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DIE DICHTESTE PACKUNG VON 25 KREISEN IN EINEM QUADRAT

Von

GERHARD WENGERODT

Sektion Mathematik/Physik der Pidagogischen Hochschule
. Dr. Theodnr Neubauer” Erfuri-Mishlhausen

{ Eingegangen am 28, Juni 1983)

Bekanntlich ist das Problem der dichtesten Packung von k kungrucnten
nicht {ibereinandergreifenden Kreisen in einem abgeschlossenen Quadrat
dquivalent zu dem Problem der Verteilung von & Punkten in einem ab-
geschiossenen Quadrat in der Weise, dafl der Mindestabstand m, irgend
zweier Punkte méglichst groB wird. Dieses Packungs- bzw. Verteilungsprob-
leny wurde bisher fiir k = 2, ..., 9 [2], |3], [5] und & = 16 [6] gelbst. Von
J. ScHaer [4] und M. GoLpBERG [I] wurden dariiber hinaus zahlreiche
Vermutungen fiber dichteste Kreispackungen in einem Quadrat fiiv & Kreise
mit k=9 angegeben. U. a. wurde von Goldberg die in Fig. 1 dargestelite
Kreispackung fir 25 Kreise als die dichteste vermutet. Als Verteilungsprob-
lem interpretiert bedeutet dies, daB die 25 Punkte quadratgitterférmig an-
geordnet sind (Fig. 2). Falls ein Einheitsquadrat zugrundegelegt wird,

ist der vermutete maximale Mindestabstand je zweier Punkle my, = 2

Diese Vermutung sell durch den Beweis des folgenden Satzes bestitigt wer-
den.

/

Fig. 1 Fig. 2
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Savz. Es bezeichne d(Py, P;) den Abstand zweier Punkte Py und P;. Dann

gilt fiir irgend 25 Punkte P;(1=i=23) eines abgeschlossenen Einheitsqua-
drats

1
min &P, Py=m=—,
i=iafn2s ( ) 4

und Gleichheit gilt nur fir die vermuiete Konfiguration.

Zum Beweis betrachten wir irgendeine Menge S von 25 Punkten P,
(1=i=25) eines abgeschlossenen Einheitsquadrats mit

. 1
® 1;?1;225(!(1)" b= 4"
Wir zeigen in mehreren Schritten, daf es genau eine solche Menge § gibt,
namlich gerade die vermutete, fitr die in (1) offensichtlich das Gleichheits-
zeichen gilt. Um die Sprechweise zu vereinfachen, bezeichrnten wir nach
Schaer eine Konfiguration von & Punkten mit gegenseitigen Absténden
=4d in einem Quadrat als (£, d)-Konfiguration.

1. Im ersten Teil des Beweises lberdecken wir das vorgegebene Ein-
heitsquadrat, das wir mit ( bezeichnen, durch 25 Teilquadrate @, (1=i=25)

mit der Seitenlinge % und heginnen mit der Bezeiehnung Q,, Q,,. .. links

oben (Fig. 3). Dann zeigen wir, dafj in jedem Teilquadrat @, genau ein Punkt
P.e8 liegt. Zur Verkiirzung der Bewetsfithrung teilen wir die 25 Teilqua-

0, [o. o

Q2| Q2

Fig. 3

drate @, beziiglich ihrer Lage im Quadrat Q in sechs Klassen ein. Jede
Klasse werde durch das Element mit dem Kkieinsten lndex reprisentiert.
Dann enthilt die Klasse {Q,} die vier “Eckenquadrate”, die Klasse {Q,} acht
an die Elemente von {Q,} aniiegende “Seitenquadrate”, die Klasse {Q,} die
vier “Seitenmittenquadrate”, entsprechend enthalten die Klassen {2} und
{Q.} ie vier Quadratefund die Klasse {Q,} enthélt das Quadrat Q,;.
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Durch diese Klasseneinteilung reduziert sich der Nachweis, daB in je-
dem Teilquadrat Q; genau ein Punkt P, €S liegt, von 25 auf 6 Filie, Nehmen

wir nun an, in einem Tetlquadrat Q; ligen zwei Punkte aus §. Da m = 2

kleiner als eine Diagonale, jedoch griBer als eine Seite eines @; ist, kinnen
die beiden angenommenen Punkte nur in einer Umgebung gegeniiberliegen-
der Ecken liegen, d.h., entweder “linksoben-rechtsunten’ oder “linksunten-
rechtsoben”. Damit erhoht sich zwar die Zahl der zu untersachenden Filfle,
aber sie verdoppelt sich nicht, wie wir sehen werden. Um zu beweisen, daB
in jedem Teilquadrat Q; genau einer der 25 Punkte P, €S liegt, zeigen wir:

Wenn in einem Teilquadrat ; mehr als ein Punkt P, €8 liegt, so ist im

Quadrat €} eine [25, —;—] -Konfiguration nichit méglich.

Zum Beweis verwenden wir das in {6] beschricbene Reduzierungsver-
fahren: Wenn ein Punkt P, €S eine vorgegebene Lage einnimmt, dann kon-
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nen weitere Punkte aus S wegen der Bedingung (1) nicht innerhalb eines

Kreises um P; mit dem Radius m = %liegen. Das hat zur Folge, dafi die

mogliche Lage der weiteren Punkte aws S auf gewisse, nicht innerhalb
solcher Kreise liegende Restgebiete der Teilquadrate @, eingeschriankt wird.
Wir vereinbaren, dafl bei allen Verkleinerungen von Bereichen, die sich
durch Reduzierungsschritte ergeben, entstehende Randpunkte stets zu den
verbleibenden Restgebieten gehbren sollen.

s 1
1.1. Wir nehmen an, zwei Punkte aus § mit gegenseitigem Abstand %—‘1-

licgen im Teilquadrat @, , tinksoben-rechtsunten” (Fig. 4). Zur Verkiirzung
der Konstruktion liege der zweite Punkt rechtsunten in dem Bogendreieck
oberhalb der Diagonale. Dann bestimmen wir mit Hilfe der Bedingung (i)
in den benachbarten Teilquadraten die Gebiete, in denen weitere Punkte
aus § liegen konnen. Diese Gebiete sind in Fig. 4 nicht schraffiert. Durch
stindige Fortsetzung dieses Reduzierungsverfahrens, das beziiglich der
Reihenfolge der beteiligten Teilquadrate natiirtich nicht eindeutig ist, er-
gibt sich, daB in Qg und in Q; kein Punkt aus S liegen kann, wihrend in @,
nach Voraussetzung genau zwei Punkte aus S liegen. In den Restgebieten
aller iibrigen @, kann wegen der Bedingung (1) hiichstens je ein Punkt aus S
liegen. Daher kdnnen im Quadrat @ héchstens 24 Punkte aus S Tiegen, wo-

mit eine | 25, 71; -Konfiguration in @ nicht méglich ist.

Zur analytischen Bestitigung der vorstehenden Konstruktion fiihren
wir ein kartesisches Koordinatensystem ein, so dafl die untere Seite des
Quadrats @ auf die x-Achse und die linke Seite auf die y-Achse fillt. Weiter
bezeichnen wir die im folgenden mehsfach gebrauchten Symmetrieachsen
von @ wie folgt:

dixt+y=1, dyx—y=0,
1 1

dyx =, dzy =_é_'

Lassen wir die Teilquadrate ), (3 und Q5 auBer Betracht, so ergibt dic
Rechnung, da8 in allen Teilquadraten @; die nichtschraffierten Restgebiete
einen Durchmesser <m besitzen. Daher konnen diese Gebiete nur hichstens
je einen Punkt aus S cnthalten. Jeder Punkt aus dem Restgebiet von @
besitzt zu jedem Punkt aus dem Restgebiet von Q,, einen Abstand <m. Ent-
sprechend besitzt jeder Punkt aus dem Restgebiet von Q zu jedem Punkt
aus dem Restgehiet von @, einen Abstand <m. Daher kann kein Punkt
aus § z.B. in Qg und @, liegen.

Nach Spiegelung der gesamten Konstruktion an der Diagonale d, von
@ folgt: Wenn der zweite Punkt aus S in Q, rechtsunten im Bogendreieck
unterhalb von d, tiegt, enthalten auch in diesem Falle zwei Teilquadrate @,
keinen Punkt aus S.
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Setzen wir nun voraus, daB die beiden Punkte aus § in @ ,,linksunten-
rechisoben” liegen, dann flihrt eine analoge Verfahrensweise zu dem Er-
gebnis, daB in @, und Q, kein Punkt aus S liegt, in Q, nach Annahme zwei
Punkte liegen und in den Restgebieten der tibrigen Q; wegen der Bedingung
(1) hochstens je cin Punkt aus S liegen kann. Somit kénnen in Q hichstens

24 Punkte aus S liegen, und damit ist eine | 23, % -Konfiguration in

nicht moglich. (Fiir diesen Fall wie auch fiir die restlichen Falie wird auf
die Wicdergabe entsprechender Figuren verzichtet.)

1.2. Analog zu dem in L.1. ausfilhrlich beschriebenen Reduzierungs-
verfahren wird nun der Reihe nach vorausgesetzt, die beiden Punkte aus §
liegen jeweils in den Teilquadraten Q,, @5, @, {5 und Q4. Dann fiihrt das
Verfahren in allen Fallen dazu, dafi unter der genannten Voraussetzung eine

[25, —;—] ~Konfiguration in ¢ nicht moglich ist.

1.3. Damit haben wir gezeigt, dafi eine [25, Jl -Konfiguration in Q

zur Folge hat, daB in Q,, @y ,Q5, U5, sy Qi3 hochstens je ein Punkt aus S liegt.
Spiegeln wir nun die o.g. sechs Teilquadrate mit den zugehdrigen Konstruk-
tioiten an allen Symmetrieachsen d,, d,, 4,, d; des Quadrats @, so leuclitet ein,
dafi die gefiihrten Nachweise fiir alle 25 Teiiquadrate Q, gelten. Somit ist
beweisen: Unter der Voraussetzung, daf in einem beliebigen der 25 Teil-

quadrate @, zwei Punkie aus S mit Mindestabstand m :% liegen, ist in
(} eine [25, ;] -Konfiguration nicht moglich. Daher kann in jedem Tejl-

quadrat @; hichstens ein Punkt aus S liegen. Da die Anzahl der Punkte aus
S mit der Anzahl der Teilquadrate @, iibereinstimmt, ist mit geeigneter
Bezeichnung

(2) P.cQ, (1 =i=25).

2. Durch (2) wird bereits eine gewisse Verteilung der Punkte P, €8 im
Quadrat @ festgelegt. Wir werden jetzt das Gebiet fiir eine migliche Lage
der Punkte P,eQ; (1 ={=25) schrittweise verkleinern.

2.1. Im ersten Schritt verkleinern wir die Teilquadrate @, durch Weg-

. | . . .

nahime von Parallelstreifen der Breite 56 und zwar verkleinern wir, wie
in Fig. 3 dargestelit, die Quadrate aus {Q,}, {Q,} und {Q;} w1 je zwei Streifen,

die Quadrate aus {Q,} und {Q,} um je drei Streifen und Q3 um vier Streifen.
Als Ergebnis entstehen unterschicdlich groBe Teilgebiete der Q; (Fig. 3).

Zum Beweis haben wir fiir jeden einzelnen Streifen zu zeigen, daB in
ihm der betreffende Punkt P, €@, nicht liegt, und zwar beweisen wir: Wenn in
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einem solchen Streifen ein Punkt P, €8 liegt, dann ist in @ eine [25. %]-—

Konfiguration nicht moglich. Der Beweis verlduft anatog zu 1. wieder in der
Weise, dall von einem angenommenen, in einem Streifen liegenden Punkt
P, ausgehend, die Quadrate @, mit Hiife der Bedingung (1) in einer Reihe
von Schritten reduziert werden, so daB schlieBlich in zwei benachbarten
Quadraten Q;, @, fiir die mdgliche Lage von Punkten aus S Restgebiete
Dy, D, ibrigbleiben, fiir die zwei Punkte P, P, mit P,€D, und P;cD; der
Ungleich. 1g max d(P,, P;}=m geniigen. Das heil3t aber, in einem der bei-
den Restgebiete und damit auch in dem dieses Restgebiet enthaltenden Teil-
quadrat kann kein Punkt aus § liegen.

Die Konstruktionen, die fiir je einen Reprisentanten der sechs Klassen
{3 (i = 1,2, 3,7, 8, 13) ausgefithrt und durch Rechnung nachgepriift wur-
den, ergeben die Richtigkeit der Behauptung. Die entstehenden unterschied-
iich groBen rechteckigen Teilgebiete der Q, fiir die migliche Lage der Punkte
P, bezeichnen wir mit Q! (1 =i=25) (Fig. 3).
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2.2. In einem zweiten Schritt werden die Teilgebiete Q! erneut durch

Wegnahme von Streifen der Breite 116 verkleinert, so daB wieder kieinere

Teilgebiete entstehen, wie sie in Figur 6 dargestellt sind. Grundsitzlich
verlduft jede Reduzierung nach dem in 1. verwendeten Verfahren. Im ein-
zelnen werden die Teilgebiete Q! aus {@Q,}, {Q,} und {Q,} um zwei Streifen, die
Teilgebiete Q1 aus {Q,} und {Q,} um drei Streifen und Qf, um vier Streifen re-
duziert. Wir haben damit die mogiiche Lage der Punkte P, €S auf Teilgebiete
der Q! eingeschrinkt, die wir mit Q' (1 =1=25) bezeichnen.

Im VerJaufe dieses zweiten Reduzierungsschrittes stellt sich zwangs-
lanfig die Frage, ob es nicht mbglich wire, die beiden vorgenommenen Redu-
zierungen zu vereinigen und jedes Quadrat Q; von vornherein um Streifen

der Breite % zu verkleinern. Ein solches Vorgehen muB natiirlich méglich

sein, denn in den Streifen der Breite 2_16 kann ja, wie sich gezeigt hat, kein

Punkt aus S liegen. Jedoch hat sich bej der Bearbeitung des Problems er-
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geben, daB in diesem Falle das Reduzierungsverfahren unverhilinismiBig
umfangreich wird. Aus diesem Grunde ist einer allmihlichen Verkleinerung
der Teilquadrate der Vorzug gegeben worden. Dies bezieht sich auch auf die
folgenden Verkleinerungen der Q!'.

2.3. Im nachsten Schritt werden die Teilgebiete @' durch Wegnahime

. oo : .
von Streifen der Breite » erneut eingeschrumpft, und zwar verkleinern

wir wie folgt: Von atlen Q;' ans {Q,}, {Qp} und {Q,} werden zwei Streifen und
von allen Q!F aus {Q,} und {@Q,} wird ein Streifen weggenommen. Q) bleibt
unverdndert, Dadusch entstehen die in Figur 7 dargestellten nichtschraffier-
ten rechteckigen Teilgebiete der @\, die wir mit Q! (I == 25) bezeichnen.

2.4. Mit einem vierten und zugleich letzten Reduzierungsschritt wver-
kleinern wir die Teiigebiete Q}'! durch Wegnahme von Streifen unterschied-
licher Breite. Jede Verkleinerung wird nach dem in 1. verwendeten Ver-
fahren durchgefithrt. Im einzeinen verkleinern wir, wie dies in Figur 8 dar-

gestellt ist: Von allen QU aus {Q,} werden zwei Streifen der Breite % weg-
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der Breite 4] 5 und ein Streifen der Breite 836 und von Q3! vier Streifen der

Breite 416 Die mogliche Lage der Punkte P, € Sist damit erneut eingeschrinkt

worden, und zwar auf Teilgebiete der Q1 die wir mit QI (1=i=25)
(Fig. 8) bezeichnen.

3. Im nichsten Beweisschiritt denken wir im Quadrat ) ein Quadrat-
gitter, dessen Gitterlinien parallel zu den Seiten von Q verlaufen und dessen

Gitterpunkte R, auf den Gitterlinien jeweils den Abstand ; haben (Fig. 9).
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Die Gitterpunkte seien so numeriert, dab R,€Q, (I =i=25) gilt, Um die
Voraussetzung fiir das in 4, verwendete Verfaliren von J. SCHAER zu schaf-
fen, konstruieren wir zu jedem Punkt R; als Zentrum das homothetische

Bild des Quadrats ) mit der Seitenldnge I_’E und bezeichnen diese 25 neuen

Quadrate mit Q}. Wegen Q] 2 Q}", was durch Rechnung leicht nachzuprifen
ist, gilt dann auch P,¢c Q! (1=i=25).

4, Das nun folgende Verfzhren, das J. ScHaeEr zum Beweis der besten
Verteilung von 9 Punkten in einem Quadrat verwendet hat {3}, schliest un-
seren Beweis ab. Es ermdglicht ndmlich, die Lage der Punkte P,€Q} mit

Seitenldngen §, = m auf Quadrate Qf cQ} mit Seitenldngen s, und $,=<s,

zu reduzieren. Durch stindige Wiederholung dieses Prozesses kann jeder
Punkt P, schrittweise auf immer kleinerc Quadrate QF der Seitenlinge s,
(n=12 ...;8>8>>...>8,>...)cingeschrinkt werden.
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Um dies zu sehen, betrachten wir drei benachbarte Quadrate, z.B. @,
Q% QL (Fig. 10) und wollen Q} verkleinern. (Wir verwenden hier den Begriff

,Nachbarquadrat* in einem erweiterten Sinne, ndmlich in der Weise, daB
zwet Teilquadrate Qp, Q1 auch Nachbarquadratc heien sollen, wenn die
sie enthaltenden Quadrate Qi» Q; Nachbarquadrate im ubllchen Sinne
sind.) Dazu konstruieren wir, wie in Figur 10 ausgefiihrt, ein Rechteck der

1
Scitentinge s, und der Diagonalenlange i welches das Nachbarquadrat Q)

ganz und einen Teil des Quadrats @} enthilt. Dieses Rechteck enthiit den
Punkt P,cQ; gewiB, daher kann das schraffierte Teilrechteck des Rech-
tecks als Tell von (} als Gebiet, in dem P, mbglicherweise liegt, ausgeschlos-
sen werden. Von @} bleibt demnach ein Restrechteck iibrig. Diesclbe Uber-
legung stellen wir nun mit den anderen Nachbarquadrat @} an. Dadarch re-
duziert sich das Restrechteck von Q! cntsprechend, und es entsteht ein klei-
neres Quadrat Q7 mit der Seitenldnge s,, in dem der Punkt P, liegt.

Diese Verkleinerungsmethode wird von allen unmittelbaren Nachbar-
quadraten aus auf jedes Quadrat @} (1=i=25) angewendet. Dic Ecken-
quadrate besifzen jeweils nur zwei unmittelbare Nachbarquadrate, werden
also am wenigsten reduziert. Alle anderen 21 Quadrate Q! haben drei oder
vier Nachbarquadrate, daher werden sie stdrker verkleinert. Danach kon-
struieren wir beziiglich der in diesen 21 Restgebieten liegenden Punkte R,
wicder zu @ homothetische Quadrate mit der Scitenldnge s,. Es 186t sich

. Sy
Rg ! 'R; Ir-_ -‘_I R',
1
s, @ L 1 Q
)
T
Fi
R Bl Ry
[ £ al
Sy
oRyy Ry, Ry

Fig. 10
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teicht nachweisen, daf diese konstruierten Quadrate Q# die reduzierten Rest-
gebiete ganz enthalten. Damit haben wir zweierlei erreicht: Erstens sind
alle reduzierten Gebiete wieder Quadrate und zweifens liegen sie beziiglich
der Punkte R; wieder homothetisch zum Quadrat ¢, was ganz entscheidend
fiit das Verfahren ist. Danach wird die beschriebene Methode auf die Qua-
drate Q? angewendet. Da alle Quadrate nach einem Verkleinerungsschritt
die gleiche Grofe haben, geniigt es, den Effekt des Verkleinerungsprozesses
an einem Eckenquadrat zu verfolgen.

Nach Figur 10 und mit 5, = l—lr) ist

I3 2 1}
o e -3

Durch Fortsetzung des Verfahrens erhalten wir allgemein

1 3 2 12
(3} s§+[z+zs,,—sn+1] Z[I]'

Wir betrachten die Folge der Léngen s, der Quadratseiten von QF mit dem
ersten Glied 5, = i und zeigen, dah {s,} eine Nullfolge ist. Aus (3) folgt
'Srl+1 = Tl (l +3'Sn_l/] — 16‘;:21) =

b (I43s)p—(i—16s) 65, + 2552

1
4 (1+3s)+V1—16s2 4 1+3s,+y1—16s>

Nach Division durch s, erhalten wir

Segr ___O+125, 4135,
44125, +4Y1 = 1652

5

n

1
Mit s, =5 =- folgt
1 12 g

6+ 125, +1°
| 12 85+ 14ds, _ | 7

Sntt I £ —_t
S, 4+123"+4V1 B 11464 92 + 144s, 92 + 144s,
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Wegen sng-l—lz- folgt daraus schlieBlich

7
Sn"'l-::l-— - .

Sy 104

Damit ist die Reihe 2 s, konvergent und daher die Folge {s,} ihrer Glieder

eine Nullfolge. Wenn aber die Langen der Quadratseiten gegen Null streben
und die Quadrate Q7 stets homothetisch beziiglich R; zum Quadrat @ liegen,
miissen als Folge davon die Punkte P, an den vermuteten Stellen R; liegen.
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Some of congruence conditions in an algebra with a nullary operation
can be localized in the “neighbourhoud of the nullary operation’. The best
known such example is e.g. the weak regularity. Recall that an algebra A is
regular if every two congruences on A coincide whenever they have a con-
gruence class in commen. The local version is: an algebra A with a nullary
operation (O is weakly regular if every two congruences on A coincide when-
ever they have a congruence class containing O in common. Although lattices
or semilattices are regular only rarely, there exist large classes of weakly
regular lattices or semilattices (e.g. implication semilattices). The foregoing
case has motivated other similar investigations. H. P. Gumm and A, UrsiNi
[10] use the concept of “permutability at O”. Other such attempt was done
in [5] to give examples of broad classes of algebras (semilattices) which are
not distributive but they are “distributive at 0. We are also informed on
the work of J. Dupa [9] devoted to some problems of “aritmeticity at 0.
The aim of this paper is to continue this study for permutability and n-per-
mutability at O.

We say that an aigebra A is with @ if the O is a nullary operation of A,
A variety (0 is with O if this O is a nullary operation of the type of @.

DEFINITION 1. An algebra A with O is permutable at O if
[O)e.s = [Ols.0

for each two congruences @, @cCon A-A is n-permufable (n=2) at O if
{O]r = [0)e where P =60.0.60...., ¥Y=0.0.¢.- ... (both with n
factors) for each @, ®¢Con A. A variety (@ with O is permutable at O or
n-permutable af O if each Ae<@ has this property.

TrueorREM 1. For a variety (@ with O, the following conditions are equiva-
lent:
(1) @ is permutable at O;

(2) there exists a binary polynomial b(x, y) such that
b(x, x) = 0 and b(x, 0) = x.

2 ANNALES — Sectio Mathematica — Tomus XXX,
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ProoF. (1}=(2): Let <@ be a variety with O which is permutable at O
and F,(x, y) be a free algebra of @) with free gencrators x, y. Let @ = O(x, ),
P = &y, 0) be congruences on F,{x, ¥}. Then xOy®O implies x€[Oo.0 i.€.
also x€[0)s.o It implies the existence of veF,(x, y) with x®v@0. Hence
v = b{x, y)} for some binary polynomial & and

{x, bx, y)>€O(y, 0) gives b(x, 0) = x
{b(x, ¥), 05€0(x, y) gives b(x, x) = 0,

(2)=(1): If @ satisfies (2), Ac@, 0, ©cCon A, acA and a€[0)o.o,
then there exists an element ¢¢ A such that a@c®0. Put v = b(a, c). Clearly

0 = bla, A)@&u, ¢) Pb(a, 0) = g, thus a€[Ols.0.

ExamrLE 1. Any variety of pseudocomplemented semilallices (or lattices)
is permutabie at O (but not permutable in a general case). If the asterik deno-
tes the pseudocomplementation, then the polynomial b(x, y) = x x y* satisfies
(2} of Theorem 1. '

Let A be an algebra. A binary relation R on A is compatible if it has the
Substitution property with respect to all operations of A, i.e. if R is a subal-
gebra of the direct product AX A. A binary compatible relation on A is
called diagonal relation or tolerance or quasiorder if it is reflexive or reflexive
and symmetric or reflexive and trasitive, respectively. It is known that the
set of all diagonal relations (tolerances, quasiorders) on A forms an algebraic
lattice, see {2]. Hence, there exists the least diagonal relation (tolerance,
quasiorder) containing the given pair {a, b) of elements a, & of A; denote it
by R(a, b) (or T{a, b) or Q{a, b), respectively).

H. WERNER [12] gives wery useful relational characterization of per-
mutability:

For a varicty (@, the following conditions are equivalent:

(a) @ is permutable;
(b) for each A€(D, every diagonal relation on A is a congruence on A;
(c) for each A€, every tolerance on A is a congruence on A.

The next two theorems will localize the foregoing conditions (b) and {c)
“at 0.

DEFINITION 2. Let A be an algebra with O. A binary relation Ron Ais

reflexive af O, if (a, 03¢ R implies {a, a>€ R for each ac A;

symmefric af O, if {a, 0)€ R implies {0, a)e R for each ac A.

LEmmA. Let A be an algebra and a, b, x, y be elements of A.
(a) {x, yy€R(a, b) if and only if there exist an (n+ D-ary polynomial p

and elements ¢,, ..., ¢, € Asuch that x = p(a, ¢, ..., ¢,),y = pb, q,
] Cn);

(b) {x, vreT{aq, b) if and only tf there exist an (s1+ 2)-ary polynemial p
and elements ¢;, ..., ¢,€A such that x = p(a, b, ¢, ...¢,), ¥y =

=pd a, 6., 6);
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(c) {x, y¥€Q(a, b) if and only if there exist unary algebraic functions
Ty, « .-y T, OVer A such that z(a) = x, 7, (b} = ¥, and z,(b) = v, ,(a)
fori =1,...,n—1.

The proof is clear, see e.g. [2], [6], [7], [8].

THEOREM 2, Let <0 be a variety with 0. The following conditions are
equivalent:

(1) @ is permutable at O;
(2) every reflexive at O compatible binary relation on each A¢@ is sym-
metric at 0.

Proor. (1)=(2): Let @@ be a4 variety with O which is permutable at O.
Let A¢@ and R be a reflexive at O compatible relation on A. Suppose
{a,0%¢ Rfor ac A. Then (g, a)¢ R and, for the polynomial b(x, y) of Theorem 1,

(0, ay = (b(a, a), b(a, 0))¢R.

(2y=(1): Let F,(x) be a free algebra of @ with one free generator x and
let R = R(x, 0). By (2), {0, x)€R and, by the Lemma, there exists a binary
polynomial b such that 0 = &(x, x), x = &(x, 0). By Theorem I, (1} is evident.

The next theorem characterizes the local version of the condition (c) of
the quoted Werner’s result:

THEOREM 3. Let @0 be a variefy with O. The following conditions are
equivalent :

(1) 7O, x) = &0, x) for each xc A and every A of ;

(2) T(O: (I) ‘ T(01 b) ‘ T(Or {I) = T(O, b) y T(O, ﬂ) : T(O, b)

for each a, b of A end every A of (U.

Proof. (1)=(2): Let Ae@, a, b, x, y€ A and (1) holds. Suppose

{x, YT, a)-TO, b)-T(0, a). By (1), it implies

(')K') <x1 y)‘E@(O: a) @(0! b) @(0: {1).
By Theorem 3.5. in [1], (1) implies

WO, d)) = O(k(c), hd))

for each ¢, d€ A and every homemorphism /1 of A (see also {4] or [11]}. Thus
() gives us for the canonical homomorphism f1: A~ A/€(0, b)

(h(x), H(y)y€ O(R(0), h{a)) -O(H(0), Ia)) = O(h(0), K(a)}, ie.

(X, YYEO©, B)-0(0, a}-6(0, &) = T(0, 8)-T(O, a)-T(O, &).
Hence T(0, a}-T(0, b)-T(0, ey T(0, b)-T(0, a)-T(0, ), thus (2) is evi-
dent.

(2)=(1): Let Ae@ and xc A. Clearly @ = T(0, 0), thus

T, x) = w-TO, x) 0 = TO, x}-0-TQ, x) = T(0, x)- T(O, x)
proving the transitivity of T(0, x). Hence T(0, x} = &0, x).

The foregoing result can be compared with {3]. It was proven in [7] that
the following conditions are equivalent in every variety @

(i) @ is n-permutable;

(ii) every quasiorder on each A€ is a congruence on A.

a%
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The aim of the last part of the paper is to characterize n-permutable at
O varieties, give a local version of the foregoing conditon (ii) and compare
these local conditions.

THEOREM 4. Let (D be a variety with O, the following conditions are equiva-
lenf:
(1) Q(0, x) = O, x) for each x ¢ A and every A of (@,
(2) there exist an infeger n and binary polvnomials d,,. . ., d,,_; such that
dy(x, O} = x, d,_a(x, X) = G,
dfx, x) =d, ., (x,Qfori =1, ..., n—-2.

Proor. (1})=(2): Let Fy(x)ec@ be a free algebra with one free generator
x and Q(0, x) be a quasiorder on F,(x) gencrated by {0, x). Since Q(0, x) =
= O(0, x), clearly {x, 05 Q(0, x). By the Lemma, there exist unary algebraic
functions 7,,. .., 7,4, over 7 (x} such that

x =10, 7, .,(x) =0, and 7,(x) = 7;,(0) for i = 1, ..., n—2. Since
Fi(x) has one free gencrator, there exist binary polynomials o, ..., d,_,
such that r(£) = d,(x, & fori = 1, ..., n—1, whence (2)is evident.

(2y=(1): Let @ be a variety with O satisfying (2) and A¢@. Clearly
Q(0, x)S (0, x) for each x€ A. To prove the converse inclusion, we need onty
to show {x, 05eQ(0, x). By (1) and tle reflexivily and compatibility of
(0, x), we have

x = dy(x, )0, X)y(x, x) = dy(x, DO, Xlo(x, X) = ... =d,,_,{x, ) =0
Since (X0, x) ts transitive, we conclude {x, 0} €0, x).

Examree 2. The following varieties of groupoids with O satisfies (2) of
Theorem 4:

(a) the variety given by x.x = 0,x-(0-x) = x, thenn = 3and d,(x,y) =
XY, dofx, y) = X (y-x);

(b) the variety given by x-x = 0, x -(0-0}=x, then n=4 and d(x, y) =
=Xy, A%, ¥) = x (¥ x), (X, ) = x+(0:¥);

(c) more generally, any variety given cither by

xox = 0,x-(0-(0-(...(0-0)...) = x
o by k times
xx =0, x-(0-(0-(...(0-x))...} = x.

k times

In the first case, we can put # = 2k, in the second one 11 = 2k+ 1, and

dl(x:y) =Xy,

dy(x, y) = X-(y-x),
d3(x: y) = l(Oy)
dy(x, ¥} = x-(0-(x-))),
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THEOREM 5. Lef (@ be a variety with O and n=3 an infeger. The follow-
ing conditions are equivalent:

(1) @ is n-permuiable at O;

(2) there exist a binary pelynomial d and fernary polynomials q,. .., Gu—q
suchthat

dix, x) =0, ¢{x, 2, 2) = x,
qi—l(xi X, Z) = g4x, 2, Z)fﬂf =2 ..,n-2,
qn— S(xl x) O) = d(xn 0)

ProOF. (1)=(2): Let F(x,, - -., x,) be a free algebra with free generators
Xpy- -y Xp-PUt @ = O(x,, 0)and ¥ = wifnisoddand @ = w, ¥ = 9(x,, 0)
if niseven. Let

0y = O, x,) ¥ Oy, X)) ¥ ...V &,
G, = O(x,,x,) vV Ofx;, xz) V... vV P

Then
x,0,%,0,%,0,. .0,
. ,€0)lpfor ' = ©,-0,-6, ..., By (1), there exist elements a,, a,, ...
..., @y of Frlx,, ..., x,)such that
(¢ %) X = 4,0,a,0ha,0,4,...a, = 0,

Therefore, there exist n-ary polynomials p,,. . ., p, such that ¢; = p{x;, ...
..., x,)and (%) implies in the free algebras F,(x,, . .., X, }/0,, F(Xy, - - -, %o
©, the following identities:

X = po(xli AR xn): 6 SN xn) =90,
forneven:
pi’—l(xl' xlr x3’ xs: R xn—li xn—l) = pi(le xl: x3! Xgy- -y xn-),m xn—],)
if {is even,

DX Xgy Xgpe o vy Xpoqy Xpegs 0) = PiXe, X0 X0 oy X1, Xoe g, 0) i€ § IS0,
and for 1 odd:

PicafXy Xay Xay -y X X)) = PAXy, Xa, Xy, - -0 X, X ) 0 € i5 0dd,
p;‘—-j(xp Xpp Xy Xy - -~y Xy Xp— oy 0) = pf(xla B T ) Xnes 0)

if iis even.

Now, we can put d(x, ¥) = p,— (X, ..., x,yyand for i =1, ..., n—-2,
'?i'(x! yl z):pi(xi"‘) Xy ,V; Z, sy &y 0) iff;!'éﬂ mod 2
QI(x!y! Z)ij(x, e 5007 -..,Z) if i=nmod 2.

i tirmes
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Then g{x,2,2) = py(x, 2, ..., 2,0) = py(x, 2, ..., 2, 0) = xfor 11 even
qix, 2,2y = (%, 2, ...,2 = pix, 2, ..., 2) = xfornodd,and for i = 2, . ..
..., n—2 we obtain

qi—l(xix’z) = pi-l(xl - %2, "12!0) = pi(x, reey Xy 2y . '3210) =
i times i times

= gix,z,2)ifiZnmod 2
QJ—]_(X) x! Z) = pi-—](_xr LS | x! Z, LN | 2') = pi(xD LIS | x; Z, L] Z) = qi(x: Z,Z)
it i=n mod 2.
Finaly, we have
‘-Tn-z(x: X, 0) = pn—2(x! se X O) = pn—l(x) s X 0) = d(x: 0)
d(x, x) = p,_4(x, ..., x) = pulx, ..., x) = 0, proving (2).

(2)=(1): Let@ bea variety with Osatisfying (2), let Ac@, @, @cCon A
and ae [0} where I’ = @.¢.0.. . (nfactors). Then there exist @,,...q,¢A
with a = a, and

a,Ba,da6a,. . .0,
Put v, = gla, 0;51, 4y ) fori =1, ..., n—2and v,_, = d(a,_,, a,)- It is
casy to show that
ady Qv by, . . .0,
... a€[0p.0.0.... proving (1).

E xAampLE 3. The variety of groupoids with O satisfying
x+0=x, x+(y+y) = x, x+x)}+(x+x) =0
is 3-permutable at 0. We can put ¢,(x, ¥, 2) = x+(y+2), d(x,y) = (x+x)+
+(y+¥)
THEOREM 6. Lef @ be a varicty with O. If (0 is u-permutable at O (for
some n=2), then Q(0, x) = &0, x) for each xc A and every A of <0.

Proor. If n = 2, it foliows directly from Theorem 1 and Theorem 4,
Suppose n1=3. For the polynomials d, ¢,, ..., §,.., from Theorem 5, we caxn
construct

d,_(x,yy =d(x,y)yand d(x, y) = ¢fx, y, O)for i = 1, ..., n—2,
By Theorem 4, the assertion is clear.
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DIE UBERDECKUNG DER EUKLIDISCHEN EBENE DURCH
ZWEI KREISPACKUNGEN

Von

MICHAEL SCHMITZ
Eriurt

{ Eingegangen am 10. Aprit 1985)

Unter einem Kreis K(M, r) in der euklidischen Ebene E wollen wir im
weiteren stets die abgeschlossene Kreisscheibe mit dem Mittelpunkt M und
dem Radius r verstehen. Entsprechend [1] definieren wir eine Menge {K{(M,,
ry} von kongruenten Kreisen als eine Kreispackung in £ genau dann, wenn
jeder Punkt von £ in das Innere von hiichstens einem Kreis aus {K(M‘-, N}
gehbrt. Weiterhin bezeichnen wir eine Menge {K(M,, r,)} von abzihlbar
unendlich vielen Kreisen als eine Kreisiberdeckung von E genau dann,
wenn jeder Punkt von E zu wenigstens einem Kreis aus {K(M,, r;)} gehirt.
Wir bezeichnen mit B(r) bzw. S"(r) reRund r=0, eine Kreispackung, deren
Kreise alie den Radius r haben. Mit W(r, 7,), £y, 72€ R und ry, 1= 0, bezeichnen
wir eine Kreisiiberdeckung der Ebene, bei der Kreise mit den Radien r, und
r, vorkommen, aber keine anderen. Ebenfalls bezeichnen wir nach [1] eine
Krelspackung ‘.B(r) in /2 genau dann als gesattigt, wenn wir in dem von den
Kreisen aus B(r) freigelassenen Teil der Ebene E keinen weiteren Kreis K
mit dem Radius r einlagern kdnnen, so daB B(r)\J K ebenfails eine Kreis-
packung bildet.

Nach [2] bestimmen die Stiitzkreise in der Menge der Miitelpunkte
der Kreise einer gesidttigten Kreispackung %¥(r) eindeutig eine normale Zer-
legung der Ebene in Stiitzpolyzone. Diese Zerlegung bezeichnen wir im weite-
rent mit 3. Unter der freien Fiiche eines Polypons der Zerlegung 3, die zur
Kreispackung B(r) gehiirt, wollen wir die Punktmenge verstehen, die aus
denjenigen Punkten des betrachteten Polygons gebildet wird, die nicht im
Innern eines Kreises aus B{r) liegen.

Wir betrachten nun das folgende Problem:

Gibt es zwel Kreispackungen P(r,) und 2{r,) in der Ebene E, die zusam-
men eine Kreisiiberdeckung W(r,, r,) bilden?

Diese Frage kann positiv beantwortet werden, wie ein Beispicl zeigt.
Folglich sollen alle Kreispackungen PB(r) und 5(r,) in £ bestimmt werden,
die eine Krei‘;ijberdeckung Ttl(r1 r,) bilden. 7u| Lﬁqung dieqes Prablems kén-

wie das hier behandelte Pr oblem, in [3] ausfithrlich dargestel]t und ist in [4]
kurz nachzufesen. Die Ergehnissc, die fiir diesen Fall entstanden, sind
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hier als Satz 1 und Satlz 2 angegeben, da sie fiir die weiteren Betrachiungen
notwendig sind.

Sarz L. Dafir, dafi es zu einer Einheitskreispackung P(1} der Ebene E
eine weifere Einheifskreispackung $3(1) derselbent Ebene gibt, die mit F(1) die
Ebene tberdecki, ist es notwendig und hinreichend, daff B(1) eine gifterformige
Kreispackung z‘st, in der es zwei erzeugende Gittervekioren a und b mif |a| =
= ib| = 2 und 60°=| < (a, b)Y =90° gibt. Die Kreispackung (1) erhilt man

aus B(1), indem man B(1) mitv = %(a‘f— b) verschiebi.

Bedenken wir nun, daf sich jede Uberdeckung der Ebene, die sich durch
7wei Elnh&ltskrmspackungen erzeugen 14Bt, in zwei Einheitskr eispackungen
zerlegbar ist, und umgekehrt, da# sich ]ede Uberdeckung, die in zwei Ein-
he;tskrclspackungen zerlegbar ist, auch wieder aus diesen zwei Einheits-
kreispackungen zusammensetzen lé’tlﬁt, 50 kdanen wir Satz 1 auch wie folgt for-
mulierern.

8artz 2. Eine Einheitskreisiiberdeckung V(1) der Ebene [df sich genau
dann in zwei Einheitskreispackungen B(1) und (1) zerlegen, wenn es sich um
eine gitterformige U, berdeckung handelt, in der es zwei erzeugende Gittervektoren

uund v mitu = aynd v = -2-(a+b) gibt, wobei |a| = |b| = 2 und 60°=
= |« (a, b)}=90° ist.

