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Abstract

Koh and Tay proved a fundamental classification of G vertex-multiplications
into three classes %y, ¢1 and %3. In this paper, we prove that vertex-
multiplications of Cartesian products of graphs G' x H lie in %, (respec-
tively, 6oU%) if G € € (respectively, €)), d(G) > 2 and d(G x H) > 4,
providing further support for a conjecture by Koh and Tay. We also focus
on Cartesian products involving trees, paths and cycles and show that
most of them lie in %j.

1 Introduction

Let G be a graph with vertex set V(G) and edge set E(G). In this paper, we consider
only graphs with no loops or parallel edges. For any vertices v, x € V(G), the distance
from v to z, dg(v,x), is defined as the length of a shortest path from v to z. For
v € V(G), its eccentricity eg(v) is defined as eg(v) := max{dg(v,z) | x € V(G)}. A
vertex x is called an eccentric verter of v if dg(v,x) = eq(v). The diameter of G,
denoted by d(G), is defined as d(G) := max{eg(v) | v € V(G)} while the radius of G,
denoted by r(G), is defined as r(G) := min{eg(v) | v € V(G)}. The above notions
are defined similarly for a digraph D; and we refer the reader to [1] for any undefined
terminology. For a digraph D, a vertex x is said to be reachable from another vertex
v if dp(v,x) < co. The outset and inset of a vertex v € V(D) are defined to be
Op(v) :={z € V(D) | v — z} and Ip(v) := {y € V(D) | y — v} respectively. If
there is no ambiguity, we shall omit the subscript for the above notation.

An orientation D of a graph G is a digraph obtained from G by assigning a
direction to every edge e € E(G). An orientation D of G is said to be strong if
every two vertices in V(D) are mutually reachable. An edge e € E(G) is a bridge
if G — e is disconnected. Robbins’ well-known One-way Street Theorem [17] states
that a connected graph G has a strong orientation if and only if G is bridgeless.
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Given a connected and bridgeless graph G, let 2(G) be the family of strong
orientations of G. The orientation number of G is defined as

d(G) == min{d(D) | D € 2(G)}.

Any orientation D in 2(G) with d(D) = d(Q) is called an optimal orientation of G.
The general problem of finding the orientation number of a connected and bridgeless
graph is very difficult. Moreover, Chvatal and Thomassen [3]| proved that it is NP-
hard to determine whether a graph admits an orientation of diameter 2. Hence, it is
natural to focus on special classes of graphs. The orientation number was evaluated
for various classes of graphs, such as the complete graphs [2,14,16] and complete
bipartite graphs [4,19].

In 2000, Koh and Tay [11] introduced a new family of graphs, G vertex-multiplic-
ations, and extended the results on the orientation number of complete n-partite
graphs. Let G be a given connected graph with vertex set V(G) = {vy,v,...,v,}.
For any sequence of n positive integers (s;), a G vertex-multiplication, denoted by
G(s1, S2,...,5,), is the graph with vertex set V* = |J;_, V; and edge set E*, where
Vi’s are pairwise disjoint sets with |V;| = s;, fori =1,2,...,n; and for any u,v € V*,
wv € E* if and only if w € V; and v € Vj for some i,j € {1,2,...,n} with i # j
such that v;v; € E(G). For instance, if G = K,,, then the graph G(si,s2,...,5,)
is a complete n-partite graph with partite sizes s, $9,...,5,. Also, we say G is a
parent graph of a graph H if H = G(s1, sa,. .., s,) for some sequence (s;) of positive
integers.

For i = 1,2,...,n, we denote the k-th vertex in V; by (k,v;), i.e. Vi = {(k,v;) |
k = 1,2,...,s;}. Hence, two vertices (k,v;) and (l,v;) in V* are adjacent in
G(s1,82,...,5,) if and only if ¢ # j and v,v; € E(G). We will loosely use the
two notations of a vertex, for example, if v; = j, then v; = v; and s; = s;. For
convenience, we write G in place of G(s, s, ..., s) for any positive integer s, and it
is understood that the number of s is equal to the order n of G. Thus, G is simply
the graph G itself.

G vertex-multiplications are a natural generalisation of complete multipartite
graphs. Optimal orientations minimising the diameter can also be used to solve a
variant of the Gossip Problem on a graph G. The Gossip Problem attributed to
Boyd by Hajnal et al. [6] is stated as follows:

“There are n ladies, and each one of them knows an item of scandal which
is not known to any of the others. They communicate by telephone, and
whenever two ladies make a call, they pass on to each other, as much
scandal as they know at that time. How many calls are needed before all
ladies know all the scandal?”

The Problem has been the source of many papers that have studied the spread of
information by telephone calls, conference calls, letters and computer networks. One
can imagine a network of people modelled by a G vertex-multiplication where the
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parent graph is G and persons within a partite set are not allowed to communicate
directly with each other, for perhaps secrecy or disease containment reasons.

The following theorem by Koh and Tay [11] provides a fundamental classification
on G vertex-multiplications.

Theorem 1.1. (Koh and Tay [11]) Let G be a connected graph of order n > 3. If
s;i>2 fori=1,2,...,n, then d(G) < d(G(s1,S2,...,5,)) < d(G) + 2.

In view of Theorem 1.1, all graphs of the form G(sq, sa,...,Ss,), with s; > 2 for
all i =1,2,...,n, can be classified into three classes €;, where

€; ={G(s1,52,...,5n) | d(G(s1,89,...,8,)) = d(G) + 7},

for j = 0,1,2. Henceforth, we assume s; > 2 fori = 1,2,...,n. The following lemma
was found useful in proving Theorem 1.1.

Lemma 1.2. (Koh and Tay [11]) Let s;,t; be integers such that s; < t; for i =
1,2,...,n. If the graph G(s1,S2,...,5,) admits an orientation F in which ev-

ery verter v lies on a cycle of length not exceeding m, then d(G(ty,ta,...,1,)) <
max{m, d(F)}.

Koh and Tay [11] made the following conjecture and proved it for some families
of graphs, including cycles.

