and

1y = ((34), (13), (23), (2134), (3124)).

Referring to Figure 6, any autoparatopism must map the same colors to each
other. This means that we cannot interchange rows or columns with each other or
with symbols and so the only option is to either swap the two symbol sets (squares)
or to leave them alone, in which case we then derive 5 and v respectively.
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We use these autoparatopisms to map between different games to show that
seemingly different games are actually the same game.

Up to these autoparatopisms Ophelia’s only unique moves are on cy, ¢y, aq, and
as. If Ophelia now plays ¢y or ¢4 then a winning sequence for Xeno is as follows:

Qa, (E)a Qasg, (E)a Cs, XW(ﬁ& ﬁ4)

If Ophelia plays an autoparatopism ;, ¢ = 1,2, of ¢y or ¢4, then play proceeds by
the autoparatopic sequence of moves:

Vi), (Vi(B1)), Yilas), (Vi(B2)), Yiles), Xw (i(B3), ¥i(Ba))-
If Ophelia plays as, then a winning sequence for Xeno is as follows:

Qa, (E)a C3, (E)a ag, XW(ﬁ% ﬁ3)

Similarly to the case above, if Ophelia plays an autoparatopism ;(as), i = 1,2, then
play proceeds by the autoparatopic sequence of moves:

1/11‘(061)a (wi(ﬁl)), %’(C:s), (w@-(@;)), %’(Oé:s), XW(wi(ﬁQ)a %(ﬁa))-

If Ophelia plays a1, play proceeds as (2, (@3), f4. The remaining moves for
Ophelia and a winning response for Xeno in each case are given in Table 7. If Ophelia
plays an autoparatopism, ¥;, ¢ = 1, 2, applied to aq, play proceeds by applying v; to
the appropriate sequence of moves.

O/ X |0 | X X

¢ | B3| B | | Xw(as, o)
e | ¢y | Qg | Qg | Xw(c,B3)
¢ | Br| Bs | 2 | Xw(o, ou)
s |ag | el | B | Xwlea,Bs)
oy |0z | & | By | Xw(ea, Br)
Bi| €|y |z | Xwl(e, Bs)
B3| ¢y |ay | aq | Xwl(cs,Br)

Table 7: Case 1: Remaining Ophelia moves and Xeno’s responses.

We now consider the case where X = (ry,r3, as), O = (79, ¢1), which is illustrated
in Figure 8. As before, any autoparatopism must map the same colours to each
other. This means that we cannot interchange rows or columns with each other or
with symbols and so the only option is to either swap the two symbol sets (squares)
or to leave them alone. It is not hard to see that in either case there is no mapping of
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Figure 8: The 2-MOLS(4) in the second case. Entries in the first square correspond
to «; and the second to the ;. Cells are coloured: Blue - Neither can win with that
entry; Green - Xeno controls one coordinate; Red - Xeno controls two coordinates;
Yellow - Ophelia controls one coordinate.

the rows, columns and symbols between themselves that preserves both the squares
and the colouring. Thus there are no autoparatopisms fixing Xeno and Ophelia’s
moves. However, if Ophelia plays 4, c3, a1 or ag, then a winning play for Xeno is as
follows:

Ca, (E)a Qiy, (E)a Cyq, XW(637 54)

The remaining moves for Ophelia and a winning response for Xeno in each case
are given in Table 9.

O|X @) X O X0 | X Xw
c2 | Bs a G| @ | B 7| B | Xw(a,B)
i | ca o C3 Ty a1 | Bi | as | Xw(ay, Bs)
a8 |1y | i | a3 | Xw(fs, Ba)
as, B3, B | X (14, 4)
Io a3 | Bs | Ba | Xwl(rs,an)
ay | B & Bs| @ |G |ag| B | Xwl(ra,Ba)
Br | ca Bs 0y Ba Bo | @ |an | Xw(rs, a3)
Ba|es| "B g Xw(cq, a3)

au, B, Ba

Cyq as Bs Qi Xw (o, Ba)
Qg B ay Cq Xw (o, f3)
B3 oy Ba Bi |71 |an | Xwl(co, as)
B3 | c2 Ba 0y B By | e |ag | Xw(ry, an)
Pa | B3 Cq C2 fBa ay | By | a5 | Xw(cs, o)

Table 9: Case 2: Remaining Ophelia moves and Xeno’s responses.
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We note that despite the proof we have given here, the tournaments described
in [5] are probably safe for the time being. As well as memorizing the tables above
(certainly possible for a dedicated player), applying this strategy would require im-
plementing the autoparatopic responses required, including the mappings implicit in
the initial labeling described in the beginning of the proof. This becomes even more
difficult if the game is played on a grid as in Figure 4. In this case, the player would
also have to translate between the grid and the corresponding transversal design.

The techniques applied here involve a detailed analysis of the play. It is unlikely
that this will be possible for structures that are much larger than those considered
here, though related structures of a similar size might be amenable to such an anal-
ysis. It is natural to ask what the result of playing Tic-Tac-Toe on other transversal
designs might be. We have ascertained by applying similar methods that when play-
ing Tic-Tac-Toe on a TD(4,4) (74 with the index class removed), Ophelia can force
a draw. This means that the removal of the four index blocks changes the outcome
of the game. Interestingly, removing only one index block is still a Xeno win, but
removing two or more means that Ophelia can force a draw.
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