Nun betrachten wir das am Anfang genannte Probiem fiir den Fall, da}
O<rp=r<r=1gilt

Zur Losung dieses Problems reicht es aus, alle diejenigen Kreispackun-
gen B(1) von Einheitskreisen zu bestimmen, zu denen es jeweils eine weitere
Kreispackung £{r) von kongruenten Kre[sen mit dem Radius r, O=r<1,
gibt, die zusammen mit (1) eine Uberdeckung der Ebene bilden. Dazu wol-
fen wir unter einem zusammenhingenden Bereich, kurz 2-Bereich, in E eine
Punktmenge G von E verstehen, die die fo]genden beiden Bedingungen er-
fiillt:

1. G ist abgeschlossen und hat innere Punkte.

2. Zu zwei verschiedenen Punkten A und B aus G gibt es eine Kurve,
die die beiden Punkte so verbindet, daB jeder Kurvenpunkt P, P> A und
P= B, ein innerer Punkt von G ist,

Dann gilt der

Hiurssatz 1. Ist G ein z-Bereich und K(M,, r) ein Kreis, der mit G ge-
meinsame innere Punktc hat, jedoch G nicht vollstdndig {iberdeckt, so gibt
es keine Packung 2(r) von kongruenten Kreisen des Radius r mit K(M,, r)¢
$3(r), die G Giberdeckt.

Aus diesem Hiifssatz erhalten wir sofort die
FoLGERUNG 1. Ist G ein z-Bereich, in dem es zwei Punkte gibt, deren

Abstand griiBer als 2r ist, so gibt ¢s keine Packung 5(r), die G iiberdeckt.
Die Kontraposition von Hilfssatz | bezeichiten wir als
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FoLceruNG 2. Wird ein z-Bereich G durch eine Packung 2(r) iiberdeckt,
so muB G durch einen einzigen Kreis K(M, r)aus (r) iberdeckt werden.

Der nichste Hilfssatz wird die Menge der zu antersuchenden Einheits-
kreispackungen bereits einschrinken.

HiLrssaTz 2. Ist (1) eine nicht gesittigte Einheitskreispackung in
der Ebene E, so gibt es keine weitere Kreispackung £4{r) in E, die zusammen
mit P(1)} die Ebene itberdeckt.

Zum Beweis betrachten wir eine nicht gesattigte Einheitskreispackung
B(1). Dann muB es in der Ebene E einen Punkt M geben, so daB der Kreis
K(M, 1) mit den Kreisen von P(1) keine gemeinsame inneren Punkte hat.

Weiterhin betrachten wir alle die Punkte von K| M, %), die nicht im Innern

eines Kreises aus (1) liegen. Diese Punktmenge bezeichnen wir mif &. im
Bild 1 ist G schraffiert. Es ist nun leicht einzusehen, daB G ein z-Bereich isf,
in demn es stets zwei Punkte gibt, deren Abstand groBer als 2 ist. Folglich gibt
es in 0 auch zwei Punkte, deren Abstand griBer als 2r ist.
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Wegen Folgerung 1 gibt cs nun keine Kreispackung $(r}), die G iiber-
deckt. Da G aber ein Teil der von (1) unbedeckten Fidche von E ist, gibt
es zu P(1)auch keine Kreispackung £(r), dic mit B(1) die Ebene iiberdecki.
Damit ist der Hiifssatz bewiesen.

Hinrssarz 3. Gibt es zu einer Einheitskreispackung B{1) keine weitere
Einheitskreispackung (1), die mit B(1) die Ebene dberdeckt, dann gibt es
zu B(1) auch keine Kreispackung 2¢r), die mit (1) die Ebene berdeckt.

Der Beweis von Hilfssatz 3 ergibt sich als eine Folgerung aus dem Be-
weis von Satz 1 zusammen mit dem Hilfssatz 2.

Unter Verwendung der angegebenen Hilfssdtze und Satz 1 gelingt es uns
nun das am Anfang gestellte Problern zu tisen. Wegen Hilfssatz 3 und Satz 1
brauchen wir nur noch diejenigen Einheitskreispackungen $(1) zu hetrach-
ten, die gitterférmig sind und die sich durch zwei Vektoren a und b mit

jaf = 1bj = 2und 60° = <(a,b) =00° erzcugen lassen.
Nun ist aber in allen denjenigen Einheitskreispackungen, die sich dugsch
aund bmit |a] = |b] = 2und 60°<| < (a, b)j =90° erzeugen lassen, die freie

Flache des durch a und b erzeugten Grundparallelosgramms ein z-Bereich
(Bild 2).

Damit gibt es aber in diesem Bereich zwei Punkte, ndmlich die Mittel-
punkte gegeniiberliegender Seiter, deren Abstand gleicl: 2 und damit grofer
als 2r ist.

Wegen der Folgerung I gibt es zu einer solchen Einheitskreispackung
keine Kreispackung £(r), die mit dieser Einheitskreispackung die Ebene
iiherdeckt.

Es bleibt fiir das in dieser Arbeit zu behandelnde Problem pur noch die
diciiteste gitterformiece Einheitskreispackung der Ebene iibrig, zu der cs
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eventuell eine Kreispackung O(r) gibt, die mit dieser Einheitskreispackung
die Ebene iiberdeckt.

Betrachten wir also die dichteste gitterformige Einheitskreispackung
der Ebene, die wir ntit Pege bezeichnen (Bild 3).

Die dazugehirige Zerlegung 3 der Ebene ist eine Zerlegung der Ebene
in gleichseitige Dreiecke der Seitenlinge 2.

Betrachten wir ein solches Dreieck und bezeichnen es mit ABC. G sei
die freie Fliche dieses Dreiecks, die ein z-Bereich ist. Nun nehmen wir an,

) //— ﬂ-\/// __H‘\\ \/ /

Bild 3.

daB es zu Peoo eine Kreispackung 8(r), 0=r<1, gibt, die mit Pgo- die Ebene
iiberdecki. Dann muB es einen Kreis K{(M, r) aus £2(r) geben, der mit G ge-
meinsame innere Punktc hat. Wegen Folgerung 2 mul K(M, r) den Bereich
(G ganz iiberdecken.

Bezeichnen P, Q und R die Mitielpunkte der Seiten des Dreiecks ABC,
sosind P, @ und R Punkte von G. Da K(M, r)den z-Bereich G iiberdecken
muf, miissen P, ¢ und R zu K(M, r) gehdren. P, Q und R bilden ein gleich-
scitiges, also spitzwinkliges Dreieck, und folglici ist der kieinste Kreis K(M,
rmin), der G tiberdeckt, durch die Punkte P, Qund R eindeutig bestimmt.

Diese Punkte sind Randpunkte von K(M, rypm) und K(M, Fmig) ist

jnkreis des Dreiecks ABC (Bild 4). Folgtich ist rmm = —:-IJ, V3, also r%%ﬁ-
Damit gibt es zu Pgo- und damit zu einer belicbigen Einheitskreispackung
B(1) keine weitere Kreispackung (r), mit 0<r< é]@, die mit P(1) die
Ehene iiberdeckt.
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Bild 4.
Zunichst besch8ftigen wir uns mit dem Fall, dalir = ~;~ ¥3 ist. Wir

zeigen, daB es zu Peps eine Kreispackung 0(r) mit r = %1@ gibt, die mit P goe
die Ebene iiberdeckt.

Dazu bedenken wir, dab kein Punki des Inkreises eines Dreiecks auBer-
halb des Dreiecks liegt. Dann betrachten wir alle Inkreise der Dreiecke aus
3 (Bild 5a).

Diese Menge bhildet eine Kreispackung Ql[ 3 1/3] da keine zwei solche
Inkreise innere Punkte gemeinsam haben. Dies ist aber nicht die einzige
Kreispackung 53[—113 }/3], die mit Peo- eine Uberdeckung desr Ebene bildet.
Wir kénnen ndmiich um jeden Mittelpunkt eines Einheitskreises aus Beo-

einen weiteren Kreis mit dem Radius é— ¥3 legen (Bild 5b). Jeder solche

'I)r
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Bilid 5a.
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Bild 5b.

Kreis hat mit keirem Kreis aus 5_11[—;— }/3] gemeinsame innere Punkte, Da-

mit gibt es also zu RPeo- beliebig viele Kreispackungen Q[é ]/;?:], die mit

Peo- die Ebene iiberdecken. Jedoch mufR jede dieser Kreispackungen
1,2 1, .

EW) [? 1/3] eine Teilmenge {K [M,-, ?]/3]} enthalten, diezu £, [--13— 1/3] kor-

gruent ist. Alle die Kreise, die man noch zu £, [3 VS] hinzufiigen kann,

sind fitr die Uberdeckung der Ebene nicht notwendig, da diese ganz im Innern
von Einheitskreisen aus Bgo- liegen. In der Uberdeckung der Ebene gibt es

also , iiberfliissige” Kreise vom Radius—é—}ffi-

Nun nehmen wir an, daB es zur Einheitskreispackung Repe cine weitere

Kreispackung £(r) mit ; ¥3 <r< 1t gibt, die mit Reo- die Ebene tberdeckt.

ABC sei wieder ein Dreieck aus der zu PBgo- eindeutig bestimmten Zer-
legung 3, und P, Q und R sind die Mittelpunkte der Seiten des Dreiecks
ABC (Bild 6). G hezeichnet die freie Fliche des Dreiecks ABC, die ein z-
Bereich ist.

Da 0(r) mit Peer die Ebene Gberdeckt, muf es einen Kreis K(M, r)
aus £X(r) geben, der mit G gemeinsame innere Punkte hat. Wegen Folgerung

2 muB K(M, r) den z-Bereich G ganz {iberdecken. Da aber r:»%]fg ist,

gehort wenigstens einer der Punkte P, Q, R in das Innere von K(M, r).
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Nehmen wir 0.E.d.A. an, da} P innerer Punkt von K{M, r} ist. D be-
zeichnet den dritten Eckpunkt des Dreiecks, das mit dem Dreieck ABC die
Seite BC gemeinsam hat, fir die P Mittelpunkt ist. ¢ bezeichnet die freic
Fidche dicses Dreiecks. ' ist natiirlich auch ein z-Bereich, von dem f? ein
Randpunkt ist. Da P aber innerer Punkt von K{M, r}ist, hat K(M, r) mit
(7 gemeinsame innere Punkte. Wegen Folgerung 2 mul K(M, r) auller G
auch noch den Bereich (' iiberdecken. Das heifit, K(M, r} mufl G und &
- gleichzeitig fiberdecken. Da aber das Viereck ABCD ein Rhombus der Seiten-
linge Zist {inden {BC| = 2giit), gibt es zwei Punkte von G U ¢, namlich die
Mittelpunkie von gegeniiberliegenden Seifen, deren Abstand die Grife
2 hat. Fulglich 14Bt sich GU G nicht mit einem Kreis, dessen Radius kieiner
als 1 ist, iiberdecken.

Damit ist klar, dafi es zu PBgo- und damit zu einer beliebigen Einheits-
kreispackung (1) keine weitere Kreispackung £(r) mit —é— V3 <r=1 gibt,

die mit B(1) die Ebene iiberdeckt. Dieses Ergebnis fassen wir zusammen im
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Satz 3. Zu einer Einheifskreispackung P(1) der Ebene E gibt es genau
dann eine weitere Kreispackung $2(ry mif O<r<1, die mit P(l) die Ebene
(iberdeckt, wenn B(1) die dichteste gitterformige Einheitskreispackung in E ist.

Flir den Radius der Kreise aus $2(r) muf dabei r :%ﬁ gelten.

Analog zum Satz 2 kénnen wir dieses Ergebnis auch anders ausdriicken.

Satz 4. Eine Uberdeckung W(ry, rp), ry>r,>0, der Ebene, an der zwel
Sortent von Kreisen befeiligt sind, 14t sich genau dann in eine Kreispackung
B{r,) und in eine Kreispackung O4r,) zerlegen, wenn B(r)) die dichieste gitter-

Jormige Packung dieser Kreise ist, r, = %l/'fi_r1 gift undir,) eine Packung ist.
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Introduction, The notion of a 2-metric space was first introduced by
S. GAHLER [l]. Recently, Knan and FISHER [2] have established a ncces-
sary and sufficient condition which guarantees the existence of a common
fixed point for certain pairs of continuous mappings in 2-metric as well as
in metric spaces.

More recently T. KuBi1ak [3], using the same technique, proved theo-
rems similar to those of [2] under weaker conditions. In this note, following
the idea of KuBiaK, we shall give a necessary and sufficient condition for
the existence of a common fixed point for certain cornmuting mappings.
The following definitions are taken from [2] and given here for the sake of
completeness.

DerFixiTion 1. A 2-metric space is a set X with a real-valued function
¢ defined on X X XX X, such that
(i) to each pair of distinct points x, y in X, there exists a point zin X
such that d(x, ¥, 2) =0,

(i) d(x, y, 2) = 0, when at least two of x, y, z are equal,

(iii) d(x, ¥, 2) = &y, 2, x) = d(x, 2, ¥),

(iv) d(x, y, 2y=d(x, y, W)+ d(x, w, z)+d(w, y, 2), for all win X.
it is clear that d is non-negative.

DEeFINiTION 2. A sequence {x,} in a 2-metric space (X, d} is said to be con-
vergent with limit x in X if lim d(x,,, x, a) = Oforall ain X.

1~ o

It follows from (iv) that if the sequence {x,} converges to x then
lim d(x,, a, b) = d(x, a, b)
forall g, bin X. T
DeFinITION 3. A 2-metric 4 on a set X is said to be continuous on X if it
is sequentially continuous in two of its three arguments.

g+
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DEFINITION 4. A sequence {x,} in a 2-metric space (X, d) is said to be a
Cauchy sequence if lim d(x,, x,, ) = Oforall ain X.

SR~

DErNITION 5. A 2-metric space (X, d) is said to be complete if every
Cauchy sequence in X is convergent.

Main Resulls. In this section we present two fixed point theorems for
mappings in 2-metric and metric spaces. The method of proof is the one em-
ployed in [2] and {3].

TaeoreM 1. Let S and T be coniinuous self-mappings of a complete
2-metric space (X, d) and let d be continuous. Then § and T have a common
fixed point in X if and only if there exist mappings A and B of X info SXNTX
such that AS = SA, BT = TB and satisfying condition

(1) {d(Ax, By, a)y*=d(Sx, Ty, a){a,d(Ax, Sx, @)+
+ayd(By, Ty, a)+ogd( Ax, Ty, a) +«,d(By, Sx, a)} +
+ ad(Ax, Sx, a)d(Ax, Ty, a) + zd(By, Sx, a)d{(By, Ty, a) +
+ a{d(Ax, Sx, a))* +«o{d(By, Ty, @)} + =, d( Ax, Sx, a)d(By, Sx, 4) +
+ u,@(Ax, Ty, a)d(By, Ty, a)+ o, d(Ax, Sx, a)d(By, Ty, a) +
Loy pd( By, Sx, a)yd(Ax, Ty, a)

forallx, y, ain X where «;, { = 1, 2, ..., 12 are some non-negative constants
such that
(Ey) (6 + (8% + dacy =) (b + (b2 + 4d’¢’) ) < daa’
in which
la: I —as—a,=0, la’: b—ay—ay=0,
b = ) +oag+as+ag+ oy, b = g+ a,+og+ag+oy,
L' = qgtayt oy oy ]C' = oy + oyt oy +og,
and
(Ey) oyt g +oga =< 1.

Indeed, A, B, S and T then have a unique commen fixed point.

Proor. To prove fhe necessity we observe that the mappings A = B,
Ax = zforall xin X, where z is a common fixed point of S and T, satisfy the
condition (1) for every «;=0,{ = 1, 2, .. ., 12satisfying (E,) and {E,).

To prove the sufficiency, suppose that two mappings 4 and B with
the properties stated in the theorem exist. Let x; be an arbitrary point in X.
Since AX and BX are contained in SXNTX we may define the sequence
{x,} in X such that Sx,, ;, = Bx,, ,, Tx,, = Ax,, forn =12, ....
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Then
{d(Sx2n—1! Tx?.m G)}2 = {d(Ax2n—17 szn—zr a)}2£

=d(SXg_ 1, TXnns Qo AXop 1, SXap 1y @)+ al{BXyy_gy TXy,_y, 0) +

+ogd{Axop_1, TXpn_9, @) + 2, 8{BXgp_ g, SXpp_,, @)} +
+ gl AXgp_1y SXgp_1, DA(AXpp_y, TXgpog @)+
+ agd(BXgn_9y SXopn 1, QI BXan_a, TXpp o, 0)+
o {d(Axyn g, SXongy O +agld(BXon_g TXap g, Q) +
+ gl (AXgp 1, SXpp_ 1y QA(BXgn_gy SXpp_y, @) +
oyl (Axyy_y, TXppy A(BXyy_g, TXy, o, 0)+
+ oy H{AXp 1y SXan_ 1y OA(BXgp_o, TXpy o, 3) -+
+ oy, d(BXy_ g, S¥pn_y, O AXgp_ 1, TXgy s, 4).

Letting
U =d(8%y,_y, TXyp, @), V = d(Sxp,_4, TXp, s, @)
we obtain
(2) Ul=o, U2+ (o) + oy JUV + (e, +ag) VE+H
+{osl + (g + o, )V (T Xy, T, s, G).
But

d(Txy,, Txyy_ oy @) =d(Txpn, Sxgp_q, @) +d(E%5n 1, Txp oy @) +

+d(T %9y TXon_3, SXpp_1)

in which d(Tx,,, TXgn_a SXyn_y) = 0 since from (1) we have

{d(Sxan_1s TXapy Txpn- o)} = ap{d(SXyp_y, TXgn, TXypo)}™

Thus
A(Txpny TXpppy )=U+V

and from (2} we obtain

(3) (1 —o5— @)U —(oy + a3+ oy +ayg+ay)VU - (ag+ g +ag+oy0) V2=0.

It now follows that

(4) A(Sxgn—1, TXgpy @)= BA(SXpp_y, TXpn g, @)
forn = 1,2, ... and all @ in X, where
§_ D+ day

2a
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Similarly, from (1) it follows that

(5) A(SXgn41, TXapy @) =pd{(SXgr_;, TXyp, a)
for n = I, 2, ... and ail g in X, where
W 4ac)
2a’
By induction we obtain
(6) d(Sx3n1y Thgn, @) =B(By)"~1d(SX,, T, ),
(D d(SXansrs TXgy, @)= (By)'d(Sx,, Txy, a),

forn=12 ...andallain X.
We now have

d(szn—ll sx2n+1s a)ﬂd(sxzn-li Sxﬁn+1’ szn) +
+d(sx2n-1!Tx2m {I) +d(sx2n+1: Tx?.m ﬂ),

and from (1) (or now from (5)) d(Sxyp,_,, SXyp4 1, TXa,) = 0. Thus

(8) A(Sxan_1y SXonsq, @) =B(ByY' "1l +9)d(8x,, Txy, a).

We shall now show that {Sx,,_,} is a Cauchy sequence.
For n=m, it follows from (iv), (8) and (E,) that

m—1
d(SXay—ys SXgp—y, @)= Z d{Sy; _y» SKpiyy, D+

-2
+ 2 d(Sxai-1, Sairns Sxgpoy)=

fmp

- _.@_(E?)]i;ii [d(Sx,, TXq, @)+ +d(Sxy, Txoy SXgmoy)].
—PY

It also follows from (iv) and (8) that

m—1
d(Sx; Ty, Sxyp_y)= > d(8xq iy SXpip1s TX)+
“

m-2
+ D A(SXgi -1y SXajeyy SXg)} = 0.
i

Hence

d(Sxoy_y, SXyp_y, @) = ﬁ(ﬁ}')l"";l +7) d(Sx;, T, q)
— &Y
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forn=172, ..., m=nandall a in X, which implies that {Sx,,.,} is a
Cauchy sequence with a limit 1 in X since X is complete. Since
d(szm u, a)id(Txm, i, szn—l)+d(Tx2m Sxmi—): a)+d(sx2n—1! i, ﬂ),

it foliows from (6) that lim Tx,, = u, thus

N+ e

im 8x,,_y, = limBX,,_, = ilim Tx,, = lim Ax, _, = u.

-+ H—+ oo = - oo

Since A and B commute with S and T, respectively, we have
{d(SAxy, _y, TBX,,, a)}® = {d(ASxy,_y, BTX,,, 0))2=
=d(8%%,, 1, T, ){a,d(SAXy, 1, S¥y,y, @) +a,d(TBX,,, T2, a) +
+ agd(SAX,, 1, T, @) + o d{TBx,,, S%,,_,, 4)} +
+asd{(SAXpp_yy Spn_y, DA(SAXy,_y, T2y, @)+
+ wgt(T Bx,,, $%%,, 1, Q)d(TBX,y,, T?X,,, @)+ a{d(SAX,,_,, Sy, O +
+ ag{d(TBxyy, T2Xy,, O+ agd(SAXy, y, $*xy,_, a)d(T Bx,,, $%x,,_,, a)+
+ oy (S AXpp_y, T2y, )T BX,,, T*Xsp, @) +
+ o (S Ao 1y S¥op 1, (T BXyp,, T, @)+
+ 01, d(T BXy,, Sy, (S AXy_y, Ty, @),
and since 4, § and T are continuous, we have letting n— «

{d(Su, Tu, &) =(oy+ o, + 2, {d(Su, Tu, o))

for all a in X. From (E,) it follows that d{8Su, Tu, a) = O for 3l a in X,
which implies that Su = Tu.

Now
{d{ An, TBx,,, a)}* = {d(Au, BTx,,, @)}*=d{Su, T*x,,, a){«,d( Au, Su, a)+
+ o, d{ T Bx,,, T?x,,, a) +oyd{ Ay, T%x,,, @) + o, d(TBx,,, Su, a)}+
+ ad(Au, Su, a)d( Au, T*x,,, o) + e d(TBx,,, Su, a)d(TBx,,, T*x,,, a}+
+ o {d(Au, Su, a)}* + og{d(T Bx,,, T2X,, )} +
+ agd{ Au, Su, @)yd(T Bx,,, Sut, a) + x d(Att, T2x,,, @)d(TBx,,, T%x,,, a)+
+ oy d(Au, Su, aYd(T Bxy,, T*Xy,, @) + v (T Bx,,, Su, a)d(Au, T2x,,, a)

and on letting n—+ <« we have

{d(Au, Tu, @) =oad(Au, Su, a)d(Au, Tu, a)+e,{d(Au, Su, @)f> =
= (s + oy {d(Au, Tu, a)f,
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for all ¢ in X. Thus
Au = Tu.
Similarly,
Bu = Su,
sothat
A= Bu = Su = Tu

Now using the fact that Su = Au, TAu = TBu = BTu — BAu we obtain
from (1)

{d(Au, BAu, ) =(og+a,+ 0, d(Au, BAu, a))?

for al} a in X, which in wiew of (E,) implies that

Au = BAu.
Similarly,

Bu = ABu.
Letting Au = z we have

Sz2=Az=Br=Tz=2

Thus 2 is a common fixed point of A, B, Sand T.

To show that z is the unique common fixed point of A, B, S and T, sup-
pose that w is a second common fixed point of them. Then from (1) it foliows
that

{dz, w, a)f = {d(Az, Bw, ) =(aa+ e, +ou){d(z, W, ),

for all a in X, which in wiew of (E,) results in z = w completing the proof of
the theorem,
We also have the following theorem for metric spaces.

THEOREM 2. Lef S and T be continuous self-mappings of o complete metric
space (X, d). Then S and T have a commion fixed peini in X if and only if
there exist mappings A and B of X into SXNTX such that AS = SA, BT =
= TB and satisfying condilion

(d(Ax, By =d(8x, Ty¥e, d( Ax, Sx) +a,d{By, Ty) +
+ xyd{ Ax, Ty) + «, d( By, Sx)} + azd{ Ax, Sx)d(Ax, Ty) +
+agd(By, Sx)d(By, Ty) + a{d( Ax, Sx}}* + e {d(By, Ty) +
+ ayd( Ax, Sx)d(By, Sx) + a,,d{ Ax, Ty)d{By, Ty) +
+ oy, Ax, SX)d(By, Ty)+ o,d( By, Sx)d(Ax, Ty)

forall x, y in X where «;, { = 1,2, ..., 12 are some non-negative constants
satisfying (E,) and (E,).
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4t
REMARK. If weseto, = oty = fy, 03 = 0y = f,, 005 = 0tg = By, 0t =0t =
= B, % = a9 = B and «; = &y, = fg, the conldltlons (E,) and (E,) w:il be
reduced to the single one
Z i+ Be=1.
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i, Introduction

Let A be a Hilbert space, T be a bounded linear operator on H. T is
normal it TT* = T*T, T is hyponormal if TT*=<T*T, T is quasinormal if
T commutes with T*T, and T is subnormal if T has a normal extension i.e,
there is a Hilbert space K, H K and a normal operator N on K such that
NIH=T.

Bt is well known that:

T is normal iff || Th|| = ||T*A],
T is hyponormal iff || T*#| = | T4,

“Every quasinormal operator is subnormal”, (see [1]. Ch. I, prop. 1.7,
[2}, Problem 154.).

“Every subnermal operator is hyponermal®”, (see [1], Ch. 111, prop. 4.2,
[2], Problem 160.).
it follows that: “Every quasinormal operator is hyponormal”.

It may be of interest to give the following direct proof of this result.

[t is known that if 7 = /A is the polar decomposition of an operator
T, then T is quasinormal if and only if UA = AU ([1] Ch. I1l, prop. 1.6,
[2], Problem 108.), where T*T = A% and U is a patial isometry with initial
space (ker T)* = ran T*, and final space (ran 7). Now,

T*T —TT* = A2 UJATUY = A2— A2UUF = AT -UU*) =
= AYE = A!E? = EA’E = ET*TE = (TEy*TE =0,
where £ is an orthogonal projection commuting with A,

An operator T on H is called pure or completely non-normal if there is
no non-zero reducing subspace H, such that T} H, is normal.
It is known that: “If T is a bounded linear operator on H, then thercisa

reducing subspace H, for T such that:
a) T, = T|H, is normal,
b) T, = T}H,is pure, where H, = Hy, (see [1], Ch. 111, prop. 2.1)"
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I, Results

Lemma L. If T is hyponormal, and M is an invariant subspace of T, i.e.
Mc¢Lat (T), such that T|M is normal, then M reduces 7.

Proor. if P is the projection of H onto M, and § = T|M, then §% =
= PT*|M. So for fe M,
IS*F1) = WPTH = IT*f|= ITSIl = |ISf)l.

Now |[S*f|| = |Sfl, VSeM=|PT*| = |T¥|\v fe M.
It follows that 7*fe M, and M reduces T. D

Let T be a hyponormal operator on H. Then [T*T}:= T*T-TT*
is a positive operator on H. (T*T —TT*)'2 is denoted by D, so that D* =
— (T*T—-TT*).

LEmma 2. For a hyponormal operator T on H,
D) = {fch¢ B, Dh = 0} = {lche H, |T*h|| = Th|}.

PROOF. [|DhYE=(D%h, h)={T*Th, k)— (TT*h, h)=|Th|?— (T*h[E=0.
It follows that:
Dh = 0o | Thj| = |T*A|. D

We notice that n{D*) = n(D).
In fact Dh = 0=D% = 0 so that

WD) Cr(D*).
Now ||Dh(? = (Dh, Diy = {(D?h, ) and D*h = 0= Dh = 0, which gives
HDH) (D).
Let 7 be a bounded linear aperator on H, and let H, be the set:
Hy = {lche H, [T*h|| = Thll}.
Then Hy is a subspace of H.

LeEmma 3. Let T be a quasinormal operator on H. Then H; is invariant
under T.

Proor. We show that

M(TH)® = (D¥Th), Thy = {T*T-TT*Y Th, Th) =
= {THT*T —TT*Y Th, by = (T*2Th, h)—{(T*T)2h, h).
Now T~ T¥T=>TT*T = T*TT, and so (T*T)> = T*T2 It follows that
D(Th) = 0, and Th¢H,. O
LEmma 4. Let T be a quasinormal operator on H. Then H, reduces T.

Proor. For heH,, we have {T*h| = ||Th. It folows that T|H, is
normal.
Since H, is invariant under T, it follows that Hyreduces T. O
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ProrosiTiON. Let T be a quasinormal operator on H. Then,

(i) Hy and H, = H® H, reduce T,

(i Ty = T|Hyisnormal, T, = T\Hispure,and T = T, & T,.

Proor. By lemmas 3 and 4, H, reduces T, and T, = T}H, is normal,
Let H, = Ho H,.

Suppose that there is a non-zero subspace H, of M, reducing T, and
T|H, is normal. It follows that (|[Th|| = ||T*A| for € H,. This means that
H, = H,, which is a contradiction, and so T|H, is pure.
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SYNTOPOGENE UND TOPOGENE KONVERGENZRAUME

Von

DIETER LESEBERG
Jerxheim, BRD

{ Eingegangen am 2. September 7983 )

0. Einfiibrung

Syntopogene Konvergenzriume sind bereits vom Verfasser unter dem
Namen ,,syntopoforme Ridume in die Literatur eingefilhrt worden (vergl.
[7]). Sie dienen der gemeinsamen Untersuchung der uniformen Konver-
genzraume in Sinne von Coox und FiscHER [2] mit den darin enthaltenen
Unterkategorien der proximalen Limesrdume in Sinne von MARNY [9], der
uniformen Riume in Sinne von Boursaki [1] sowie der Proximitatsriume
imm Sinne von EFreEmoviC [10] und der syntopogenen Riume im Sinne von
CsAszAR [3]mit den darin enthaltenen Unterkategorien der quasiuniformen
Riume im Sinne von PERVIN und SIEBER [12], der Proximitédtsriume im
Sinne von PERVIN [10] und der topologischen Raume.

Implizit wurden die topogenen Konvergenzriaume bereits in den fol-
genden Arbeiten behandelt {vergl. [5], [6] und {8]). Eine prizise Axiomati-
sierung findet nun im vorliegenden Artikel statt. Es wird gezeigt, daB jede
S,-Limitierung (vergl. [13]) einen kompatiblen topogenen Konvergenzope-
rator besitzt. Dabei enthalten die topogenen Konvergenzriume als Unter-
kategorien die Kategorie der topologischen Raume, die Kategorie der Proxi-
mitdtsraume und die Kategorie der fopogenen Raume im Sinne von CsAszAR
[3]-

Kompaktheitsbegriffe lassen sich mit Hilfe der eingefithrten ,,Csaszar-
raster auf topogene Konvergenzeperaforen libertragen, und ein Charak-
terisierungssatz stellt den Zusammenhang zu dem Gblichen in der Topologie
verwendeten Begriff her.

Eine wichtige Unterklasse der syntopogenen Konvergenzridume stellen
die syntopologischen dar, die in ,,natiirlicher Weise* | unterliegende’ pseu-
dotopogene Konvergenzoperatoren erzeugen. Deren Kompaktheit zieht so-
wohl die Prikompaktheit als auch die ,,Cauchy-Vollstandigkeit‘‘ der Aus-
gangsstrukturen nach sich. Im Falle der ,,Erzeugung* von schwach symmet-
rischen syntopologischen Konvergenzstrukturen gilt auch die Umkehrung,
womit eine Verallgemeinerung des | klassischen Satzes® fiir uniforme Réiume
erreicht wird.
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1. Einige Symbole

Fiir eine Menge X bezeichne
PX die Potenzmenge von X ; Cbezeichne die Inkliusion;
fiir AC X bezeichne X/ A das Komplement von A beziiglich X;
v bezeichne den Quantor , fiir alle”;
3 bezeichne den Quantor ,,es existiert*;
fiir OF, HLCPX setze:
(Fx =¥ Fe(FINeHFDON;
Fyval:={FUN\FeF, Neit};
stack G := {FCX|3AN€eHFDONY;
sec = [FCX|¥ Ne@FNN=@};
NG = N{N|Ne};
fitr eine Abbildung f: X+ Y setze:
SO = {f[F|Fed};
fiir Abbildungen {,, 1, : DX ~DEPDX) setze:
(LNBLYA) 1= ({A)N1{A);
(LU LYA) = L{AY1(A);
L=ty YV ACDXE(AYCH{A);
tiir Mengen £2, .1 von Abbildungen £:DX (D X) setze:
Q=Ares Y4 €QT bed by=ty;
O AellesA=;
QAA = NLILED, LeA);
fitr eine Abbildung DX PP X) und fiir AePDX gibt es einen funda-

mentalen Unterschied zwischen folgenden Bezeichnungen:
NHAYC X und

N{{xPlxc AP X.
2. Vorbereitungen

2.1. DEFINITION. X sei eine Menge. XX X bezeichne das kartesische
Produkt von X mit sich selbst. Eine Menge Q von Prauniformitiaten @{ auf
X im Sinne von [9] heiBt uniforme Konvergenzstruktur auf X, und das Paar
(X, Q) heidt uniformer Konvergenzraum, wenn die folgenden Axiome erfiilit
sind:

(uK,) A N@D eQ genau dann, wenn @, @ ¢Q,
(uK,) @, @ €Q implizieren @ o DV cQ,

(uKy) A€Q,

{ui,) @ c¢Q impliziert G —1eQ.

Fir uniforme Konvergenzrdume (X, Q,), (¥, Q,) heiBt eine Abbildung
XY gleichmafig stetig von (X, Q) nack (Y, {,) oder Kurz gleichmdfig ste-
fig, wenn gilt; @€, impliziert / X f(U)€Q,. Einuniformer Konvergenzraum
(X, @) und seine Struktur @ heifien erzeugt, wenn gilt:

(uK;) Es gibt W eQ, so dab fitr alle@/ ¢Q die Inklusion ¥ C @ erfillt ist.

2.2. BEMERKUNG. Cook und Fischer zeigen nun in ihrer Arbeit (vergl.
{2]), daB die uniformen Riume in Sinne von Bourraxl [1]im Wesentlichen
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(bis auf Isemorphie!) erzeugte uniforme Konvergenzrdume sind. Im Folgen-
den heifien erzeugte uniforme Konvergenzraume auch aniforme Riume.,

2.3. DEFINITIONEN. X seieine Menge. pp X bezeichne die Menge aller Pri-
proximititen auf X im Sinne von [9]. Eine Teilmenge 70C ppX heilt proxi-
male Komvergenzstruktur auf X, und das Paar (X, D) heibt proximaler Korn-
vergenzraum, wenn dic folgenden Axiome erfillt sind:

(PK,) pu gD genau dann, wenn p, &P,
(pK,) p€D und gD implizieren p o gD,
(pK3) d.\E@) .

(pK,) pc® impliziert p~teP.

Fiir proximale Konvergenzraume (X, D), (Y, ©D,) heidt eine Abbildung
F:X Y proximal stetig von (X, /D)) nach (Y. ,) oder kurz proximal stetig,
wenn gilt: peiDy impliziert f, peD,; wobeif, p = {(A, BYeDYXPY|(f1
[A]. /7 [BDep}-

Ein proximaler Konvergenzraum (X, 7/2) und seine Struktur ¢D heiBen
erzeugt, wenn gilt:
{pK;) Es gibt g¢4D, so dab fiir alle pe/D die Inklusion pC g erfiillt ist.

2.4, BEMERRUNG. Marny zeigt in seiner Arbeit (vergl. [9]), daB die
Proximititsrdume in Sinne von EFrRemovIC im Wesentlichen (bis auf Iso-
morphie ) erzeugte proximale Konvergenzriume sind. Im Folgenden heiBen
erzeugte proximale Konvergenzrdume auch proximale Rdume ( Proximitiits-
rdume ). Dariiberhinaus wird bewiesen, dal die Kategorie der proximalen
Konvergenzraume mit den proximal stetigen Abbildungen eine bireflektive
Unterkategorie der topologischen Kategorie der uniformen Konvergenz-
rdumc ist.

2.5. DEFINITIONEN. Fiir eine Menge X heiBt eine Relation < CDXXDX
{opogene Ordnung auf X, wenn die folgenden Axiome erfiillt sind:

(t0,) @ < @ und X < X,
(t0,) A'C A= BC B’ implizieren A’ = B’,

{t05) A < Bimpliziest AC B,

(t0,) A<B und A'=B implizieren ANA'<BNB und AU A’ <BU B

Eine Menge & von fopogenen Ordnungen auf einer Menge X heiBt synfo-
pogene Strukfur auf X, und das Paar (X, &) heilit synfopogener Raum, wenn
die folgenden Axiome erfillt sind:

(st)d= 3,

(sty) <, <,€3& implizieren die Existenz einer topogenen Ordnung =,€8
mit der Eigenschaft «,t) <,C =,

(sty) < €& impliziert die Existenz einer topogenen Ordnung <= *¢€& mit der
Eigenschaft = C = 2.

Fiir syntopogene Riume (X, &,), (Y, &,) heiBt eine Abbildung /: X - VY
synfopogene Abbildung von (X, &) nach (Y, &,) oder kurz syntopogene Abbil-
dung, wenn gilt:

Y =,€8,3 = €8, (A<,Bimpliziert f[A] =,/ [B])-

4 ANMMNALES — Sectio Mathematica — Tomus XXX,
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Ein syntopogener Raum (X, $) und seine Struktur heifien fopogen, wenn
gilt:
(st,) & ist einelementig.

2.6. BEmERKUNG, CSsASZAR zeigt nun in seiner Monographie (vergl.
[3]), daB sich quasiuniforme Riume (vergl. [12]), Pervinproximitdtsriume
(vergl. [10]) und topologische Riume als spezietle syntopogene Réume auf-
fassen lassen. Es wird weiter gezeigt, daB eine syntopogene Struktur § genau
dann topogen ist, wenn ihre einzige topogene Ordnung - das folgende Axiom
erfallt: (t0,) A< B impliziert die Existenz einer Menge CC X mit den Eigen-
schaften A-C=B8.

3. Syntopogene Konvergenzriume

3.1. DEFINITIONEN. Fiir cine Menge X heibt eine Abbildung {7DX ~
~DEP XY topoformer Operator auf X, wenn die folgenden Axiome erfiiflt
sind:

(tf)y A€ X impliziert stack {(A)C H{A),
(tf,) A, A €D X und A C A, implizieren 1{A,)CH{A)),
(tfy) Xe( Xy und @ cH(@),
(tf,) A€ DX und B, B,ef{(A) implizieren BN B,€{{A),
(tf;) A,, A,<cPX implizieren ({A) HANCTHA U Ag).
Ein topoformer Operator f auf ciner Menge X heidt
(i) holoform:, wenn gilt:
(tf;) AeDX impliziert Ni(A)EHA).
Ein holoformer Operator f auf einer Menge X heifit
(i) homoform, wenn gilt:
(1) AP X impliziert N{H({x}H{x e A} = {(A).
3.2, DerIxitioNEN, Fir eine Menge X sei t ein topoformer Operator
auf X.t heiBt
(i} schwach synunetrisch, wenn gilt:
(ss) ¥ x, yEX(vENK{x}yy impliziert x€ M({y}));
(i)  punkisymmelrisch, wenn gilt:
(ps) v BCXvxeX(Bit({x}) impliziert X'{x}s{X/B));
(illy symumetrisch, wenn gilt:
(s) AcPXund Bef(A)implizieren X[ AcH{X[B).

3.3. BemerxunNG, Beachte, daB jeder symnietrische topoforme Operator
punktsymmetrisch und jeder punktsymnietrische schwach symmetrisch ist.
Fiir homoforme Operatoren sind die drei Begriffe dquivalent. Ein schwach
syminetrischer holoformer Operator ist automatisch punktsymmetrisch.

3.4. ResuLTaTE (vergl. [7]). Fiir eine Menge X sci ¢ ein topoformer
Operator auf X; setze fiir jedes AeDX:
(i) 1 J(A):={BCX|Bcl(A)und vx, yeX(x<€A und y¢ X{B implizieren
Xf{\}cf({ s
(i} {,(Ay:= {BC X |BeK(A)und v xe X (xe X/Bimpliziert X{Act({x))};
(iii) d(A) = {BC X|X{A<H{X[B)}, dann gelten die folgenden Aussagen:
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(1) £ ist der griBte schwach symmetrische toepoforme Operator auf X, der
kleiner ist als £,
(2) 1, ist der grofite punktsymmetrische topoforme Operator auf X, der
kleiner ist als £.
(3) 1,ist eint topoformer Operator auf X mit (¢,), = 1.
{4 Fiir einen topoformen Operator { auf einer Menge X sind die folgenden
Aussagen paarweise &quivalent:
() tist schwach symmetrisch,
() t=1
(8) tist punktsymmetrisch,
() t=ty;
() t ist symimetrisch,
() t=t,.
(5) Fiir t schwach symmetrisch ist {; schwach symmetrisch.
{6y Fiir topoforme Operatorent,, ¢, auf einer Menge X setze fiir jedes AeDX:
{t; +1.)(A) : = {BC X[ 3CC X{(Cet,(A) und Bt (C)}, sogelten die Tolgenden
Aussagen:
(i} t,+1, ist cin topoformer Operator auf X mit der Eigenschaft (f, +1.), =
= fy,+h,;
(i) 4,4, ﬁoloff)rm implizierent, 44, ist holoform,
(ii1) #,, f, homoform implizieren £, +1, ist homofornz.
(7) Fiir ein Menge X setze fiir jedes A¢PX: IX(A):= {BC X{BD A4},
dann ist 1% ein homoformer Operator auf X, der zusdtzlich folgendes Axiom
erfillt:
(i) AcpX impliziert AC N A).
(8) Fir Mengen X, Y einer Abbhildung f:X--Y und einem topoformen
Operator t auf X sctze far jedes ACDY:#(A):= (B Y/ BI(f AN},
s0 ist ¢, ein topoformer Operator auf ¥V mit ({3, = ({)),.
3.5. DeriniTioNEN. Eine Menge 2 von topoformen Operatoren auf einer
Menge X heilit Svrfopoform auf X, wenn gilt:
(Stf) 0.2,
(Stf,) 1, 1,€¢ ) lmplime!en die Existenz eincs topoformen Operators #,€ £ mit
der Etgenqch':ft Lil=
Eine Syntopoform auf einer Menge X hicilt
(i) Synhelofarm, wenn gl[t t¢ Q2 impliziert ¢ ist cin holoformer Operator
auf X;
(i) Synhomoform, wenn gilt: {€f2 impliziert ¢ ist cin homofermer Operator
auf X;
(iii) ’.-"npafarm wenn gilt: 2 ist einelementig.
3.6. RESULTATE {vergl. [:)} [7D-
(1) Fir cine Menge X seien 2, .1 Syntopoformen auf X, setze:
() Qi —{Llte )
(“) f) - {'f‘ps'{6 }
(iii) Qa‘ = {1 Q)
(iv) Q+4A4:= {z‘1+f,,|1‘ €4, €.}, so sind O, 2, 0, 2+ A Syntopoformen
auf X mit (2,); = £ (vergl. Resultate 3.4.).