Conjecture A. (Koh and Tay [11]) If G is a graph such that d(G) > 3 and s; > 2
fori=1,2,...,n, then G(s1, S2,...,5,) & .

These results and conjecture were generalised to digraphs by Gutin et al. [5]. Ng
and Koh [15] examined cycle vertex-multiplications and Koh and Tay [13] investi-
gated tree vertex-multiplications. Since trees with diameter at most 2 are parent
graphs of complete bipartite graphs and are completely solved, they considered trees
of diameter at least 3 and proved Conjecture A for trees.

Theorem 1.3. (Koh and Tay [13])
If T is a tree of order n and 3 < d(T) <5, then T(sy, S2,...,5,) € 6o U 6.

Theorem 1.4. (Koh and Tay [13])
If T is a tree of order n and d(T) > 6, then T'(s1, S2,...,5,) € Go.

In [20], Wong and Tay proved a characterisation for vertex-multiplications of
trees with diameter 5 in %y and 4. In [21], they almost completely characterised
vertex-multiplications of trees with diameter 4.

In this paper, we examine vertex-multiplications of Cartesian products of graphs
and provide further support for Conjecture A. Our main approach is a nimble appli-
cation of Lemma 1.2 via some elementary orientations (see Definition 2.1) leveraging
on the neat structure enjoyed by Cartesian products of graphs. We also focus on
Cartesian products involving trees, paths and cycles and show that most of them lie
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in ¢y. The Cartesian product of two graphs G and H is denoted by G x H, where
V(G x H)={{u,z) |ue V(G),z € V(H)} and E(G) = {{u,z)(v,y) | v = v and
zy € E(H), or uv € E(G) and x = y}. Since Cartesian products of disconnected
graphs are disconnected, we concern ourselves with only connected graphs. We shall
denote a path (respectively, cycle, complete graph) of order n as P, (respectively,
C,, K,) while T; represents a tree of diameter d. Since the orientation number of
complete bipartite graphs K (p, q) has been characterised by Soltés [19] and Gutin [4]
and P, x P, = K(2,2), we shall exclude P, x P, from our discussion. In Section 2,
we consider Cartesian products of graphs in the general setting.

Theorem 1.5. Let G and H be connected graphs with order at least 2. If d(G) > 2
and G® € €, (respectively, €, ), then (G x H)? € €, (respectively, €y U E}).

Corollary 1.6. Let G and H be connected graphs with order at least 2. Ifd(GxH) >
4, d(G) > 2 and G® € €, (respectively, €,), then (G x H)(s1,5,...,5,) € o
(respectively, o U 61 ).

In Section 3, we prove that the vertex-multiplications of Cartesian products of
two trees are mostly in %j.

Theorem 1.7. If A\ > 2 and pn > 3, then (T\ x T},)(s1, S2, - - ., Sn) € G-

For trees with diameter 2, the same conclusion holds if both trees are paths, i.e.
P3 X P3.

Theorem 1.8.
(CL) (Pg X PQ)(Q) € Cgl.
(b)
%o, A4, u=2 orA>pu>3,
Box B o) @i o oo 6.9)

A

We also prove an analogue on the hypercube graph Q) = ?(2 X Ky X -+ X Ky,
VAR

Proposition 1.9.
(a) Q:(f) € 6o and Q3(s1,52,.-.,5,) € G U %1
(b) For A >4, Qx(s1,S2,...,5,) € €.

In Sections 4 and 5, we examine the Cartesian products of a tree and a cycle,
and two cycles respectively.

Theorem 1.10. IfA > 2 and > 4 or A = = 3, then (TaxC},)(s1, 2, ..., 5,) € €.

Theorem 1.11.
(a) For A > 4,11 >3, (C\ x C,)? € %,.
(b) y ’
0 if A Z 1% Z 47
(CA XOM)(31>527~--7371) € {%OU%M if()‘aﬂ):
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2 General results

In defining an orientation, we use the following notation to write succinctly. For any
orientation D, D denotes the orientation satisfying u — v in D if and only if v — u
in D.

Definition 2.1. Suppose uv and wx are edges of a graph GG and D is an orientation
of G, We denote

(a) u =z vif {(1,u),(2,u)} — {(1,v),(2,v)} in D (see Figure 1(a)).

(b) u~vif (1,u) — (1,v) = (2,u) — (2,v) = (1,u) in D (see Figure 1(b)).

(c)u Swif (2,v) = {(1,u), (2,u)} = (1,v) and w 5 xif (L,z) = {(1,w), (2,w)} —
(2, )

2,z) in D (see Figure 1(c)).

(1,u) (1,v) (Lu) (Lv) (Lw) (L)
@ @ .’_': - _,. o—eo o ——eo
(2,u)  (2,0) (2,u) (2,0) (2,u) (2,0) (2,w) (2,2)
(&) u=o. (b) u~ . (c)u—l»vandw—%ex.

Figure 1: Notation for orientations.

Proof of Theorem 1.5: Since G® € %, there exists an orientation D of G® such
that d(D) = d(G). Define an orientation D* of (G x H)® as follows:
For any u,v € V(G), any z € V(H) and any p,q = 1,2,

(p, (u,z)) = (¢, (v,2)) <= (p,u) = (¢,v) in D, (2.1)

i.e. each copy of G is oriented similarly to D.
For any u € V(G) and any z,y € V(H),

(u,x) ~ (u,y) <= zy € E(H). (2.2)

We remark that the definition in (2.2) is arbitrary since zy € E(H) is equivalent
to yx € E(H). However, this does not affect the following argument. For a well-
defined orientation, one may linearly order the vertices in V' (H) before applying (2.2)
with the condition x precedes y.

We claim that dp-((p, (u, x)), (q,(v,y))) < d(Gx H) = d(G)+d(H) for p,q = 1, 2.
If z =y, then by (2.1), dp-((p, (u, z)), (¢, (v,z))) < d(D) = d(G) < d(G) + d(H).