4%
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(2) Fiir Mengen X, V¥, zf Abblldungenf XV, g:Y—+Zund einer Synto-
poform (2 auf X setze: Qp:= {10}, so ist 2 eine Syntopoform auf ¥ mit
(Qf)g - Qf"
3.7. DEFINITIONEN. X sei ein Menge. Eine Menge X von Syntopofor-
men auf X heiBt synfopogene Konvergenzstrukiur auf X, und das Paar (X, X)
heif3t symopogener Konvergenzraum, wenn die folgenden Axiome erfiillt sind:
(sK)) 9, 2,€X implizieren die Existenz einer Syntopoform £,¢ X mit der
Elgenechaft 2, =040,

(sK,) @, 2,¢X 1mp11?leren die Existenz einer Syntopoform @,€ X mit der
Eigenschaft £2,=0Q, + 0,

(sK,) Es existiert Q¢ X mit &={IX}.

Fiir syntopogene Konvergenzraume (X, X,), (¥, X,) heiit eine Abbil-
dung f: XY konvergenzireu von (X, X} nach (Y, X,) oder kurz konver-
genziren, wenn gilt:

!.?EJ\,VI 3,’1612 ./J.ﬂgf.

Ein syniopogener Konvergenzraum (X, X} und seine Struktur "X heiBen
erzeugt, wenn gilt:
(sK,) Es gibt A¢ X, so daB fiir alle £2¢ X die Aussage A= erfiillt ist. .1
heifit dann auch Erzeuger ven X {erzeugendes Element von X).

3.8. BEMERKUNG. Wir weisen in diesem Zusanunenhang auf einen
Schreibfehler in {7] bezichungsweise in [6] hin, wo bei der Axiomatisierung
der syntopogenen Konvergenzrdume gefordert war, daBl die Topoform
{IX} zur Struktur X gehiort. Dies gilt insbesondere bei den sogenannten sa-
turiertenr syntopogenen Konvergenzriumen. (Eine syntopogene Konver-
genzstruktur 2K heiBt dabei saturiert, wenn gilt: v £2¢ X v /1 Syntopoform auf
X{Q= A impliziert A€ X)). Wir bemerken, daB zu jeder syntopogenen Kon-
vergenzstruktur X eine saturierte syntopogene Konvergenzstrukiuy Zsat
existiert, indem wir X% folgendermaBen definieren:

Keat = {0 Syntopoform auf X|3Ae XA =2},

(X, X53t) ist dann ein saturierter syntopogener Konvergenzraum derart, daf§
1y 1 (X, X)y—+(X, X3t} in ,,beiden Richtungen® konvergenztreu ist.

In der vorliegenden Arbeit (vergl. {7}) wird gezeigt, daf die syntopogenen
Rdume im Siane von CsAszAR im Wesentlichen (bis auf Aguivalenz! Vergl.
obige Bemerkung) erzeugte syntopogene Konvergenzriume sind. Im Fol-
genden heifen erzeugte syutopogene Konvergenzraume auch syniepogene
Riéume.

3.9. BEMERKUNG. Ein syntopogener Konvergenzraum (X, X)) und seine
Struktur X heiBen synuniform wenn gilt:
(suK) Q¢ X impliziert 2 ist eine Synhomoform auf X.

inder vorbezeichneteri Arbeit (vergl. [7])wird nun gezeigt, daB die uni-
formen Konvergenzraume (vergl. Definition 2.1.) im Sinne von Cook und
FiscHER im Wesentiichen (bis auf Aquivalenz!) symmetrische synuniforme
Konvergenzriume sind (verg!. Definition 6.4. (iii)}. Somit stellt das Kon-
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zept der syntopogenen Konvergenzrdume eine gemeinsame Verallgemeine-
rung der Konzepte der uniformen sowie proximalen Konvergenzrdume und
der syntopogenen Riume in Sinne von CsAszAr dar (vergl. auch Bemerkung
2.4).

3.10. BEmErKUNG. Ein syntopogener Konvergenzraum (X, X) und seine
Struktur "X heiben syntopologisch, wenn gilt:
(sti) Q¢ X impliziert Q ist eine Synholoform auf X.
Beachte dabei, dal jeder synuniforine Kenvergenzraum ein syntopologi-
scher Konvergenzraum ist. Syntopologien im Sinne von CsAszAr (vergl.
[3]) sind bis auf Aquivaltenz erzeugte syntopologische Konvergenzriume,
Im Folgenden heifen erzeugte syniopologische Konvergenzriume auch
syntepologische Riume.

3.11. RESULTATE (vegl. [7]).
(1) Fiir einen syntopogenen Raum (X, X) seien Q, /A zwct Erzeuger von X,
so gelten die folgenden Aussagen:
(i) Q~4;
(ii}) Jeder topoforme Operator £€£2 erfiillt das Axiom (tfy), vergl. Resultat
3.4 (7);
(ili) A=A%; wobet A2 = {{+{[fcd}.
(2) (X, K,), (Y, X,) seien syntopogene Riume; Ax,, Ax, bezeichne zwei zu
den jeweiligen Strukturen gehdrende Erzeuger.
Fiir eine Abbildung f: X - Y sind dquivalent:
(i) fist konvergenztreu von (X, K,) nach (V, X,);
(1) Ax,=(Az,)y.

4. Topogene Konvergenzraume

4.1, DEFINITIONEN. Fiir eine Menge X bezeiche (7 X die Menge aller
filtrierten Mengensysteme ilber X (vergl [8]). Eine Abbildung T :X —~
~D(F X} heiBt topogener Konvergenzoperator auf X, und das Paar (X, T)
heildt fopogener Konvergenzrauwm, wenn die folgenden Axiome erfiitlt sind:
(tK) AeDX, L e T(Ay und P, <Pl F X implizieren (M, € T(A),

(tKy) A, A ¢PXund A, C Ayimplizieren T(A)C T(A4,),

(tK,) A¢PXimpliziert (A} T(A),

(tK,) HecT(@)impliziert ¢ €7,

(tK;) A, A,ePDX und FeT(A )\ Ay} implizieren die Existenz von Mengen-
systemen 7, € T(A)), @,€ T(Aymit 3, V HylF,

(tKy) A¢DX und GE, e T(A) implizieren 3, v W, T(A),

(tK,) AePDX und e T(A) implizieren die Existenz eines Mengensystems
@+ eT(A) mit der Eigenschaft (VY FreM*IETCXIReT(EY)(EY¢
stack @ und F*¢ stack 72).

Fiir einen topogenen Konvergenzoperator T avf X sei e T(A), so
heiBt @ T-konvergent gegenn A und A heit T-Limes von 4. Fiir topogene Kon-
vergenzriume (X, T)), (Y, T,) iteiBt eine Abbildung f: X~V kenvergenztreu
von (X, T)) nach (¥, T,) oder kurz kenvergenzirewr, wenn gilt: A¢DX und
7Le T(A) implizieren fH e T,(fIA].
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Beachite bei der obigen Definition insbesendere, daB das Bild eines fil-
trierten Mengensystems iiber ciner Menge unter einer Abbildung wieder
cin fittriertes Mengensystem tiber dem Wertevorrat der Abbildung ist.

Ein topogener Konvergenzraum (X, T) und sein Operator T heiBen
erzeugt, wenn gilt:

(tKg) A¢RX impiliziert £:= v | e T(A)}e T(A). Beachte fiir jedes
Element M ¢ T{A) gilt dann < M.

4.2, BemErkuNG. In der Dissertation des Verfassers (vergl. [5]} wird
gezeigt, dab die topogenen Riume im Sinne von CsiszAr im Wesentlichen
(bis auf Isonorphiel) erzeugte topogene Konvergenzriume sind, Im Folgen-
den heifien erzeugte topogene Konvergenzritme auch topogenic Rinme.

4.3. BEISPIELE.
(i) (X, 7P} sei ein proximaler Konvergenzraum in Sinne von Marny (vergl.
auch Definition 2.3.). Fiir A¢DX setze:

Top(AY = {fle 7 X|IperPy Fastack H(X]F, A)ep);

(it (X, 7} sei ein topelogischer Hillenraum in Sinne von KURATOWSKI.
Fiir AePX setze:

T, (A) 1= (e FX|{ A)estack W},

(iii) (X, {~}) sei ein topogener Raum in Sinne von CsAszAr. Fiir AcpX
sefze:

Ti(A) 1= (M e FX| ¥ FCX(A<F impliziert Festack 7).

4.4, BEMERKUNG. In der Arbeit von MArNy (vergl. [8]) wird gezeigt,
daB jeder S;-Limesraum einen kompatiblen proximalen Konvergenzraum
hesitzt. Hierbei wird inshesondere auf die Arbeit [13] Bezug genommen.

Genauer: Fir einen proximalen Konvergenzraum (&, D) setze fiir je-
des X€X; tp(x)i= {F Fitter auf X|p.s, o &P} wobel puz o 1= {(4, B)¢
CPXXPX|Acsec F, xe B}, so ist 1y einic §, — Limitierung auf X. Umge-
kehrt sei « eine S,-Limitierung auf X, so existiert eine proximale Konver-
gemzstruktur @ auf X mit Ty =@, Nun hat jeder proximaie Konver-
genzraum einen ,unterliegenden” symmetrischen fopogenen Konvergenz-
rawuin {vergl. Beispiet 4.3. (i) und [6]}. Fiir einen topogenen Konvergenzraum
(X, Tysetze fiir jedes x¢ X« rp(x):= { F Filter auf X| 3N T({x}YH < 7}, so
ist 7, €ine Limitierung auf X. Gilt . 7 € v(x), so sagen wir (F is! T-kamvergent
gegert x oder kiirzer T-konvergent. Es gilt nun folgendes Lemma.

4.5. LEmma. Fiir einen proximalen Kenvergenzraum (X, 7)) gilt die
fulgende identitédt: Ty, = -

BeEweis ,, < “: Flir x¢ Xsei l}_ETT(p(X:}, su existiert ein G eTp({x}) mit

stack A CF. Es folgt dic Existenz einer Praproximitat g¢70; wir zeigen:
Mor aCq. (A, BYepPis, o impliziert A¢sec F und xé B, mithin gilt X{Aq
stack « . Da stack N C.F, folgt X{A4¢ stack o/, also (A{x})€q, weil ¢
ST o({x]) gilt. Es folgt (A, BYegq, womit pog v <) realisiert ist. Damit gilt
FETp(x).
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5= "0 Umgekehrt sei 7 € rp(x), 50 gilt g, »€PD. Setze I : - {(FC X|
(XIF, (XD & Dy, x} 50 I8t HETH({X]) (da pyz, » eine Praproximitat ist, folgt
1 ist filtriert). Fiir Fe gilt (X{F, x4 pez, 0, d.h. X[F¢ sec (F, dalmt
folgt Festack i F.

4.6. BEMERKUNG. Aus dem bisher Gesagten folgt nun, daf jeder $,-Li-
mesraum einen kompatiblen symmetrischen topogenen Konvergenzraum
besitzt.

Genauer: Zu jeder S,-Limitierung « auf ¢iner Menge X existiert ein sym-
metrischer topogener Konvergenzoperater 7 auf X mit 7, = «. Wir be-
merken nocli, dafl bei einem topogenen Raum (X, T) die ,,unteriiegende”
Limitierung =, pratopologisch ist (vergl. [4], [11]). SchlieBlich hat jeder to-
pogene Konvergenzoperator 7" auf einer Menge X einen ,,unterliegenden
Hiillenoperator cl,, der fiir jedes A€ X wie folgt erklirt ist:
cly(A) = {x€X| 3N e T(Ax N}, Unter Beachtuny von Beigpiet 4.3
(i1) gilt nun, duf die Kategorie der topologischen Rawme isemprph (st zu einer
Unterkategorie der Kategorie der topogenen Konvergenzriiume.

5. Zusammenhang zwischen syntopegenen und topegenen
Kenvergenzriumen

5.1. BEMERKUNG. Ein Zusammenhang zwischen beiden in der Uber-
schrift genannten Raumtypen studieren wir zunédchst in einer allgemeineren
Fassung. Genauer wollen wir im Folgenden unter einer pscudosyniopogenen
Konvergenzsiruktur auf ciner Menge X eine Menge X von Syntopoformen
verstehen, welehe die Axiome {sK,) und (sK,) erfiiflt aber nicht notwendiger-
weise das Axiom (sK,) in Definition 3.7. (vergl. auch |7[). Analog heil3t ein
Operator T : X P FX) pscudofopogener Konvergenzoperator auf X, sofern
er die Axiome (tKy) bis (ti,) erfiillt aber nicht notwendigerweise das Axiom
(tK,) in Definition 4.1.. Wir liefern nun ein Beispic! eines pseudotopogenen
Konvergenzoperators, der kein topogener Konvergenzoperator ist.

5.2. BEiSPIEL. Setze: X 1= N{e=}. Fiir A¢DX definiere:
T=(A):= (((H e FX|Acstack H} falls = ¢ A

(N eFX|IECN endlich }fa115m A
E Aestackrd

5.3. SaTz. Fur einen pseudosyntopogenen Konvergenzraum (X, X)
setze filr A€PX: Ty(A):= {HFX|3QcK MG <), wobei Mp:=
= {NHA) e Q). 80 ist Tx ein psendotopogener Konvergenzoperator auf X.

BEwEIs. Zu (tK,): trivial.

Zu (tK,): Filr A\C A, sei eTx(A), so gibl es cine Syntupofmm
Qe X mit Mp' <. Nun gilt mit (¢f,) (vergl. Definition 3.1.) MY A
und damit folgt ML <</0; also ist KN ¢ Tx(A).
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Zu (1K) Sei AcDX; withle Q¢ X mit Q={I%} unter Anwendung von
(sKy); zeige: Ma<<{A}. Sei NHA)eMs fir teQ, so folgt {{A)C IX(A) und
somit gilt NH{AYD A.

Zu (tK,): Sei AcTx(2), so wihle Qe X mit MF<@. Da Q=Y
wihle £€£, so folgt NK@)e MG . Mit (tfy) in Definition 3.1. gilt @ L.

Zu (tK;): Sei HeTx(AUB), so gibt es eine Syntopoform Q¢X mit
aVB 3. Da O eine Syntopoform auf X ist, folgt a4, M5 sind filtrier-

te Mengensysteme ber X, und es gelten die Aussagen: MG ist Ty-konver-
gent gegen A beziehungsweise ME ist Tx-konvergent gegen B (vergl. Defi-
nition 4.1.). Es bleibt zu zeigen: M5y Ma<3. Sei (N{A)U(NIB))C
Eﬁ(}? i ﬁfg titr f, [€0, so existiert ein 6¢Q wmit fiy!{==5; mithin gelten die
Aussagen NH{AYC NE(A) und NB(BYC NI(B). Daraus folgt (NBANU(NS
(BNC {(NHANY(NIB)Y). Mit dem Axiom (tf;) in Definition 3.1. gilt »(A)N
N#BYC b(A| B); mithin crgibt sich, daB NaAY BYC NE(AYNHBY)C
C{NBANU(NHBY). NBAL BYeAZY® und umfaBt daher nach Voraus-
setzung eine Menge F L. Das bedeutet aber (N AN U (NI(B))estack .

Zu (tK,): Seien 1, (4,€ Tx{A). Wihle Syntopoformen Q,, Q,¢ Tx(A)
mit _ﬁlﬁlqﬁﬂl und .ﬂf_f_}z«@fz. Wegen (sK,} gibt es eine Syntopoform £2¢X
mit Q=0Q, 4 Q,. Es tolgt Hn <5, v Ao, <3, v ¥, Somit gilt F, v 3¢
Tx(A). Im AnschluBl bemerken wir, daB Ty das Axiom (tK,) in Definition

4.1, erfiillt, sofern fiir X das Axiom (sK,) in Definition 3.7. vorausgesetzt
wird.

5.4. BEMERKUNG. Aufgrund des eben Bewiesenen besitzt jede pseu-
dosyntopogene Konvergenzstruktur anf einer Menge X in naheliegender
Weise einen ,unterliegenden’ pseudotopogenen Konvergenzoperator. Wie
in Bemerkung 4.4. ausgefiihrt besitzt jeder topogene Konvergenzoperator
auf einer Menge X eine ,,unterliegende’ Limitierung. Wir weisen darauf hin,
daB ;. bereits unter der schwicheren Voraussetzung eines pseudotopogenen
Konvergenzoperators T eine Limitierung ist. In der Arbeit des Verfassers
(vergl. {71} wurde schon die ,,’X-Konvergenz" in syntopogenen Konvergenz-
strukturen eingefiihrt und untersucht. Wir geben hier die Definition wieder
und fragen uns, ob die X-Konvergenz in pseudosyntopogenen Konvergenz-
rdumen mit der oben genannten Limitierung tibereinstimmt.

5.5. DEFINITION, {X. X} sei ein pseudosyntopogener Konvergenzraum.
Ein Filter 7F iiber X heiBt X-konvergent gegen ein x¢€ X genau dann, wenn
es cine Syntopoform Q¢ X gibt, so daB fiir alle {€ 2({x})Cstack 7 gilt. Wir
sagen dann auch # ist K-konvergent. Setze x(x) = {(F|(F ist K-konver-
gent gegen x}fiir jedes x€ X.

5.6. Sarz. Filr einen pseudosyrifopologischen Konvergenzraum (X, X)
gilt die folgende Identitit: 1y = 2 (vergl. auch Bemerkung 3.10.).
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BEWwEIS: ,,=": Fiir x¢ X sei (F € rx{x); wahle eine Synholoform 2¢X
(vergl. Bemerkung 3.10.), so gilt A eTx({x}). Fur NHx}e MY mit
geeignetem {¢ 2 gilt mit Voraussetzung NH{x}Het({xHCstack (F, und damit
folgt (F €vp_ ().

»=" Umgekehrt sei :’}ErTx(x), so existiert ein A ¢ T ({x}) mit <.

Wihle eine Synholoform ¢ X mit ﬂg’«@i, so gilt ﬂg}«(}. Fiir {¢£2
und Bef({x}) gilt BD Ni({x})D FerF, und damit folgt (F €vx(x).

5.7. BEMERKUNG. Die in Satz 5.6. gemachten Aussagen bleiben richtig,
wenn wir anstatt | konvergente Filter | konvergente” Raster im Sinne von
CsAszAr (vergl. [3]) betrachten. Dies wollen wir nun im Folgenden tun!

5.8. SATz. Fiir pseudosyntopologische Konvergenzriume (X, X)), (Y, Xp)
sei eine Abbildung f.X Y konvergenzireu von (X, X)) nach (Y, X,), so ist f
konvergenzireu von (X, T,, Ynach (Y, T ).
) .

Beweis. Fiir AeDX sei H €T, (A), so existiert eine Synholoform
i

QeX, mit Mo, Da f konvergenzireu ist, existiert eine Synholoform
AeX, mit A=Q, Wir zeigen: M <fGl. Sei NKFIAYeAE? fir ein
i¢cA, so folgt I={; fiir ein 12, Da NIf[ADEI(f[A]), folgen die Aussagen
FANLAADIUfTAND) und [ flA])D A; mithin gilt /- [NI(f[A])]€
€t(A) unter Beachtung von (tf,) in Definition 3.1.. /[ NKf{AD]D Ni(A)D
DFcH, da Ma<. Es folgen die Aussagen f[f~{NUfIADIDSIF ef
und NEFTANDA A NIFIAD]] ; mithin gilt 22 < f1.

5.9. BEMERKUNG. Inder Arbeit des Verfassers (vergl. [8]) wird gezeigt,
daB konvergenztreue Abbildungen zwischen pseudotopogenen Konvergenz-
rdumen stetig beziiglich der ,,unterliegenden® Limitierungen sind.

6. Raster, die ”belichig kleine Elemente®* enthalten

6.1. DEFINITIONEN, (X, X} sei ein pseudosyntopogener Konvergenz-
raum. Ein Raster 2 iiber X heifit

(ty AMikroraster in X genau dana, wenn es eine Synfopoform Q¢ X so gibt,
daB fiir alle €2 ein Punkt x€ X existiert mit {x})<2;

(i) Pervinraster in X genau dann, wenn es eine Syntopoform Q¢ X so gibt,
daB fiir alle f€£2 ein Punkt x¢€ X existiert mit Ni({x})¢stack 2;

(iii) Cauchyraster in X genau dann, wenn es eine Syntopoform 2¢X so
gibt, daB fur alle {2 eine Menge R¢/R existiert, so daB fiir Punkte
¥, YER die Aussage y¢ Nf({x}) ecfiillt ist;

(iv) Toporaster in X genau dann, wenn es eine Syntopoform 2¢ X so gibt,
daf fiir alle /€82 und fiir alle Mengen Acsec 2 die Aussage NI{A)¢
stack 2 erfiillt ist;

(v) Csdszdrraster in X genau dann, wenn es eine Syntopoform 2¢X so
gibt, daf fiir alle {€Q2 und fiir alle Mengen A¢secR die Aussage 1(A)
<« erfiillt ist.



LR " DIETER LESEBERG

6.2. BEmERKUNG. Fiir einen pseudosyntopogenen Konvergenzraum
(X, X} ist offensichtlich ein X-konvergenter Raster idiber X ein Mikroraster
in X (vergl. auch Definition 3.5. bzw. Bemerkung 5.7.). Offenkundig ist
auch jeder Cauchyraster in X sowohl ein Pervinraster als auch cin Topo-
raster. Jeder Pervinraster in X ist ein Mikroraster und jeder Toporaster in
X st ein Csaszédrraster. Jeder Ultrafilter tiber X ist ein Toporaster in X un-
ter Anwendung von (sKj) (vergl. Definition 3.7.). Filr pseudosyntopologische
Koenvergenzraume sind sowohi die Begriffe Mikroraster und Pervinraster
als auch dic Begriffe Csaszarraster und Toporaster dguivalent (vergl. auch
Bemerkung 3.10.).

6.3. BEMERKUNG. Werden gewisse Symmetriebedingungen an eine syn-
topogene Konvergenzstrukiur gestellt, so wird im Folgenden bewiesen, daf
auch die Begriffc Pervinraster und Cauchyraster dquivalent sind.

6.4, DEFINITIONEN, (X, X)sei ein pseudosyntopogener Konvergenzraum.
X heiBt
(i) schwach symmetrisch, wenn gilt v DeXJle XK= ;
(i) punktsynumetrisch, wenn gilt: v 2¢X 3. IEXA =0,
(iil) synmumetrisch, wenn gilt: v !JgXE{/l € KA =10, (vergl. Resultat 3.6. (1)).

6.5, LEmMmaA. Jeder symmetrische pseudosyntopogene Konvergenzraum
(X, X) ist punktsymmetrisch.

BEwWEIS. Sci 2¢7¥, so existiert nach Voraussetzung eine Syntopoforn
e mit A=2,. Wihle nach Axiom (3K1) eine Syntopoform .t'e X mit
AT =000 Wir zeigen: A7 =02, Sei dazu eV, sogilt =N fiir geeignete
teLrund {c.[; mithin folgt = b, fiir bC L2 nach Voraussatzung Fiarf, 6¢8 ex-
istiert cin topoformcr Operator €2 mit {; b=h. Wir beweisen nun t'=/i,.
Fiir AeDX sei Bef'(A), so folgen die Aussagen Be{{A) und B<i(A), mithin
gilt Beh(A). Sei nun x¢ X mit x& X\ B; wir zeigen: X/ Ach{{x}) (vergl. Re-
sultate 3.4.). Nun gilt: X/AcbH(X\B), weil die Aussage Bci(A) erfiillt ist,
mithin folgt XFAE.-‘I(X/B) Da nach Axiom (if,) #(X/B)YC h({x}), gilt X[A¢€
ef({x}), und damit folgt insgesamt B¢l (A).

6.6. Lemma. Jeder punktsymmetrische pseudosyntopogene Konver-
genzraum ist schwach symmetrisch.
BewEls: Analog zum Vorherigen!

6.7. KoroLiag. Jeder symmetrische pseudosyntopogene Konvergenz-
raum ist schwach symmetrisch (vergl. vorangehende Lemmiata).

6.8, Satz. Fir einen sclowvach synunelrischen synlopogenen Konvergenz-
raum (X, X) ist jeder Pervinraster in ¥ ein Cauchyraster.

BewEls. @ sei ein Pervinraster in X. Wihie dazu eine Syntopoform
£2¢ X. Nach Voraussetzung ist & schwach symmetrisch, und somit existiert
eine Syntopoform 1€ X mit .1 =2 . Mit Axiom (sIK,) gibt es cine weitere
Syntopoform £ ¢ X mit Q' =12+ .1, Sei nun #’ E-- , so folgt &=, + I fiir ,€Q
and fe.t; damit gilt I=£,  fiir ein f,€0. Da 12 eine Syntopuform ist, wahlc

L1, s dab die Aussage 1,1, ={, gill. Da 72 Pervinraster in “& ist, gibt es
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zu f, cinen Punkt xe¢ X mit V(x> ReR. Fiir Punkte 2, yeR und Bef
({z}) zeige ye B {vergl. Definition 6.1. (iii}). Zunichst existiert eine Menge
Celfz}y mit Bet(C) (vergl. Resultat 3.4. (6)). Es gelten die Aussagen:
Cets  ({2}) und Befy(C). Da z¢ N({x}h), folgt x€ Ny ({z}); andernfalls exis-
tiert eine Menge D<cfz ({z}) mit x€X/D; daraus folgt X{{z}cii{x}} und
7§ X}{z}; damit giit zg "Hg({\}) was zum Widerspruch fithrt. Unsere obige
Argumentation fortsetzend, folgt sofort x€C; mithin ist Befy({x}). Da ye N
Niy({o}) folgt y€ B, und somit ist alles gezeigt!

6.9. BEMERRUNG. Raster, die ,,beliebig kieine Elemente* enthalten,
dicnen in der Arbeit des Verfassers (vergl. [7]) nun dazu, Kompaktheits-
und Vollstindigkeitshegriffe einzufiihren. Wir fisten unter Hinzufiigung
eines neuen Begriffes diese noch einmal auf.

Fiir einer pseudosyntopogenen Konvergenzraum (X, ) heift K

(i) kompokt, wenn jeder Csaszarrasier X-konvergent ist;

(ily t-kompaki, wenn jeder Toporaster “-kKonvergent ist;

(iit) prikompaki, wenn jeder Csaszarraster ein Mikroraster ist;

(iv) vollstindig, wenn jeder Mikroraster einen Adhdrenzpunkt besitzt;
(v} p-voilstindig, wenn jeder Pervinrasier eiren Adhdrenzpunkt besitzt;
(vi) c-vollsidndig, wenti jeder Cauchyraster X-konvergent ist.

Bei diesen Definitionen heiBt ein Punkt x¢€ X Adhdrenzpunkt eines Ras-
ters /2 iiber X, wenn gilt: Es existiert cine Syntopoeform Q¢ X, so daB fiir
jedes {02 die Auqsage H{{x}yCsec 72 erfiillt ist. Im Folgenden seien die ge-
nannten Raume syntopogene Konvergenzraume.

Aufgrund von Bemerkung 6.2. ist jeder kompakte Raum {-kompakt.
Beide Begrifte stimmen {ibercin, sofern % eine syntopologische Konver-
genzstruktur auf X ist. Jeder kompakte Raum ist prikompakt, wenn man
heachtet, daB jeder X-konvergente Raster ein Mikroraster ist. Jeder kom-
pakte Raum ist vollstindig (vergl. [7]). Jeder vollstindige Raum ist p-voll-
stdndig und jeder p-vollstindige Raum ist c-vellsidndig. Somit ist auch je-
der kompakte Rauni ¢-vollstindig. Fiir syntopologische Konvergenzriume
stimmen die Begriffe vollstandig und p-volistindig tiberein. Fiir schwach
symmetrische syntopogene Konvergenzriume stimmen die Begriffe p-voll-
stindig und c-voilstindig iiberein (vergl. Satz 6.8.). SchiieBlichi sind fir
schwach symmetrische syntopologische Konvergenzraume die Begriffe voll-
stiandig, p-vollstdndig und c-volistindig dquivalent (vergl. Satz 6.8.). Beach-
te, daBl in der genannten Arbeit {vergl. [7]) gezeigt wird, daB jeder prakom-
pakte und vollstindige Raum bereits kompakt ist.

7. Fundamentallkonzeptie in fopogenen Konvergenzriumen

7.1. DEFINITIONEN. (X, T) sei ein pseudotopogener Konvergenziaum.
Ein Raster /R iiher X heiBt

(i} Csdszdrraster in T, wenn gilt: ¥ A¢sec RITET(A) H < P;
(il} Toporaster in T, wenn gilt: v A¢sec @3 H ¢ T(AYNH estack 2.
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7.2. BEMERKUNG, Beachte, dai jeder Ultrafilter iiber X ein Toporasteyr
in T jst bei Anwendung des Axioms (tK;} in Definition 4.1.. Fiir einen pseu-
dosyntopogenen Konvergenzraum (X, X) ist jeder Toporaster in X ein
Csaszdarraster in Tx und damit erst recht jeder Cauchyraster in X (vergl.
Bemerkung 6.2.). Offenkundig ist jeder Toporaster in T ein Csaszdrraster.
Die Begriffe Toporaster und Csaszarraster stimmen in den minorisierten
pseudotopogenen Konvergenzrunien tiberein (zur Definition eines minorisi-
erten Operators vergleiche [6] und beachte Beispiel 4.3. (ii)). In Bemerkung
4.4, haben wir fiir einen topogenen Konvergenzoperator T die ,,unterliegen-
de* Limitierung v, eingefiihrt. In Ubereinstimmung mit den Bemerkungen
5.4, 5.7, , iibertragen’ wir diese Definitionen fir Raster. Wir sagen daher,
daB ein Punkt x¢ X T-Adhdrenzpunki eines Rasters /2 {iber X hei3t, wenn es
einen Raster (7 diber X gibt mit 2« (F und (F € rp{x).

7.3. LEmma. Fiir einen pseudotopogenen Konvergenzraum (X, T) sei
/2 ein Raster iiber X. Dann sind fir einen Punkt x ¢ X die folgenden Aussagen
Aquivalent:

(i) xist T-Adhédrenzpunkt von 2;
(i) 3 e T({x}) mit stack A Csec 2.

(i) impliziert (ii): Wihie einen Raster « 7 itber X mit @<«7 und iiF €
€rp(x). Es existiert Ale T({x}) mit M <=F. Nun folgt stack @ Cstack (F
C sec (FC sec/Z, so dab die Behauptung gilt.

(i) impliziert (i}: Nach Voraussetzung wiahle /4 ¢ T({x}) mit stack @ C
 sec 2. Setze (F {FNR|F e, ReR), soist 'F ein Raster éiber X, der die
gewlinschten Bedingungen erfiillt.

1.4, Savz. Fiir einen topagenen Raum (X, T) sei /R ein Csdszdrraster in
T. Dann sind fiir einen Punkl x€ X die folgenden Aussagen dquivalent:

() xist T-Adhdrenzpunkt von @,
(ii) e ().

BewEis. (i) impliziert (i): Trivial.

(1) impliziert {ii}: Nach Vorausseizung wihle unter Beachtung von
Lemma 7.3. 77 T{{x}) mit stack @ C sec 2. Mit Axiom (tK.) in Definition
4.1, wahle i+ ¢ T({x}} mit den dortgenannten Eigenschaften. Ziel: @+ «/®.
Sei Frel*, so existiert eine Menge E+C X mit den Eigenschaften E+¢
stack 7 und F*en{stack M| MeT(E*)}. Es folgt E*¢sec 2. Da 2
Csaszarraster in T ist, wihle '€ T(E*) mit ' =</2. Wir haben F* ¢ stack
A und stack A’ C stack @, was die Behauptung beweist (vergl. auch [5]).

7.5, DertxiTionNes, Fir einen pseudotopogenen Kenvergenzraum
(X, T) und einen Punkt xe X heit eine Menge UC X T-Umgebung von x,
wenn gilt: Ue N{stack [ e T({x)}. Setze: AU (x):= {UC XU ist T-Um-
gebung von x}, so heiBt @ (x) T-Umgebungssystent von x.
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7.6. Lemma, Fiir einen pseudotopogenen Konvergenzraum (X, T), wel-
cher zusaizlich das Axiom (tK;) in Definition 4.}, erfiilit und einen Raster
2 iiber X sind fiir einen Punkt x€ X die folgenden Aussagen dquivalent:

(i) Rezp(x);
(i) AU (x)Cstack 2.

Beweis. (ii) impliziert (i): Nach (tK,) gilt insbesondere
&= VI ET{xPe T({x}). Nun gilt &< stack & = N{stack A} c
€T({xp}; mithin folgt SCU{x), und nach Voraussetzung gilt U x)C
stack R; damit ist SCstack &, also 2 crp{x).

(i) impliziert (ii): Fir Ue@l{x) gilt UenNistack @[ HcT{{x})} =
= stack v {{#|N e T({x}}} = stack &. Nach Voraussetzung existiert 20«
€ T({x})y mit 3"« R. Da £« folgt H<<rR, und damit gilt U¢stack 2.

7.7. LEMmA. Fiir eincn pseudotopogenen Konvergenzraum (X, T), wei-
cher zusitzlich das Axiom (tKg) in Definition 4.1. erfiillt und einen Raster @
tiber X sind fiir einen Punkt xc X die folgenden Aussagen Aquivalent :

(i) xist T-Adhdrenzpunkt von @2;
(i) @AUp(x)Csec 2.

Bewers. Analog!

7.8. DEFINITION, (X, T} sei ein pseudotopogener Konvergenzraum,
T heiBt

(i) kompaki, wenn gilt: Jeder Csdszarraster 2 in T ist T-konvergent;

(ii) t-kompakt, wenn gilt: Jeder Toporaster /2 in T ist T-konvergent (vergl.
in diesem Zusammenhang auch die Bemerkungen 4.4,, 5.4, und 5.7.).

7.9. BEMERKUNG. Oifensichtlich ist jeder kompakte Raum f-kompakt.
Mit Bemerkung 7.2. stimmen beide Kompaktheitshegriffe in minorisierten
pseudotopogen Konvergenzriumen iiberein (vergl. auch Beispief 4.3. (ii)).
Fiir eine endliche Menge ist jeder pseudotopogene Konvergenzoperator kom-
pakt.

7.10. Satz. Fdr einen topogenen Rauwm (X, T) sind die folgenden Aussa-
gen dguivalent:

(iy T ist kompakt;

(iiy Jeder Raster R iiber X besitzt einen T-Adhdrenzpunkt,

BeEwErs, (i) impliziert (ii): Sei 72 ein Raster itber X. Wihle einen Ultra-
filter (F iiber X mit RCF; (F ist ein Csdszarraster nach Bemerkung 7.2.
und damit T-konvergent gegen ein x€X. Nach Definition ist damit x T-
Adhdrenzpunkt von 2.

(ii) impliziert (iy: Fiir einen Csaszarraster /2 in T sei x€ X eine T-Ad-
hirenzpunkt von 2. Mit Satz 7.4. gilt dann die Behauptung.
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7.11. Satz. Fdr einen topogenen Raunt (X, T) sind die folgenden Aussagern
douivalent : '

() T ist kompakt;

(i1) jeder Raster iber X besitzt einen T-Adhdrenzpunkt;

(i1} Fiir x€ X sei U cine T-Umgebuing von x, so gibt es eine endliche Menge
Emit X = J{Uy|i€E}.

Bewers. Nach Satz 7.10. sind die ersten beiden Aussagen hereits dqui-
valent. Wir zeigen, dall die Aussagen (ii) und (iii) dquivalent sind.

(ii} impliziert (ii1): Sei U, eine T-Umgebhung von x fiir jedes x£.X. An-
genomuen fiir jede endliche Teilmenge EC X gilt Xaq  {U,\xc E}; setze:
R = {X{U{U.|x€E}JEC X, E endlich}, so ist & ein Raster iiber X. Sei
z¢ X T-Adhdrenzpunkt von 2, so folgt mit Lemma 7.7, U, ¢ sec 2; d.h,
U.M{XJU= @5, was cinen Widerspruch zur Felge hat.

(iil) impliziert (ii): Angenommen es gabe cinen Raster 7€ iiber X, der
keinen T-Adhdrenzpunkt besitzt. Fitr x£ X sei F ¢ ()Y mit X{F >R 2
(vergl. Lemma 7.7.), so ist X{R, cine T- Umﬂfebung von x. Nach deus‘;et-
zung existiert eine encliche Teilmenge E mit X = U{X/Ry licE} = X[
{RylicEY. N {Ry |I€EYDRER, was einen Widerspruch zur Folge hat.

8. Anwendungen

8.1, Satz. (X, X) sei ein syntapologischer Konmvergenzraum. Fiir Ty konr-
pakt ist X prikompakt und c-volistindio.

BEweEls. Sei % Cauchyraster in X, so ist mit Bemerkung 7.2. 2 ein
Csaszarraster in Ty, der nach Voraussetzung Tx-konvergent gegen ein x€ X
tst. Mit Satz 5.6. ist 2 K-konvergent gegen x {vergl. auch Definition 3.5.).
Damit ist X ¢-vollstindig. Sel nun weiter 2 ein Raster iiber X, so gibt es
einen Ultrafilter \F mif R F. Als Ultrafilter ist . F ein Csasmrraster in
T'x (vergl. Bemerkung 7.2.) und ist nach Voraussetzung Tx-konvergent ge-
gen ein x€ X. Mit Satz 5.6. ist /7 K-konvergent gegen x. Somit ist /F ein
Mikroraster in X (vergl. Bemerkung 6.2.). Dies bedeutet jedoch, dafh X
prikompakt ist (siche auch [7]).

8.2. Satz. Flir cinen syntopologischen Raum (X, X) ist (X, T<) ein fo-
pogerier Raunt.

BEwEIS. Wegen Satz 3.3. geniigi es zu zeigen, dab T das Axiom (tK.)
in Definition 4.1, erfiillt (trivialerweise ist Ty erzeugt, vergi. Bemeikunq
im Beweis zu 5.3. Satz). Sei 7 € Tx(A), so gibt es eine Synlmlofm m 2e¢X
mit M a<<F; A bezeichne einen Erzeuger von X. Es folgen A = A2 (vergl.
Resultat 3.11. (iii)} und 1 =£0. Da ﬁZfeTI(A), sei nunﬂl(A)gﬁZf’.‘ fiir ein
ledd, so gilt {=1"% fiir cin F€.1 und weiter P'=<f fiir ein f62. Wir haben
N AYel{A), was die Existenz einer Menge EC X zur Folge hat mit den Ei-
genschaften E¢{'(A)und NHA)eP(E). Esfolgt E€HA), und dani{A)D F i,
gilt E¢siack 7.
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Sei M eTwr(E), so cxistiert eine Synholoform @ ¢ X mit ML « il
wir zeigen NI{A)estack M. Da A=, wihle £’ mit P=r, so folgt
NKA)er(E) unter Beachtung der Aussage NIA)el(E). Somit NE(E)D
o Fell, so daB NI(A)¢ stack X gilt.

8.3. Satz. Fiir einen schwach symmetrischen symopologischen Raum
(X, X) sind dic folgenden Aussagen dguivalent :

() X ist prikompaki und e-volistiindig;
(ity Ty ist kompaki.

Beweis. (i) impliziert (i): vergl. Satz 8.1..

(i) impliziert (it): Sei 72 e Csaszarraster in T, so gibt es einen Mikro-
raster A in X mit @« M, da X nach Voraussetzung prikempakt ist. Nach
Bemerkung 6.2. ist M ein Pervinraster in X, der wegen Satz 6.8, sogar ein
Cauchyraster ist. Da X c-vollstdndig ist, folgt M ist X-konvergent wund
mit Satz 3.6, auch Tx-konvergent. Somit besitzi @ einen T-Adhidrenzpunkt
gegen diesen ist @ Tx-konvergent unter Beachtung der Satze 7.4. hezie-
hungsweise 8,2.. Damit ist aber Ty kompakt.

Literaturverzeichnis

{17 Bounsarl, N.: Topelogie générale, Hermann, Paris (1948);
[2] Cook, C, H. and Fiscuer, H. R.: Uniform convergence structures, Math. Ann., 178
{1967), 250 — 306.
(3] CsAszAR, A.: Fourdutions of gencral topology, Mamillan New York (1963);
[4] FisHER, H. R.: Limesrdume, Math. Ann., 137 (1059), 260 — 303;
[51 LRSERERG, 1).: Afigemeine Stetigheiisstrukturen, Inaugural Dissertation, Freie Uni-
versitiit Berlin (1980);
(61 Lesgnerg, 13 Generalized Kuratowski operators!, Annales Univ. Sci. Budapest,
Sectio Mathematica, 29 (1986), 103 — 138,
[7) Leseecerg, D.: Syntopoformic spaces (Syntopogenous limit spaces), Quaest, Math.,
7 (1984), 30 - G3;
[8] LLeseacrG, [D.; Verallzencinerte topogene Ordnungen, Monafshcfie f. Math., 100
(1983), | - 20,
[9] MarNy, Tit.: Proximal limit spaces, Quuest, Math., 2 {(4) (1978), 443 — 452;
[10} Namiracey, S0 A and Warrack, B. D.: Proximil)y spaces, Cambridge University
Press (1470);
[11] Nee, L. D Initially structured categories and cartesian closedness, Can. f. Malh.,
27 (1975}, 1361 —1377;
[12] SieBCR, }. L. and Pervin, W. |z Completencss in Quasiuniform spaces, Math.
Ana., 158(1963), 79 -81;
[13] Ramacey, ). F.and WyLER, O.: Cauchy Spaces, L. Structure and uniformization
theorems, Yiath, Ann., 187 (19703, 175 — 186,

' Lorrection, On page 115 of {his paper the axiom (TO8) should be explained as
(TO8) A€PX and o€ T(A) imply there exists p*¢ T(A) such that for eath F*gg*
we can find EC X and £¢ T(E) with the properties Festack g and F¥¢

slack ¢,






ON SUCCESSIVE COEFFICIENTS OF CLOSE-TO-CONVEX FUNCTIONS
OF ORDER 3

By

M. M. ELHOSH
The University College of Walces, Aberystwyth, Wales

{ Received October 2, 1985)
1. Intreduction.

Let K{g/k) denote the class of functions of the form

(1 f@) = i Qg 1122

n=0

which are regular and satisfy the condition |arg Czf'(2)/g(z)| ==8/2 in |z| =1
for somie normalized starlike function g and some constant C. Then f(z) is
called close-to-convex of order § in |z|<1. It is known that if g=1 then
K{(B/k) contains functions of arbitrary high valence, but for 0=g=1, K{8/k)
contains only univalent functions and that K(1/k) is the ordinary class of
k-fold close-to-convex functions ([2], [7]). It is also known that if § = —1+
+mf2 (2=m=<oo) then, K(—1+m/2) contains the class of functions of
bounded boundary rotation at most zm which is usually denoted by V., [2].

In this paper we shall generalise recent results due to the author [3],
HamiLton [8) and LEunG [12].

We shall mean by Ak, ...) constants depending on k... and not
necessarily the same on each occurrence.

2, Coefficient difference

THEOREM 1. Let fe K(f) and (1) holds. Then for n=1 and k=1 we have
2+ 1/k (8=1),
g1} — |G| [ = A(B, &) {n‘“‘l‘”‘, ©=f=<1).

The function f'(2) = (1+ 2081 —22K)F+ 1k shows that these estimates are the
best possible.

We note that some related resulfs have been obtained by several authors
(see for example [3}], [4], [14]and [15].

5 ANNALES — Sectio Mathematica — Tomus XXX,
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Proor of THEOREM 1. Since ihere is no loss in generality by assuming
C = 1 in our case then we may, in view of {2] and [10], write

(2) '(z) = 2@, 28°(2) = g2)G(E)

where g(z) is k-fold symrmetric and starlike and |f’(0))=(g’(0)| =1 so hat
Re p(2)=0, ReG(2)=0 and |p(0}| = |G(0)| = 1. Now following [5] we set,
since g(2) is starlike, g(z) = w(z*)¥* and deduce from [6, p. 193] for a fixed
z, and all z such that |2}"= |2, = r that

(3 |2 =24 |V |g(2)| = (12" = 2] 1y Y Ve (2r2 (1 —r2)u,

We now prove the case §=1:

We see from (1) and (2) that
E_ Sk i ’ — (kK __d_ —
@ —2) -~ f @) = " —2) -~ (e@)r(2)

= — a2k + Z [((” — Dk + l)za(n—l)k-{-l — {1k 4 1)°2 @y 44 )27

n=>0

Applying the coefficient formula to this we deduce, by (2), (3), setting
r = [((n=Dk+ D)/(nk+ L)%, that

@i | — | B irear | | =
2n
s " 1 2 s 270
=A@ max (|2~ 4] 2@ [ [ [p@1+- 2 1)) a0 =
zl=r 2% 1—rk 1 —rk
bt

= Ak, B){n*(1 —r*)ptVk< A(k, B)nf-2+Vk

as required, where we have used the distortion thesrem and MacGregor’s
inequalities [13, p. 373].

To prove the second part we see in the same way from (1) and (3) that
the coefficients of the expansion (2% —2¥)f'(z) are subject to the inequality

i1 — itk

2n
Alk, ,
nsa| = |@—pis | = —('é)—f | p(ret®)|P dO = Ak, fn—1+1k,
0

since the integral involving p is bounded above for 0=8<1. This completes
the proof of Theorem 1.



ON COEFFICIENTS OF CLOSE-TO-CONVEX FUNCTIONS BT

3. Robertson’s Conjecture

THEGREM 2. Let f¢ K(#) and (1) hold for k = 1. Let aiso
(+25(1 =24 = 3 A (B)e".
n={0

Then for n=1 and g =1 we have

@ | fan| = (1= 1} @] = Ay(B)-
If 8 = 1then A (I) = 2n—1 and this is due to LEung [11]and HamiLToN
(81

Proor of THEOREM 2. We see from [2], [I1]and (2) for ¥ = 1 and some
£ such that |& = I, that

(5) (1~ a)f'(2) = ((1 - &R @2)p(@) <L +2)F{(1 —z)***

where <« means that if 2b2"«<2C 2" then |b,|=C, as in {{2], [7], [10]).
Theorem 2 is now an immediate consequence of (5).

4. Remarks

1. The case whether (4) holds for 0=g =1 remains open. However one
can use [16] (see also [2, p. 8]) to deduce, as above, that

ln|a,| —(n—D|a,_,||=2n8—1 for n=1.

2. Replacing 8 by (m/2)— 1 in the above results we obtain the analogous
estimates for the class V,, defined above.

3. It is clear that both theorems give partial answers to questions raised
ir [1], [4]and [9].
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1. Introduction

An interesting theorem bearing on the conjugate trigonometric Fourier
series of a function fis the following theorem, due to F. LukAcs [1] (see also

(2], [3])-
TrEOREM. [f f(xo +0) exist, and if f(xo+0)—f(x, —0) = &, then for the
partial sums of the conjugate frigonometric Fourier series the following is sa-

tisfy: i
lim (Snf ) (%) = ;d
n—w logn T

The theoremt yields an interesting means of determining the jump of
the function f. '

In this paper we give an analogue for this theorem in the Walsh case.

| express my acknowiedgements to Professor F. ScHipe for his useful

advices and for his attention paid to my work.

2, Definitions and preperties

We recall some definitions and properties of Walsh functions.
let r, be the n-th Rademacher function. For any nonnegative integer

n, with n = > 02/, n; = 0or 1, the n-th Walsh function is defined by [4]
j=1

w, = JT r’;;‘.
j=0

i i = |xi—1]
lfx= > -“—andt=> —, x;,{; = Oorlletxft => ‘==,
o 2+1 :Zé) 2i+1 - ZE:) 2i+1
Then w (x £ 1) = w (x)w,(f), whenever x 1.1 not belongs fo the set of dyadic
rationals in the interval [0, 1).
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The Walsh-Fourier series of an f¢ L1[0,1) is the Walsh series

8f= > Fkw,
k=0

1
where fA(k) = f J(Dw,(t)di are the Walsh-Fourier coefficients.

0
The n-th partial sums of this series will be denoted by
n—1
Snf = Z f(k)wkr neP = {l! 2 .. '}‘
k=0

Notice for n€ P and x¢[0.1), that

L |
(S SHx) = ..21 [ f f(t)W.(t)dr] w(x) = f J(OD(x 3 i,
k=0 0 3

=i
where D, = > w, is the n-th Dirichlet kernel.
Km0

Let A, = {neN|2"=n<27%}, (eN = PU{0}, «¢[0, 1) with binary coef-
ficients (a,, (€N}, The conjugate series S/ for fixed « is deline as

Sefe — 3 flmw,+ 3 flw,,

nEP(a) nEN(u)
where Py = U A; and Ny = U A,
;=0

a;ml

An clementary calculation shows, that the conjugate series Sef can be
written in the following form

Sofm 3 (= DA,
k=0

where A, f = E, . f— E.f (keN) and E, f denotes the 2*-th partial sum of the
Walsh-Fourier series of f. The 27-th partial sums of this series will be denoted
by
-~ n-—1
Sgef = Zo (= Dywdy ]
k=

Then

M o) = f SODse(t 3. x).
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where
— n—1
(2) Dgn = > (= 1), Dok
k=0

is the 27-th conjugate Direchiet kernel.
In the following lemma we give a pointwise estimates for the 5;,..

Lemma 1. If xe(0, 1) and neN, then

- 2
{3) | D3nfx)] ==,
X
. n—1
ProoF. From (2) |Din(x)| = 30 Dok(x). We choose j¢N such that
=0
277 = x <277, "
Since
2k if Q==x-=2"4
4 Dok(x) = 3 == H
) () {0, otherwise.

- -1 .
Then |Dga(x}} = > 2% <2/, Since 2/ < -?--, the proof is complete.
k=0 X

From (4) it follows that, in the case x =0, the series i“ {— D, (x)Dok{x)
k=0
contains only a finite many terms not equal to zero.

COROLLARY. If x50, then there exists D*(x) = lim bgn(x) and | Do(x)] =

2
.:_-
X

in the next lemma we give an upper and lower estimate for the conjuga-
te Lebesque constants by using the variations

n—1
Vi(e) = D fay—oysy| +oy (1€P)
k=0

of the sequence « = (e, K€N).

Lemma 2. There is an absolute constant ¢ = @ such that

5) WV (a) -2 = f | Do)t =2V () +2 (neP).
4]
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Proor. In the proof we shall use the following identity fot the m-th
Walsh-Fourier kernel:

n—1 n—i I__ _1 iy
WD = 3, M Dy = 5 D™ g
k=g k=0
n—=1
where m = > m 2% m, = 0 or 1 (see [4]). Then
k=0
1 n—1 I n—1
(6) Wl = = D 1Dk ——— 0 (= 1)1, D
2 izo 2 oo
Since
2“—1 n—128+1_

from (6), we have

1 1 -}
WoDp = —(Dan—1)— — > (= )™ Dy
2 2 o
Thus on the basis of (4) we get
1 i

1
m—1
2f]Dm|—2§ S (— 1), Do §2f|Dm|+2-
k=0
o 0 0

1
The Lebesgue constants L, :f|Dm[ can be estimate by the variation
b

m=1
Vi) = 3 lmy,—my| +my
=0

of the number m in the following way:
¢ Vimy=L,=V(m),

n—1

where ¢ is an absolute constant (see [4]). Using thisformulaform =3 «,2*
k=0

we get (5).

3. Proof of the theorem

To formulate the analogue of Lukacs’s theorem we consider the charac-
teristic function of the interval [0, «),

Fu = xl(}r ) GCE[U, l)
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The Walsh series of F, is
N Jlaw,.
k=0

where J, (o) represents the indefinite integral of w, for k<N (see [4]).

For the Walsh-Fourier coefficients f,(«), we have

(7 Jakij(o) = wila) J#(x) (0=j<2% keN)
and
(8) 2R o) = Ji(2*a) (k€N, «=0).

The m-th partial sum is

o

(SuF) =3, Jomx) = [ Dyt 04

On the basis of (7) the 27-th partial sum of the conjugate series of F, can be
written in the form

af_

(SgaFa)(x) = ni (= D)dyf = RZ;, (= 2, Jokej(owal (%) =
2o i=0 j=0

=3 (= () (o) Das( 0.
Hence by (4) and (8)
BenF (o) = :2; J(2%2),
Let

n—1
(9) An(a) = 3 Si(2ka).
£=0
Obviously, since Ué_]l(x)‘é% for each x€{0, 1), 2,(x) = O(n).

In the next lemma we give an upper and lower estimate for A () using
the variations V(o).

Lemma 3. For fixed « [0, 1], we have

(10) 3 (V@ - =4 @ =V, (a) 1.
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Proor. Using the binary expansion of «,

=2 g (x =0 or 1, jeN),

and Abel's transformation, we have

""G'.

(tn 2“_

For the function J,

e if =0,
Jle) = {1-&, it =,
hold, Applying (11) for « and
e -
- = 2 py

we get

and consequerttly

Fj+r— Fjag—1

Sy = (=t 2, M

From (9}, we have

Ala) = Z Z |40 = ;+;¢ 1 :ngl[[§k+

k=( f=

n‘_‘l n—k Ja,l-l-k_“j'l-h 1| n n—j
b Z 57 2 Z |°‘,i+s;_°‘;-c-k 1|

h=0\j

]I“;-m Rtk 1| ]

'—n E+l

+ 1=V () Z —_-|-l =V (a)+ 1.
=1 2
To find a lower estimate for 4, («), we define the function G as follows:

;
¢, f0=a<— or —jr":m-d:l

r(“)‘ll. L 3

and let Gz} = G(a+ 1) (e=0).
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Then G can be expressed by the digits of « in the following way:

G(oc) — ‘_x_tlﬂl_ _ t“1‘%| .

4 4
Obviously G(a) = fy(«)(«€[0,1)) and consequently

|¢k+14— *1;;| _ G(2"m)§]1(2"a)-
Therefore,
n—1 n—1
o) = S [z G(Z"oc):;%(vn(a)— ).
k=0 k=0

Thus the proof of the Lemma is completed.

The sequence (2(x), 7¢P) and the Waish conjugate series S*f canbe
used to determine the jump of the function f at the point «. Namely the fol-
lowing analogue of the Lukacs’s theorem is true.

THEOREM. Let € [0,y and lim V, (o) = + . If f has a jump d af « then

H-—reo

(S5
S e

Proor. First we suppose that 4 =0, i.e., fis continuous in the usual
seitse at «. Then we have to show that

m -0

We may suppose that f(x)=0. Then for every e= 0 there eixsts a dyadic
interval T = [8, y) with lenght 2-% containing « such that | f(f)| < £ whenever
tel.

Wehave by (1),

G fro g fofoforone

To estimate /, we use
(fa)
| f t D

" L MO
Using (5) and (10), we obtain the foliowing inequality
1| = Be(V (@) + 1)
== 7

(Vn(a')_‘ ])

where K is an absolute constant.

|||"'

f |Bantt 1.2
n(a)

=K,
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To estimate I, and I we consider

ﬁ —~
Den(t fw
n=|f f(f)-~—-2 D | = f 1 Pt

. e 2 2
(12) |IDa(f )| = —— = —— (0=i<p).
l1a 2-s

Using (10} and (12) we obtain

)= (v,,()—l)ff(”

Since lim V, (x} = + o, then | 1;| tends to zero as n— .,

—-ca

In similar way | I,| tends to zero as n—+ . Therefore

(S5l
lim ————— =
e ()
The case d=0 can be reduced to the preceding one by considering the
function g = f+dyo, »-

Then g is continuous at = and consequently

S EEND | (SFae)

7 R W % S W

tends to zero as 11— oo,
Since from (9)

(SsnFa)(e) = Au().

This completes the proof.
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0. Introduction

Authors [1] proved existence of solutions for a gquasi-linear eguation
in a bounded domain 2 of R" with quadratic growth conditions, by giving
L=~-estimates for the approximate solution.

The aim of this paper is to prove existence of weak solutions for a non-
lirear equation in an unbounded domain 2 of R® by using methods which
are analogous to [1]. Further we extend the result to prove some results on
stability of solutions,

AckNOWLEDGEMENT. The author is thankful to Prof, Dr. LAszLd
Simon for useful discussions and suggestions during the prepartion of this
paper.

1. Existence theorem

Let € be an unbounded domain of R” and 942 be its boundary which is
bounded and smooth, The following type of problem is considered.

(1.1) —z

(1.2) u = 0on ga.

Here ¢;'s are considered as functions of x belonging to @, as well as of
1€ R, and EcRn. The coefficients ajs and «, satisfy the under mentioned con-
ditions, called Carathéodory conditions:

(1.3) (n, &) a(x, n, &) are continuous over RXR" for a.e. xe 0.
(1.4y  x—ayx, n, &) are measurable over Q for all n¢R, §¢R",
(1.5) a, is measurable in £.

= 0in £,

Further we suppose that 3 a constant ¢,>0, a function ¢,€ L*(2) such
(A) la;(x, 0, I =ey(in] + 15 1+ (x);
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(A,) Z [a:(x, m, &) —@;, 1, E(E —EM) =0 i 726,
i=1

there exist constants »= 0, »,=0 and » = 0 such that

n
(As) 2 alx, m, B =v|E%, ny=ay(X) =y
i=1

(A‘!) ai(x: U E) - &f(xl ’?!) E+(If(x: ™ E):
where &(x, ) and g,(x, n, %) satisfy Carathéodory conditions, a,(x, ») is
bounded if |4 is bounded an |g,(x, , )| = §,(x), where §,€ L*((2).

The other non-linear part f is such that f{x, %, £) is a Carathéodory func-
tion and following conditions are fuifilled:
(AS) f(x! i E)’-‘?ZO,
(Ag) 1166, 0, ) = X)) 512,
where o€ L=(2)N L) and &: R¥ -~ R* is a monetone function. Here we
supposed that f grows quadratically in its variable £ (= grad u).
(A We suppose that the original equation can be expressed in the foilow-

ing form: )
Pu+Q(u) = —fin QcC R,

where P is an elliptic linear operator with constant coefficients;

1]

Quy= -3 aﬁaﬁbf-(x, i, grad wy+ by(x)
i=1 OX;

is such that the functions b,(x, 5, £), by(x) are zero if x1s out of the compact

subset K of 2.

Further, assume that for 1€ L=(£2) all the weak solutions of Pu+Q(u) =
= h belong to Lig(£2). (This assumption is satisfied e.g. if Q is linear with
sufficiently smooth coefficients, See: Comm. Pure & Appl. Math, 12 (1959),
623 —T727.

Before formulating the main result of this paragraph we prove the follow-
ing lemma.

Lemma 1.1. Let fi¢ L=(82) with the property that h(x) = 0 out of a
compact set of R?. If u€ H}(£2) is a solution of Pu+Q(u) = h, then

lim  u(x) = 0.
Proor. We may write Pu+Q(u) = h in the following form: Pu =

= h—Q(u), and we put v = ii—()u). Further we define a function ¢ Cq (R")
such that
1 for |x| large and

0 in a neighbourhood of R0,

o) =
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Let u:= yu, then P = ¥ in R", where v is a distribution with compact

support, Since
Plyu) = p(Pu)+ 5 0% - U,
=

Pu = v and vis a distrubution with compact support. Here we also note that
the second term will have compact support as well, since d*y = 0, when
w(x) = 1, {a]=1 for |x| being large. Further Pi = V=1 = vk E, where
V= dg such that g€ LYR™), supp g is compact. In the convolution above the
second term E denotes the fundamental solution of P. Thus we may write

1= dgxE = g% ¥E,
and
ax) = f »FE(x—y)-g(y)dy.
)

Therefore for x¢ K we have
|u(x)| =sup [ E(x—y)| - f lg(¥) dy.
YEK K

This implies that i(x)~0as |x| — = and u(x)~0as |x| -, since
sup |*E(x—y)[+0 as x—+ =
yeK
because by (Ag) P(E)=0 for E¢R™.
We state following theorem:

THEOREM 1.2. ff the hypotheses (A)—(A,) are salisfied then there exists
ue Hy(S)N L= (82) such that for an arbifrary test function pe Cy(0),

(1.6) 2 (a:(x, u, grad u), 3)‘-("—>+<a0, g) = {—f, o).
i=1 i

To prove the above theorem, for an arbitrary == 0 we define a function
by f )
x, L
fo = s m ¢ 700,

1+elf(x, m, £)]
where ¢ Cy (R") with the property for [y[ <1, 9(¥) = 1. Then we have

e, 70 &) = £, B E{-ﬁ(ex).

Now we consider a sequence of functions u, which belong to H}{{2) and
satisfy
29
(17 -> T[a,(x, u., grad u.)]+ agtre + f(x, u., grad u,) = 0.

i=1 X
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This problem has solution in H§($2) according to [3]. We know that u,€ L=
(£2) by lemma 1.1 and the known local estimates (see [7]).

Consider z, = g, —-M, equation (1.7) changes to
Yo
a, 8
(1.8) - ?[ai(x’ U, grad 2.)]+agz. =
=1 i
{ %, i, grad 1) — g2 C"(x)]
Yo

We prove following lemmas.

Lemma 1.3. Under assumptions (A,) —(4A,), the solutions of the equation
(1.7) are bounded in L>=-norm.

PRrooF. Since [|us(x)||L=¢y) < =, therefore we may write bl|lu.(x}|L~w =
= C,.

By (A;), (Ag), the right hand side (r.h.s.) of (1.8) can be estimated #3
follows:

~flx, ., grad u,)—a,(x) SUp co(x) =sup ¢o(x) +
¥y
10|12, ]) | grad 10.(x) |2 — agfx) 2P o).
1’0
Or
(19 —fx u grad w)—ag()- L =c, - |grad ()]

g
where M = sup ¢,(x).
We define ¢, = e.-2F, where 2% is the positive part of 2, & = exp
2

(A]zF1%), and 2, = % Then ¢, ¢ FIl(£2) since its derivatives belong to 1.2(2)
sup cofx M

and at the boundary z' = 0 since 2 = —pv—']() = - ‘v—‘o o
0

9§2. By g. we multiply equation (1.8) and integrate over 2, then we get on

left hand side (l.h.s.):
0z 2
(1.10) 2 f a(x, 1., grad z,){e, va—w+27{ges 27| 335;} f Ag2L:2Y .

II_Q

Thus by (Ay) and (1.8), (1.9) we have
v e|gradz} |2+ 20 | ez |2 |grad 7|2+, | ec|zd|2= [ c.|grad z}|%.z;.
/ / [elr=]
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where for right hand side by Young’s inequality we have
2
fc£|gradz:|“e,z:_1feg|grad z:[2+&-fe,|'z;‘|2igradz:’|”.
2 25 2y

Consequently,

(1.11) elgradzt |2+ A | 2,2} |2|grad 27 |2 + v, | €|z |2 =0,
T / |

€

292

Since ¢, = exp(A |z 1Y) =1, thus from (L.1h)it is clear that 2z} =0,
i.e.z,=0, u,= M/, Similarly can be proved that u,= —M/v,.

where we used A, =

Lemma 1.4. The solutions u, are bounded wiih respect to the norm of
(1( )

ProoF, Since |1} = M/r,, this implies that b(]u,(t)l)-r_:C where C, is a
constant. We consider ¢, = E,u,, where E, = exp (Auf)=0and 1 = c”a’sz
Clearly . € H}($2). Multiply equation (1.7) by ¢,, integrating by parts we
obtain
n ou

a.(x, u,, grad u)2AEu; —=+
2 f (%, s, grad u,) ™

au.

2 fa,(x u, grad u.)E,

(1.12) +fauu,E,u, = —ff,(x, U, grad u)E ..
2 irs
Using (A;), 1.h.s. can be estimated by
(1.13) vf E.|grad u,f2+2iuf5,]uz 2l grad u.|’+v,,f E.|u.|?
1] i el

r.h.5. can be estimated as follows:

—f |f(x, ue grad )| E.|u.] sf |fe(x, 1,y grad w)|E:|u| =
o o

= [ (600 +6(|u(x) )| grad u(x)|*IE. ||,
or

—ff,(x, u,, grad u,)EEu,s—fisup Eefc,,(x)dx-{-—;- E |grad u,{®+
o ¥ o

o

(1.14) 1o,
— [ GE.|u,)?|grad u,[%.
+2vfc4 et 2| grad u,

0

8 ANNALES = Bectic Mathematica — Tomus XXX,
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Using (1.13), (.14}, (1.12) changes to

g (
v
— [ E.lgrad u.|*+ v | E.jgrad u.[Blu,|*+ vy | E|u.{?=
7] / /

(1.13) ﬁ:ﬁsup E,,.ffu(x)dx.
2

Vo
Hence
feell ;2 1) = constant.

We have proved that u, is bounded in H}(2) which implies that there
exists a subsequence of i, (again denoted by u,) such that;

u.—~u in HY(5)
weakly and
—~u ae in 0, u,eL7(Q).

Lemma 1.5, For the above defined sequence;
u.—~u in H(Q2) strangly.
PRrOOF. Let us consider functions u, = u, — u belonging to AN L~(Q).
Putting these functions in (1.7), we obtain

(1.18) Z fa,(x, u, grad u+grad i) -—+fa0u.¢, -

I

= _ffc(x, u,, grad ue)kﬁx—fﬁfoﬂﬁn
a 4]

— _ _ _ 2
where 7,6 Hi(2), g = Edi. und E, = exp (1), 1 = _2(.: . Using (A,} we
v
obtain
n a'
a,{x, 1, grad U )E, + > 22 | a,(x, 1., grad ,)E, it +
zgf{ g )szf( g .),ax

iml i i=1 i

(17 + Z fa.,u,E = —ff,(x, u,, grad n,)E‘cﬁ‘—faouE‘",E,—

"Zf

f=1g i x‘

— i“ <3—i 1g:(x, u., grad u + grad @) —
=1 X,

- q!(x: i, gl'ad Eg)], Eeﬁg>
(2-1¢2), =iy
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Using (A,)}, 1.h.s. can be estimated by

(1.18) va,[grad ﬁ£|2+2"7;vff,',ﬁﬁ|gra:['ﬁg[2+vuf£‘.ﬁ§;
2 2 n

further, by (A)

— [ 17.66 1 grad w)[Eofuac| = [ [[co(x) + 2¢,]|grad u{*]EZ+
i o
(1.19)
¥ op= . 1 — _ _
+— [ E,|grad it.|2 + — [ E.(2¢,)%i%|grad 1, |2,
zpf |grad | 2vﬂf(‘,) |grad 7|

where we have used following inequalities:

(i) |grand u|*=2|grad u|®+2|grad u,|*
and
(i) ab={ea)*/2 +(b/e)*/2.

Using (1.18), (1.19), (1.17) changes to following form

v o I — —

— [ E.|grad w2 +2v | Eji?|grad |2+ v, | El =< [ e, (X)E.|u.| +
o) / Jre=]

[ @edlgrad Bl = 3 [ 4 ) graa w2
X

i=1l g {

P =, Ol
1.20 - s 2 a,(x, u, d uE. u? ——— g
( ) !_‘__..JI f 1‘( )gl'a 5 ‘.

+ Z'; f 19,(x, 1., grad u+grad Z.) — g,(x, 1. grad u,)]E. g[:‘ +

i=1g ¥

22 f [9.(x, &, grad a + grad &,) — g,(x, U, grad u,))E iu? gu.
£

M:

+

i=1 X;

— f aguEi,.
12
We show that all terms on r.h.s. tend to zero. This will certainly imply
that L.h.s. tends to zero in L%norm. This will prove that u,—»u in HY{Q)

strongly. Since 4, —~u a.e. in £, i, is bounded in L=(£2) thus by Lebesque’s
dominated convergence theorem for the 15 and 27 terms

JeoE@ + [(2c) |grad u|*E.ii] ~0,
fod E7)

B*
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because ¢,€L}(Q) and |grad u|2€LYE), E, is uniformly bounded. Further
u, —~u in H{({) weakly implies that g-’i{-‘- —~0in L2(Q)yweakly. By (A,) a,(x, 1.)
4

is bounded in L=(£2}. Thus the third and fourth terms in the right of (1.20)
converge to zero. Similarly, by (A,) also the last terms in the right of (1.20)
will tend to zero.

Proor of THEOREM. By the preceding lemma #, converges to u in
Hy(&) strongly. Thus grad u,—grad u a.e. in Q for a subsequence. We know
u.—u a.e. in 2. Consequently,

Jilx, u,, grad w)—~f(x, i, grad u)a.e. in 2.
Since
|felx, tte, grad a)| =co(x)+ b(| 2(X)]). |grad u(x)|?,

where ¢, € L), b(|ux)])=¢c, and {grad u,(x)|? is convergent in LY({2); thus
by Vitali's convergence theorem

(1.21y felx, u,, grad w)—f(x, u, grad u)
strongly in L'-norm. Further by (1.3)

a;(x, u., grad u.)—~a,(x, u,grad u)a.e. in 2.
Thus from (A;) and Vitali’s convergence theorem it follows that
a4,(x, U, grad u.)—a,(x, i, grad u) in L3(02).
Hence from equations (1.7), (1.21} one obtains as £~0 that u satisfies the
equation (1.6) for any pccy(£2).
2. Stability of solutions

The following type of non-linear differential equation is considered:

@n — i % [a¥(x, u¥, grad u*] + afu* + f(x, u*, grad u¥) = O in Q,

i=1 i

(2.2) ut =0 on A0,

Here a¥’s are considered as functions of x€ 2, ¢R and of £¢R". They satisfy
Carathéodory conditions, i.e.

(2.3) (n, &—~a%(x, n, &) are continuons over RXR™.

(2.9) x—~ak(x, n, &) are measurable.

We assume that af is measurable in 2.
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Further we suppose that
(A)Y 3 aconstant ¢, >0, a function ¢,€ L*) such that
|ai(x, m, f=cil[n] + 1&]] + colx);

n

(Az) > lak(x, m, &) —al(x, n, EN](&—EP) =~ 0 if £ 5

i=1

(Az) 3 constants »=0, »,> 0 and »,>0 such that
n
> af(x, m, £} =9 [E% vo=af(x) =,
=1

(AyY ak(x, m, £} = @¥(x, nE+4x, n, &),

where of, gt satisfy Carathéodory conditions, @ is uniformly bounded if {5
is bounded and also we have

lg5(x, 1, &)| =G where 3¢ LY().
The second non-linear part f* satisfies:
(Asy S, m, &, 1=0,
(Ag)’ |4, m, )l =co(x}+8(|91)1 1%,
where ¢, ¢ LA(EHNL=(L2) and & is a positive monotone function.

(A;)Y Let ussuppose that the original equations may be written in the

following form:
Pad+Qu*) = —f*in QCR”

where P is an elliptic operator with constant coefficients;

Py =~ —;— bE(x, uk), grad i) + bi(x)uk

=1 !

is such that the functions ¥¥(x, n, &), bi(x} are zero if x is out of a compact
subset K of .

Further for e L=(£2) all the weak solutions of the equation
Pra+Qku) = h
belong to Ligc (9).
(Ag¥ If & 80, g o
then
ai(x, nf, §Y--alx, 7, &),

a§(x) ~ap()

and .
fk(xr nk’ §k)= _,_fo(x, "?“, &o)'
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THEOREM 2.1. We assume thal the conditions (A,) —(Ag)' are satisfied
and u*€ HY(YNL=(£2) is a solution of equation (2.1). Then there exists a sub-
sequence (6%} of (u*) such that (1) converges in H{(Q) fo a solution u®c HY($)N
NL=(Q) of
23 -3 Bi [af(x, u°, grad u®)] + o)’ + fo(x, u® grad u%) in Q.

i=1 xj

ProoF. We have a sequence of solutions u*¢ H}(£2) of the equation

- i ai [ak(x, u¥, grad u¥)] + af(xju + fi(x, uk, grad u*) = Oin D'(Q).
i=1 i
2.6)

First of all we prove boundedness of u¥, ie. ||W¥||L=y=M/v, where
M = sup g,(x).

Let us consider a function 2¥ = u*—sup ¢,(X)/», and put this value in
(2.6) then we obtain

> ;a_ [afCx, ¥, grad 28]+ afzk = — fA(x, o¥, grad u®)—af sup c(x)fv,.
i=1 0X;

(2.7)

According to assumption of theorem 2.1,

ekl gy = =0

and so we can define constants ¢* by
[6(r )y = X,
R.h.s. of (2.7} can be estimated as follows:

— f¥x, u*, grad u*)— ak(x) Sup o) =sup cg(x) + b{ |u*(x)| )| grad u(x)| —

p

— ak{(x) SHP. C"-(JQ-_: ck|grad o*(x)|* = c*|grad 24x)|? a.e. in Q, af=v,.
Yo

Let gf — ek(z4)* where (2%)* is the positive part of 2% — ye— SUP &l

g
¢ = exp {#|z¥| *2 and 2% = (¢*)*/,»* is a constant. Then ¢ € H}(Q)since the
derivatives will belong to L2(£2) and at the boundary (z¥)* = 0 as

o Supgly M

Ya ™
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on 8Q. Furthermore, on L.h.s. after multiplication with ¢* and integration
over {2,

n 2%+
al(x, ak, grad 2"ed -—— 4
> [ ettt grad 296 =

i

; +
ai(x,u*, grad zK)2akek[(2*)+|® i(;l + f akzhel(zyt =
X; 7

!

= f | grad u(x)| 2 @) *.
Lr

-+
NAE
Rt

Using (A;)’ we have
v [ e¥|grad @) |2+ 20 [ €|(29)* [2igrad@)* 2 + v, [ ex| @)t |2=
2 o o
(2.8)
2
=2 [ elgraa @y 12+ S8 [ @+ el grad (y+
o L]

where we have used Young’s inequality. Therefore, we obtain:
(2.9) %fe"[grad(z"‘)+|3+,1"vfe“|(z")+|2|grad @)+ 12 v, [ &)@ 20,
2 i} 4]

where A = (¢*)*/ 2. Since ef=1, thus (Z)* = 0. It follows that 2*=0,

M
u“——ﬂ—fﬂo. Similarly it can be shown that u*+ —— =4,
vy Yy
Next we show that u* is bounded in Hy({2). We have proved that
|z ()| .=y = constant. Therefore b(| uk(x)|)=¢,, where c;=8(M/x,) is a con-

stant. Consider p* = E*u* where E¥ = exp (M{u")*) 1 = ;32. Obviously
¥

P* ¢ HE(€2). Multipling equation (2.6) by ¢* and integrating we obtain:

n k n L3
> f ak(x, u*, grad u)E* ouf + f al(x, u* grad u*)2AE*(u*y? 3L+
i<1n dx, S1a I%;

(2.10)
+fa{,‘E" ut = —ff"(x, u®, grad uAyERUk,
£ 2

Using (A,)’ we find that 1.I.s. is greater or equal than

@11y v [ E¥|grad u¥*+ 20 [ EuRigrad u¥|2 4y, [ EXu,
)3, 3 7

andforeh.s,



88 KUMUD SINGH

(2.12) -ff"(x, u*, grad u“)E"u";:f | f4(x, u¥, grad u*)|E*¥|u*| =
o 2
= [ coEX|ut| +¢5 [ |grad uk|2E¥|ut|.
LY 2

By Young’s inequality it fotlows (see the proof of Lemima 1.4):

2.13) -;—fE“}grad a*|*+d [ EXuP|grad u¥|24 v, [ EXwy s
fa) o ir

=M sup E*® f co(x)dx.
4 2

[}
or

(2.14) li®li 304y = comst, for any k.

The boundedness of u* in H}(2) implies that there exists a subsequence
of u* (denote again by u*) such that u* —u® weakly in H}(2) and u*~u® a.e.
inQ,

Next we prove that u* —u® strongly in H§{(). Puiting % = u*—u® in
equation (2.6) and multiplying with g% we have after integration:

(2.15) i‘l f adx, u*, grad u® 4 grad u“)

i=1p

+fakuk k —

= —ff"(x, u*, grad u")i;i“—fagu°_",
12 £

where g = EXig*, E* = exp(M@¥)?) and A = 2¢3{v%. Here b(|u*|)=c;. Using
(A,) we obtain:

f a¥(x, u, grad HME, 3—+ Z 2 ﬂ.f ak(x, u*, grad GYEXa*? Z—u +
X

f=]ﬂ i

2160  + f aigh = — f JH0t, %, grad aV) M — f aluOEx it —

a¥(x, u*y grad u“E"z—x -~ Z 2J.fak(x u¥ygrad u"i;“(a“‘)2

i =1 i

§.<

Using (Ay)', 1.h.5. can be estimated by

[, u*, grad u® 4 grad u*) —q¥(x, u*, grad u%)], E"u")(H-l(m Hglo)-

wl“’ e

@17) v [ Er|grad t|? + 20 [ EX@#|grad k|2 + v, [ BHR
o L] 7]
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Further by (Ag) and Young’s inequality
(2.18) - [ i, u¥, grad u9E¥E = [ [c,(x) + 26| grad u®|*]E¥i +
2 £

+~p—fE“|grad ﬁ"|2+——1—fE"(ch)z(ﬁ")ﬂgrad k|2,
239 2r o
By (2.17), (2.18), (2.16) we have
= [ Blgrad a2+ [ B grad B2 v, [ B
Q ¥ @ Te]

k
-e:fc(x)E"|u"l +2c,_fE“|u"||grdd u’|?— Z f a(x, u*y grad u“E‘Zi—

i=102 f
(2.19)
n __ _ it
— 2 ZZI a(x, 1"y grad u“E’f(Eh‘)z‘:i+

i=1 £2 i

— i
+Z21f lgf(x, 1%, grad w0+ grad ii¥) - gi(x, u¥, grad ak)]E"—?,u +

fi —
+ > 2).f [gAx, u*, grad u®+ grad @) —

—¢¥(x, u®, grad u")]E"(E“‘)" 3 fa“u“E"u"

]

We show that all, terms on r.h.s. tend to zero as kK — o=, This will obvi-
ously imply that Lh.s. tends to zerc. From this it witl follow that u*—u® in
HY strongly. So for example we show that the 3" term on r.h.s. tends to

Pl
zero as k—co. ¥ 1" weakly in H(£2). This implies that du -0 weakly
in LYQ2). By (A,) we know that a%(x, u*) is bounded in L“(Q).!Thus the 3r¢

and fourth terms in the r.h.s. of equation (2.19) converge to zero. In a simi-
lar manner we can show that last terms also converge to zero as k— .

We have shown that u* —u" strongly in H}{(QYand therefore grad o -
grad u®a.e. in £2for a subsequence. Consequently, by (Ag) f*(x, u*, grad u*) -
—f*(x, u®, grad u®) a.e. in £. Further, according to (A;),

[/4(x, u, grad u¥)| = co(x) + b a*(x)])] grad a*(x)|?,
where cy(x)€ L), b](u*(x}})=c; and |grad uk(x)]? is convergent in Li($).
Thus by Vitali’s convergence theorem

(2.20) FHx, uf, grad 1)y —f(x, u° grad u¥) strongly in L}{Q).
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Further by the assumption (A,):

(2.21) a¥(x, u*, grad uk)—al(x, u®, grad u®) for a.e. in £,

ag(x) —~aj{x) for a.e. in L.

Thus from (A,;)’ and Vitali's convergence theoren it foilows that
(2.22) ax, uk, grad u¥, —ad(x, u®, grad u®) in LX)

From (2.6) and {2.20} — (2.22) one obtains as k- o that satisfies the equa-
tion (2.5). So Theorem 2.1 is proved.

[1]

24
(3]
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In the present paper a lemma and a theorem will be proven. The lemma
presents a generalization of the welilknown Peano inequality (see [1], p. 8.,
Theorem 2.1).