Suppose x # y. In view of (2.2), there exists a (p, (u,x)) — (r,(u,y)) path of
length dp-((p, (u, x)), (r, (u,y))) < dg(z,y) < d(H) for some r = 1,2. If (¢, (v,y)) =
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(r,(u,y)) (i.e. ¢ =r, u="v), then we are done. If (q, (v,y)) = (3 — r, (u,y)), then

dp-((p, (u, 7)), (¢, (v, ))) < dp-((p, (u z)), (1, (u, y))) + 2
d(H) +
d(H) + ( )

IN A IA

by (2.2). Finally, if u # v, then

dD*((pv <u’ {L‘>), (Q> <U> y>)) < dD*((pv <u’ {L‘>), (T’, <ua y))) + dD*((rv <ua y))v (Qa <Ua y)))
< d(H)+d(D)
= d(H)+d(G).

The proof is similar if G? € . O

Proof of Corollary 1.6: Since every vertex lies in a directed C in the orientation D*

because of (2.2), it follows from Lemma 1.2 that (G x H)(s1, s2,...,5,) € €. The
proof is similar if G € €. O

Corollary 2.2. For all i € Z*, let G; be a connected graph with order at least two.
If (G1 x G2)? € Gy (respectively, €, ), then

j
(a) for j >3, (] GZ-)(Q) € 6oy (respectively, €, U €,), and
i=1

k
(b) for k >4, (1] Gi)(s1,82,-.-,Sn) € Gy (respectively, €y U 6, ).
i=1

Proof: (a) Since d(G; x Gg) > 2, the result follows from Theorem 1.5.
k

(b) Since d([] G;) > 4, d(G1 x Gg) > 2, the result follows from Corollary 1.6. O
i=1

Corollary 2.3. Let G be a connected graph with order at least two.
(a) If 3 < d <5, then (Ty x G)(s1,S2,...,5,) € o UE.
(b) If d > 6, then (Ty X G)(81, 82, ..., 8,) € Go.

Proof: Since d(T; x G) > 4 and by Corollary 1.6, (a) and (b) follow from Theorems
1.3 and 1.4 respectively. O

3 Cartesian product of trees T\ x T},

In this section, we shall show that Corollary 2.3(a) can be further improved in the case
of T\ x T),. Before that, we introduce a notation for trees 7y with d < 5. Whenever
we speak of a tree with even diameter d, we denote by c the unique central vertex
of Ty, i.e. eg,(c) = r(Ty), and the neighbours of ¢ by [i], i.e. Np,(c) = {[i] | i =
1,2,...,degg (c)}. Foreachi=1,2,... degp, (c), we further denote the neighbours
of [i], excluding ¢, by [, 4], i.e. Ng,([i]) —{c} = {[a,i] |« =1,2,... degs, ([i]) — 1}.
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If d is odd, we let c; and cy be the two central vertices of Ty, i.e. er,(ck) =
r(Ty) for k = 1,2. For k = 1,2, denote the neighbours of cg, excluding cs_,
by [ig. ie. Nr(ck) — {cs—x} = {lilx | © = 1,2,...,degp,(ck) — 1}. For each
i=1,2,...,degy (cx) — 1, we denote the neighbours of [i, excluding cg, by [a, 1.
ie. Nr,([ilx) = {ew} = {la,ilp | @ = 1,2,...,degy,([i]x) — 1}. Figures 2 and 3
illustrate the use of this notation.

Figure 3: Labelling vertices in a Tj

With this, we prove Theorem 1.7.

Proof of Theorem 1.7: Let G := T\ x T,,. By Corollary 2.3(b), it suffices to consider
A, i < 5. Define an orientation Dy, for G® as follows:

Case 1. Ais even and p is odd, i.e. A =2,4 and p = 3,5.
(¢, c2) = ([y], c2) = ([y], e1) = (e, e1) = (¢, ca) (3.1)

for all [y] € Np,(c). Excluding the edges defined above, for each [i|; € Ny, (ci) —
{c2}, each a = 1,2,.. degTH([] ) — 1, each [j]s € NTu(C2> — {c1}, and each g =
1,2,....degg, ([j]2) —

(x, [, i1) ~ (2, [i1) ~ (2, e1), (2, [B, Jl2) ~ (2, []2) ~ (2, ¢2) ~ (z,01), (3.2)
for all z € V(T}), and
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8, 12) ~ (<. 15, L2) (33)

for all [k] € Ng,(c) and v =1,2,...,degy, ([k]) —1. (See Figure 4 when G = T) x T5.)

We claim that d(D ) = A+ p = d(G). Let u,v € V(G) and P := wow; ... w;
be a shortest u — v path in G with v = wy and v = w;. If dg(u,v) < d(G) — 2 and
P satisfies

Wi ~> Witq OF wiyq ~> w; for alli =0,1,...,0—1, (3.4)

then dp,, , ((p,u),(q,v)) < dg(u,v) +2 < d(G) for p,q = 1,2. In particular, this
holds for w = ({1, k], y1), v = ([, k], y2) with 1 # 2 in Ty x T},. So, by symmetry of
(3.1)-(3.3), we may assume without loss of generality that ¢ has two eccentric vertices
in T\, i.e. Ty = P3 if A = 2, and T\ = Ps if A = 4. Furthermore, by symmetry of
(3.2), we may assume c; has two eccentric vertices for ¢ = 1,2, in T),.

For the pairs of u, v that do not satisfy (3.4), we claim that there exists a path
P with length at most d(G) that satisfies

w; = Wiy for some 7 =0,1,...,l —1 and w;4; = w; for none of j =0,1,...,1 — 1.

Then, we can conclude dp, ,((p,u),(g,v)) < d(G) for p,qg=1,2.