Qur theorem is an exisience theorem concerning the variational equa-
tion of an ordinary differential equation system generated by its initial value.
The statement in it is a known one for a continously differentiable righthand
side (see eg. [2], pp- 188—193). We show that the statement will remain
valid under a much weaker assumption, too; for the case when the right-
hand side expression is only a function from L, in its first variable. This
theorem is of crucial importance for the existence investigations in the du-
ality theory of control problems. Namely, the right-hand side function of the
differential equations used here satisfies generally only the assumptions of
the thieorem to be proved here. E.g. the state equation and the constraint on

the control:

x(t) = f{t, x(t), u(®)) and u)e U¢, x(t)
can be reformulated under appropriate assumptions on fand U as x{{) =
= u(t), u(t) = g(t, x(t)) or

(b = i At, x(0) -g:lt, X()).

It can be seen that if u¢ L, then g resp. g; are only functions of L, concerning
their first variable.
Consider the following differentiai equation:

) () = glz, x(2)) for a.e. vy with I, = [0, a],
(a=+ =), ZRXR"+R", D(g) = I, X1,

DeriMiTION. We call a function ¢:/,+~R" a weakly e-approximating
soiution of (1), if

(2)

f

‘ J @0 —gle e

!
| =g forallfel,.

lRH
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Lemma, Let g:/, X [,~R®, [JCR, [, R?a givenfunction with the follow-
ing properties:
i o, &y f,—~R7is from L,
(ii) JK¢L(1,) so that for a.c. {€ 1, holds

lgtt, x1)—&(t, X =KOI,—Xll, X, %€ 1
Assume moreover that functions x;, x,:/, - R? are weakly %, resp. % approxi-

rmating solutions of (1). In this case following inequality is valid for a.e. f, z€ I,
l=1,

b)) = ) =0l exp | Ji (o)) s+ exp [ [ K +1].

(3)
Proor. introduce the notations:
(4) rf(r)::x'i (‘.':) _g("",- xi(-":))’ i= I: 2! (1S ‘(l'
As x,; is a weakly 6—2‘ approximating solution of (1) so we have
It )
! & .
| ris)ds| <=, i=1,2.
|6f Rt 2
®) [3d5)ds = [ g5, x))ds + [ r(s)ds.
t t 4

But we also know that
[ xdsps=x(r) = x(0).
t

So (5) can be written in this form:

x{z) = % () + f 2(s, xAs))ds + f r{s)ds.
Hence we obtain I :

1306 = a1 = Iot) — s + [ s, 09) =, %)+

+‘E j rl(s)ds!|+ﬂ j rg(s)dsii-:: [l — x| + f K{(5)|x,(5) — x, ()i ds +
vt i i
|

"]

+|i| f fl(S)dS;!Jrili' j rl(s)dsH
N S 1] !

j r._.(s)dsli?Jr-ii f' rg(s)dsH;E
(] " |.0

= ll) ~ 501 + [ K Ol + (e + ).
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Let a(z) and e defined by:

x(7) = () =X (D), & = &+
Then we have

w(r) =off) + f K(s)x(s)ds + ¢.

We can now apply the lemma of GronwaLL ([3}], p. 35, Lemma 1), cbtaining
in this case:

wlz) = (a(f) + £) exp [ j K (s)ds].

Substituting here the actual values of x(z), «(t) and e we wiii obtain exactly
the required statement.

We remark here that our theorem is more general that the weitknown
inequality of Peano (see in [1] p. 8., Theorent 2.1} in so far that

1. function g is not prescribed to be continuous in its first variable, it is
enough if it is from L,

2, Kis not a constant in the Lipschitz condition, instead it is a function
from L,

3. in the interval J; = [0, a} a = + == is allowed,

4. for the functions x,, i = 1, 2, instead of the usual assumption:

[%:(z) —g(z, Xl =e;

an essentially weaker condition is prescribed, namely that they should
he weakly g; — approximating solutions.
[t can easily be seen that if [, = [0, a,] is a finite interval and ¢ is an
g-approximating selution of (1) in the usual sense then it is at the same time a
weakly a-e-approximating solution too, as

[ 6001t 50

= [ lige) —g(z, p))ldr<t-e<a-e.
0

A consequence of this theorem is the following existence theorem concerning
the variational differential equation of differential equation (1).

We remark that the existence theorem to be presented here plays an
important role in the investigations of existence properties of solutions to dual
problems of control theory.

TueoreM. (Existence theorem concerning the variational differential

equation.)y Lef [, R* be an arbitrary open, bounded interval, L,C_R" ¢ a
bounded sef. Lef g1, X 1,—R" be a function with the following properties:

(i) &, fHely(h) for all £cl,,

(ii) it satisfies the global Lipschitz condition in its second variable:
JK,€L(1)) so that for v x,, x,€ 1, holds
lgt, x,)—glt, )l = K (Dlx, — x|,
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(il  0,8(,, &) Ly({)) for all L€,
(iv) 3K e L (1) so that
B28(t, x1) — Da8(t, )| = Ko(f) X, —%a|| ¥ Xy, Xa€ Lo,

1
) IMeL(h), IMyeL (1), %-!-? = 1:
llg(t, X} = My(8), 192808, )| = Mylt) vV x€l,

and Y tcl, for which it has a meaning.
Under these assumption the characteristic function o(z, t, £) of the initial value
problent:

) x(t) = g("':: x(r))f x(f) =&

possesses the following properiies:
1. 3 dyp(., £, &) for all £ and it is a selution of the initial value problem (2):

(7 x(z) = 8,8(z, ofz, 1, E))x(z), x(t) = E,

where E denotes the n dimensional unit-matrix.
2.3 8,9(., 1, &) for ae. ¢, and it is a solution of the following initial
value problem.

(8) X(T) = azg(fr (P(I’ t, E))X(I), X(f) = _g(ts ‘E)

Proor. The first part of the theorem will be proved by means of the
implicit function theorem ([4], 41.0.)
introduce the following transfermation:

@ RXR X WLn(J;)~ Li(I) X R
D, £, x): = (x—g o (@, x), x(t) — £).

u) Transformation @ is continuously differentiable with respect to £
and it is continuously differentiable in x, too.

Let (4, &) fixed, hie (1)) arbitrary. Consider the following expression:
Iiﬁf) 5 x+h)—¢(ta & x)_(h"'azg o (@, I)h' 0)“;_;,4("

h
|| "w;r"

It should be shown that this tends to O as [|lw )= — 0. 1tis enough to look
at the following expression

lg © (@, x-+h)~g 0 (0, %)~ 93¢ © (8, M .

(e

Let’s take the transformation

Wi g(t, X(0)+ o) — Dugelt, X(£)),
VR RN
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This transformation is continuous, differentiable and its derivative is the
following:

dF o i— dyp(t, X(£) + &) — Dy (f, X(1))
lg o (@, x+h)—g o (O, x)—dyg o (O, x)hlli; =

= [ Vgt <0+ h(O) (e, x()) — (e, XXOMe)|Pat =
= [1P(0) -~ PO)rat= [(max g(t, (0 + #h(0) ~

gt MOV IHONPat = A1 [ (0, X0+ 0160258t XMt
So " '
- [lg 0 (6 X-+ K)—g 0 (6, )= 2ug © (8, hl 0=

iy 10 =0 Ay 10
O [t xo+on0)-ast xonyaf”

We shall show that this limit-value is zero. This wilt be done by making use
of the Lebesque theorem about the calculation of the integral of a function-
sequence as the sum of the integrals of the individual additive terms.

To start with we show that for a.e, 1€/,
max |3,¢(t, x{t) + #h(5)) — d.elt, x(B) -0,
2€0,1]

if "h"w.;.n -0, Ii l|h[]w5,n .o then [[2()] O for ali fe ).
Moreover the function d,g is continuous in this second variable, so
2a8(t, x(£) + Bh(t)) — 3,8((t, x(t)) forae. fef,.
This involves already that
lim (max lda(2, x(t) + B1E)) — Dop(t, X)) =

thily, e~ 0 9€[0,1
r

The second assumption of Lebesque’s theorem is also fulfilled as there exists
an upper bounding function taken from L.

Namely because of assumption (v):
max [|9,g(t, x() + #h(t)) — 3,8(t, X(D)I = 2M ().
Pe[0,1]

1§ M€ L(1,) then My< Ly(1,) as I is a bounded interval.

So the sequence of the integration and the limiting procedure can be
exchanged on therefore the right-hand side of expression (9) will be zero.
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With this we have shown that 8,9 exists and has the following form:
DD, £, ) hi—fi+ 8,8 0 (O, X)h,
D, £, ) whe~La(]).
It is linear and therefore continuous, too.

) The implicit-function theorem can be applied to @ in the following
manner. Let { be arbitrarily fixed. Let’s assume that the function x,eWZn(1,)
is a solution of the initial value problem X = g o (&, X}, x( IN) =§

Then it evidently holds that

B, &, xg) = 0 LA X R

Transformation @ is in the neighbourheod of the point (&, x,),
UCR" X WLA(1,) continuously differentiable as a consequence of our results
so for. Moreover the transformation D, Egy o)t WEHL)— L7(1) s alincar
itomeomorphism. So the assumptions of the 1mp11c1t functlon theorem are
fulfiiled and therefore 3 a neighbourhood U, of &, and a neighbourhood
V, of x,;, moreover a transformation x:U,— Vﬂ that x(%) = x, and x is
continuously differentiable in U, and ¥ EE Uy

dex(t, &,v) = —[0.0(1 & x(f, &, ¥ 71 0 32, &, X, &, 7))

As x(t, £, 1) = g(z, I, £} so we have shown that the characteristic function g is
continuously differentiable in & for a fixed £.

{t has to be shown yet that ¢ satisfies the conditions of the initial value
problem (7). Because of the definition of the characteristic function we know
that

qup(r t, &) = g(r olz, 1, ‘9)) (.-”('{ 1, '») =
By integrating here we obtain

(P("': i, E = ‘t+f£(3, (.T(S; ss))ds
Differentiating here by &:

83‘;0(7:: t! E) = E + f 323(8! (P(s; f, 5))33@(39 t! E)dS
t

And this is exactly the integral-form of (7). It is also evident now that the
function d;¢(z, £, £) is absolutely continuous in its first two variables — z,f—
and continuously differentiable in the third one.

Now we turn to the proof of the second statement of the theorem. The
difficuities are mainly encountered in showing that 38,¢(., t, &) for ae. tcl,.
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Introduce the following auxiliary function:
wr, b, 3, &) =gz, {+9, §)—¢(, 1, £).
(e, 1,8, £) = Byg(z, 149, &)~ dp(z, 1, ) =

(]0) = g('r) ‘?(7, f+ 8, ‘E)) —g(r, (p('r, f, ‘E))

As g is differentiable in its second variable, the right-hand side can be writien
here:

8z, (v, 14+ 8, £)) — gz, 9(z, 1, £)) =
(1) = &i(z, oz, t, O)p(z, 1, 9, ) +o(z, 1, 9, £).

From here we get

(12) 3{%] —~ 2ug(r, 93, 1, ) w(z, 1‘:9@9, &) - olz, t:aﬁ, £) .

This means that the function —:;w(-:, ¢ .9, £)is an approximating solution to
the variational differential equation

(%) = d,8(z, #(x, 1, ().
We shail show that if #0 then

I #

Let (f, $)€7D(g) befixed. Weexpress 719 o(7, 1, 8, £) from equation (11)

oz, 2, 8, &l
&

—32g(".':’, (p("':r 8 ‘S)) ) ((P(T"x f+ "9: E)“P(‘f: t! ‘S))H

(13) - %ng(z, oz, 148, )~ gz, 9z 1, ) —

Introduce transformation ( in the following way:
(F:h—g(7, (7, 1, H)+H) —d,8(, o(z, , &) -h.
This transformation, R*—+R", is continuously differentiable and (F'(h) =

= 32g(1: (p(-":! t: §)+h)_32g(7! ‘P(T; t! E))'
Let now be f1: = p(z, {+ 48, £)—e(z, {, £). Then equation (13) can be writ-
ten in the following way, too:
loz, 1, 9, el _ 170 —FO)
# &

7T ANNALES — 3Sectip Mathematica — Tomus XXX,
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Applying the Lagrange inequality for (7 in the interval [0, #1]:

Mol t, 9,80 _ ]
s ‘Jl}ﬁflu Fa(CR P ﬂT[g,T]Hazg(r! ple, 1, &)+
(14) + a((p(fy i+ ﬁ: ‘E) - {;‘9(7;: t! E))) - azg('rr (P(T: t: E))h :

1
>y iz, 48, &) —plz, £, OI.

We want to show that the right-hiand side of (14) tends to 0, if # - 0. For thi
it is enough to see that the second expression on the right-hand side is {o
a.e. € ], bounded, and the first expression tends to zero.

The functions ¢(., {+49, £), resp. (., {, £) arc exact solutions to the diffe-
rential equation x = go (@, x) with initial-value assumptions x(f+9) = ¢
and x(?) = & Therefore Peano’s inequality with & = 0 can be applied.

| I
" lo(z, t+ 8, H—glz, 1, Hi= Y o+ 8,1+ 8, &)—olt, 1, O -

T t+0
exp [ Kot = - [ lets 9,9l -exple
+a i
t4-d

1

ii N i = oo v .

fim — ! lg(s, o(s, t, &))ilds = l|glt, &)l < + = for e.a. t€ ]y
So

. l ' 1
(15) f;ﬂ; ry lp(z, t+#, &) —olz, 1, Ol =llglt, Hil - expliKille, = + =
for a.e. €1, — for such { values where g(f, £) makes sense —. From (15) we
obtain

S llp(z, t+8, &) —plz, 1, §)|| =# -constant, for a.e. {e [, € ],
0

lim lp(z, t+ 9, £} —gfz, 1, &) = O for ae. v iy, ted,.
&0

This gives that
lim (maxjid.g(z, ¢z, 1, &)+ alelz, 149, H—glz, {, Ntz 9(z, 1, ) = 0,

We have shown so that

lim etz £, 4, &)l

=0 for ae. zcl,,tel].
D0 &

[n addition it will be shown that p has an upper bounding function which can
be integrated.
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By making use of expression (14) and assumption (v) the following esti-
mation is obtained:

w = 2M,(0(lig(t, ) - expllKylie, + €)=

= 2M(E(M,(8) - explIKillL, + £} € Ly(1y),
as Mye L, McL,, and %+ql =1.

So Lebesque’s theorem can be applied which gives

i [ Ao 0.8, - [im It 0.8 g, _

#=0 It &0
But this means exactly that for ¥ e<036.=0, so that if # <6, then
(16) / % o, £, 3, £)ldr <.

H

Let now £> 0 arbitrarily fixed and # < §,. Then (16) means that the function

Ew(" f, 8, £) is also a weakly s-approximating solution in a generalized sense

(see Def.) of the variational differential equation:

X(7) = Oy4(z, (v, 1, E)x(v).
Let y(7) the exact solution of the initial-value problem (8). Applying the gen-
eralized Peano inequality for y and ;f w10, 8).

i
e

| #

cexp | Ky(s)ds+
/

(13) H v ,9-5)

+a[expr2(s)ds+ 1] = +glt, g)“ .

. IK 2e- IK. I].
exp ! oSS + [exv !' o(S)ds + ]

i | @ 149, )~ ot 4, £) +alt, 5)" _
7«0 H |

= f oz, ols, 1, E)) ds+gt, s)” =0

f+9

= [im
9—»0
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So making use of (13) we obtain for £ —0:

lim H—w(r £9,9=30)

= 0 for a.e. v€l,, 1e],.

That is
.
lim — = .
fm wlz, , 8, &) = y(z)
This gives that

lim - w(t L, 5) = dy9(x, 1, )

B~

is the exact solution of (8). This completes cur proof.
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Let M be & complete Riemannian manifold, Lo M a submanifold then
N(L), the normal bundie of L, is a submanifold of the tangent bundle TM
and therefore the exponential map exp: TM—M of the Riemannian mani-
fold can be restricted to N(L). A singalar point of this restricted exponential
inap is called focal point of the submanifeld L and the set of these focal
points is called the focal focus of L. In the special case when the submanifold
reduces to a single point, i.e. L = {x}, then N(L}) = T.M and the restricted
exponential map is exp, : T .M~ M. In this case the focal points are the
points conjugate to x and the focal locus is the conjugate locus of x in T M.
As the conjugate locus of a point has a perspicuous structure according to
results of F. W. WARNER [4], the question concerning the structure of the

focal locus naturally arises. The first steps to answer this questiont are made
below. In fact, it is shown that tlwe fundamental results of WARNER con-

cerning conjugate loci generalize alniost completely to focal loci of subma-
nifolds in Riemannian manifolds.

1. Some basic facts and concepts concerning submanifolds of Riemannian
manifolds and the associated Jacobi-fields

Let M be an m-dimensional complete Riemannian manifold with a giv-
en metric g. Then a metric g of its tangent bundle TM can be given canoni-
cally as follows ({1] pp. 47)

UZ, 2) = (Tru(Z), Trm(Z))+8(K(Z), K(2))

for any Z¢TTM, where Tp,: TTM—~TAM is the tangent linear map belon-
ging to the canonical projection py:TM M and K:TTAM ~TM is the uni-
que (Levi-Civita) connexion map corresponding to g.

It is well-known that for every ve TM the fibre T, TM of the canonical
projection

Pry: TTM ~TM
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has a unique (Levi-Civita) orthogonal decomposition

T, TM = HTMa V. TM
where the subspaces

H,TM = Ker (KIT,TM),
vV, TM

Ker (Tp T, TM)

are called the horizontal and vertical subspaces of T, TM, respectively. More-
over the following conditions are satisfied:

I. Both of the canonical isomorphisms

=Ty \HITMHTM T M
and

t, = K\WW,TM: V. TM--T M
are isometries for any ve TM, where x = p,,(v).

2. The canonical projection p,,:TM -~ M is a Riemannian submersion.

Let now 1V —+TAM be a vectorfield on a neighborhood V of xe M then
for the covariant derivative of v in the direction v, ¢ T, M we have

vy = V(X)) = K- Tv(y)
where Tv is the tangent linear map defined by v.

Stnce Tw{(v)e T,TM

Tv(n) = A(v) + 67 (v2)
holds by the above decomposition. More generally, for any Zc¢ TTM
Z = hv)+17%v,) holds where
ty = Tpp(Z), vy = K(Z) and v = pr4,(2).
It has to be mentioned here that any Z€ TTM (prp(Z)=0) defines uni-
quely a Jacobi-field

Ji [0, =)~TM

along the geodesic
o 0, »)-M

starting with
WO = v = pru(Z)
such that the following initial conditions are considered:
JO) = v = Tpu(2),
JQ) = v, = K(Z).
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Let now LCM be a k-dimensional compaci submanifold of A where
0=k <=rm. Then the normal bundle N(L) of L defined by

N(L)y = U{N.L|x¢cL}
where N LC T M is the normal space te L at x¢ L, is a subbundle of TM.

In order to describe the canonical metric # of the normal bundle N(L} —
it was usedin [2] by E, HEr~TzE and H. KARCHER — first we make some fur-
ther preparations.

Let v:V—~ N(L) be a section of the normal bundle N(L) on a neighbor-
hood V of x< L, then for the covariant derivative of v in the direction v ¢
T L we have that

v, = VuW{x} = K- Tv(yy)
hoids as before. But considering the orthogonal decomposition
TWM =T, LoN,L
of the tangent space T.M
1, = g+,

is valid, where
a T, L+T,.L

s the Weingarten map corresponding to the normal wx)e N, L and ¥, =
= ¥y, (X)EN, L.

Now the inclusions N(LYC TM and TN(LYC TTM permit to consider
an induced connexion map

K : TN(L)~N(L)
given by the definition
K(Z) = K(Z)—a,v)), for any Ze TN(L)
where
V= Prpt TN(L) (Z)eN L and v, = Tp,nTN(L) (Z)¢ T L
;I‘Ims the induced covariant derivative of v in the direction v, is given simply
Dy
7y = 4, W) = K-Tv(v)EN,L.

Now the canonical metric g of the normal bundie N(L) can be given as
follows:

U2, 2) = (Tpu(2), Tom 2N +(R(Z), K(2))
for any Ze TN(L).
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It is easy to see that for every v& N(L) the fibre T NL of the canonical
projection
Pt TN(L) : TN(L)— N(L)

has a unique orthogonal decomposition
T,N(L) = H,N(L)® V,N(L),
where the subspaces
HN(L) = Ker (KtT,N(L)),
V.N(L) = Ker (TpytT,N(L))

are called the horizontal and vertical subspaces of T,NL, respectively. More-
over the following conditions are satisfied:

1. Both of the isomorphisms
it = Tppt H N(LY:H,N(L)y~T,L
and
T, = KV N(L:V,N(L)~ N L
are isometries for any ve N(L), where x = py(V)EL,
2. The canonical projection

Pt N(LY:N(Ly~L
is a Riemannian submersion.

It should be noticed that for any Ze TN(LYC TTM we have already two
orthogonal decompositions. In the first case the components of Z

Znor = B, (v)) and Zypee = ;1)

are orthogonal in the metric g of TM; in the second case Z has the following
components:

Zooc = Znae oo Yo, (m))
and
Zvaet = Zyert— 17 Yo, (v1)),
which are ¢vidently orthogonal in the metric g of the normal bundle N(L),
Let :TN(L)~TM be the map defined for any Z¢ TN(L) as follows:

#{Z) = v+ v,—o, (v T M, where x = p, (1.
Then it is easy to see that for any ve N(L) the map
ot TN(LY:T,N(L)~ T, M

is an isometry if the metrics ¢ and g are considered.
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Now a characterization of the so-called L-Jacobi-fields will be given here.

It is clear that if ve N(L) is a non-zero and g:[0,<}—+N{(L} is a ray of
N(L) defined by o{r) = z-v, for 7€[0, =0} then p{1)e T, N(L) holds.

Let Z¢ TN(L) such that v = pp(Z)=0and g(é(1), Z) = 0 hold.

Then Z defines uniquely an L- jacobi-field

J:10,00)~TM along the geodesic y:{0, e )M starting with (0} ==
= 1= P 2)€ N L such that the foliowing initial conditions are considered:

JO) =v, = Tpy(£)eT,L,
J0) = v, = K(2).
Notice that the conditions
g(v, v)) = 0 and g(v, v,) = ge(l), Z) = 0

imply that g(y, /) = 0 is valid for every parameter along the geodesic 4.
On the other hand

K(Z) = v,—a,(n)EN, L

holds, as well.

The following proposition reduces to the Gauss Lemma ([3] pp 136 —137)
in that special case when the submanifold L is a single point.

ProrosiTiOoN 1. Let L be a submanifold of a Riemannian manifold Af
and

e:N(Ly~M

the restricted exponential map. If ve N(L) is a non-zero vector and p is the
ray of N(L) defined by v then

ge(1). 2) = g(T&(e(1)), T(2))
holds for any Z€ T, N(L), where T, denotes the tangent finear map of £ at v.

Proor. The tangent vector Z¢ T, N(L) can be represented by a smooth
variation @ of the geodesicy = g0 p

@(z, 6) = ez -¥(0)), for v,0¢R
whiere Z = % Wd)|a=u- In other words, Ze T, N(L) defines a Jacobi-field
J along the geodesic y such that
PO = v = pru(),
JO) = vy = Tpyu(2),
SO) =1z = K(Z)
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are the initial conditions and
J(1) = Toe(2),
W1} = Toe(e(1))
are also valid. The Jacobi equation implies that
gy, J”’) = 0 and so g(y, f) = ¢z + ¢, holds.
Now, applying the definition of the metric g

#(a(1), Z) = g0, vi)+g(v, v~ 0,(n)) = g(3(0), J'(0))
is valid after a short computation.
Thus, substituting ¢ = 1 and
& = g((0), J0) = #e(), Z),
e = g(0), JO) =0
we get the desired result
gy(D), JQ) = #(e(1), 7).

CoroLLARY. Lel L be a submanifold of a Riemannian manifold M and
let
EN(L)~M

be the restricted exponential map. if ve N(L) is a nonzero vector then the
kernel of the map T,z is orthogonal to p(1} where g is the ray defined by v.

The following proposition yields a simple fact which wiil be essential
for subsequent arguments.

ProposiTion 2. Let L be a submanifold of a Riemannian manifold M,
v:R--M a geodesic with 9(0) = x€L, p(0)e N, L and ¢/(y; L) the space of L-
Jacobi fields defined along y. Consider for any z = »(£), Z¢R the subspaces

A, = (XX ed(y; L)},
B, = {(X’(E)X() = 0, Xegly; L))

of T,M. Then A, and B, are orthogonal and they span the orthogonal com-
plement of (&) in T M.

Proof. If uc A, vEB, then 1 = X(&) v = YV'(&) with X, Yeg(y; L)
such that ¥(£) = 0. By basic properties of Jacobi fields

2(X(@), V() —g(X’(1), Y(z)) = const for 7€ R,

On the vther hand the symmetry of the Weingarten map and definition of
L-Jacobi fields yicld

2 X(0), Y(0))—g(X* (0), Y(0)) =0
whicli mheans that the above constant is zero.
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Thus g{u, v} =0 and therefore A, 1 B, is valid. Assume now that
E-p(0ye N L is a focal point of order ri.e.

r = dim Ker Te-ﬂo)“’

holds. Then dim B, = r and dimt A, = m—1—r are also valid, where m =
= dimM.

ProrosiTioN 3. Let L be a submanifold of a Riemannian manifold M,
vE N(L) a non-zero vector, p the ray defined by v and A:R—~TN(L) a non-
vanishing vector field along ¢. Consider now the vector field B:R -~ TM given
by B(r) = T.ue( A(x)) along the geodesic y = £ o o, where € R.

Then therc is a non-vanishing C= vector fieid

ER-TM
along v and a C= function

g:R—-R
such that B(r) = ¢(z)-E(z), v<R and ¢'(£)=0 holds whenever ¢(z) = ¢
for some 7cR.

Proor. Let E,,..., £, :R~TM be orthonormal and parallel vector
fields along y where m = dimM. Then there are C~ functions @,,.. ., ¢, :R—=R
such that

nt
B(r) = 2 9/x)Efz), T€R
i=1
holds. Suppose that
B(z) = Toppe Alzy) = 0
for some 7,€R, then A(z,) = O implies that B°(r,) #0.

In fact, let A,..., A :R—~TN(L) be independent vector ficlds along
p such that Byz) = TymeAr), i = 1,2, ..., m, z¢R are Jacobi fields.
Moreover, suppose that for A,(z,) = A(z,) holds A, at 7, €R.

Consider now the linear combinations

m

A = 3 4@AG) and BG) = 3 LB

i=1
1 for i =1,

where £(ry) = [0 for i=2 m

For the derivative of B(z) at 7,€R we have

m

Blz) = > Eeo) Bilza)+ S &za)- Bilzo)
i=1

i=1

where the second sum is equal to Bi(z,). Since the Jacobi field B:R -~ TM is
not identically zero B,(z,) = @ implies that Bj(r,)=0.
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On the other hand the first sum of vectors is orthogonal to Bj(z,) by
proposition 2. Thus B’(z,)=0 holds, as well,

But from

By = 3 00 Bl = 3 el <0,

i=1
hence not all of the g{(z,) are zero. Consequently the zeros of B are isolated.
This means that there exists a neighborhood U of 7, where g(t) = (z—1,)g,(7)
is valid with C~ functions g(i = 1, 2, ..., m) and if g(z,) = #/(z,)> 0 holds
then g(v) nowhere vanish on U.

Consider now on U the following C- scalar function

o —Vri ep?(;) for 7=+, veU,
" fm1l
plz) = (—79)- || 2 8ix) = e
= VZ @i(z) for r=1, vel.
i=l

Then we have toshow that E(z) = %t)) is a C= unit vector field on U,
T
It is trivial for =< since

_Ii(z) for r=<w,,

=l 1EOI

971 Bw
—-7 for r=1,.

L 1B@I

But for T = r, we have

> (- @) Eia)

lim Ez) = fim - - Bl
o I A fo)‘/ % gHz) 15l
i=1

ConroLLARY. If B(z) = 0 then E(z)| B'(7).

ProrosiTioN 4. Let L be a submanifeld of the Riemannian manifold
M and ve F(LYC N(L) a focal point of order r and p:R— N{L) the ray defined
by v. Then there is & coordinate system (x*,.. ., X™) on a regular neighbor-
hood V of v and a coordinate system (3, . ., v*) of M defined on the neigh-
borhood &(V) of g(v) such that the following condition is satisfied:

Towe A = qu('.':)-—q-- for z¢f, j=1,2,...,m,
ax; ay;
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where ¢, j = 1, ..., mare C= functions such that
1. @fz)»0, rEIfor;—l , m—r;
2, tpj(I) =0 and tpj('c);é()f(}r re I\{l} where j = m—r+1,..., m;
3. pi(1)>0where j =m—r+1, ..., m
Proor. Consider a base (4y,..., &,) of T,N(L) such that
(‘{I.-'?‘l—r+11I Tt l"Im)

is abase of the kernel of Te. Let then A,,..., A :R—~TN(L)beindependent
vector fields with A, (1) = g, for i = 1, ..., m along the ray ¢ such that the
vector fields By, . .., B,:I’~TM given by

Bi(r) = Tome(Ai(2)), z€ P fori =1, ..., m

are Jacobi fields along ot I’ where I’ is a sufficiently small neighborheood of 1
in R such that y is injective on I’. Then there are non-vanishing vector fields
Ey,..., EpP—~TM and functions g,..., ¢, "R such that B,(zv) =
= pr)-Efz), rel'fori = 1, ..., mand g/{z)=0 whenewer p,(z) = 0.

Now @1(1)"4‘0 sty Py r(l) O Pen— r+1(l) - - = (pm(l) = 0. Then
P +1(1)s + - s @p(1)=0 can be also achieved by changmg sign E;, p;. Then
(ELD),. .., m(I)) is a base of T,vyM by Proposition 3. But “ther ‘tiiere is a
coordinate system (x,, ..., x,,) 00 a neighborhood of v such that

d
™) (e()) = A A7)
and a coordinate system (y,,. . ., ¥,,) ont a neighborhood of e(v) with

2
g (g 0 ¢(z)) = Ef(x).

Then the assertions follow.

2. Some fundamenthal properties of the focal locus
of a Riemannian manifold

ProposiTion 5. Let L be a submanifold of a Riemannian manifold M
and ve N,L a non-zero vector which is not a focal point of L. Then there is a
neighboerhood V of ¥ in N{L) such that for any ¥ ¢ V the geodesic

y(z) = e(7v), €[0,1]
has the same index with respect to L; in other words the index

Ind Ufﬂ"({r; )

is constant forve V.,

Proor. Consider first the map Te:TN(L)—~TAM. Since ve N(L) is not a
focal point of L, the Jacobi determinant of T ¢ is non-zero. So its continuity
yields a neighborhood W of v in N(L} such that for any veW the nap T5¢
has maximal rank, as welt i.e. v is not a focal point of L.
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Consider now the compact set of points of all geodesics given hy
I = {plp = A7) = &(zv), veW, 7€[0,1]}.

At every point p = p(z) of I" we can take the compact set of all bivectors de-
fined by the twodimensional subspaces of Ty M containing y'(+). Thus,
from compactness the curvature x remains bounded, i.e. x <= K= 0 holds, and
so on account of the Morse-Schoenberg theoremt ([3] pp. 176) we have that

two conjugated points on any y are in a distance no less than%.

On the other hand in case of a compact submanifold L M there is a
tubular neighborhood of the zero-section of N{L} where the restriction of ¢
is a diffeomorphism.

These facts imply that there is a universal subdivision
O=rg<7...=7, =1

of the parameter interval [0,1] in the sense that it is admissible for every
geodesic

1) = e(mv), Te W, z€[0,11.

We call here a subdivision admissible for the corresponding geodesic y if
there is no focal point on the first segment belonging to [z, ¥, ] and there are
no conjugated points on the further segments belonging to [r, 7,4}, =
=1 ...,8=L

Now we have to study the index of the geodesic v and compare if to that
of y.

The index form

1V, W) = g(oq, V(0), W) + [V, W) —g(R(V, 7Yy, W)idx
0

is a symmetric bilinear form on the infinit dimensional vector space @Q%(y; L).
But as (°(y; L) can be approximated by the finite dimensional vector space
ot®(y, L) of the broken Jacobi fields so Ind f () = lad l(y) holds.
Notice that

dim oA%(y; L) = (s— 1) (m—1),

where mt = dim M. On the other hand it is clear that the index and the aug-
mented index are the same for 7 since ¥ is not a focal point and so

dim 7%y, L) = 0.

Let now 7 = Ind [ u(y), where r=(s—1) (m—1). Then there are line-
arly independent broken Jacobi fields A, for i =1, ..., (s—D{m—1) for
which [ (A, A)<Ofori=1, ..., rand L(A, A)=0for i =r+1,...,
(s—1)(m—1) hold. 1t can be shown by continuity arguments that for each
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i=1,...,({s—1){m—1) there exists a neighborhood V; of v such that along
the geodesic y = e(zv) for Ve V; one can choose a broken Jacobi field A,

!

sufficiently near to A; in such a way that
(A, A)<0 for i=1,...,r
and
E(A,A)=0 for i=r+1,...,(s=1)m—1)

still held.
(m=1)s—1) B
Let V= V.. Evidently for veV the linear independence of the
i=1

fields A, can be easily achieved at the choice. Consequently,
Ind I() = ind ()

holds.

ProrosiTion 6. Let ve F(LYycN(L) be a focal point of order r. Then v
has a normal neighbortiood V in N(L) such that for any ray g of N(L) in-
tersecting V the number of focal points of L on g V counted with multipli-
cities is constant and equal to r.

Proor. Let 0=+’ < 1 be such that &v is not a focal point of Lfor v’=%<1
and put v’ = ’v. Consider now a neighborhood V? of v’ in N(L) according to
Prop. 3. Similariy let "= 1 be such that fv is not a focal peint of L for
| =£=1", Consider a neighborhood ¥V of v'* in N(L) according to Prop. 5.

Then for any p of N(L) intersecting ¥V’ the nuunber of focal points on the
part of p to the last common point with V”’ is equai to the number of focal
points of L on o, €0, v’ }. On the other hand for any p of N(L) intersecting
¥’ the number of focal points on the part of o to the first common point
with V”is equal to the number of focal points of L on g, z€[0, «’].

Consider now the set of rays g of N(L) which intersect both ¥V and V”
and let V be the union of segments of p from the first common point with
V' to the last common point with V*’. The assertion of the proposition now
follows obviously.

3. The ordinary focal Jocus

Let L be a submanifold of a Riemannian manifold A and F(L) the focal
locus of L in its normal boundle N(L). A focal point v¢ F(L) is said to be or-
dinary point of F(L) if there is a neighborhood U of v in N(L) such that
any ray of N(L) intersecting {J has at most one peoint in common with
U F(L); otherwise the peint v¢ F(L) is said to be a branch point of F(L).

The set FO(L) of the ordinary points of F(L} is called the ordinary focal
locus of L. The set FB(L) of the branch points of F(L) wiil be studied below
as well.
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lf ve F(L)is a focal point of order 1 of L, then ve F°(L) is valid. In fact,
there is a neighborhood U of v in N(L) such that for any ray p of N(L) inter-
secting U the number of focal points on gy Uis one. (prop. 6.) Conseguently
v is an ordinary poeint of F(L).

The following theorem generalizes a result of F. W. WARNER on the
conjugated locus [4] and it is the main result here.

THEOREM. Let L be a submanifold of a Riemannian manifold M and
F(L) its focal locus with the relative topology induced by the inclusion map

F(L)~N(L).

Then FO(L)the ordinary focal locus of L is an open and everywhere dense subset
of F(L); moreover FO(L) is a smooth submanifold gf codimension 7 in N(L).
In fact, if ve FO(L) and g is the ray defined by v then the decomposition

TI.-NL = TvFu(L)(B TrQ
isvalid.

Proor. The definition of Fo(L) implies directly that F(L)is an open sub-
set of F(L). In order to prove that FO(L) is everywhere dense in F(L) it is
sufficient to show that FB(L) is nowhere dense in F(L) which means that the
interior of FE(L}in F(L)is empty. In order to argument by contradiction as-
sume that v is an interior point of FE(L) in (L), and let & be the order of
the focal point v.

Then by the propesition 6 there is a neighborhood U of v in N{L) such
that F(L)n U < F5(L) holds and that any ray of N(L) intersecting U inter-
sects F(Lyn U in k points, where points of F(L) are counted with their mul-
tiplicities. Since v is a branch point of F(L), there is a ray of N(L) inter-
secting U which has at least two points in FB(L) ) U; the order of these two
points cannot exceed k — 1 by Prop. 6; let one of them v,. Now the repetition
of the preceding argument yields a point v, FB(L)n U the order of which
cannot exceed k— 2. Further repetitions of the argument yield points v, . . .,
Vi€ FB(LYn U such that the order of v, is equal to 1, where l=i=k—1.
Biit by a previous observation v, ¢ F8(L) is valid. Thus a contradiction is ob-
tained. Consequently, Fo(L)is an everywhere dense subset of F(L).

In order to show that F°(L) is a smooth submanifold of codimension |
in N(L} it is sufficient to prove that any ve F(L) has a neighborhood V in
N(L) such that the following are valid:

. VnFL)=VnFYL),

2. Vn FL) has an (m—1) dimensional C- manifold structure such
that V n FO(L)—~N(L) is a smooth embedding.

Assume that the order of the focal point v is £. Consider now the ray o de-
fined by v and on account of Prop. 5. a coordinate system {(x!, ..., x™) of
N(L) defined on a normal neighborheod V of 1 and a coordinate system
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4, ..., y™) of M defined on a neighborhood V’ of e{v) such that the following
two conditions are satisfied:

1. «{(V)cVv,
2 T 25 ()] = ro- [ (et

j=1, . mfor zel = p~}(V),

where the ¢;, 7€ f are C~ functions such that p; are non vanishing forj = 1,

, — k and @; vanishonly at = = 1 where g}=>0forj = m=k+1, ..., m.
Conmder now the matrix representing TelV in the given coordinate systems
In details the relations

J z L/} .
T;G[;;;(")] = Z:l ﬂtij‘?(ﬂ(ﬂ) for j =1,

yield the matrix (z;;)(v) at any v€ V. The entries of this matrix are C~ func-
tions on V. Moreover along the ray ¢ the matrix («,;) is diagonal on account
of Prop. bsince it has the following forim:

pilz) .. O
(“u)(ﬁ'(")) =1 . 0 L .O. .
0 Pl 7)

Let now 4,_, be the (k — I)-th elementary symmetric functions of the eigen-
values of the matrix («;). Then A4,_, is obviously real valued and of class
C= on V. In fact, from

o —A PR
T =G B A = 0
% Ly — A
where 4,¢C, i = I, ..., m are the solutions of the Laplace-equation, it is

easy to see that the cocfficient A,_, of (—2)¥~1is a real for any ve V. Now
we have a C~ scalar-function

A2V ~R(V CN(L))

for which A,_,(v) = 0 holds. Moreaver

é(l)dn_1=—£f:du_nte(¢)—[' so,m} ai(1) . gnosll)

m—ik+1

8 ANNALES — Sectio Methemalica — Tomus XXX,
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since 4, ;(p(z)) is the sum of products of m—k+ 1 factors which are among
P(T), - - ., Pplz). Consequently o(1)4,_ ;=0 is valid, since the follewing holds:

Z cpj(l) =0
J=m—k+1
and ¢(1})...9,,_,(1)=0. But then there is a neighborheod WV of v in
N(L) on which the radial derivative of 4,_, is not zero. Moreover W can be
chosen to be normal and such that F{L)n W cFY(LYn W holds and for
each ray p of N(L) intersecting W there is exactly one point of W F(L)
on p. Then on each ray p of N(L) intersecting W there is exactly one focal
point of L in W of order k.

Now 4,_, is a function of class C~ whose ditferential is different from
zero on W. Moreover

FILNW = di(OnNw

is valid. In fact, if u€ F(L)yn W then the rank of T s is m—k, consequently
A1) = 0; assume conversely that A,_ (w) = 0 for weW, let W’ be the
unique focal point of L in W on the ray through w. SinceW is a normal neigh-
berhood there is a segment from w to w’ in W, and, since A,_,(w) = 4, _,(W")
= 0 and the derivative of A,_, atong the segment is nof zero, consequently
W= w.

Consequently F(LYnW has a C~ manifold structure such that
F(LYn W cN(L) is a submanifold in the relative topology. Moreover T ,N(L}
= T . FYLY® T p for re F*(L) since the radial derivative is not zero. So the
theorem is proved.