First, consider (A, u) = (2,3). We list these paths P while omitting symmetric
scenarios. For v =1,2, and j =1, 2,

P =([1], [1]1){[1], ex)(c, er) (e, [l (2], [7]0)-

P2 =([1], [11)([1], e1)(c, cr){c, ca)([i], ca)([d]; [j]2)

P? =([1], [11)([1], e1)(c, c1){c, ca)(c, [5]2)-

P =([1], [1]2)([1], c2)([1], cx)([1], []1) (e, [1]2)([2], [4]x)
P =([1], [1]2)(c, [1]2) (c, ca)([2], ca){[2], c1){c, 1)

PO =([1], [1]2){c, [1]2)(c, ca)([2], ca)([2], [7]2)-

PT=(c, [1]1)(c, c1){c, ca)([i], ca){[i]; [1]2)(c, [1]2)-

P =(c, [1]a)(c, ca){[i], c2){[d], c1)([d], [1h){c, [4]1)

P? =(c, [1]2)(c, ca)([i], c2)([d], c1)(c, 1)

To prove for (A, 1) = (2,5), note that D, 3 is a subdigraph of D, 5. Moveover,
for any (p,u) € V(D(25)) =V (D(23)), there exists a vertex (r,z) € V(D(a3)) such that
u ~ x or x ~ u. Hence, if (p,u) € V(D) —V(D@3)) and (q,v) € V(D(2,3)), then
maX{dD(gﬁ)((pa U), (q,U)>, dD(2,5)((q7U>7 (p7 U))} S 1+ d(D(2,3)) S 7 for b,q = 172
SimilarlY? if (p7 U), (q,U> S V(D(Q,S)) - V(D(2,3)>, then dD(gj)((p? U), (q,U)) < 2+
d(D3)) < 7forp,g=1,2.

A similar argument can be made for (A, ) = (4,3) since D(,3) is a subdigraph
of D4 3); and thereafter for (A, 1) = (4,5) since Dy 3) is a subdigraph of Dy ).
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[131]2 [1a2]2 [171]2 [172]2 [1’1]2 [1»2]2 [1’1]2 [1’2]2 [1a1]2 [1’2]2

mz'LSL ;}‘m? [”;LLE \2)5'[2}2 mz'tSL ;:'[2]2 mz'tSL ;:'[2]2 mﬁ% ;:'[2]2
Co Co@2 ° < @®C2 C2
§ AN u c1ﬂ u E“NN §

mlf? %{2}1 mlf? ﬁﬁml mlf? %{211 mlf? %{211 ml‘fz %{211
OIS bk ok o

[171]1 [1,2]1 [171]1 [172]1 [171]1 [172]1 {1,1]1 [172]1 [1,1]1 [172]1

[1,1] 1] c 2] [1,2]

Figure 4: Orientation Dy 5 of (T4 x T5)®, where d(D5) = 9.

Note: For u = [1,1],[1], ¢, [2],[1, 2], the u-copy of T5 is contained in a rectangle and
the vertex (u, z) is simply labelled as x for clarity. For example, the bottom leftmost
vertex is ([1,1], [1, 1]y).

We can use a similar strategy as in Case 1 to prove d(D(x)) = A+ p = d(G) for
Cases 2 and 3. Hence, we state only the orientations and refer the interested reader
to [22].

Case 2. X\ and pu are both even, i.e. A = 2,4 and pu = 4.

For each [i] € Np,(c), and each o = 1,2,...,degy, ([i]) — 1 and each [j] € Ng,(c),
and each 8 =1,2,...,degy ([j]) — 1,

([1], ) = (e, c) and (e, [4]) = ([1], []);
excluding the edges defined above,
([, il y) ~ ([ y) ~ (e, )
for all y € V(T,), and
(z,[8,4]) ~ (@, [j]) ~ (z,¢c)
for all z € V(T)).
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Case 3. X\ and p are both odd, i.e. A\, u=3,5.

For each [i]; € Np,(ci) — {c2}, each a =

1,2,...,degy, ([ii) — 1, each [j]s €
NTH(CQ) - {C1}7 each ﬁ = 17 27 . '7degTH([j]2> - 17

(c1, [ih) = (c1, 1) = (o, 1) = (e, [ihh) = (e, i),
(c1,[7]2) = (c1,c2) = (ca, c2) = (e, [7]2) = (e, [7]2);

excluding the edges defined above,

(@, [, 1)) ~ (@, [il1) ~ (@, c1), (2, [B, jl2) ~ (2, [jl2) ~ (x, c2) ~ (2, c1),

for all x € V(T)), and

<[/77 k]17y> ~ <[k]1ay> ~ <C1ay>7 <[07l]27y> ~ <[l]27y> ~ <C27y> ~ <C17y>’

for each [k]; € Nr,(c1)—{ca}, each v =1,2,...,degyp ([k]1)—1, each [l]; € Ng,(c2)—
{ci}, each 0 =1,2,... degy, ([l]2) — 1 and each y € V(T},). O

Next, we shall prove two lemmas for the investigation of the rectangular grid
P\ x P,. For P, (respectively, C,,), we shall use the natural labelling of vertices where
E(P,) ={(i,i+1)]|i=1,2,...,n— 1} (respectively, E(C,) = E(P,) U{(n,1)}).

Lemma 3.1. Let G be a graph and D be an orientation of G®. If uguius is a unique
shortest ug — ug path in G and dp((p,uo), (q,u2)) = dp((p,us), (q,up)) = 2 for all
2 2 1

1
= 1,2, then ug — u; « Ug OT Uy —» UL “ Un.
9 ) 4y 0 0

Proof: Suppose (1,u1) — (1,us). Now, for p = 1,2, since dp((1,uz), (p,u)) = 2, it
follows that (1,us) — (2,u1) — (p, uo). Since dp((p,wo), (¢, us)) = 2 for p,q = 1,2,

it follows that (p,uo) — (1,u1) — (¢,u2) must hold. It is now necessary from
dp((2,uz), (1,up)) = 2 that (2,u3) — (2,u1). Thus, ug it Uy “ ug. Similarly, an

2 1
argument reversing all arcs will give ug — uy «— ug if (1,u9) — (1, uy). O

Lemma 3.2. Let G be a graph and D be an orientation of G®. Suppose vgvy . . . Vg,

k > 2, is a shortest vg — vy path of length k in G and D satisfies

1 2
(a) v; = V41 “ Vo for some i, 0 <i<k—2, and

(b) if 7 & {i,i+ 1}, then either v; ~> vj41 0T Vi1 ~ V;.
Then, dp((p,vo), (q,vr)) = dp((p,vk), (¢, v0)) = k for p,q=1,2.