ApDED IN PrROOF: We have learnt recently that am assertion closely
related to the statement of the Theorem of this paper was made by J. J.
HeBDA in The regular focal locus, J. of Diff. Geom., 16 (1981), 421 — 429,
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ON THE CENTROIDS OF CONVEX SOLIDS OF REVOLUTION
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Suppose S is a convex solid of revolution in K% with axis of revolution
AB. Let C be the centroid of S, let C’ be the centroid of the (2-dimensional)
domain D obtained by intersecting S with a plane through AB. A. Mair

raised the question how large the ratio I|ACC:‘|- can be,

We prove that

1 |AC
1 -— = — -
0 2 |AC

ro | e

REMARKS. 1. The ratio in question remains the same if one enlarges
8§ around AB by a fixed factor.

2. Denote the points and their coordinates with the same symbols in a
given coordinate system. It is well known that the coordinates C (and C’
resp.) can be counted by the following integral

Ce—t fxas, ¢c'=—1 [xap
AS) s A(D)p
where x denotes the coordinates of a variable point in S (in D resp.} and
@(S) denotes the volume of S and (D) denotes the area of D.

3. Atruncated cone exhibited on Fig. 1 shows that the best lower bound
must be =0,772. .. and the best upper bound must be =1.1368. ...

Proor. Consider the coordinate system (x, y} wiere the point A is the
origin and the halfline AB is the positive part of the axis x. From above the
domain D is bounded by the graph of a concave function f. In view of Re-

* Partially supported by Hungarian National Foundation fer Scientific Research,
No. 1238.

B*
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Fig. 1

mark 1 we may suppose that f is defined in the interval [0, 1] such that
sup f(x) = L. Using Remark 2 we have

xg[0,1]

jxﬁ(x)dx
e
1
(x)d
ac| Off(X) x
|AC fxf(x) dx
0

ff(x) dx
0

(1) is an immediate consequence of the following sharp inequalities.

Lemma. If f(x) is a nonnegative concave function defined in the closed
interval [0, 1Jand sup f(x)} = 1, then
x£[0,1]

) _!f‘(x)dx
2) LR B
[ fx) ax
and !
1
fxf‘z(x)
®) LI S
[
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Proor, Since 0=f(x}=1 the upper bounds are obvious.
We prove the lower bound in (2).

Suppose that f(x) attains 1 for x,. We take the function g defined in the
interval [0,1] such that it is linear in the both intervals [0,x, ], [x,, 1] further
g(xy) = 1 and finally

j l]g’(x) dx = j-“ J(x) dx; fl gx)dx = j J(x)dx.

if f(x)# g(x) in the interval (0, x,}[in theinterval (x,, 1) resp.], then the curve
J(x) intersects the curve g(x) only for one x,€(0, x,) (only for one x,¢(x,, 1)
resp.). We have

[0 —gwiax = [1r0-g@lx+ [170-goode=

=2/06) [ 109 —gldx+270x) [ 176)—g0ldsx = 0.
Analogously ’ 1 B
[ 170 -glde=o0.
Thus
jﬁ(x)dx Of )

ff(x) ax j‘g(x) dx

f[g(0)+(1—g(0) ]dx+ f[g(l)+-——(1 —g(l))] dx

bf[g(0)+(l—g(O))x—o]dx+![g(l)+?_—%(lﬂg(1))]dx

2 @O+ + 1)+ 2 201y 1)

2 (g0 + 1+ 1% g1+ 1)

Xo l-x
3(g(0)+1)+ 3 (g(y+1)

v
|

(RN

Xy

S e+ )

5 g0y + 1)+
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Note that equality holds for the function

x
— for 0=x=xg
Xo

Jx) =l

I-x for xp=x=1,
l“"xo

where x, is arbitrary etemient of the interval [0, 1].

We prove the lower bound in (3).

Let f(x,) = 1. We take the function g defined in the interval [0, 1] such
that it is linear in the both intervals [0, x4 ], [X,, 1] further g(x,) = 1 and

Xo Xp

f xg(x) dx = f xf(x) dx
and j xg(x)dx = j' xf(x)dx.

Xy £, .
If f(x}# g{x} in the interval (0, x;) (in the interval (x,, 1) resp.), then the
curve f(x) intersects the curve g{x) only for one x,€(0, x,) (only for one
X,€(xq, 1) resp.). We have

[ 10— xgdx = [ [x0)— xg) dx +
+ [ 0 - xglax =200x) [ 117 ) — xglolx +
x1 0

+2f(x) [ 160 xe(9)dx = 0.

Analogously j [xf%(x) — xg®(x)]dx = 0,
Thus j‘ xfz(x) dx j Xg2(x)ydx

i

f xf(x) dx ) j xg{x) dx

0

fxox[l—;g@)-x+g(0)]2dx+ jx[—l-"x"g(l) L {0 xrdx

1—x, I—x,

el - :
i [_l_tg_(_‘?)_ o +g(0)dex v [ [ L-xg(l)  1—g(h) xg]dx
0 Xo it 1 —x, F—x,
_ [3+2¢(0) +¢°(0)]acg H (1 —x)(F +3x0) + 2(1xF)e( 1)+ —x0)(3+ xo)g*( 1) | _
2(2 + g0y + 2{(1 — x)(1 + 2xg) + (1 — X2 + x)g(1)] T
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Note that equality holds for the function

X
—  for Osx=x,
X

l1—x
— — for xy=x=1|,
1—x,

Jix) = i

where x, is an arbitrary element of [(,1].
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In the foliowing article [ shall cutline a sketchy proof for the Kripke-
style completeness of a class multimodal propositional calculi — using the
algebraic tools of Boolean algebras with distributive operators and the re-
sults and methods of HENXiN—MONK—TARSKI [1] and LEmmoN [2]. In
the first place the results of [i] on the embedding of Bo.-s will be slightly
generalised, then — after defining the needed concepts — a Lemmon-style
representation theorem will be proved for getting a traditional possible world
— semantics. In the first part the notational system of [1] {430—440 pp.)
wiil be used, with the addition as follows. Let 33, be the language of the de-
scription of Bo,-s. A term of @B, is called posifive iff it contains only the opera-
tionsigns +,., ¢, the constants 0,1 and variables — i.e. it does not contain
any occurences of the complementation-sign, —. Let ¢, denote for every
x< o the’--¢, -’ operation. A term of B, is quasi-pesitive iff all the cccurences
of ’—’ can be eliminated using substitutions of ¢.-s for all occurences of
’ ¢, —'-5, Then we have the following

LEmMmA 1. Let ¥ be a Bo, and let S A be the canonical embedding al-
gebra of %. Furthermore, let Py and Qp be a positiv resp. quasi-positive

term of the language B,. Assume, that for the polynomials P, Q corresponding
Tespectively to the terms Py and (U, Px=Qx for every xe"em® A. We

then have Px=(Qx for all x¢»Em %.

For the prOOF at first we need a slightly modificated version of the
lemmas 2.7.11. and 2.7.12. of [1]. 2.7.11. must be modified to have
(H Qua=X{Qx:x¢vC, x,=a, x=o}

for every quasi-positive polynomial Q. The only necessary supplementary
step for proving (1) is the proof of the hereditary cliaracter of it from Q to
g.Q. But

(@Qa = gla = —,—Qa=—¢,— 3 Qu=—¢ J]] -Qx=

x€Ta xeTa

=~ [[o{~PX)= 3 —6.—Px= 3 @iPy.

x€Ta xtTa Ta
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The statement of the lemma 2.7.12. will remain true choosing @ quasi-po-
sitive, because here even the equality is hereditary from Q to 4@, because

(Q':Q)a = ana = "Cx"'Qa = == HQX = — U Z _Qx =

x€ETu x€Ta
=— 2a-Qx=J] —6—Qx=J] g.x= ] (qQ)x.
xeTa x¢Ta xeTa x€Ta

Thus for quasi-positive polynomials insiead of 2.7.13. we have

Qa= 2 I Q.

=, €90 x=, YEPem* A

For the positiv P applying the original 2.7.13. we have
Pe= 2 H Py

gz X690 x5 yEYem* A

Using the condition Py=Qy for yces* A now we have (for the sake of sim-
plicity indices are omitted):

Pg = X1IPy = X[1Qy=Qa

which makes complete the proof of our lemma. (1t must be remarked that in
the proof we used the obvious monotonity and completely multiplicativity
of ¢..)

Now it will be outlined how to use this result for the Kripke-style com-
pleteness proof of multimodal calculi.

First let us see some definitions.

L. is called muttimmodal propositional language iff it is an extension of the
language of classical propositional logic with a number of modal possibility
operator-sign M,, i€a, where « is an ordinal. The definition of well formed
formula is te be the natura! generalization that of the usuval unimodal case.
An axiom-system in .2, (given by schemes) is called quasi-positive iff

(i) it contains a system of asiom-schemes for classical propositional logic
(including the rule modus ponens);

(iiy  for all ica it contains the M,(Av B)= M, A v M;B scheme;

(ii) it contains the rule - A= B impiies - M;A=M,B for all i€a;

(iv)  ail the remaining axiom-schemes are of the form of a conditional
with a positive antecedent and a quasi-positive consequent formula.

(The meaning of the terms “positive resp. quasi-positive formula”

can be defined on the analogy of the definition given in the language
B, for Bo,-s.}

Lemma 2. Let o be a quasi-positive system of axioms in the multimo-
dal lTanguage £,. Then there exists an J ¢ Bo, (which may be called by mui-
timadal aigebra in this context) characteristic for £ in the sense of [2].
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Proor. The Lindenbaum-Tarski algebra of o#, i.e. the factoralgebra of
the free formula-algebra over .2, by the congruence-relation=: , will be suit-
able. {(Here for every pair of formulae over £, A, B A~ B:=cf- A=B.
The needed evaluation characteristic for o may be the canonical homomor-
phistn A—[A]~ . Notice that if of contains an axiom of form AD B, then
for the elements of the above constructed characteristic algebra the A*=< B*
inequality will be true, where A* and B* are the “natural” translations of A
and B from the language 2, to @B;, and A* and B* are positive resp. quasi-
positive terms.

Lemma 3. Let of be a quasi-positive system of axioms. Then there exisis
an ¥ complete, atomic multimodal algebra characteristic for of.

Proor. Let us construct the Lindenbaum-Tarski algebra of &£, then its
canonical embedding algebra as a Bo,. Using Lemma 1. and 2. it may be
proved that all the inequalities corresponding to our axioms will remain true
on this algebra, which is characteristic fo of because the Lindenbaum-Tarski
algebra is £ is isomorphic with a sub-algebra of its embedding algebra.

DeriNITION. K, = (K, {{Q,, R;Y¥ica}> is a multimodal Kripke-struc-
ture (mm. K. s.} iff K= @ is a set, « is an erdinal and for all i€«, Q; X K
and R, X KX K. M, = (X,, v) is a multimodal Kripke-modell iff X, is an
mm. K. s. and v is an evaluation of the primitive formulae of .2, in every
possible world i.e. ve K XD ~{0,1}, where ¢ is the sct of the primitive for-
mulae of .2, The truthvalue of a multimodal formula may be defined in-
ductively the usual way. The only interesting case is the evaluation of the
possibility-operators: M, A is true in we K iff weQ, or there exists a w¥¢ K
such that wR,w* and A is true in w*. To have our completeness theorem in a
usual form we only have to represent our complete, atomic characteristic
multimodal algebra by some mm.K.s. We define the X * multimodal algebra
corresponding to the X mm.K.s. as follows:

:K-!— - <K; U: n,K\) @, K; Pf);
where P,.X = Q,UR;1*X for XC K.

Then we have the following

Lemma 4. For every J# comiplete, atomic muitimodal algebra there ex-
ists a X mm.K.s. such that X+ = /.

Proor. We can construct the above mentioned 2. Let the basic set K
of & he the set of all atoms of . Let ; be the set of atoms in ¢. 0, and if ¢
and & are atoms in # let aS;b be iff b=c,a in M. Let us define R, = 8,72,
A very simple calculation shows that for such X, X+ = _/ holds regarding
the natural isomorphism.

Summarizing our resuit we may state the following general
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COMPLETENESS THEOREM. For every quasi-positive axiom-system of
multimodal propositional logics there exists a characleristic class of mm. K.
structures, where the properties of the relations of the mm.K.s. 's constituting
the suitable class can be read off using fhe schemes of axioms.
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A composite integer m is called pseudoprime with respect to an integer
a=1if

am=a (mod m).

It is catled super pseudopsime with respect to @ if each divisor of it is a prime
or a pseudoprime with respect to a. We simply say m is a pseudoprime (or a
super pseudoprime) if it is one with respect to 2.

It is kinown that there are infinitely many super pseudoprime numbers.
K. Szymiczexk [7] proved that there are infinitely many super pseudoprimes
which are products of exactly three distinct primes. This result was exten-
ded by J. Feuér and P. Kiss [2] for super pseudeprimes with respect to a,
where 4 1 a. From a result of A. Rorwiewicz ({5], Theorem 2} it follows that
for infinitely many primes p of the form kx4 fi, where (k, h) = 1, there exist
primes ¢ and r such that pgr is a super pseudoprime.

In this paper we extend the result of J. FEHER and P. Kiss for any
a=1 and partly also the result of A. RoTkiEwicz for super pseudoprimes
with respect to @. We shall prove:

THEOREM L. Lef a and k be infegers with conditions a=1t and k=1I.
Then there exist infinitely many triplels of distinct primes p, q and r of the
form kx + 1 such that pgr is a super speidoprime with respect fo a.

We also extend another result concerning the distribution of pseudopri-
mes. A. MakowsKl [4] proved that the series

- |
2 Tog 7@

is divergent, where p (a) denotes the n-th pseudoprime with respect to a.
We show:
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THEOREM 2. Let a=1 be an integer and lef a be the squarefree kernel of a
(i.e. a is of the form a = a-u® where a is square-free). If a= +1 (mod 4),
then the series
= 1
o1 log P\¥Y(a)
is divergent, where P®Xa) denoles the n-th super pseudoprime with respect to @
which is produet of exactly three distinct primes.

We shall use the following notation. Let a= 1 and m be integers with
(a, m) = 1. We denote by a(m) the least positive integer x such that m|a*—1 -
a(m) is called in general the exponent or order of @ mod m. It is clear that
if m is a composite number and a(m)|m—1 then m is pseudoprime number
with respect to g, furthermore a{p)|p— | for primes p with(a, p) = 1.

We need some lemmas for the proof of our theorems.

LEmma 1. For any integers a= 1 and 1= 6 there is at least one prime p
such that a(p) = n.

LEMma 2. Let a= [ be an integer and lct
. [l ifa=1(meod 4),
2ifa=2,3 (mod 4),
where @ is the square-free kernel of a. If 7= 20 and n/y.a is an odd integer

then there are at least two distinct primes p and ¢ such that a(p) = a(g) = n.
LeEmma 3. Let a and k& be integers with conditions a=1 antd k= 1. Then
there exist infinilely many primes p of the form kx+ 1 suchthat a(p)[(p—1)/2
and a(p)<=(p—1)/2.
Lemma 4. Let p, g and r be distinct primes. The number pgr is a super
pseudoprime with respect to @ if

a(pgr) = [a(p), a(g), a)]I(p—1, g1, r=1),

where [x, ¥, ...]and (x, y, ...} denote L.C.M. and G.C.D. of x, v, ..., re-
spectively.

We have to prove only Lenuma 3 and 4 since Lemma [ is a known result
of K. ZsigMmonoy [8]and G. D. BirkHorF —H. 8. VAnDIvER [1]and Lem-
ma 2 follows from a theorem of A. Scai~zeL [6].

Proor oF LEmma 3. Let P denote the set of all primes p for which

)| _F_’_g_l_ and p=1 (mod k).

Let @ = 2+.4', where «=0 and &’ is an odd integer. By Dirichlet’s theorem,
there exist infinitely many primes of the form 8akx+ 1 and if p = 8akx+ |

is a prime, then we have
’] [ ] [ l ] ]
P a a .

)= GI0) -
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Thus the number a is a quadratic residue modulo p and from this it follow-
that a(p)|(p—1)/2 for primes p of the forin 8akx + 1. Thus P contains an in-
finite number of eiements.

First we prove that the function g defined for primes by
-1
O =L
a(p)
is unbounded on the set P,

Let us suppose that g(p) is a bounded function on the set P and so it
has only a finite number of distinct values: {,,.. ., f,. Let x = 8ak and let us
consider the infeger

o= x(xf, + 1) . .+ 1)+ x.

Since n>x=>6 by Lemma 1 there is a prime p for which a(p) = n and so
g(p) = (p—1)/n. From this

(@) p=n-gp)tl
follows. The prime number p has the form 8aky+ 1 for some integer y and

s0, as above, p is an element of P. On the other hand by our assumption g(p)=
= {, for some integer i(1 =i =5s), and so by (2)

= b+ 1 = x(xt,+ 1) . . (b + D+ (b4 1)

is divisible by xt;+ 1 (=8ak+ 7). This is a contradiction since p is a prime,
thus the function g(p) cannot be bounded.

Since the function g(p) is unbounded on the set P, there exist infinitely
many primes 7 in the set P for which g{p)= 2, which by (1) proves Lemma 3.

We note that in [3], in our joint paper with P. Kiss, we proved by a simi-
tar argument that g(p) is unbeunded for the set of all primes.

Proor oF LEmma 4. Letp, ¢ and r be distinct primes. 1t is well known
that a(pgr) = [a(p), aly), a(r)]-

Suppose that a(pgr)l(p—1, 4— 1, r—1). Let m be a divisor of the number
pgr. Since m|pqr we have a(m)};a{pgr). By our assumption it follows that

p= 1 (mod a(m)), g= | (mod a(m)), r= 1 (mod a(m))
and so
m=1 (mod a(m)),
Hence
mia®m — {lgm=1—1|gm—aq,

thus m really is a super pseudoprime with respect to a.
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ProorF oF THEOREM L, Let p= 12be a prime of the form 16akx+1 and
a(p) [{(p— 12, a(p)=<(p—1)/2. By Lemma 3 it follows that there exist infini-
tely many primes with such properties. Since (p—1)/2> 6 by Lemma | there
are distinct primes ¢ and r for which

ag)y =(p—1)y2and a(r) =p— L.
Since p = 6akx+ 1 and a(p)<(p—1)/2 we have p=gq, p=r and
(3) g = 8akxy+1, r = 16akxz+1,

where y and z are some integers. Let ¢ = 2% -@’, where a=0 and @’ is an odd
integer. From (3) we have

-GG (=)= ()=
q g N ¢ q a a
and so a(g)|(g— 1)/2. From this it follows that (p — 1)lg—1.
Hence
a(pgr) = la(p), a(q), a()] = (p—Di(p—-1, g1, r-1)
and so by Lemma 4 Theorem 1 is proved.

Proor oF THEOREM 2. Since a= + 1 (mod 4), by Lemma 2
_ {l ifa=1{mod 4),
2ifa= —1 (mod 4).

For every odd integer x= 20, by Lemma 2 there exist two distinct pri-
mes p, and g, for which

a(p.) = a(gx} = xan.

Let r, be a prime number for which
oy - [onitn =

axnf2ifn = 2.

Since axn/2= 6, by Lemma 1 such a prime exists. Since @ and x are odd in-
tegers, we have

a(p) = a(q,) = axql(p.—1)/2, (g, —1)/2
ify=1and
afr,) = Txnf2)(r, - 1)/2
if . = 2. In both cases we have a(p.q,r,) = 2dx and

a(pXerx)l(px_ 11 G — l! re= 1)
By Lemma 4 it follows that p_g.r, is a super pseudoprime with respect to a.
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If x, y=>20 are odd integers and xs¢y then a(p.q.r.)= a(p,q,r,) and so
Pululs # Pyfyty. Thus for every odd integer x> 20 there exists a numger Dol
which is a super pseudoprime. On the other hand, we have scen that a(p,g,r, )
= Zax and so
Dot = Q2% — | = @2,

From this it follows that

- 1 | | 1
—r———— - —,
2_1 log P3(a) *ng log (p.q.7) 22log(a) x;.zgo X
X o x oudd

which proves Theorem 2.
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I. Einfiihrung

Dic Menge von d-dimensionalen Unterrdumen {E9} (O=d=n—1) im
n-dimensionalen euklidischen Raum £7 hildet ein {r, K),-System, mit an-
dercmt Worg, hat die (r, R),-Eigenschaft, wenn die reellen Zahlen 0= r=R = =
hei einem gegebenen Wert k=1 derart existieren, daB {£¢} die folgenden
zwei Bedingungen erfiiflt:

i.1. Jede offenc n-dimensionale Kugel vom Radius r schneidet hichs-
tens & Unterrdume aus {E9};

1.2. Jede abgeschlossene n-dimensionale Kugel vom Radius R hat ge-
meinsame Punkte mit mindestens & Unterrdumen aus {£9}.

Bildet die Menge {E¢} ein {r, R),-Systern und gelten weiterhin die Un-
gleichungen ry=r und R, = R, dann bildet offenbar {Ef} auch ein (r,, R)),-
Systemi. Wenn r* = sup r und R* = inf R solche Zahlen sind, fiir die die
Menge {E¢} noch die (r*, R*),-Eigenschaft hat, dann nennen wir den Quoticent

*

R— dic k-Enge der Unterrdume {Ef}. Die Grundaufgabe ist das Minimum von
re
¥

R: und die dem Minimum entsprechende Unterraummenge zu bestimmen.
r

Es ist klar, daf wir im Fall £ = 1 und & = 0 im wesentlichen das von
B. N. DELONE [2] definierte {r, R}-System und die von S. 8. Ryskov |10,
11] definierte Dichte des (r, R)-Punktsystems bekommen.

Von L. FEJEs TOTH [3] wurde der Begriff der engen k-fachen Kugel-

packung und der lockeren k-fachen Kugeliiberdeckung gegeben. Es ist leicht
*

einzusehen, dal im Fall k = 1 die Bestimmung des Minimums von R—, der
[

engen k-fachen Kugelpackung und der lockeren k-fachen Kugeliiberdeckung

dquivalente Aufgaben sind.
Frither haben wir uns mit der k-Enge der (r, R),-Punktsysteme beschii-
=

tigt (d = 0). Wir haben einige untere Schranken fiir —~ angegeben [7], wei-
r

O%
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terhin haben wir das Minimuwm von 8; fiir gitterformige Punktmengen in den
re

Féllen n =2, k=2,3,4,5[6], [T, n =3, k=1, 2 [4], [6]und 1 = 4,
k = 1 [5] bestimmt. Im Fall # = 3, K = I hat K. Bor6czKy [1] das Mini-
*

mum von R—* fiir nicht gitterférmige Punktmengen gefunden. [ dieser Ar-
r

beit berichten wir iiber einige Anfangsergebnisse fiir den Fall d=0.

2. Sétze in En

Zuerst definieren wir einige Anordnungen von der Unterrdume {E§).
Spiter beweisen wir, daB das Minimum der k-Enge von Unterrdumen {£{}
in dieser Anordnung auftritt.

Gelten E¢, = Ef, = = Ef, fur die Unterrdume £9, EY,.. EZ ¢{EY},
dann ist der Unterraum E“ von m-facher Muitiplizitat. )

2.1. Der Fallk = 1 und d = n—1. Es bezeichne {Ef 7 }(— oo <i= o)
die Menge von parallelen Hyperebenen, in der der Abstand der benachharten

Hyperebenen 2¢ ist. Esist offenbar, daf {E7 ™'} fiir r < ¢ und R=¢ ¢in (r, R}~
System bildet und R 1 gilt. (c=0ist cine reelle Zahi.)

Jﬁ-

2.2. Es seien i1, k=2 ganze Zahlen, ¢=0 reelle Zahl und 4 = n—1, Wir

nehmen an, daB{E}, '}, {EL "), .. {Ef" "} in 2.1. definicrte, nicht unbedingt
verschiedene Hyperebenenmengen in E¥ sind. Es sei

(1 {Efs b = ESYULEL YU . ULES '
Es ist leicht cinzusehen, da$ die Hyperebenennienge {E7:' i im Fall
*
r=c¢und R=c eine (r, R),~-Mcnge bildet. Folglich gilt%_-: 1.
-

2.3. Der Fall n=2 und d = n—2. Es sei cin reguldres Dreiecksgitter
mit der Seitenliinge 2¢ in E* gegeben. Nehmen wir die Menge der (n— 2)-di-

mensionalen Unterriumen {E7 "}, die in den Gitterpunkien zu E2 total senk-
recht sind (Ef 2 ¢{EF ?}=>E} % 1 E?). Wennr=cund Rz%.-c sind, dann
bitdet {E] *} ein (r, R),-System und gilt
R 2
EC
2.4. Sitze.

Sarz 1. Es seienn n=1, k =1 und O=d=n-—-1, Bildet die Menge der
d-dimensionalen Unferrfiunwn {E$Y ein (r, R)-Systemn, dann gilt
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LT
) r¥ __V n—d+1

‘Die Gleichheit tritt nur im Fall d = n—1 fiir {EF'Y (5. in 2.1) und im Fali
d = n—2 fiir {Ef"%} (s. in 2.3) auf.

Sartz 2. Esseien n=2, k= und | =d =n—1. Existiert eine Punidmenge
mit der (v, R)-Eigenschaft und mif der k-Enge = in E*~¢, dann gibt es eine
Menge der d-dimensionalen Unfterritumen {E{} mit der (r, R).-Eigenschaft und
mit der k-Enge» im Raum £".

Sartz 3. Es seien n=2, k=1 und | =d=u—1, weilerhin =, sei das In-
finuum der k-Enge von Punkisystemenr mit der (r, R),-Eigenschaftin En—¢
und », sei das Infimum der k-Enge der Menge von d-dimensionalen Unfer-
rdumen {E¢} mit der (r, RY,-Eigenschaft in En. Dann giif

(3) Ry Ry

Satz 4. Es seient n, k=2 ganze Zahlen. Hat die Menge ven Hyperebenen
=1

{EF~1} die (r, R)-Eigenschaft, dann tritt die Gleichhei @ = | nur fiir die in
r?l‘

2.2 definierte Hyperebenenmenge {Eiy, - ;k}auf.

3. Die Beweise der Sdtze

3.1. Der BEweis DEs Satzes ). Betrachten wir dic Menge von Unter-
raunien {£7} in E£7, die dic {r, R),-Eigenschaft hat., Esseien r* — sup r und
R* = inf R soiche reelle Zahlen ,fiir die die gegebene Menge {E{} noch die
(r*, R*),-Eigenschaft hat. Wegen & = | ist der Abstand zweier beliebigen
Unterraumen von {E¢} mindestens 2r*. Nehmen wir eine rn-dimensionaie
offene Kugel, die keinen gemeinsanien Punkt mit den Unterrdumen von
{E¥} hat. (Die Existenz dieser Kugel foigt aus 1.1.} Wir vergéBern diese
Kugel bis der Lage, wo sie mindestens cinen von den Unterrdumen aus {EY)
berithrt. Es bezeichne £¢ diesen Unterraum. Daan vergriBern wir diese Kugel
neben der Beibehaltung der Beriihrung mit EY weiter bis der Lage, in der
unsere Kugel einen weiteren Unterraum E§¢{E?} beriihrt. Wir setzen dieses
Verfahren fort. Endlich bekommen wir eine Kugel, die bestimmte Unter-
riume aus {£¢} berihrt ung deren weitere VergriBerung nicht mdglich ist.

Aus 1.1 folgt, daB die Anzahl der beriitrenden Unterrfiume ans {E7}
endlich ist und aus 1.2 ergiht sich, dab auch der Radius der Kugel endtich
ist.

EsseiGdie Kugelinder Endlage, O bzw. R sei ihr Mittelpunkt bzw, Ra-
dius. Mit E¢, EY, ..., E? bezeichnen wir die beriilirenden Unterrdume, und
dic Berithrungspunkte seien P, P,, ..., P.. E¥(r=s5—1) sei der Unterraum
kleinster Dimension, der die Punkte P, P,, ..., P, enthiit. Die von den
Punkten P, P,, ..., P, bestimmte v-dimensionale Kugel sei G;. Mit O,
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bzw. R, bezeichnen wir den Mittelpunkt bzw. den Radius von G,. Wegen der
(r¥, R*)-Eigenschaft gelten

4) PiPn=2r* (j=m,j,mc{l,2,...,s})
und

(5) R=R*.

Aus G, <G folgt, dal

(6) Ry=R

giit und Gleichheit nurim Fall 0 = 0, auftritt.

3.1.1. Es sei vn—d, Wir zeigen, dafB} dieser Fall nicht vorkommt, weil
wir die Kugel G derart weiter vergrébern konnen, daB kein Unterraum aus
{E¢} diese vergréBerte Kugel schneidet.

3.1.L1. Nehmen wir an, daB O=0, ist. Es ist offenbar, daB GO, 1 E¥
und OP; 1 E9(j =1, 2, s) gelten. Belmchten wir die Hyperebene ErI -1,
die die Kugel G im Punkt P; beriihrt. Aus OP; 1 Ef~! folgen EY CE’;
und < {F,0,0) = 90°. O, sei ein Punkt der Gerddm O, O in der N&he von O,
fur den die Anordnung 0,00, besteht. Dann gilt <1(P OO) = 90° und daraus

folgt, daBl der Abstand von O, und E} 1 groBer als R ist. Deshalb ist auch
der Abstand von 0, und E{ griBer als Rfur alle je{l, 2, ..., s}, folglich kann
inan die Kugel G vergroBern
LL2 Es sci O0—=0, dli. OgE¥. Es seien E"~vi % OcE" v,
_ 5 __
OcEJ|ES(je{L, 2, ..., s}), weiterhin T = En —”\[ U Efn E™ v]. Ausi—y=d
i=1
folgt T . Es liege O€T in der Nihe von 0. Wir zeigen, daB der Abstand

zwischen O und E% griBer als R(jc{1, 2, ..., s)) ist. Daraus folgt, dah man
die Kugel G vergroﬁern kann.

Es sei Q; der Punkt, fiir den Q;€ E{ und 0_jS EY gelten. So ergibt sich
0010P, 1 PQ,  (je{l,2, ..., s}

Anderseits gilt 00x P 2 wegen O({Ld Deshalb ist OF; die Normaltrans-
versale der Geraden 00 und £,Q;, folg]lch gilt

0Q,>R
fiir alle je{l, 2, ..., sh
3.1.2. Es sci v=n—d. Es ist bekannt, wenn jede Kantenlinge eines
v-dimensionalen Simplexes mindestens 2r* ist, dann ist der Umkugelradius

mmdestens]/ ‘)“VI 7 und Gleichheit tritt fiir das regulire Simplex mit
v+
Kantenliinge 2r* auf. Daraus folgt

(1) Ri= | —- rE,
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Aus (5}, (6), (7) und v=n—d ergibt sich (1), d.h., die Ungleichung

8) R* _ VT(;;:W
( s n—-d+1
gilt.
Gleichheit tritt nur im Fall auf, wenn 0 =0, v=n—d, s=n—d+1 sind und
das Simplex P, FP,, ..., P, ein {n—d)-dimensionales reguldres Simplex

mit Kantenldnge 2r* ist. Wir beweisen noch, daB E4.L E"~¢ (je{l, 2, ...,
n—d+1}) im Fdll der Gleichheit notwendig gilt.” Weil E¢ die Kugel G
beriihrt, gilt OF, Ef Nehmen wir indireki an, daB es mindesiens einen
Unterraum unter r B4, ES, .., EE_ 44y 2. B EY gibt, fiirden EY nicht 1,En

gitt. Es sei O¢E? und E‘fLIE"“‘. Es gibt eine Gerade g, die nicht parallel
zu EY ist und fiir die Ocg, g CE* gelten. Ocg liege in der Nihe von 0. Wie
im Punkt 3.1.1 kann man zeigen, daB der Abstand von O und E¢ groBer als
R ist. Deshalb gibt es eine Kugel G mit dem Mittelpunkt O, deren Radius
mindestens R ist und die hochstens n—d Unterriume beriihrt. Folglich
kann man die Kugel G auf Grund von 3.1.1. vergriBern.

Wir haben gesehen, daf} die Unterraume von {E7} im Fali der Gleichheit
in (8) parallcl (£; 1 ,£7 ) sind und die Enge dieser Anordnung und die Enge
des Pun]\tsystems PJ, in En—¢ gleich sind. Der Unterraum En~¢ hat eine
Zerlegung in reguldre Simplexe nur in Féllen n—d =1 und n—d = 2.
Daraus ergibt sich, daB Gleichheit in {2) nur in den Fillen d = n—1
utd d = n—2 guftreten kann. Anderseits ist es zur Erfiillung der Gleichheit
notwendig, daB P,, P,, ..., P, 4., ein {n—d)-dimensionales reguléires
Simplex sei, d.h., P,P, soll cine Strecke bzw. P,P,P, ein regulires Dreieck
sein. Diese zwei Eigenschaften gelten gleichzeitig nur fiir die in 2.1. bzw. 2.3.
geschriebenen Ancrdnungen. (O

3.2. DErR BEWwEIS DEs SATzZES 2. Wir betrachten die Punktmenge {P;}
mit der (r, R),-Eigenschaft und mit der k-Enge » in £7 74, Es seien E" 4 C£",
EdcEn E¢) Er—¢, P¢E?. Wir nehmen an, daB die Multiplizitdt von EY¢
und die Multiplizitat von P, (= E®) gleich sind. Mit P’ bezeichnen wir die
orthogonale Projektion des Punktes P¢ E” auf £" 9. Weil der Abstand von P
und E4 gleich PP, ist und die Bedingungen 1.1. und 1.2. fiir die Punkt-
menge {P;} = {£9} gelten, deshalb hat {EZ} die (r, R),-Eigenschaft und ist »
ihre &-Enge. O

3.3. Der Saiz 3. ist eine einfache Folgerung des Satzes 2. O
3.4, Vor dem Beweis des Satzes 4. sehen wir zwei Hilfssd{ze ein.

HrurssaTz 1. Wir nehmen an, daB die Menge von Hyperebenen {E7 72}
die (¢, ¢),-Eigenschaft in E" hat, wo die Hypercbenen nicht unbedingt ver-
schieden sind. Beriihrt einc n-dimensionale Kuge!l vom Radius ¢ keine von
den Hyperebenen aus {£771}, dann ist die Zahl der diese Kugel schneidenden
Hyperebenen aus {E7~1} genau k, wo dic Schaittzahl ciner Hyperebene und
der Kugel gleich der Multiplizitdt dieser Hyperebene ist.
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Bewgis. Ist die Zahl der schneidenden Hyperebenen, auch die Multipli-
zitdt betrachtet, mehr als &, dann gilt die Eigenschaft 1.1. fiir {£771} nicht.
Wenn diese Zahl kleiner als & ist, dann gilt aber die Eigenschaft 1.2, nicht.

HiLrssaTz 2. Wir nehimen an, daff die Menge von Hyperebenen {E;“l}
die {¢, ¢),-Eigenschaft in £° hat. Beriihrt die Hyperebene Ef~1¢{Er~1} mit
Multiplizitat m in P eine n-dimensionale iugel G vom Radius ¢, dann gibt
es eine Hyperebene 'E¢-*¢{E? 1} mit Multiplizitat m, die die Kugel & in
dem P gegeniiberliegenden Punkt P’ beriihrt, wo 1 =m=k ist.

BEWwEIS. Mit O bezeichen wir den Mittelpunkt der Kuget G. Die Zahl der
zu {EPp~1} gehorigen und G schneidenen Hyperebenen ist hichstens k—um,
aucit die Multiplizitat gerechnet. Im entgegengesetzten Fall kinnten wir

die Kugel in der Richtung OP ein biBchen derart verschieben, dafl die Zahl
der Translate von G schneidenden Hypercbenen aus {£771} mehr als & wiire.
In diesem Fali gilt aber die Bedingung 1.1. fiir {£771} nicht.

Wir betrachten die Hyperebene *En~1, diedie Kugel G in P berithrt
(PO = OP’)und wir nehmen indirekt an, dali ’E7 ~1 ¢ {E£172} gilt. Wir bewegen
(7 parallel Ef~1 derart, daf G weitere Hyperebenen aus {E£7~1} nicht beriihrt.

Wir verschieben G in der Richtung PO ein biBchen. Weil "E7-1¢{Er~1}
ist, schneiden héchstens k—m Hyperebenen aus {E7~!} die Translate von
G, d.h., dic Bedingung 1.2 gilt fiir {E7 71} nicht. Folglich gilt *E}—1¢{E7 1}

Es sei m’ die Multiplizitdt von "En~1¢ {E771}. Wir zeigen, daB m = m
gilt. Wenn es Ef71C{ET 1), "ET 2 BNl # EFL gibt, die G beriihrt, dann
hewegen wir G parallel EV ~* so, daB G und E" ~1 sich nicht beritbren werden.
In diesem Fall ist die Zahi der Hyperebenen aus {E7—1}, die die Translate
von G schneiden, genau k—m. Im entgegengeseizien Fall gelte die Eigen-
schaft 1.2. fir {E7 -1} nicht.

Gilt m=m’ oder m=nr', dann verschieben wir G in der Richtung oP’
cin biBchen und gelten die Bedingungen 1.2 bzw. 1.1 fiir {E}~1} nicht.
Folglichist m = 7. [J

%
Der BEwEIs DES SATZES 4. R—*al folgt aus den Punkten 1.1 und
r

1.2, sowic aus der Definition von r¥ und R*. Deshalb geniigt es den Fall
der Gleichheit zu untersuchen.
Wir nehmen an, dafl dic Menge von Hyperebenen E7-1 die (r, R),~Eigen-

R*
schaft hat und — = 1 gilt, d.h.,
r

9) r¥=R*=¢
ist. Mit dieser Bezeichnung hat {E771} die (¢, ¢)-Eigenschaft.

Es sei {7 eine n-dimensionale Kugel vom Radius ¢, die keine von den Hy-
perebenen aus {E77'} berithrt. {Die Existenz dieser Kugel folgt aus LI,

und 1.2.). Esseien {E7" ER™Y,. . E7 "¢ {EP™"} die die Kugel G schneiden-

L
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den Hyperebenen, deren Multiplizitit nacheinander m,, m,, ..., m, sind.
Nach dem Hilfssatz 1. gilt

(10) mtmyt .. o =K.

Es seien G,=G_, zwei n-dimensionale Kugeln vom Radius ¢, die die
Hyperebene £77' im Punkt P, berithren. P, bzw. P_, sei der gegeniiberlie-
gende Punkt von P, auf G, bzw. auf G_,. Aus dem Hilfssatz 2. folgt, daf} es
E27Y, *ERT e {Er-1) geben, deren Multiplizitat m, ist und die Kugel G, hzw.
G_, im Punkt P, bzw. P_, beriiiren. Esseien G,=G,und G_, <G _, n-di-
mensionale Kugeln vom Radius ¢, die die Hyperebene *EL”" hzw. *£7"
im Punkt P, bzw. P_, berithren. P, bzw. P_, seien die gegeniiberlicgenden
Punkte von P, bzw, P_, auf G, bzw. auf G_,. Wieder nach dem Hilfssatz 2.
existieren Hyperebenen die "E}, ', **E7" " ¢{En—1}, deren Multiplizitat m, ist
und die G; bzw. G_, im Punkt P, bzw. P_, berithren. Mit der Fortsetzung
dieses Verfahrens konnen wir eine  Teilmenge {E?n;'} von {El ! } vorstellen,

wo die Hyperebenen von {E?r;ll} paraliel und von der Multiplizilit m, sind

und der Abstand der benachbarten Hyperebenen 2¢ ist.
Wir wiederholen das oben geschriebene Verfahren auch fiir die Hy-
perebenen EL ', ER™', ..., E{”'. So existieren die Teilmengen {E2-1),

i3

{E}’;:}, N for } mit de1 selben Eigenschaften wie {7~ }
Essei
(1 {E iy . imd = BT YOLER, JU - ULER,

Aus der Konstruktion folgt, daB {E;n:l i i JSLETT) gllt. Anderseits
folgt (11) = (1) aus (10), d.h., {E:‘,;ll im. imJ Dildet ein (r, R),-System und
R* T

= 1ist.

o
Wir schen ein, daf {E?,;l' a‘mq___fms} = {E}™"} gilt. Wir nehmen an, daB

. _ N o . mn— 1 - -
cine Hyperebene £771 gilt, fiir die E; Ye{ET img} und E7 e{En—1

my Mc»

gelten. Es ist lcicht einzusehen, daB es einen Punkt QEE" und Hyperebenen
E?I'IE{E?;:} Ef-! {E?‘I} E? ‘C{E" I}g’el:)en wo der Abstand von @

und von E771, E" LERT, ES klemer als ¢ ist. Die n-dimensionale
Kugel voitt Mttte[punkt G und vomn Radius e schneidet die obigen Hyperebe-
nen aus {ET-1} Wegen (10) schneidet diese Kugel mindestens k+ 1 Hyper-
ebenen aus {£77'}. Das bedeutet aber, dal die Eigenschaft 1.1 fiir {£7 1}
nicht gilf.