Proof: Assume vj ~» v;41 for all j & {i,i+ 1}; the proof is similar otherwise. Note
that (p,vo) = (p,v1) = -+ = (p,vi), {(Lv), (2,0)} — (Lvipa) = {(1,vit2),
(2,v;12)} and (p, viy2) = (pyviz3) — -+ — (p,vg) for all p = 1,2. Thus, for p,q =
]-7 2a dD((p7 UO)) (qa Uk)) = dG(UOa Uk) = k. By SymmetrY7 we have dD((p7 Uk)’ (Q7 UO)) =
dg(vk,v9) = k for p,q =1, 2. O
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Proof of Theorem 1.8: Let G := P, x P, and note that d(G) = XA+ p — 2.
Case 1. A =3 and pu = 2.

We first prove d(G®) = 4. Suppose there exists an orientation D of G® such
that d(D) = 3. Since dp((p, (1,2)), (¢, (3,2))) = dp((q, (3,2)), (p, (1,2))) = 2 for all

p,q = 1,2, we may assume from Lemma 3.1 that (1,2) = (2,2) bl (3,2). Similarly,

1 2 2 1 _
we assume (1,1) — (2, 1) « (3, 1) (the case (1,1) — (2,1) « (3,1) is similar). Since
dp((1,(1,1)),(2,(2,2))) < 3, it follows that (1,(2,1)) — (2,(2,2)). However, we
have dp((1,(3,2)), (1,(2,1))) > 3, which contradicts d(D) = 3. Hence, d(G?) > 4.

Define an orientation D32 for G® as follows:
1 2
(1,7) — (2,7) « (3,7) for j =1,2, and (i,1) ~ (3,2) fori = 1,2, 3.

It is easy to verify d(Dz) = 4. Hence, G® € % and we are done for (a).
Case 2. A >4 and pu = 2.

Define an orientation Dy ) for G as follows: (See Figure 5 when \ = 4.)

52,2 E (3,2, A—2,1) > (A —1,1) & (A1),
~ (0,2) for i =1,2,..., A,

1,2) 2,2) (3,2) (4,2)
° ¥ > @ ----------» @
1A 1A ny _--" 1A
11 11 11 N - 11
1 1 1 P 1
1 1 1.r” AN 1
7 (| -1 N 1
N >  IGEECETEEE TR S
N ! 1 N ! 1 N ! 1 N ! 1
A~ 7 1 A~ 7 1 A~ 7 1 A~ 7 1
1 N 1 1 N 1 1 N 1 1 N 1
: I’\\ ! : I)\\ ! : I)\\ ! : I)\\ !
1 ] A'<1,1> ' ] ('<2,1> 1 ] ('<3,1> 1 ] Q'
1 _____;._J__>. + L ;. 1 ;.
1 ,’ v 1 ,L - [ [
: 1 AN ’—‘:"l T ! 1! 4’1>
! ‘,,"‘\ ! ! !
- N1 ¥ ¥
S EEEEREEEE -+ = *% .

Figure 5: Orientation Dy ) of (P, X P,)® | where d(Dz2)) = 4.

Note: The vertices (p, (u,x)), for p = 1,2, are represented by e and & respectively.
The vertex (1, (u, x)) is simply labelled as (u, x) for clarity. For example, the bottom
leftmost e and & are (1, (1,1)) and (2, (1, 1)) respectively. The same simplification is
used for Figures 6 and 7.

We claim that d(Dx2)) = d(G). Let u,v € V(G), where dg(u,v) < d(G) —2. By
the definition of Dy 2), we have dp, , ((p,u), (¢,v)) < da(u,v) +2 < d(G) for p,q =
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1,2. Hence, it suffices to consider vertices u,v € V(G), where dg(u,v) = d(G) —1 or
dg(u,v) = d(G). We illustrate this for u being the ‘top left” and v being the ‘bottom
right” vertices in Figure 5 and the other cases can be proved similarly. That is,
for (u,v) = ((1,2), (A — 1, 1)), ((1,2), (A, 2)), ((1,2), (N, 1)), ((2,2), (A, 1)), the claim
follows by invoking Lemma 3.2 on their respective shortest paths:

Pl =(1,2)(2,2)(3,2) ...(A = 1,2) (A — 1, 1).

P? = (1,2)(2,2)(3,2) .. .(A —1,2)(), 2).

P? = P? with (), 1).

Pt =(2,2)(2,1)(3,1) ... (A =2, 1)\ — 1,1){\, 1).

Case 3. A > pu > 3.

Define an orientation Dy ) for G®? as follows:

(512151 ([ 151) = ([5] + . [5]) ane
(511511 = (115D = (51 [5] 1)

Except for the edges defined above,

(i,7) ~ (1 +1,7), and (i,j) ~ (i,j+ 1) forall 1 <i<A—Tland1<j<p—1

Similar to Case 2, it can be proved that d(D»,)) = d(G). Hence, G € % for
Cases 2 and 3. To complete (b), observe that every vertex lies in a directed Cy in
each orientation D, ,y of all three cases and invoke Lemma 1.2. O

We end the section with a result on the hypercube graph.

Proof of Proposition 1.9: We shall prove J(Q:(f)) = 3 = d(Q3). Denote the vertices
of the two disjoint copies of Cy in QY3 by 1,2, 3,4, and 5,6,7,8. Define an orientation
D of Q:(f) as follows:

i~ i+l i+t2~i+3andi~i+3fori=15
4=8,2=65=1, and 7= 3.

It is easy to verify that d(D) = 3. Hence, Qf) € %p. Now, by Theorem 1.5,

5\2) € %o for A > 3. Since every vertex lies in a directed Cjy, it follows from

Lemma 1.2 that Q3(s1, S2, ..., 8,) € GoU% and Q(s1, S2,...,8,) € Gofor A > 4. O

4 Cartesian product of trees with cycles T, x C),

In this section, we consider the Cartesian product of trees with cycles.
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Proof of Theorem 1.10:
Case 1. A > 2 and pu > 4.

Let (V1,V2) be a bipartition of V (7)), i.e. V4 and V; are independent sets. Let F’
be a strong orientation of €}, say 1 — 2 — --- — . — 1, and define an orientation
D for (Ty x C,,)? as follows:

(u,z) =2 (u,y) <= =z —yin F
for any u € V; and any z,y € V(C,), i.e. the copy CP(LQ) is oriented similarly to F.
(u,z) 2 (u,y) <= y—axin F

for any v € V5 and any x,y € V(C,,), i.e. the copy C’,(f) is oriented similarly to F.

{(u, z) ~ (v, x)

for any w,v € V(7)) with uv € E(T\) and any z € V(C},).

We claim that dp((p, (u,x)), (¢, (v,y))) < X+ |5] = d(T» x C},) for any (u,z),
(v,y) € V(T x C,), and p,q = 1,2. Suppose u = v € Vj. Note that either
dp(z,y) < |5]) or di(x,y) < |5]. So, there exist paths P and P’ in D, each
of length at most |5], from {(1,(u,)), (2, (u,z))} to {(1,(w,¥y)),(2,(u,y))} and
from {(1, (w,x)), (2, (w,x))} to {(1, (w,v)), (2,(w,y))}, where w € V5 is some ver-
tex adjacent to u in T) respectively. In the former case where dp(z,y) < 5], P

suffices and we are done. In the latter case where dp(z,y) < 5], we shall fur-

ther assume (u,z) ~» (w,z) for simplicity; the proof is similar otherwise. Then,

(p7 (u,x>)(p, <w7l'>)7 P’ and (3 - 4, <w7y>)(Q7 <U,y>) form a (p7 <U,ZL‘>) - (q’ <U,y>)
path of length at most 2 + |5] < A+ [5]. A similar proof follows if u = v € Va.

Suppose u # v. Let wwjws...ww be the unique shortest u — v path in T).
For simplicity, we shall assume (u,z) ~> (wy,x) ~> - -+ ~> (v, z); the proof is similar

otherwise. If z = Y, then (pa <U,l’>)(p, <w1a >) ce (p7 <U,l’>)(3—p, <wl,$>)(3_p, <Ua "L‘>)
guarantees a (p, (v, z)) — (¢, (v,y)) path of length at most A +2 < A+ [£].

ISTES

—~

Next, suppose x # y. Futhermore, we shall assume v € V; (and hence w; €
Vg) the proof is similar if v € V5. Again, consider the cases dp(z,y) < 5] or
(0,2)), (2, (0.20)} to {(1, (0,1, (2, (v, 9))} and from {(L, {wp,)), (2, (wi,2))}
(1, <wl,y)), (2, (wy,y))} respectively. In the former case where dp(x,y) < |&],
(p, {u, ))(p, (w1, z)) ... (p, (v, 7)) and Q form a (p, (u, )) = (¢, (v, y)) path of length
at most A + [5]. In the latter case where dp(z,y) < [5], (p, (u, 2))(p, (w1, 2)) ...
most A+ | £]. Hence, (T x C,)? € 4.
Case 2. A=pu=3.

dp(x,y) < [5]. So, there exist paths @ and " in D, each of length at most | 4], from
{(1,
to 2
(p. (wi,)) with Q' and (g, (wi, ) (g, (v, 5)) form a (p, (. 2)) — (q. (v.)) of length at
Define an orientation D for (T3 x C3)? as follows: (See Figure 6.) For all
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[i]; € Np(ci) — {co} and all [j]o € Np(cs) — {ci,

<C1’ 1> = <C1’2> = <C1’3> = <C1> 1>7 <C2’3> = <C2’2> = <C2> 1) = <C2>3>7
([i]1,9) > (c1,9) “ (ca,y), and (ca,y) ~ ([jlo,y) for all y = 1,2,3,

([, 1) ~= (ld]1, 2) ~ ([il1, 3) ~ ([, 1), and ([j]2, 1)~ ([j]2, 2) ~ ([5]2, 3) ~ ([j]2, 1)

It is straightforward to verify that d(D) = 4. In view of the symmetry of D, it
suffices to check D for (T3 x C3)® where c; has two end-vertex neighbours [1];, [2];
for © = 1,2 in T73. We remark that the checking includes the distance from any
vertex in the [1];-copy (respectively, [1]e-copy) of C’ég) to any vertex in the [2];-copy
(respectively, [2]-copy) of C§2), although only one [i];-copy (respectively, [j]o-copy)
is shown in Figure 6 for brevity. Hence, (T3 x C5)® € %.

Since every vertex lies in a directed Cy in D of both cases, it follows from Lemma
1.2 that (T x C,)(s1,S2,...,5,) € 6. O

Figure 6: Partial orientation D of (T3 x C3)®),
where [i]; € Np(c1) — {c2} and [j]2 € Nr(c2) — {c1} and d(D) = 4.

Next, we want to consider T, x C3 and P, x (3. Instead, we shall prove more
general results involving K, p > 3, in place of Cs. For T, x K, we split into cases
of degy,(c) =2 (i.e. To = Ps) and degyp,(c) > 2.

Proposition 4.1. For p > 3,
(a) if degy, (c) = 2, then (To x K,)(s1,52, ..., 5,) € ©o.
(b) if degy,(c) > 2, then (Tr x K,,)¥ € €1 and (Ty x K,,)(s1, $2, ..., 5,) € €o U 6.

Proof: Note that d(Ty x K,,) = 3. Define an orientation D for (Ty x K,,)® as follows:

1 2

([1],9) = (e, 5) « ([i],5) (4.1)
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for all [i{] € Np,(c) —{[1]} and j =1,2,..., pu.

(v, 1) ~ (v, j2) whenever 2 < j; < jo < p, and} (4.2)

(v,5) ~ (v, 1) ~ (v,2) for j =3,4,... u,

for all v € V(T3).