Daraus folgt
{En ]} o {I-.n ]

ml by ... tm

s} = {Eﬁa_l ik}- O
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4. Bemerkungen

4.1. Die Vermutung fiir die extremalen Figuren im Fall d = -3 ist
das foigende. Es ist ein raumzentriertes Wiirfelgitter in Efc /" gegeben,

Nehmen wir die Menge der (11 --3)-dimensienalen Unterraume{L, } in E°,
die in den Gitterpunkten zu £7 total senkrecht sind. Es ist offenbar, daB die

Enge von {E7-3} ]/g ist. [V§> ]/g s. die Satze 1. und 2.)

4.2, Die Vermutung ist, daB die Gieichheit in (3) auftritt.
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Focal loci of subimanifolds in a Riemannian manifolds have heen sfudied
in detail in [E], [5], [7], [8], {91 and [10]. [1] and [9] contain some basic
facts on cut loci of submanifolds (in [1] they are called minimum loci). In
this paper scction 1 contains the preliminaries where we establish our no-
tational conventions, too. In section 2 we develop some of the matching and
non-matching properties of two minimal geodesics from a cut point, which is
not a first focal point, to the points of the sumanifold L. Section 3 deals
with generalizations of some results of W. KLINGENBERG [6] from conjugate
toci to focal loci. The results on the focal loci are obtained under some addi-
tional assumptions and with certain modifications.

1. Introduction

Let M be a compact connected n-dimensional Riemannian manifoid of
class ¢~ and consider a ¢= compact connected m-dimensional submanifold
I, M. Let N(L) be the normal bundle of L, i.e., the set of all tangent vectors
to M at points of 1. that are orthogonal to L. The exponential map of the
Riemannian manifold M restricted te N(L) isamap eeN(L)—-M of class ¢~.
Consider now a unit vector w in the normal space N (L} of L at x for xeL
and the geodesic

ocR-M

such that ¢(0) = x, £{0) = w, c{f) = z and ¢t{0, {] is the unique minimal geo-
desic. Let S, be the supremum of these {= 0 which is always well-defined,
since M is compact. If S, is finite, then ¢t[0, 8,.]is a minimal geodesic. The
point (v} = ¢(S,.) is ealled a cut point of L in M and the point v = S,w is
also said to be a cut peint of L in N(L). The set of such cut points S, w is cal-
led the cut locus of the submanifold L in the normal bundle while the set of
cut points ¢(8,,) is called the cut focus of L in M.
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If the tangent linear map
Te:T N(L) =T . ayM

of e at vE V(L) is not injective, then v is called a focal point of L in N{L} and
the point £(v) is also called a focal point of L in M. The set of such focal
points v is called the focal locus of L in N{L} while the set of focal points
e(v) is called the focal locus of L in M. The multiplicitiy & of a focal point is
{he dimension of the kernel of T,e. The sum of the multiplicities of the focal
points gives the index of the geodesic by the Morse Index Theorem.

If v =8, weN(L) is a cut point of the submanifold L, then at {east
one of the following properties holds:

[. The point v = Sewe N(L) is the first focal point of the submanifold
L on the ray fw, =0,

2. There are at least two different minimizing geodesics from the cut
point &(S,W)EM to the submanifold L (cf. e.g. [9]).

The author thanks Prof. J. SzEnTHE for many useful discussions du-
ring the preparation of this paper.

2. The closest point of the cut locus {o the submanifold

Let L oM be a submanifold and let ¢ be a geodesic starting at a point
of L which is orthogonal te L. Let z be a point on ¢. Then z is a cut point of
L if ¢ minimizes arc length up to 2 but not further. If ¢’ is another geodesic
from the cut point z t¢ a different point of L such that ¢’ does not match
smootilly with ¢ at 2, then z is not a closest cut point of L. This fact is stated
in the following lemma.

LEmma 1. Let A be a ¢= compact connected Riemannian manifold and
let L be a e~ compact connected submanifold of M. Let e(v) = x¢M be a
poiint of the cut locus C{L)to L whichis not a focal point of L. If ¢, and ¢, are
two different minimizing geedesics from x to L such that they do not match
smoothly at x, then there is a cut point of L in any neighborhood of x which
is nearer to L thanr x.

Proor, For tlie sake of convenience the zero section of the normal bundle
N(L) 15 identified with L and let P,:N(L)—~ L be the projection map. Since
N(L) is a vector bundle, it is locally trivial, that is, every point y of the zero
section of N(L) has a neighborhood U7 such that Pp2(U") is isornorphic
with U’ N L. There is a Riemannian metric on N{L) by basic results [4]
and with respect to this metric T',e preserves the length of vectors tangent io
the rays of N(L) by the generalized Gauss lemma [7]. Let 1£N, L be a non
zero vector where y€ U, Then locus of the end points of such r with fixed
length will be a spherce of dimension 12 —m— 1. Consider with r the family
of vectors of the same length as v in P YUY, then corresponding to these vec-
tors there is a union of the spheres which forms a piece of a hypersurface,
say K, and hence a fangent space T, K at v orthogonal to v which is proved as
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foliows: Let g:[0, e )~ N(L) be the ray of N{(L)defined by o(f) = fv, 1[0, =),
thert p(1) = v. Consider a geodesic variation W[s), {€[0, 1], se[—¢, €] of
e considered as a geodesic in N{L} such that Wp) = p{f) and varied geode-
sics are of the same lengths and orthogonal to U’. Then the variation vector
fieldw = 2VAS)
05 {s=0
v and is non zero field at v, since v is not a focal point of L in N(L). This Ja-
cobi field will be orthogonal to v at ¢ = 1. This process can be applied for
any element of T,K. Since each variation vector filed which is an element of
T, K is orthogonat to v. Therefore T,K will be orthogonal to v, i.e. for X ¢ T, K,
(a(l) X) = O holds, where g is induced metric of N(L). Now we define geo-
destic 6:[0, 1]=M such ithat ¢(0) =z L, ¢ (EN, L, 1) =x = £}
Consider for ¢, a family of neizhboring geodesics each orthiogonal to L, then
under the restricted exponential map ¢ each member of this family is the
image of non-zero vectors taken in PL(U) correspending to v. Since each
vector in PrY LY is of same length as that of v, Their images under map ¢
will be of the same ?enqth too. As #(1¥) = x is not a focal pomt of L in M, the
image (K} will be a picce of hypersuiface containing x in M. Since T, K is
ort! 10gondl to o(1), tirerefore by the generalized Gauss lemma [7]

Te(T,K) = Tuy e(K)
will be orthogonal to ¢,(1) i.e. for
Z = T e X €T me(K), ¢ (1) = T],s(é(l));

g(¢,0),Z) = g(T,e0 (1), T\eX) = g(e (1), X) = 0,

where g is the Riemannian metric of AM. ConsEqutntly the liypersaiface #(K)
is crthogoudl to ¢;. Similar result Holds for the geodesic ¢, passing orthogonally
through tie point z.£ L to x. Since ¢, and ¢, do not match smoothly at x, the
two tangent hyperplanes at x do intersect in the neighborhood of x. From
this there exists a peint X’ close to x which is joined to L by two minimal
geodesics ¢f, and ¢, where ¢ is neighboring to ¢, and ¢ is nelghbarmg to ¢
and each heing shorter than (i and ¢,- But this means that x' is on the cut
locus C(L) nearer to L than the point x; since it can easily be seen that geo-
desics of smaller fength than ¢f minimizes its arc length uniquely. Now there
are two possibilities:

(1) If 2, =2, then the minimizing geodesics from x” have different foot
points, consequently they are different. But then x’ is a cut point of L nearer
to Lthanx.

(2) If z; = z,, then since ¢, and ¢, are minimizing geodesics and not
matching smoothly at x, thicre will be two different subspaces of codimension
1 in T, M each orthogonal to ¢, and ¢, respectively at x and both the subspaces
intersect in the neighborhood of x. Therefore there is a point X’ in the neigh-
borhood of x such that there are two different minimizing geodesics from
x’ to L and x’ is nearer to L than x, consequently x’ is a cut point of L nearer
to L than x.

will be a Jacehi field tangent to the hypersurface K at



142 HUKUM SINGH

Taeorem 1. Lel M be a compact connected Riemannian manifold and
let LM be a compact connected submanifold of M. Lef the cut locus of L be
non —empfy and let e(v) be a closest point of the cuf locus to L. If &(v) is nof a
focal point of L, then there are af most twe different points of L which are at
minimal distance Jrom &(v).

Proor. Since &(v) is not a focal point of L, there are at least two different
minimizing geodesics from L to the cut point (). We have to show that
there are at most two diiferent points of L which are foot points of minimi-
zing geodesics from L to e(v). Let ¢, and ¢, be any two minimal geodesics
through (v} to twe different polnt% z,andz, of L. 1f ¢, ¢, do not match smooth-
ly at a(u) then there is a peint x* which is nearer to L than &(v). But then by
lemima 1 the point X" will be a cut point of L, which contradicts the fact that
e(v) is the closest cut point of the submanifold L. Thus if ¢; and ¢, are two
minimizing geodesics from £ to e(v} and #(v) is the closest cat point of L,
then they match smoothly at (v). It remains to prove that there are at most
two different points of L which are at minimal distance from &(v). To prove
this we assume that z; is a third foot point of a minimal geodesic ¢ passing
through e(v). But then neither the minimizing geodesics ¢,, ¢ nor ¢, ¢, match
at &(v), since ¢, and ¢, match smoothly at «(v). Hence, the assertion of the
theorem follows,

3. Focal peinis under some restrictions

The scalar product in T, M, the tangent space of M at p is denoted by
{,> The length of a path ¢ in M is denoted by .£2(c).

ProrosiTion 1. Let M be a complefe connected n-dimensional Riemannian
manifold of class ¢~ and let L M be a ¢= compact connected submanifold such
that the restricted exponenfial map has no focal points fn U(r), where U(r) is the
tube of radius r around the zero section in N{(L). Let O’ € M and assume thaf ¢,
and ¢, arc different geodesic segments joining O orthogonally to L and thaf there
isafamiv i, te[0, 1] ofcurves joining ¢’ orﬂmgfma!!v to L such that

hy =&, = ¢
and 2(Iy) = L(c)) for all ic [0, 1]. Then L{c)+L{c)=2r.

ProoF. We can assuime that £2(c,}=r. Since U{r) does not contain focal
points, the tangent linear map Te is ever ywhere non-singular in U(r). Then
the restricted exponential map « is a covering map [3]. But every covering
map has the curve lifting property ([2] pp. 25). Hence ¢, = h, can be lifted
by the preimage e 1 of e !6"§ti icted to U(r) into U(r) and this gives a straight

segment f1, of length 2(¢,) starting from the zero section of N(L) to a point
O’ € U(r). In this mammer we can lift the curvesf, for values of f suitably

close to O to a family &, going from the zero section to 0. Since ¢, and ¢, are
different, it will not be possible to Iift I, for all £€[0, 1] to U(r). Hence for

every &> 0, there exists a {,€]0, 1] such that f, can be lifted to a curve i,
in U(r) going from the zero section to ( and containing a point which has
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distance =g’ from the boundary of U{r). But then by the generalized Gauss
lemtma, £(c,) + &, ) = 2r — 2¢". Since L{f)=L(c,) for all fe[(} 1)and & is
arbitrary, the result follows immediately.

THEOREM 2. Let M be a comlete simply connected Riemannian manifold
and L cM be a compact connected submanifold such that there are no focal po-
ints in the neighborhood of radius r of the zero section in N(L) buf there are af
least 2 focal peinis on each ray corresponding to an orthogonal gepdesic in the
neighborhvod of radius 2r of the zero section in N(L), Then the following hold :

(1} M is compact;

(2} For any O sufficiently near to L whick is not a focal point of L, there
is precisely one geodesic of length d(O¥, L) jeining O fo L and all other geode-
sies joining O’ to L orthogonally have length=2r —d((r, L) and index=2;

(3) A non-irivial geodesic intersecting L arthogonally ai its fwo end poinis
has length = 2r. The distance between L and ifs cut locus C(L) is =r.

Proor. To prove (1), it is sufficient to note that a geodesic segment of
length 2r, starting froni L and being orthogonal to L contains focal poinis
in its interior and, therefore, is not a curve of minimal lengtl from its end
point to L. Consequently a tube of radius 2r about L covers M. Since L is
assumed to be compact, this implies that M is compact.

To prove (2): Since there are no focal points in the neighberhood of
radius r of the zero section in N(L) and at least 2 focal points on any ray
corresponding to an orthogonal geodesic in the neighborhood of radius 2r of
the zero section in N(L}), there is a §= 0 such that each orthogonal gecdesic
segment of length 2r— 48 has index =2, as L is compact by the Morse Index
Theorem. Let ’¢ M be a peint which is not focal point of L such that
d(Qr, Ly=4. Let ¢, be a geodesic of minimal length d{0’, L) joining ¥ to L i. e.
Lley) = d(O, L). Let ¢, be a geodesic ¢, starting at &" and orthogonal to L.
Since M is compact simply connected and L is connected, too, there exists a
continuous family {f,}, {€ [0, 1] of curves #, joining ¢, = i, and g =hIn
every such family consider a curve hyy, which has maximal length in the fa-
mily, where of course the value {, depends on the family. Consider now such a
family that the length of &y, of this family is maximal among the lengths of
hy, of all other families. Then this fi, is 2 geodesic =h, = ¢,. In fact, if P, is
not a geodesic, then there is a variation of ft,, where the lengths of curves in
the variation are greater than that of k. But then there would be families
where the length of A, is greater than that of &y, which is a contradiction.
Since I, is not of minimal length, so if i, = ¢, the construction made above
allows us to assume that the index of fy, is 1 if I, =#¢;. Applying proposition
1 to the homotopy {i}, €0, f,], we obtain

Lfyy) = 2r — L(cg) = 2r —9,

that is index Ef,, =2. But then h, = ¢, and this yields the required result.
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In order to prove (3} we assume that there is a non-trivial geodesic ¢
intersecting L orthogonally at its two end points P, and P, and having length
£(t) = 2r--2a<2r. Then there exists an 0'¢ M, not focal point to L and so
close {o L that the family of paths joining & to L contains a geodesic ¢’ dif-
ferent from the uniquely determined geodesic ¢, of minimal length from L to
0" and satisfying £(c) 4+ .2(c,) = 2r — a = 2r, which contradicts (2). This proves
the first statement in (3). To prove the last statement of (3) we assume that
p be a cut point of L, then, since the point P is not a focal point of L, there
will be two minimizing geodesics ¢, and ¢, front P to L. If L(cy)<r L(e)) =T,
then

Lc)+-L(e) =2,

which contradicts (2).
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ON THE ESTIMATE FOR THE DIFFERENCES OF THE
DERIVATIVES OF PARTIAL SUMS ARISING BY THE EiGENFUNCTIONS
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1. I'n the present work we prove an exact estimate for the difference of
the first derivatives of the partial sums arising by the eigenfunctions of high-
er order of Sturm-Liouville operators. Our result extends that of [6] and
[9] for the case when the eigenfunctions have an arbitrary order.

2. Let G = (a, H)CR be an arbitrary finite open interval, g{x)€ LP(G)
(-~ 1) an arbitrary complex function and consider the formal Schrodinger
operator

(1 Lit:= -~ u"+qu.

Given a complex number 4, the functionu _, : G—C, u_, =0is called an eigen-
function on order — 1 of the operator L with the eigenvalue 7. A function
4, :G-C o, 20k =0.1.2....)issaid to be an eigenfunction of order k
of the operator L with the eigenvalue 2 if 1, together with its derivative is
absolutely continuous on every compact subinterval of (7 and if for almost
all x¢C the equation Lu,(x) = A, {x)—u,_ (x)} holds. where u,_,(x) is an
eigenfunction of order X — 1 with the same 2.

Let {u,} (resp. {#i;}) be a Riesz basis in L? ((7) consisting of eigenfunctions
of the operator L(resp. Lu = —u” +§u). Let A, and a,(resp. ’f:.,\. and &,) de-
note the eigenvalue and the order of u,(resp. &,) and having the following
property:

(2) SUP 0y, < oo, SUP @), < oo

Let f(x) be an absolutely continuous function on the closed interval
fa, b]; further let u be an arbitrary non-negative number. Introduce the no-
tations

0!‘(.[,- X)Z = 2 “‘"fr V= Hk(x)! aﬂ(f! X): = Z = f! ]I"\J.' - ﬁl.'(x)r

"Re Vi | <n Re V31 <s
where {1} (resp. {3,}) are the eigenfunctions of the adjoint operator Lv: =
= —v'+g(xp (resp. Lv:i= ~—~\’”+-AQ“(X)V) with the eigenvalues {1,} (resp.
{A?.k ). Our aim 15 to prove the following.

10 ANNALES = Sectio Mathematica — Tomus XXX,
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Tueorem. Suppoese K (s an arbitrary compact subset of G, and let the
potentials §(x), §(x) fulfil the condition

gRIELAG), GEIELAG) (p, PE(T, =)
For any f¢ WHG) the estimate

10 — L8, 01 = CE ko
dx dx

fiolds unifermly in x on the compact K. The constant C(K) depends enly on K.
Remark. This estimate can not be improved in the sense that we can’t
change the constant C(K) into a(1) (cf. [6]).

3. Introduce in the investigation the spectral function &(x, y, u) of the
operator L:

Q(X! W P"): = Z Ur.—(x)"k_(y_)-
IRe Vag | <x
Let K be an arbitrary compact subset of G and fix a number R, such
that 0= R, = !Tdist (K, 2G); further suppose R = R=2R,. Denote Sg, the

average operator
| 2R

f F(R)R.

SRO[f}: = R
* Ry

Fixing =0 and x¢ K arbitrarily, let us introduce the function W:G-R
by
1sinp(y-x)
W(x, » zu'): =3\ y—Xx
0 if |x—y| :-»R.

For the proof of our theorem we shall need the following proposition
which follows from some lemmas.

[x—_V1‘5R,

ProrosiTroN. Suppose g(x)¢ LP(G), p> |. Then the estimate

¥
(3) 2 I Sp W (x, v, 0)— (%, v, 1) Jdy| = D(K)
ox

h 41

holds untformly in x on the compact K <G and in yy, y»€[a, #]. The constant
D{K) depends only on K and g(x).

For the sake of brevity we shall denote in the sequel by %, an arbitrary
square root of 2, and we put g, : = Re #,, v, := Im #,. Throughout this paper
K =[e, d] <G will denote an arbitrary compact interval satisfying the follow-
ing condition: 3R =0 such that K, := [c—R, d+ R] .
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Lemma 1. Consider the operator (I) on the interval G = [0, 1). Then
the estimate

f uk(E)dE ]

H J Pl

(4) 'Nuk—ﬂh."fa)[l +%E,,k|]°k—-1]

[”uk”L‘”(G)[I +_r1)r |1,k|]crk+

holds uniformly in x on the interval [ 0, %]

Proor. We recall the generalized Titchmarsh formula of Jo6 I. [1]:
for any x-+t€G, x—{eG

u"(x +") +uk(x _t) '_2'“&(1) cOs auk‘ =
{5) = f 'sin P'k(f sl)[q(g)uk( )_uk-q(r?.)]d!f it g, =0
x=t iy

and the proposition in |2] of KomorNiK V.:

(6) | uk(x) I exp {l L4 [ da,b(x)} = MJ‘.‘"uk"L"'fG)(I + | Vg I da,b(x))ﬂk’

where d,,,(x) 1= min{|x—a4|, [x—b]} and the constant M, does not depend
on gy
Let us assume X= EI Integrating (3) in ¢ from —x to x and estimating

we get easily

2x

a[ U (£

M+ [ [ o —n @)D g

—_x X-—1i luff

=] || 4

Hy

Using (6) and the inequality !sin g f] <2 exp |5 ]t ({€R, ucC) we ob-
tain the estimate for the first term of (7):

sin
#d ‘ = const lagllo=(1 + |v,| - )% —
B P4 ]

® 4|

Taking into account that
f—Ix—Il= min{& | &) := d(&) if 1=0,

10*
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using (6) and the elementary inequality
(9) 2lsing,(f—|x—E)] = exp [»(f—Ix=E|} + 1 =2exp |n(t — |x = E]}]
we get that
) sinu, (f—|x—¢ ' exp {|».|-d(&
(10) 'HJ.-(E) Juk( | |) = |uk(E)| ]J{| J'.[ ()} -

My | Ay |

=const [, |o=@(1 + |9 ]d(EY) -—— if =0,

In case =0, consider that [#+|x—% = min{s 1-5}: = d(%), and the
right hand side of (5) has the following form:

x+1 : .
- sin g, (t+ |x—5})
T 1000 (]l 22D g
x—F iy
Using (6) and (9) we have, too:
: Sinp(t+ |x—t '
Hy:
I

(1) = const {1 ||~ @1 + | 2| d(E)) - Ll it £-=0.

e

Similarly, we get that

' sin g, ({4 |x—¢ '
u;,-_l(E) Hk( | ) —
uf:

. . 1
(1 2) == const |[u;, _, ||f_,==((,‘)(l -+ | m | d(:))"f{‘ S
l + |4“."f|

Taking into account d{5)= l from (7), (10)—(12) we obtain

x  x4f

f fli[uk(s)é'(i)—uk_l(s)}

-x x-t k

I o’;‘—l
[ I+ 5 I*’kl)] x
= CONst [tz 1~ NS f |¢]df +
] + |rul.'i

sin g, (f — |x—£|)

de dt =

(13

+ const || pll Lye llu;;]1L“(G)[ i +%|”kl ]"’-‘ fdt'

The Lemma I follows from (7), {8) and (13). ]
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Lemma 2. Given any compact K G, there exists a constant C(K, R)
such that for 0=<3R<4R,; ¢(x)¢ LA(G)(p=1); ¥, Vo€ [a, &]

Y 2 3¢ I
f v(Wdychp R < C—(ﬁo!—R—), =
i . s

(14) A 1.

lu= e | fe
i

Proor. Using the Lemma 1 for {v,}, the theorem 4 in {8] and (2) we
have that

- P _CKR)
(15) | [ vidx)dy: Efi"{”‘_) ch? ka[”kaL"(K)+I|v.‘;—1||f-"°(K) ]

»t i

Hence using (61} in [4] and the inequality ch a ch b=ch (e +¥8) (@, b=0) we
get

ys | -
> vpayennr| =
N e N |
C,(K,R 2
5_2(_;“—){ 2 (vdle-eo ch 9 3R +
i bum 1 og | b1

C,0GRIA

~ w1l
e

oz (nvk_1||f.wmch-»ﬁ._13fe)ﬂ}5

[r=1eg | 11

The Lemma 2 is proved.

Lemma 3. Given any compact K < G, there exists a constant C,(K) such
that for g(x)€ LA(G), p= |

(16) 2 Iliao =C(K) - u?, p=1.

|”"_|"-‘k| [ =1

!

Proor. This proof is made in the similar way of that of the Lemma 4 in
9] ©
Now we return to the proof of the proposition.

PROOF OF THE PROPOSITION. We count the Fourier coefficients of tite
function W according to the system {u,}: ‘

iR
<y, W — f i,
xR

oy LB,
] y—x
R .
- | L ﬂ’;ﬂf {uc+0 + (=) .

a
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Applying the generalized Tiichmarsh formula (5) we obiain for the
Fourier coefficients of W the expansion:

sin pf 08 p,f

an <u, W> = u(x ) f dt—
—u(x ) f SInEe0s ol 4y () 2 f sin ut cot gt P =1y
H
R
—uk(x)—f-f sin pf 8in g,‘,t—l v df +
T t
x4+
] f
+ [ aoue [ ptsin = 3 ZE) gy g
x-R | x—&} sility
x+R . - _ _:
R e
x~R jx—5: aulpty,
Similarly, we introduce the function
LsinaR oy =,
wix,v,u): =32 R
0 if jx—y| =R
We obtain also
ity 0> = 1,(X) 2sin uR sin u, R +
rrR‘m
sin bR R osinp,(t—|x—¢
(18) +— “ : f G(B)u(E) f il D dtds+
xR , £} Tity
. +R R . vt
4 SIH#R f Hk—l(S) SIM {2 ‘)‘ s|) dt d.
R 3-R | x—§{ Ty
We known that [4]:
sm i cos
(19) e LRt = o, ],
T
where
Iif (o] = m,

i) '— i€ o =

0 if |g,| = .
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Introduce the notation

n 2 & sin ulcos gyl
Foi(RY: = = [ SREEROE g1 =
T % ¢

2 singRsin R p
_ * M g 1 Jgk| +_[P_'Kivk|(R)P

(20)
B lox| R o

where
sin .
S ﬁlsm | et dt.

2 &od
K, ((B)y:= —— | —
Fow 1 ) np,;!‘ dt{

On the other hand we have
sin xR sin w, i 2 sin kR sin R
# ‘uk = |ek| l h(R! #’k! P‘))

ey 2
Z RP-;‘ - R|Qk[
wlhere
h(R, Lo u): = sinuR sin o R(chvw, R—1) N
Ry
+i sin uR cos g, R sh v, R — v, sinuR sin g, R
Ry,

{cf. [9]).

From (17) —(21) in case |g,| = | we have
(U, W) —{tty, 0) = w, ()8 @ [) — 11, (x) - - l; | . Klﬂok {R)+

ch ﬂkf—ldt_

- r
+ 1, (x) 2—‘[ Sin ut cos p,t
T

20 f .. shyt
—uk(x)7I f sin pt sin ekaI:“ df — w (X)(R, py ) +
0

R . .
] fSln.HfSIHHk({—‘x_ED dfd{fﬁ'

x+R
+ qE) u (&)
x:lf:’ Fx—[! :"!:)'yk
x+R R : : v r
+ f U () f sin pl sin p{t —|x — ) dt e~
x-R —£] Ty,
. x+R R
M (t—Ix—z
_ sinuR f P(E), (£) f sitt g, (f — |x ’|)-a'tdf
R -R ix—8] Ty
(22) __51..11_‘!15 TRH (&) j?sil'l‘uk(f—]x—.fi) df di
R k=11 e _— -
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One can prove the convergence of the following eight series by similar method
applied in [9]:

1. > - K (R
Vo Izt | .9k|
- 2 f chyt -1 .2
2. i (x)— f sinpicospd---—% ’
2 i) %f picos o0 =" gt

= 2i F . , shyt *
.3 uk(x): f sifn i sin g,‘t—f—k- L
2 g _

k=0
4. > )RR, e )|
Veg i=1
o x+R R - H _ B 2
N I i T
k=0| o x| afp, .
Z | *ER R sinp(t—|x—z |
6. 2, P [ el [x)_ ds‘ ,
=0 x=-R x=-R 'n!“-'\' i
- i N A fsin
7 f e 4 (2) f sinl puf sitl pr {f — —£0) dfd'- ,
k:01x o TIH.&
- i x+ R . ]
s pe {f— XL
s 2| [ met oD e
=0 ]|x—k L x| T i

Multiplying (22) by v(v), summing in k for ail k€N, applying the average
operator to both sides and integrating in y from y, to y, (a=y, =y,=<b)
we get the following connection:

Yz Db
S [SaW (3 =8y, m]dy = [ Sawlx,y, 1) dy+

W i
1 Yu
s 2 [ ) dux -

= e =ty

2 O sin gR sin p R
- vy dy 2 (x)Sk, - u
e _'r_'kZ-'El ",‘If Rﬂ-;‘
¥z

= 3 [ 0y 0Dk (R) -

LT |=1 3:‘
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Yo

= 3 [ ) dy a0 Sk, Kl (R +
O[5 =1 ) I
- Yy P 7 s
+ f v, () dy uk(x)SR,,if sin ut cos ri—c—u df —

Wa

_ 2 fuk(}’) dy u (\)SR,, fsmptsmgkf-.__dr_
k=0)'|

¥a

- 2 f V(Y)Y 1 () SR MR, f1i 1) +
ap =1 w
X+FR . .
sinwfsm g, (f—[x—¢
+ z f uk(y) ﬂ‘}’ SRn f ‘?(E) U:;(E) -4 } k( I d J) dt dE +
UY' x=R x=¥ '-dnuf.'
Ya x4+ R R _- - . -
- n ol T
t2 f N Se, [ w @ [ Sin ptsin 5l 100D g g
=0y, =R x—-3 by,
- R TR R osinp(t—|x—t¢ .
=S5 [rtrayse, SR T e [ e g0
k=0 ¢ R x—R  x=E Ty
¥a . x+R -4
T sin R .
- Z f Fﬁ‘(y) dy SRu d.v Sn"'u ."[ i f uk-l(:")
= O ¥, R xR Y

Ty
Denote Q(x) (P{x)) the left (right) hand side uf (23). Now our aim is to
prove that the derivatives -d— P(x), [;—! ((x)exist and are bounded. By the
dx X

ahove notations the following relation is true

dx *a
(24) — QW) = f ‘ - [Sr Wiy, -0y, ) ] dy.
_ »
Let us dencte p,(x) (i = 1.2, ... , 12) the i member on the right hand

. o d
side of (23). [t is easy to see that on the compact K the derwatwes—d—— Di(x)
X

{ =1, 2, 4)exist. The existence of the derivatives M 1{xX) (i = 3,6,7,8)si
ax

proved by the analogous method applied in [9] for the proof of the existence
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di Fig(x) using also the lemimas 2 and 3 of the present paper. The existence of

X

the derivative ?d ps(x) can be proved similarly by repeating word for word
X

the analogous proof used in [6] for that of (45).

Here we shall prove that the derivatives ;i— pix) ¢ =9, 10, 11, 12)
X
exist.

Consider the function

x4 R R .
sin g, sin p(f —
P = 3 [riiyse [ o [ el g
k=0 y, x—# {x—¢" Hi

We shall prove that on the compact K the following equality is true:

d - Y4
- Po(x) = !«ZO}.‘[ vi(») dy-

I R osinplcos plf—x+&
Saf-! fa@ue [l e
T xlr X

L o [ gl <) e

t
where
- ¥ { x
Po(x) = 2 f"'k(,V) dJ’SRo{— ffl(f)”k(if)'
k=D T xR
(25) sm,utcos;;,,(t-x+§) dtdg}.

x-&

In what follows we shall need the estimate

(26) I —'x U <Cy(Ry) for a(&ELAGY, p= 1
-R

(cf. [9)). | |
Using (26) and the lemma 3 in {9] we vbtain

Pay(x) = Co(Ro)C1(Ry) {

gl L=
Ny Hitel| £ exe e,y +

‘ f W0) 4|
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RS il L~ oy
- | 2R,
+ Z ) l f U!.'( ) ; ‘;’2
Iz .;a“s',Tl}’l !llu‘—[ex’-‘
. etz =y, » . B
2 [y ——— 5 2 fmm@y
—"—<|@k[<p-l Yr i ip_|9k| I;tv.pklisl ¥

2
’.V:

: ”uk“L“’(KzR") + Z ‘ f vk(y)dy

o =t 1]y

e = gpg, |

La—loxl [ ]

. - .V‘.-‘ ) U -
(27) +Csl ) > f b (3] dy Nezall (ilx'znt,) ch vT2R° _
ol G

1. Using the Lemma 2and ((61) in [4]) we get

(28) =CYHK, R AV = .

Oy | =
20 1= o} = ‘;— the relation ju —| g, | = |, | is true, too. Then using (15)

and ((61) in [4]) we have

3 2 < 1
(29) > ) =2C,(K, RyA2BY ;:Z: o
2

= oo
b |op | =

here and from now on we use the proposition 1 in [4] for the system [in.}: gi-
ven any compact K := |¢, d] <@, there exists an R=0 such that K, :=
:= [c—R, d+ R)cG satisfies

(30) sup > (Welle=go ch v R)* < B = <o,

=0 [ re= | op ] =1
3. If -’;-*‘-‘ lox |l — 1 the relation |g | = {g—lg,}| follows, too. Applying
(15), (30) and ((61) in [4]) we obtain

[

i

: ] DK, R, 8)
L '

l\,/j Wi

S =20(K, R)AV2BY?
?,u‘: | gk[ < gt=1
(31)

4. Using the Cauchy-Schwartz inequality, the Lemma 2 and ((61) in [4])
we have

(32) 2 =K RA < e

I i (',:\.|f5|
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5. Front (15), (30) and ((61) in [4]) follows

}
- =2 L4 S' —_— = oo,
{33) , = 20,(K, RyAV B Teaz
cop w=ptd ;:.l J

6. H is well-known that for any g{(x)€ L1(G), 1here exisis an £=0 with

[34} SUE Z (“vk”LN(G) C]] I’;‘_R)z - v = oo
= L e | =t
(cf. [3]). | |
{4, (15), (34) and ((61) in [4]) imply
2 f () &y , Fllemucomy) chr@Ry ¢ o 0 gy aveyre o
S P P+ pu—]o4

(35)

Now we substitute (28), (29). (31)—(33) and (33) into (27). We gct for
the quantity P, (x) the estimate
(36) |Py(x)| = ==

We have the similar estimate for the quantity Py,(x), too. Therefore the

derivativedi py(x) exists and (25) follows.
X
The existence of the derivatives—;{--ﬂ (x) ({ = 10, 11,12} can be made
+

in the quite similar way as before.
Summarising all of the above ar guments we obtain that
Ma

}
f SR WX, y, 1) —O(x, v, )] dy =
v X

»
y j':.b‘ e(x, v, @) dy+ L > ".:F'(_v)d L {x)
= =" RJHA Y, [ E = 1 T SELT
dx . 2 f WAy dx

< ag = p b

2 - sin uR sinu, R
— ~ f v,l(y) f."y - u,‘(\)SRU BT
T 0w [ 1kl _, Ry,

Y

! TR
[ vy dy ——u,(0S, 11y, (R) =
dx

d= ok i=1

¥
— 2 v (¥) dy l-!——u - N LS. K IR+
?"'**""‘;l[ Wy el S (R)

- y:
+ 3 f v (v} dy — [\]SRU‘ 2 f sif pf cos g, ¢h v": -1 df}—

k=0
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= X 2i £ ) sh vt
— v(v) dy —— i, (x)S {— sifl f sin g, f ——=& dt}—
’Z:Uy‘,[ Y ay o Ro Wuf ! O ;
if
f vk y) d]} L uk X}S}?“{h(R i 4”'}} +
*s.l" dx
R G 1 ; Sin uf cos u (t — X+ &
5 [t arsef = [ atou AL L B
=0y T xIr N—§ f
| X1R R sin pfcos g (f +x—~¢&
s LT gy [ S drd5}+
Ty 2 f
I <P tox B sin pt cos p(t — x + &)
+ (v dySRn{— U8 - k “—-dide +
"ZO_\"[ L iz \'jR o Aj: !

‘*“-'—-,+

£ sin ut cos g {f +x — &)
u, W f
-X

dfdz }-
H

1
T

¥2
e -— ] sn
=35 [ vl dvse, {—- nuk,
k=0yl X

=

x

quu, fcoqp (1 —x+rydtde+
R

x— X—3

I singR *+R R

- £, ) =

SR xj gL t[cow (1 +x—3) di ds }
¥2

sin uR x n
-3 [ vy cfySR.,{ —---‘*— j A5y [ cos pydf—x ) did +

.&-:()y

: x4+ R
(37) + f”}\jﬁf i (5) fcos gt + X — &) dt df}.
T LY

Above we had proved that all of series in the right hand side of (37) are
convergent uniformly it x on the compact K and arc hounded. Therefore

x F=X

Y
= SaWix,y, )= 6t 3,0 1y =DiK).
’X

i

(38)

The proposition is proved. O
4. Proor oF THE THEOREM, The idea of the proof is the following.
Introduce the notation

&

(39) S0 = [ ) -SeWO)- ) dy.

1]
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Applying (38) one can prove by the method used in [6] that

e :
*di oldf, x) =S {f, x) =DKW HE).

A similar estimate holds for the quanti’ry--—f— 3,,(]', x), too. Consequently using
dx

the triangle inequality we obtain the required estimate

4 i |
—Gh(f!x}_ U!z(fs x} EC[K)”fhW}{G}-
o dx dx
The theorem is proved. ]
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SUR LE MINIMUM DE LA SOMME DES PUISSANCES DES DISTANCES

de

Z. MA JOR
Institut de Mathématigue, Universite L, Edtvis, Budapest

{Regu fe 12, juin 1983 )

Au 70-éme anniversaire du L. Fejes Téth

C’est un probitine de L. Fejes ToTu (1967).

Dans Pespace cuclidien on considere n points tels que la distance des deux
points quelcongues est tout ou mains j. Quelle est {a configuration de points,
guand la smmume des distances réciprogues est maximal?

Et voici un autre probléeme de L. FEJES TdoTH, qui est plus simiple,

Dans le plan cuclidicn soient donneés les points A,, A,, ..., A, fels que
la distance des deux points guelcongues est toul au moins 1:

AA =], I =i<hk=n.
QQuelle est la configuration plane de points, guand {a somine des distances:
l‘("“'): = 2 AiA!r

l=i<k=n
est minimai?

En 1967. J. HorvATH a determiné la configuration minimal dans le
plan sin=7 (Fig. 1) [1].

Sin =7, alors la configuration optimal c’est le hexagon régulier aux
cotés-unité et son centre (Fig. 1/a). Si n = 6, alors il faut rayer (par exemple)
le point A, (Fig. 1/b), si # = 5, alors il faut rayer le point A; (Fig. 1/c), si
n = 4, alors il faut rayer le point A, (Fig. 1/d), et enfin si n = 3, alors e
point A, (Fig. 1/e).

En 1974. A. TEMESVARI a éxaminé la somme des puissances des distan-
ces [2]:

Lm:= 2 AAY
l=i<k=H
avec 'exposant v=2, r=0. Elle a démontré que la configuration optimal
est la méme que pour v = I sin=T.

RemARQUE: Si 11 =4 et v = 2, alors [a configuration minimal 'est
pas unigue. Tous les rhombes unités sont minimaux quand les diagonales
sont supérieures ou égales 4 1.
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AZ
:
Ay
Ay As
As
Fig. Ta.

Fig. 1d.

Fig. Te.
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C’est A dire, que si n=<T7 et v=2, v520, alors

LT =141 = 1246.F3"4+3- 27,
L(6)=t5(6): = 94+4-V3+2.27,

£(5) =¥ (5): = T+2-V3V + 20,
£(4) =124y = 543
1,(3)=1*(3): = 3.

Nous démontrons le

THEOREME: Dans le plan euclidien soient A,, A,, ..., A, n poinis tels
que lg distance des deux points quelcongues est tout au moins 7:

A A =1, 1=i<k=n.
St Pexposant v= 2, alors la somme des puissarices des distances
tin = 2 AAL

I=f=k=n
esttelle, gue :

£(3)=145(3): = 3,

L) =134): = 4422,

LB) =t (8): = T+2-Y3v+ 22, 2<v=y,,
t,(5)=tF(5): = 5+5(0,54+0,5-V5), v, =V,

ot v, est la racine de [ équation:
24+2-¥3"+2 = 5(0,5+0,5-¥5), v, =3,479...

CoroLLAIRE: Sur [a base du théoréme la configuration minimal (v=2)
c’est

— le triangle régulier aux cotés-unité (Fig. 1/e)sin = 3,

— le carré-unité (Fig- 2.)si n = 4,

— le pentagone dégénéré aux cbtés-unité (Fig. 1/c)sin = Set 2<v=y,,

— le pentagone régulier aux c6tés-unité (Fig. 3.}sin = Set vy <.

On peut utiliser bien le remaniement du probléme comme suit. Dans le
plan euclidien soient k), k,, ..., k, n cercles ouverts aux diamétres-unité
tels, que

knk; =0 l=si<j=n.
Quel est le placement des cercles, quand la somme de puissances des distan-

ces des centres est extrémale?
Nous utilisons frois lemmes.

11 ANMNALES — Sectic Mathematica — Tomus XXX,
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Fig. 2,

A As
Fig. 3.

LemmE I. Soit le polygone A "enveloppe convexe des centres (4, A,,. ..

... A,) des cercles ouverts aux diamétres-unité (&, ko, ..

., k). Soient

A JAA LA #r ol Ay, Ay A €A Siov=2 et si P'on peut déturner
le cercle k; du coté de A;_ A, tellement que la distance A; ;A; ou la
distance A;A,,, est constante et k, Nk, =0, T=<i<j=n, alors la somme £,(n)

décroite.

La démonstration est Ja méme que celle du lemme 1. dans [}].