(a) Suppose degp,(c) = 2. It is easy to check that the subdigraph of D induced
by the set of vertices {(p,(v,7)) | p = 1,2;v € V(T3);j = 1,2,3} has diameter 3.
Next, note for all v € Ty, and all j = 4,5,..., u, that (v, j) really plays the same
role as (v,3) in view of (4.2). Hence, it remains to check that the distance of any
two vertices in each copy of K ,(f) is at most 3. This follows since u ~» v or v ~ u
for all u, v in each copy of K,. Hence, (T3 x K, M)(Q) € %y. Since every vertex lies in
a directed Cj, it follows from Lemma 1.2 that (75 x K,)(s1, 52, ..., 5,) € %o.

(b) Now, consider the case degp,(c) > 2. Suppose there exists an orientation

F of (Ty x K,)® with d(F) = 3. By Lemma 3.1, ([1],1) S (c,1) “ ([2],1) and
1 2 , , 1 2

([1],1) — (c,1) « ([3],1). However, this contradicts ([3],1) — (c,1) « ([2],1).

Thus, (Ty x K,)? € 4.

To show (Tp x K,,)(s1,52,...,5,) € 6o U €1, we need to verify d(D) = 4. In
view of (a) and its symmetry among the vertices ([i], ) for [i] € Nrp,(c) — {[1]}
by (4.1), it suffices to check dp((p, ([2],)), (¢, ([3],7))) < 4 for j = 1,2,..., u, and
p,q = 1,2. That is, the partial orientation in Figure 7 has diameter 4, which is easy

to check. Since every vertex lies in a directed Cj, it follows from Lemma 1.2 that
(TQXKM)(Sl,SQ,...,Sn)G%()U%l. O

Figure 7: Partial orientation D of (T x K3)® when degy, (c) > 2, where d(D) = 4.

In Proposition 4.3, we generalise the sufficient condition in Proposition 4.1(b),
“degy, (c) > 27, for the vertex-multiplication of 75 x K, to be in 4;. To this end,
recall the classical theorem of Sperner.
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Theorem 4.2. (Sperner [18]) Letn € ZT and o be an antichain of N, := {1,2, ...,
n} (i.e. AL B for all A,B € o). Then || < ( /QJ) with equality holding if and
only if all members in < have the same size, | 5| or [§]. (The two sizes coincide if

2
n is even.)

Recall that we loosely use the two notations of a vertex, i.e. if v; = 7, then v; = v;
and s; = 5;. S0 5(c) corresponds to the vertex (c,v) in the next proposition.

Proposition 4.3. Let p > 3 and m = min{s.,y | v € V(K,)}. If degp(c) >
(LmW/L2J)7 then (Ty x K,,)(s1,82,...,5,) € 6.

Proof: Suppose D is an orientation of (75 x K,,)(s1, S2,...,s,) with d(D) = 3 =
d(Ty x K,). In view of parity, dp((p, ([i],v)), (¢, ([j],v))) = 2 for any p = 1,2, ...

S([i]w)y, 4 = L2, -y S([5],v) 'and all [Z]a [j] S NTQ( ) with H 7é [ ] For any (p, <[ ]7 >) S
V(D), define O ((p, ([i],v))) = O((p, ([i],v))) N {( (c,0)) [ =1,2,....80um}
Since degy,(c) > (L "/LQJ), there exists some v* V(K,) such that degT (c) >
(LST@’::}?J)’ By Sperner’s Theorem, for some p* = 1,2,...,5¢ ), some ¢* =

1,2,..., 8¢, and some [i*], [*] € Np,(c) with [1*] # [j*], we have

0 (p*, ("], 0))) € O (", ("], v)).

Hence, it follows that dp((p*, ([¢*],v*)), (¢%, ([5*],v*))) > 2, a contradiction. Hence
(Tp x K,)(s1,82,...,5,) €& ©o. By Proposition 4.1(b), (T x K,)(s1,S2,...,
Sn) € cgl. O

Remark 4.4. The same proof and notation as Proposition 4.3 shows that if
degT2(C) > (\_mn/LQJ)’ then (TQ X KQ)(Sl, S92, ..., Sn) ¢ Cgo.

Proposition 4.5. For >3, (P2 x K,)(s1,82,...,8,) € €1.

Proof: Suppose F' is an orientation of (P, x K,)(s1,S2,...,S,) with d(F) = 2 =

d(Py x K,,). It follows from dp((p, (u, z)), (g, (v,z))) < 2 that (p, (u,x)) — (¢, (v, x)
for u,v e V(P2), 2 € V(K,), p=1,2,...,5ua), ¢ =1,2,...,50z. Then,

dr((g, (v, 2)), (p, (u, 7))) > 2,

a contradiction. Hence, (P, x K,)(s1,S2,...,5,) & %0.

Define an orientation D of (P, x K,)® as follows:

(2,1) = (1,1),(1,2) = (2,2), (1,i) ~ (2,7) fori = 3,4,..., pu.
(k;,j1> ~ <k?,j2> whenever 2 < j; < j, < p, and
(k,j) ~ (k,1) ~ (k,2) for j =3,4,...,p,

for k=1,2.

It can be verified easily that d(D) = 3. Hence, (P, x K,)® € 4. Further-
more, since every vertex lies in a directed Cj3, it follows from Lemma 1.2 that
(P2XKM)(Sl,SQ,...,Sn)ECgL O
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5 Cartesian product of two cycles C) x C,

In this section, we prove Theorem 1.11.

Proposition 5.1. If A > >4, then (C\ x C,)(s1, 52, ..., 5,) € Go.

Proof: We shall use a similar strategy as in Theorem 1.10. Partition V(C)) into
Vi ={v|visodd} and Vo = {v | v is even}. Let F' be a strong orientation of C,,
say 1 =2 — -+ — p — 1, and define an orientation D for (Cy x C,,)® as follows:

(u,z) = (u,y) <= x—yin F
for any u € V4, and any z,y € V(C,), i.e. the copy C’,(f) is oriented similarly to F.
(u,z) = (u,y) <= y—zin F
for any u € V5, and any z,y € V(C,), i.e. the copy C’,(f) is oriented similarly to F'.
(u,z) ~ (u+ 1,z) (addition is taken modulo \)

for any u € V(C)) and any = € V(C,).

(C
We claim that dp((p, (u,z)), (¢, (v,y))) <

(u, ), (v,y) € V(C\ x C,), and p,q = 1,2. Suppose u = v € Vi. Note that ei-
ther dp(z,y) < |5] or di(z,y) < [5]. So, there exist paths P and P’ in D, each of
length at most 5], from {( (u, ), (2, <u )} to {(1,(v,y)), (2, (v,y))} and from
{(1, (w, x)), (2, <w z))} to {(1 (w,y)), (2 (w,y))} where w € V3 is some vertex ad-
jacent to u in Cj respectively. In the former case where dp(z,y) < |§], P suffices
and we are done. In the latter case where dy(z,y) < [§], we shall further assume
w=wu+1 (mod \) for simplicity; the proof is similar if u = w + 1 (mod A). Then,
(p, (u, ) (p, {w, x)) with P" and (3 —q, (w, y))(g; (u, y)) form a (p, (u, x)) — (¢, (v, y))

path of length at most 2+ [2] < [2] + |£]. A similar proof follows if u = v € V5.

Suppose u # v. For simplicity, we shall assume u(u+1) ... (u+{)v to be a shortest
u — v path in Cy; the proof is similar if the shortest path is u(u —1)...(u — l)v.

If x =y, then (p,(u,z))(p,(u+ 1,2))...(p,{(v,2))(3 — p, (u+ 1,2))(3 — p, (v, z))
guarantees a (p, (u,z)) — (¢, (v,y)) path of length at most [3] +2 < 3] + |4].

Next, suppose = # y. Furthermore, we shall assume v € Vj; the proof is sim-

ilar if v € V5. Again, consider the cases dp(z,y) < |5] or dp(z,y) < |5]. in

the former case where dp(z,y) < |5, there is a path @ of length at most |£ |
from {(1, (v, z)), (2, (v, 2))} to {(1, (v,1)), (2, (v, y))} in D. So, (p,(u,2))(p, (u +
Lz))...(p,(u+1,2))(p,(v,z)) and @ form a (p, (u,z)) — (q, (v,y)) path of length
at most [3] + [4]. In the latter case where dp(z,y) < [&], unless u = X is
odd and v = 1, there exists some i € {0,1} such that u 4+ i € V5. Moreover,
there is a path @ of length at most [4§] from {(1,(u +4,)),(2,(u + i,2))} to
{(1,{u~+1,y)),(2,{u+14,y))} in D so that (p, (u,z))(p, (u+ 1,2))...(p, (u+ i,x))

with Q" and (g, (u +4,9))(q, (u+i+1,9))...(q (v,y)) form a (p, (u, z)) — (g, (v, y))

of length at most || + [&].

[5) + LEJ d(Cy x Cy) for any

2
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(A x))

}— -
+

Finally, if u = A is odd, v = 1, and y — 2 < |§] + 1 (mod ), then (p
(b, (1,2)) > {(L (Lz+1)), (2 (L2 + 1)} = (L (L r+2)), (2, (1 +2))
{(1,(1,9)), (2, (1 y))} ensures a path of length at most 1+ |4 J +1<| |
u=Aisodd, v=1,and y —2x > [5] + 1 (mod p), then (p,()\ x)) — Py (N —
L)) = {(LA—La—1)), (2 (A= Le—1))} = - = {(L (A= 1,9)), (2, A~ L y)}
and (¢, (A — Ly))(g. (7 5)(a. (19)) form a (p, (A,2)) ~ (g. L)) path of lengh at
most 3+ [4] —2 < [5] + |4].

Since every vertex lies in a directed Cly, it follows from Lemma 1.2 that (C) x
C,)(s1,82,...,5n) € Go. O

) It
(

]
3
{

Corollary 5.2. (Cg X Cg)(Sl, S9,..., Sn) € Cgo U (51.

Proof: We claim that d(D) = 3 = d(C5x C3)+1 where D is as defined in Proposition
5.1. For any (u,x),(v,y) € V(Cy x C,), observe that either (u,z) ~» (v,x) or
(v,2) ~ (u,x) and (v, ) = (v,x+1) = (v,2+2) or (v, x) = (v,2—1) = (v,2—2),
where the addition is taken modulo 3, proves the claim. Hence, (C3 x C5)® €
%o U 1. Since every vertex lies in a directed Cj, it follows from Lemma 1.2 that

(Cg XCg)(Sl,SQ,...,Sn) ECKOUCKl. O
Proposition 5.3. (Cy x C3)® € 6, and (Cy x C3)(s1, 52, ..., 8,) € 6o UG,

Proof: Define an orientation D for (Cy x C3)® as follows:

(2,1) ~ (1,4) and (3,7) ~ (4,4) for i = 1,2, 3.

(1,2)= (L) ={4,1) = (4,2) =(1,2) =(1,3) = (4,3) = (4,2),

(3,2) = (3,1) = (2,1) = (2,2) = (3,2) = (3,3) = (2,3) = (2,2),

(1,3) = (1,1),(4,1) =% (4,3),(3,3) = (3,1), and (2,1) =2 (2, 3).
It is easy to check d(D) = 3 = d(Cy x (). Since every vertex lies in a directed Cy,
it follows from Lemma 1.2 that (Cy x C3)(s1, S2,...,5,) € 6o U 6. O

6 Concluding remarks

In this paper, we considered primarily vertex-multiplications of Cartesian products
involving trees, paths and cycles as they are some special families of graphs studied
for orientations (see [7-10]). We refer the interested reader to a good survey on
orientations of graphs [12] by Koh and Tay.

It can be shown that (1o X T5)(s1,S2,...,5,) € 6o U €. We believe its char-
acterisation likely involves notions and techniques of Extremal Set Theory such as
antichains. This is akin to Proposition 4.3 and vertex-multiplications of trees with
diameter 4 (see [21]). Hence, we conclude by proposing the following problem.

Problem 6.1. Characterise the vertex-multiplications (T3 x T3)(s1, S2, .. ., S,) that
belong to .
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