LEmME 2. Soient A et B deux points sur le cercle-unité. Le centre du
cercle soit O {Fig. 4.). Supposens que FEAB, AF = FB, AOF < 1= 2a=a,

CcAFB, AC=(B, AFC=mret 28 := FOC< . Alors 1a somme des puissances
des distances AC et CB est donneé par

ACY L CBY = 2[sinv(a+ 8)+ sin®(a—8)].
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Soit i, le point d’inflexion de la fonction
[0, #/2]+R, o — sin’ «
(alors i, = arc cos (1/¥v). La fonction
S0, 2]+ R, 8- 2¥[sinY (a+8)+ sin® («—8)]
si l'exposant v= 2, et

— si Q=a=zm/4, alors décroite,
— sim/d<a<i, alors décroite el puis croite,
— sli,=e<w/2, alors crofte.

C'est la iemme 2. du [3].

LemmE 3. Soit n=3, v=2et A A, ... A, unpolygone convexe tel, que
les points A, 1=i=n soient sur un cercle, et le centre du cercle seit dans ce
polygone. Si la somme des puissances de cbtés de ce polygone est minimale,
et

— si 4, =v, alors le polygone est régulier,

— si v=a,, alors le polygone est tel, que (par exemple) A A, est le
diameétre du cercle et 4,4, = A4, = .... = A,_;A, = A A,

Le nombre q,, est laracin d’ equatmn:
nsin 4n(mf4) = | +{(n— 1) sin aWn(zf2(n — 1)),

a, = 6.163..., a, = 3.169. ...
C’est le théoréme dans le [3].
LA DEMONSTRATION DU THEOREME.

I. St n = 3 etv=2, la démonstration est triviale.
2. Sin = 4etv>2, il faut éxaminer trois cas.
2.1. Si Penveloppe convexe de 4 points est un segment, alors

1(4)=3+2- 24+ 3= 4420 = £3(4).

2.2. 8i I’ enveloppe convexe de 4 points et un triangle, alors selon le
lemme 1. il faut éxaminer seulement le cas, quand (par exemple} cercles
k., ky, K, touchent le cercle k, (Fig. 5.). Mais en ce cas sur la base du lemme 3.:

— si 2<v=ag, alors £,(4)=3+2- Y2+ 2> 44 22 = {5(4),
— Si @y=v, alors $,(4)=3+3 Y= 41 2) 2 = £5(4).

2.3. Si 'enveloppe convexe de 4 points est un quadrilatere, alors sur ia
base du lernme ). il faut considérer seulement les quadrilatéres-unité. En ces
cas si la somme

A FV+ A FY

(Fig. 6.) est minimale, alors la sommie £ (4) est aussi minimale. C'est pourquoi
selon lemme 2. la configuration minimale ¢’est le carré-unité,

f1¥
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Fig. 5. Fig. 6.

3. Sin = Hetv>2, alors il faut considérer quatre cas.
3.1. Si Penveloppe convexe de 5 points est un segment, alors:

1(5)=4+43-27+2-F 44 =7 4+ 2Y 34 2 = £5(5).

3.2. Si ’enveloppe convexe de 5 points A,,..., A; est un triangle (par
exemple A A, A;, Fig. 7.), alors on peux voir, que il y a au moins un cfté
de ce triangle qui est supérieur ol égal 4 2, C'esl pourquoi par conséquant le
2.2

— si 2wv=ay, alors £,(5)=6+ 22V £ 2.2 > T+ ¥ 3¥ + 2V =1¥(5),

— si @y=v, alors £{5)=6+3Y3V+2V= T4+ ¥+ 2V < t¥(5).

3.3. Si 'enveloppe convexe des points A, ..., A; est un quadrilatére
(Fig. 8—9.), alors il faut considérer deux cas.

Az

A;' A5
Fig. 7.
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3.3.1. Le cercle k; touche aux cercle &, &, k, (Fig. 8.). Soit A;A,4,,,<4 =

(i =2,3,4,5 6 = ). Les points A,, 4;, A,, A; sont sur un cercle-
unité, et le centre de ce cecrcle se trouve dans le quadrilatére A,A; A, 4.

On peut supposer, que:

2afd<ayto =<z, 2m/d=e,toy=m o,=a,
3.3.1.a8i2<v=q, et Infd <o, +a,=aw, alors

A A;-—V2+V_ AyAs=Y3
et sur ta base du lemme 3. (du quadrilatére A,4;4,A;):

165 =T+ 24V3) +VP +2>T1 2y = £4(5).

3.3.1b Siq,=v=a, et 3nfd=oy,+a,=m, alors

A A = ]/2 +V2
et par conséquant le lemme 3. (du triangle A, A; A;):

105)=6+2V2 + (V24 ¥2) +2>5+5(0,5+0,5/5) =12(5).

3.3.1c St 2<v=a; et 2w/3=ay+o,=3af4, alors a,<=3x/12 (parce que
w2y =mf3), o, >5mf6 (parce que w,+oy=o,+as>2x—37/4 = Snf4). Alors
ay/2+ oy =5 (parce que a,=n/3) et « = (2w —ay)/4=197/48=1{, (parce que
a,=a,). Cest a dire que on peut utiliser le lemme 2. (Fig. 4. et Fig. 8) On
peut déturner le cercle &y du c6té de kg sur le cercle &, et puis les cercles k,
et &, ensembie du cbté de k,, et enfin le cercle kg du c6té de iy surle k,:

£5) =742V 3 + 2V = £#(5).

3.3.1.d Si @y =v, alors A,A; >V 3 et sur ia base du lemme 3. (du triangle
Ay Az Ag):

£(5)=6+4¥Y3>5+5-(0,5+0,5/5) = t(5).
3.3.2. Le cercle k; touche & &,, k,, mais il ne touche pas a &, (par exemple),
(Fig. 9.). Soait
2y 1= AA A, Bi=a-A A A4.

Si y=m/4, alors on peut déturner le cercle k, du coté de k, surle &, et le cercle
k, du coté de k, sur le k,. La somme {,(5) décroite. Alors il faut ¢xaminer
seulerment le cas, quand z/d =y =<=a/3.

3.3.2.a 81 2<v=aq, et f#==/6, alors A3A42V2+l/§, et selon le lemme 3,
(du triangie A, A A):

(5)=6+2+(V2473) +2-26).
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Fig. 9,

166
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3.3.2.b 81 2<v=a, et 3= a/6, alors on peut faire décroitre 'angle y pour
obtenir A;A; = 1, olt le point Aj est 'image symétrique du point A, sur la
droite A A,. (Lesdistances A, 4, = A,4; = A;A, = AA, sont constantes.)
On peut voir que

AA=AA = 1 et A A= A,A,

parce que AA A =a—y+f=a—yp+p/2 = A,AA 4, et sur la base
du lemmie 2. la somme

A AL+ AAS

aussi décroite. C’est a dire, I'enveloppe convexe est un pentagone (v. 3.4).

3.3.2.¢ Si @, =v, alors A,A, =3, et sur la base du lemme 3. (du triangle
A AgA):

£,(B) = 64 4¥ 3" =1 ¥(5).
3.4. Si Penveloppe convexe des poinis 4,, 4,, A;, A,, A; est un pentago-
ne, alors la configuration minimale doit tre choisie d’entre e pentagone dé-

généré aux cOtés-unité (Fig, 1/c) et le pentagone régulier aux cotés-unité
{Fig. 3.). Par conséquant le lemme 1. on peut considerer que

A A, = AAL = AA, = A A = A A,

(Fig. 10.). Soit 2y, = A, ,A/A,, < (i = 2,3, 4,5, 6 = 1). alors la somme
des puissances de distances:

5
1(5) = 5+ > 28Iy, mf6=y,=af2, (i = 1,2,3,4,5).
.=l

[

Az
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3.4.1. Siy,<iy, (i = 1,2,3,4,5), alors soit
Sx:=yitptyatratys
etsoit A, |\ AA,,, <:=ali = 2,3,4,5, 6 = 1).Cest le pentagone régulier et
£(0) =5+ 3 2¥sin’ «,
i=1
parce que la fonction
§: [0, i,]+R, a—sitte, V=2

est convexe {inégalité de Jensen).

3.4.2 8il y a deux angles dans I'intervaile [{,, #/2] des angles y, (i = 1,

2, 3, 4, 5)y—par exemple y, et ycli, #/2) ¥, =<v,, — et I'angle v, croite,
y, décroite tellement que Ja somme y, + v, est constante, alors la somme des
puissances ne croite pas, parce que le fonction

8 [i,, #2]-R, w—sinve, v=2
est concave. En ce cas la configuration optimale sera le pentagone dégénéré,

ou il faut éxaminer le cas suivant(3.4.3).

3.4.3. §il y a seulement un angle (par exemple y,) dans {’intervalle
[i,, 7/2], alors soit

48 1= Yty +yatys (B=i).

Soit ¥y = a+8,§ = «— 3§ et sur la base du lerime 2.

si a=1i, et y croite, § décroite tellement que y+§ est constant, alors
t,(5} décroite,

si mfd<a=<i, et y croite, § décroite ou y décroite et f croite tellement
que y+ 4 est constant, alors {,(5) décroite,

si a=m/2, et p décroit et £ croite tellement que y+§# est constant, alors
1,(5) décroite. O

ET ENFIN QUELQUES HYPOTHESES:
1.1 =6 et v>2.
l.a. Sin = 6et 2«<v=y,alors
£{6)=04+4Y3" +2-2v = :£5(6),

¢t la configuration minimale est le méme que pour v= 2 (Fig. 1/b).
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Lb. Sin = 6etv;<valors
1,(6) =5+5(25sin (0, 4x)) +5(2sin (0, 2=))’ = X6},

et la configuration minimale est le pentagone régulier avec son centre (Fig.
11.), o1 v, est 1a racine de 'equation

4443 +2. 2 = 5(2sin (0, 4m))’ +5(2sin (0, 22)), vy = 12,818, ...
2.8in = Tet v=2, alors
E(T)= 12+ 6F3"+ 32" = :1%(T),

et la configuration minimale est la méme que pour v=2, (Fig, 1/a). G

Fig. 11.
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MaTtematuveckuit Muctntyt Yunuepentera wm. Jl., 3reema, Bynanewmr

{ Hocmynuiap 22. 7. 1985 )

B nacrosinieit padore #avyaercs BONPOC O CAPABEL/IHBOCTH HepaBeHCTRa
Tuna Beccenst gns pasamieHna GYHKUMW, 3aBHCSIIEH ToAbLKO oT chepu-
UECKOT0 pajiyca B pAg no coGCTBeHHBIM (YHKIMAM, Boobmie roBops,
HECAMOCOTIPSHKEHHOTy onepatopa Jiannaca B NPOH3BONbHOR OrpaHuyeHHoH
Tpéxmepuoii oGnacti.

Iyers {u,(x)} — cucrema coberBennslx pyvHKUuE oneparopa Jlansiaca
B o6nacty G. [ToJ 3TMM Mbl MONKMAEM TONLKC CAEAYIOIIEE I KOKIAS KOMIIT-
JeKCHO3HauHasl (YHKUMA 1,(X) TnpuHagrexwut xknaccy CHG) # pas
HEKOTOPOro KOMIUIEKCHOTO uMCla A, ABASETCA B OTKpuiTol ofnactd G
pewenyen ypasuenns Au, +Au, = 0.

Onpeaenedwe. Bylem roBOpHTb, 4T0 KOMILAEKCHO3HAUER QYHKLHUSE
J(x) opunaanexmt B ofnacty G Khaccy pagsansiiulx QyaKUmi, ecnu
f(x) zapucut TONBKO OT PaccTOSIHUSI TOUKH X OT (PUKCUDOBAHHOH TOUKH
y o6ractd G 1 opallaercs B HyNb BHE HEKOTOPOIC IAPa paguyca K newa-
ierc ieauxom B ofmacrn G,

TeorEma. Ecau gynxyus f(x) npunadaescum ¢ ofaacmu G kagccy
paduasshelyx diyHxyull u doanyckaem uHmezpan f [J(x)|? dx u ecau cnpa-

G
sedALEb! 80 HEPUGEHLMAA
(N [ImV4,|=C,,
(2) 2 |uWP=Celt+ 1)

f=: Yan i =i+l

{80 smopom Hepasercmee ¥y — aoban enympennas modia obaacmy G, | —
40608 ROAOBCUINEALIOE BOLYECINCEHHOE HUCAG)Y ; Mo 08 Pyuxyult [(x) cnpa-
sedaugo Hepagercmeo mung Becceas

=gy [ 116 x.

; G

@ 2 [ )i ix
2
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HowrasaTenscTBo Teopembi. Tlyete  f(X) — mnpoHaBonbHas (pyurumMs,
MIPHHALIEKALAA K1acCy palanbHuix YHKUMHA H T0NYCKAWIEAA B 00NacTH

G nurerpan § |f(x)[*dx. Torga cvilecTBYeT Takas TOMKA ¥ BayTpH obnacty

[
G, 4to QyHKUuMA [ 3aBUCHT TONBKO 0T papuyca r chepuueckoil Cucrembl
€ UCHTPOM B TOYKE ¥ ¥ 06pailiaeTcs B Hy b BHE Biapa paguvea R ¢ 1ieHTpom
B TOMKE ¥, UendKoM nexauero B G.
Bbiuncnum koeduupedt dypoe f, $yvHxumu J no cucreme {u,),
nepexofsi K cepudeckuMm KoopawHartam. llonyumm

fo= [ u 0@ ax =

G

I

R 2
(4) = f lmf 5" t(r, ©, @) sin 9d@d<p] r2dr.
d o

Cornacuo uzmectHOl Qopmyne cpelHero 2nauesun Befiepa (cm, uanpumep,
"[1]) wuTerpan mo yraam, crofuuil B {4) B KBaApaTHRIX cKofkax, paBeH

dx-u(y) sinrif,
o,
Taxnm o0pasom, R
(5) fo= @WL:T(JQ ! rf(r) sin (r¥2,) dr.

Jns joxa3aTenncTha TEOpEMb! AOCTATOUHG OUEHHTE CYMMY MO BCEM HOMEDAM 11

(6) 2} | fal®= (4m)? 2 L frm sin (r}/4,) dr”,

n=1 W-q-;[g a
11 AOKA3aTh, YTD 3ITA CYMMA MBKOPHPVETCH BEJIWMMHOM, cToAwER B TpaBoi
uacr {3).
lpeacraBum cymamy {6) B clleavioiileM BHIC
) S il
n=1
; ) | £ 2
5(43)22{ pA e | | rfsin (YA dr }
o] %(k—|)5|v‘1—nlf-—2‘%k ”fﬂnlﬂ {')" f() (Vn)

Ans xawaoro Homepa 7, QUCYPUpPYIOUIEro BO BHYTPEHHEH (3ahi0-
yéHHOH B dvrvpHule cxolkn) Cymme, CrpaBeUIMBO npelcTaBlIeHle

— 2x
8§ .n = +—k+38,
(8) Va R
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e H3 AB¥YX 3HAKOB + M - CIeAyeT B3IATH KaKo#t — To QUHH, a ANA BEJTHHHBE
8, B cHiy HepapeHcTBa (1) cnpasefanBa OlLHKA

©) 18,1 = o).

OTAENBHO OUSHUM KBKAVI0 durypuyio cxobky B (7). Camyio nepeyio
U3 YKA3aHHBIX (QUIYPHBIX CkoDOK, OTBeNUaWIYI0 3HAYEHHIC kK = 1, ollesum
HpuMeHsas K HHTerpany HepageHcTse KomM - BYHAKOBCKOro M noAB3IVAChL
3aBefOMO cnpaBeavecH npu manuuuu vepasencTaa (1) oueHkoi

% =(C, = const.
¥,
{lpd aTom fosAyYHM, YTO*
: laOh? | & . _ ]2
- rf(rysin(ry2,) dr| =
R R : 7|2
< X jnl [ e300
0=| Vi | =22 g s Wi

= Co [1F3ax 2 | ()2=Cq [ [FG)|%x.
a o G

0| Vi | = 2

Ouenum Tenepb GHrypHyo ckobry B (7) ana mwoboro Hosmepa & = 2.
Jiia atore cHadana oueHnm {PUrvpupyionmii B ovoll (purypHoit cxobxe
unTerpail. floneayace npegcrasnennen (8), mbl NMepenHusem ITOT KBHTErpan
B BHjE

GfR rf(r)sin (r¥2 )dr = f rf(r)sin [ + % kr+ '5nf]ﬂ'f =
= & j rf(r) sin [2% kr ] cos (8,r)dr + f rf(r) cos [2—; kr] sin (8,)dr.

*Mu VINTLIBAEM, 4TO j |f(x)|%dx = 4= I | fir}|2r2dr n nenone3aven HepasencTro {1).
g 0
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UnTerpupya «amapiii #3 ABYX NOCIEEHUX UHTErPAJIOB (10 YACTAM, NOIYYuM

R _ _ R . 2?‘ r=g
[ sV = [=eostsn [ ef@si [? ke] ] IS
F f 8, sin (8,7) [f of(e) sin [ 2n ;’;g]dg]dr+

D r R
R Dy reR
+[—Siﬂ (8.1 rf ef(e)cos [? ke}de] » +

R R o
+rf 3, cos (3,.1) [! of(p) cos [F kQ]dg]d!’

OrouyarenbHe, yuHTHIBAA 06[)&]].[8HH(:‘ B H¥IMb Tpéx NCJICTaHOBOK,
NoAvyiM

R . — R e 25’3 _
!rf(r) sin (ry A, )dr = i!g]‘(g) sin [? kg] doF

(11) T fR 8,,5in (8,7 [f /(o) sin[-gg kg]dg]dr-f-

4] r

14

+ [ Bacos (a,,r)[f o) cos [3’ kg]dp]dr.
0 r R

WMcnonbays ouenky (9) K BHITEKAIONME K3 ied oueHKH |sindr| =O()
n ;cosdr| = O(l), paBHOMEpubie OTHOCHTEMbNO F 1A CermenTe 0 = r=R,
] npumellﬂfl K WHTerpanam B (11} HepapencrBo Hown — Dyuaxkosckore,
Mbt TTOAYYUA H3 cooTHowenus {11} cneavioliee HEPABRHCTBO

3| [ o e>sm[——~ke]de

O

2
-+

f rf(r) sin (r]/-)dr‘ : =3
10

f sin [—f\g]ﬂ'g

CNPaBeANHBOE ¢ OAHMMH ¥ TeMi Hxe NnocTosAHHbME C, 1 Cy ANA BCEX HOMEPOB
1, BXOASMWIMX B $urypHyio ¢xobxy B {7) ¢ TIPOM3BEALILIM HOomeEpom K.

R

f o]0} cos [-2% kg]dg |

1

dr,

dr + 3C, f
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HMcnoneavs HepapenctBa {10) u (12} B npago#t yacTy (7), Mbl TONYYHM
W3 cooTHoReHHs (T):

Z; a2 =(4m)*C, f ()| 2dx + 22 ”3

2

f gm) sin [»-2}%1: kg]dg +

R

(13) +3c7f

0

f o f{g) sin [l; kg]dg

r

2
dr +

j gﬁ) cos [%‘- kg]dg l ’ a'r] Z _]HH_(V)E}

R
+ 30,
6,‘ %(kul)slvg [52—;-!: |,

3amMeTHM TENEPh, UTO M3 OUEHKM (2) BHTEKaeT, uTo Ania Jgwdoro k = 2

Ll % S lmo)=Cy

= h 1y
!AHI (273) (k 1y %(k_t)5|ml5%k

2x

R

(14)

Yyrem, HAKOHEL[, UTO MO YCNOBHIO Teopembl OyuKius p f(p) ogHol nepe-
MeHHOH p JOMYCKAET MHTETPHpYeMslH KBajpaT MOAVISL HA CETMEHTe
0 = p = R. Tem Oonee gONyCKaeT UHTErpHPYEMbilt KBaApPaT MOAYAA TNO
cermenTty 0 = o = R dvexuus

— | oK
(k—l)ﬁl]’inlﬁﬁ K

flo) mpn r=p=R,
Flo): = {ef(g) p o=
0 ripu O=p=r,

Hoastomy B cuay HEPABEHLTBA Beccens ns Tle‘OHOMETpH‘IeCKOﬁ CHCTEMBI
i1a cermente (¢ = e = R , Mbi MOMKEM YTBEDMIAATH, UTO

2,
k=2

R 2

[ ef(e)sin [2?’;— ke]de

o

R
=420y, [ 0| Ae)*de=Cyo [ 1/(x)]%x,
o g

(15}

« R| R o y % R

2/ f'?f(‘-’)sm[?"‘@]d@ dr=Cy [ [ 0% f(o)*dodr =Cyy [1£(x)|%x,
ol | r 0 b

(16)

1 R

f of(g}cos [—% ke]ﬂ'e

1 0

o A

EdrECm f | f()] 2dx.
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Beragiaas ouenku (14)—(17) B npaevio vacts (13), Mbl OKOHYATERLHO
OONYYUM, YTO CYILIECTBYET NocTosiHvas (), TaKas, 4to

3, Ualt=Cu [17]20,

T. €. 3aBEpUIUM AcKa3aTenbcTBa Tpebvemoro repapeucrsa Beccens (3).

3ameqanue 1. Mer pokazany nepaBenctso Beccens (3), He npednonaras
HH OPTOrOHANBLHOCTH, HU TOAHOCTH, HH MHHHMAIBHOCTH CHCTEMB COOCTBEH-
HbX GYHRUMA {1,(x)}. EAUHCTBEHHMMU OTPAHMYEHMAMHM TIPY 10KA3ATENb-
CTBE 3TOFQ HepaBeHCTBa ABMIHMCH oueHkM (1) ¥ (2). Ouenka (1}, koropan
RO CYLMECTBY IKBHBANEHTHZ NPHHALILKHOCTH CODCTBEHHBIX 3HAUCHHHE TaK
HasbisaeMoH Kaphemanosewoit mapaGone (em. pabory T. Kapaemana {2]),
CYWIECTBEHHO MCNOGIL30BAHA HAMHM B IIPOLECCe ROKA3aTeNibCTBa.

Uro e wacaetcd OUeHKH (2), To JeTKo YOeguTLCs B TOM, WI0 370
DHEHKA ABAACTCS HEOOXOAWMBIM VCIOBHEM CIpPABeAIMBOCTH HEpAaBeHCTBA
Beccens (3) anst dVHKUMH U3 KIacca pajuanbHLIX fvHKid. B camom nene,
ecnt a1a cueremsl {u,(x)} cnpaBegnuBe HepapeHcTBo Beccens (3), To
MPUMEHAS 3TO HEPABEHCTRO K Cnenvioule# KoukpeTHOR GyHKUNK U3 Klacca
paananbHbIX

2 i
fry: = | 2m? S“:ftr apu relo, Rl
ry: =
0 opu r>R

H MIOBTOPSAST TEXHMKY , NPEMIOKEHHYI0 OAHUM M3 aBTOPeS €lIe B cTaThe [3)
(ctp. 83—87), mbl vcranoBum, yTe Ana cucremsl {u,(X)} capareanuBa
oileHKa {2), paBHOMEPHAS OTHOCUTEALHO ¥ Ha siobom Komnaxte obnactu G.

3ameuanne 2. HoHKpeTHoO! Mogenblo 3apaud, npusofdwedt K cucteme
{u, (%)} paccMOTpeHHOrG HAMM THMA MOMKET CAYXUTH CHCTEMA KPATHEIX
IKCNOHEHT, NpPHBAEKAlOIICE B MOCAEIHME FOAB BHHMAHWE MHOTMX aBTODOR,
cm. wanpumep npolnemel veTOHUMBOCTH TYpOVIEHTHOR naasmwl, rie nos-
BUTCsT TpexmepHas 3afaua A. A. Camarcworo— H. W, Honkua:

3
—Au = du Bxvée JT{O=x,=I],

-1

ou ou
H|X1=D = 0’ - = —+6u »
3I1 x1=0 axl xp=1
ulx:!:(} =l xa=1 = ulxsgl) = u|x’-_-'[ = {}.

Jiutepatypa

[1] P. HYPAHT, 0. TUNBBEPT, Meroan mavemarnueckoi duauxu, 1. 2, Mockpa, 1951.

[2] T. CARLEMAN, Ber. Sichsisch. Acad. der Wiss. zu Leipzig, Math. Phys, Klasse, 1936,
Bd, 88,

[3] B. A. MABHH, Yonexy MaTeMaTHuecKuX dave, 23 (1968), 61 — 120,



DENSEST PACKING OF SMALL NUMBER
OF CONGRUENT SPHERES IN POLYHEDRA

By
K. BEZDEK*
Department of Geometry, L. Ebtvis University, Budapest
{ Recefved August 27, 71985)

0. Introduction

The densest packing of z equal circles into a square was determined by
ScHAER and MEIR [9] for n=8, by ScHaer [10] for 7 = 9 and by WEN-
geroDT (16}, {17] for n = 16 and n = 25. For some values of n greater
than 9 GoiLbBeRrag [3] ScHLUTER [14] and Scamirz & KIRCHNER [15] con-
structed economical packings of # cqual circles into a square. Rupa [8]
investigated packings of equal circles in rectangles. The problem of densest
packing of n equal circles inte a circle was sotved by PirL [7] for 7= 10, who
also gave constructions for some other values of n. Further examples of dense
packings of equal circles in a circle are contained in the papers of KraviTz
[6]1 and GoLDBERG [4].

In the present note we are going to investigate the analogous 3-dimen-
sional probiem. We can get to this problem-circle also in the following way.
First we mention the famous question of L. FEjES TOTH [1]: What is the
mtinimuwm volume of the convex hull of & nen-overlapping unit balls in Eucli-
dean d-space. From this the next question can be derived. If P is a convex
polyhedron in Euclidean 3-space, then we are looking for that packing of &
non-overlapping unit balls which is contained by the smallest convex po-
lyhedron homothetic to P. Or in a different manner: Lei us find the densest
packing of & non-overlapping congruent spheres in £. If P is a convex
polyhedron circumsecribed about a sphere, then the previous problem is
equivalent to the following one: to distribute £ points in P so that the least
distance between the points is great as possible. {P, k) denotes this value
in the 3-dimensional Euclidean space. In this paper we prove:

Tueorem. If T, O, K denofe the regular tetrahedron, octehedron and
hexahedron of edge-length 1, thent {(T, 2y = (T, 3) = t(T, 4y =1,

{T,5) = jﬁ, KT, 8) = HT,9) = KT, 10} = —, 0, 2)=Vy2,

(0, 3) = ¥6—¥2, K0,4) =10, 5) = K0, 6) = 1, H0,7) = E

* Partially supported by Hung. Nat. Found. for Sci. Research, No. 1238.

12 AMNMALES ~ Sectio Mathematica — Tomus XXX,
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(K, 2) = V3 1K, 3) = (K, 4) = ¥V2 (K, 8) =1, K, 9) = ',ff'

and lpcally (i.e. the points can move only in certain neighbourhoods (see the
progfs)) K, 13) = (K, 14) = '/2_2 . Furthermore Fig. |, shows the correspon-

ding extreme configurations.

REmark 1. Fig. 1 shows all incongruent extreme configurations of a
given number of points.

$
&

=
<P
¥

—_—

™~
f
!

&
@.
&
<
<P

P e

)/




DENSEST PACKING OF SMALL NUMBER 179

REmARK 2. One can conjecture that (K, 13) = (K, 14) = 1/23 not only

ivcally.

REMARK 3. if I is the icosahedron of edge-length 1, then using the cor-
responding result of L. FE)Es TOTH [2] it is easy to show that {(f, 12} = |
and the points must lie in the vertices of I.

Remark 4. It is known that GoLsgR [3] solved the problem in the case
of octahedron for k = 2, 3, 4, 5, 6 and J. Scnaer [11], [12], [13] in the case
of hexaliedron for k = 2, 3, 4, 5, 6, 8, 9. Of course our proofs are different
from the mentioned ones in the listed cases. On the other hand our aim was
to find a geometric method which vields the corresponding extreme confi-
gurations in a fot of cases.

Now let us see the proof of the theorem.

1. Case of the octahedron

Let O be an octahedron of edge-length 1| with the vertices 0,0,0,0,0,0,
(Fig. 2).

P = 0, k = 2. In this case evidently {0, 2) = ¥2 and the two points
must lie in the opposite vertices of O,

P = 0, k = 3. Choose the points H,, H,, H; of O so that HEHJE!(O, 3}
(i=j,{=123,j=1,2,3). Then the peints H,, H,, H; determine a real
triangle moreover these points lie on the edges of 0. Without loss of generality
we may suppose that either the pyramid 0,0,0,0,0; contains the points
H,, H,, H, (Fig. 2} or the points H,, H,, H, lie on such edges of O which are
in pairs not neighbouring (Fig. 3).

Fig. 2. Fig. 3.

2%
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In the first case we can reason as follows. If we want {o distribute 3
points in the unit square G,0,0,0, so that the least distance between the points
should be as great as possible, then these points have to form a regular
triangle of side-tength Y6 —¥2 whose one vertex is also a vertex of the unit
square. Let 0,0F0F* (GF € 0,0, 0F* € 0,0,) besuch a triangle. So in any case
0, 3)=y6—y2> 1. But then at most one of the points H,, H,, H; can lie on
the same triangle-facet of ,0,0,0,0; and on the union of edges 0,0,, 0,0,
0,0,, 0,0,.

If {H,, H,, H;}n(0;0,U0,0,U0,0,U0,0,) = @, then the points H,,
H,, H, are interior points on the sides of the square 0,0,0,0, and so {0, 3)=
=min {HH i, i=1,23,j=12723}= V6 —V2 which is a contradiction.
Thus let H,be a point of the edge G,0,. Without loss of generality we may
suppose that H,€0,0, and H,€ 0,0, (Fig. 2). if H =0, then replacing the
point A, by O; we could remove the poeints H,, H, so that

min {H,H, lij,i =1,2,3,j = 1,2, 3}>0, 3)
whiclt is a contradiction. Thus simply H, = 0, when H, = Of, H, = O¥%*.

In the second case we may suppose that H,€0,0,, H,€0,0,, H;€0,0,
(Fig. 3). On account of symnietry we can suppose also that H,€0,D where D
is the midpoint of the edge 0,0,. After this we choose the peints A, B, C on
the edge 0,0, and 0,0,, resp. so that 0,4 = 0,B = 0,C = 2—¥3. In this
way H,€ AB and H,c CD, respectively because otherwise either 4, H, <6 —
V2 or H H,=V6—V2although HH,=0,3)=y6—¥Z and H,H,=10,3)=
=V6—¥2, resp.. But then H,H,= AD<Y6—¥2 and this is a contradiction.

P = 0, k = 4. Asimplc construction shows that #(0, 4y=1. Let H,, H,,
H,, H, be the points of O with the property H,H,; =10, 4)(vi,j = 1,2,3,4,
i#=]). lf it is necessary moving the points centrnuosly we can get the pomts
H,, H,, H;, H on the boundary of O having not smaller distances between
them than oncma]l/ Let us denote the midpoint of the edge 0,0; (i</,
6, j=1,2,3,4,5 6)by F, ;(Fig. 4). conv {F, ;}isa convex polyhedron with
dlameter | whose boundary consists of 6 qquare% and § equilateral triangles.
Three cases are distinguish here:

(i) At last onc of the peints H,, ff,, H,, H, lies in the interior of one of the
mentioned 8 cquilateral tumgles (fm example Hieint (Fy, 4 Frus FpsA)).
(ii}y The points H,, H,, H,, H, lic on the boundary of the pyramids of edge-
length 1/2 belonging to the vertices (0, 0,, O0,, 0,. (The pyramid here has
4 triangles and a square as facets.)
(iiiy The peints H,, H,, H,, H, lie on the boundary of the pyramids of edge-
length 1/2 belonging to the vertices 0, 0y, 0,, 0,

It is easy to sec that so we enumerated all the different cases.

(i) Since the unit spheres centred at the points 0,, 05, 0, intersect each
other in the centre of the equilateral triangle 0,0,0; therefore we distinguish
two cases: Either is the point H, an interior pomt — for instartce — of the
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Fig. 4.

unii sphere centred at O, or H, is the center of the equilateral triangle 0,0,0;.
In the first case the pyramids of edge-length 1/2 belonging to the vertices
0,, 0y, 0,, O, are contained by the interior of the unit sphere centred at H,.
So the points H,, H,, H, must belong to the pyramids of edge-length 1/2 lying
at the vertices €, G,. That is two peints of H,, H,, H, belong to the same
pyramid of edge-length 1/2 and so their distance is smalier than 1 whichisa
contradiction. In the second case the points H,, H;, H, must lie evidently
in the vertices 0,. Oy, O,.

(i) Here we suppose that the point H, (1 ={= 4) belongs to the pyramid

G} of edge-length 1/2 lying at the vertex 0,. After this GF (1=7=4) denotes

the pyramid homothetic to &} of edge-length 1/2* (n = 1, 2, 3, ...) lying at

the vertex 0,. We shall prove that H,€G2* (i = 1, 2, 3, 4) if H, €G] (i =

= 1, 2,3, 4). Let ! ; be such a point of the edge OOJ for which O,F%; =

1/2” Usmg the symmetry it is enough to show that H,€G7*t (Fig. 4). In
ordar to prove this we have te show {using again the symmetry) that

H3 CU!'IV{F3 4y "’ , ar Fil Gr r;+dl: Fg+51‘ Fg+61} =:F.

Since the farthest points of the sets Gfand F are the points Fg ; and Fi7!
(or F¢ | and F3*!)y when

— 3
Fﬁ',ng,? = F{ \Fil = VI _'"'a”n-rT‘: I

therefore really A,¢ F. Thus necessarity O) = H,,0, = H,, Oy, = H,, 0, = H,.
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(iit) We know that the points H|, H,, H,, H, lie one after another on the
boundary of the pyramids G}, Gi, G1, G} of edge-length 1/2 lying at the verti-
ces Oy, Gy, 0,, O, After this G, G, G7, G" denote the pyramids of edge-length
1727 belonging to the vertices O, O,, Oy, O, (1 =1, 2, 3, ...). Weprove
that H,€G{ 1, H,e )+, Hye Gp+Y H, e GEPY if H e Gy, HyeGY, HyeGY, Hye
€(G%. For us it is enough to show that H,£Gj " and H,€(G]*1 (Fig. 5). The
proof of H, €37} is the samie as the proof of € G+ in the case (ii). So we
have to deal only with the statement H,£G5*1. Let FT, be such a point of the
edge 0,0, for which O.F7 ; = 1/2%. Moreover let K, (L,, respectively) be a
point on ‘the height of the triangle 0,0,0; (¢,0,0;) belonging to the vertex
0, for which

V3 )

Ol = szt [OsLn = ot

We have to show only that
HZE{COH{F&‘F Ffil, o ng:.tl! F;l‘+5], Km Kn+l? Lm Ln-!—l} =1F.

We have proved that H;€ G *1 It is easy to see that the distance of any two
points of the sets G2 1 and F cannot be greater than O,L,,, <1 or O,L <1.
So on account of HyH, =0, 4)=1 we get that H,4 F. Thus necessarily 0, =
= Hy, 05, = H,, 0, = H;, O, = H,

To sum it up the cases (i}, (it), (iti) yield that £(0Q, 4) = 1 and deseribe
all the extreme configurations.
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P = 0, k = 5. This case together with the case P = 0, & = 6 is trivial
after the studying of the extreme configurationsof P = 0, k = 4.

P =0, k=1 A simple construction shows that {0, )= _Ig.After

this we choose the points H(f = 1,2, ..., 7)of O so that H;H ;=1(0, 7)35—'/—22-

(i=f, i, =1,2, ..., 7). If we construct the Dirichiet cells of the vertices

. . . 2
of ¢ in O, then we get six congruent convex polyhedra of dlameter}%. Thus
one of these convex polyhedra contains at least two points from H; conse-

V2

quently {0, Ty =" 7 and there exists only one possibility for the positions of
the points /..
2. Case of the regular tetrahedron

Let T be aregular tetrahedron of edge-lengih | with the vertices T,7,7,T,
(Fig. 6).

P=T, k=234 [tiseasy toseethat {T,2) = {T,3) = (T, =1
and the points must lie in the vertices of T. .

F =T,k = 5. if we construct the Dirichlet cells of the vertices of T in
T and foliow the way of the proof in case P = 0, k = 7, then we can get
the corresponding result immediately.

P =T, k=8, 9 10. The Fig. 1 shows that T, 8}=1/2, (T, 9=1/2,
t(T, 10)=1/2. At the same time let us denate the midpoint of the edge T,7;
(i<j,i,j=1,23,4) by F, ; (Fig. 6).
Since conv {F,;} is an octahedron of edge-length 1/2 therefore we can divide
T into 4 regular tetrahedron of edge-length 1/2 and an octahedron of edge-
lenigth 1/2. So if we consider at least 8 points of T, then either a tetrahedron
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(of edge-length 1/2) contains at least two points or the octahedron of edge-
length 1/2 contains at least 4 points. That is the minimal distance among
the points is at most 1/2. Thus {7, 8 = {7, 9} = {7, 10) = [/2. Using
the extreme configurations of the points in the octahedron we can get easily
the corresponding extreme configurations in the regular tetrahedron.

3. Case of the hexahedron

Let K be the cube of edge-length | with the vertices K K IGK, KKK,
K, (Fig. 7).

K

2

Fig. 7.

= 2. This case is trivial.

= 3. If we consider the vertices K,, K, K,, then we obtain
that (K, 3)=V 2. After this we choose the points H,, H,, H, of K so that HH;=
=HK, 3 {i=], 0, j=1,2, 3) Itis clear that the points H, form a real tri-
angle moreover these points lie on the edges of K. 1f there exisis a facet of
K which contains two H, points for example the points H,, H, belonging to
the square K KK K, then without loss of generality we may suppose that
H, = K, and H, = K, after H, can be either in K; or K. If finally each
facet of K contains at most one H; point, then without loss of generality we
may suppose that H e K,K,, H.€ K,K, H,€ K K, (as interior points on the
edges). So the points H, divide the spatial brokenline K JGR K KK K]
into three parts when one of these parts for instance H K K H, has
the tength at most 2. But then H,H,<=}2 which is a contradiction.

P=K,k
P=K,k
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P = K, k = 4. Ajter the case P = K, k = 3 this is trivial.

P = K, k = 8. Considering the vertices of K we obtain that {(K, 8)=1.
After this we choose the points H, (i = 1, 2, ..., 8) of K so that H.H ;=
=K 8 (i=f,i,fj=12 ...,8) We defmethefo]lowmgsequence A= 1/2
Apgg = 1=¥1-2.22 (n = l, 2,...). Evidently iim A, = 0. Now let us

N+ +oe
consider the cube of edge-length A, at the vertex K,, which cube is homothe-
ticto K. The correspondmgvertex to K; will be denoted by K| (I ; = 1,2,
,8,n = 1,2, ...}, At the same time fet K =conv{K};|j= 8}

(3:1,2 8:1_12 )OfcourseK‘—K:ftﬁi,Z. Sand
n=1,2, (Flg 7).

Since the edge-length of K} (i = I, 2, ..., 8) equals 1/2 therefore we
may supposc that H e K} (i = 1, 2, ...,8). Further we prove that H,¢ K7 **
(i=1, , 8) 1fH EKP(i = I 2, ..., B). Using the symmetry it is enough

to show that H EK”“ in order to prove this we have to show oniy (using
again the symmetry) that

Hed(conv {Kg s K%, K1 KR4 K§ e K1Y, K0 KEE )\{“SEt;{} =K.
But this is a corollary of that fact that H i =1and if H€ KT and H¢ K, then
HH<1 (Kg , K% = 1). Thusnecessarily H, = K; (i =1, 2, ..., 8)and
K, 8 =

P = K, k = 9. This case is simple if we think over that a unit cube can be

divided into 8 cubes of edge-length 1/2 and so at least one of these smaller
cubes contains {at least) two points from the gwen 9 pomtf; of the untit cube.

P = K, k = 13. Let the directed lines X, K2, K, K,, K, K of K be the

axes of a system of co-ordinates. After this we dcfmc the pmnts H ;1=

= [;, ;-, —;—]where 0=1i,j,1=3. The midpoint of the edge K,K; (i<j)of
the cube Kis denoted by F;  moreover let K, be the center of K (Fig. 8).
And now let 0<=d=1/60 be a real number. We construct a neighbourhood
(F¢.; for the midpoint F; ; (i<j) as follows:

lfcfj‘—-COﬁV{X;}, j!? y:j_p y‘inrx_p ;}
where

X‘E_}EKIK-’, X?‘,EK,KJ and X!f‘ ',Kl = XT!‘KI = _é_"‘d

furthermore
X§ VT 28 0 (X9,,Y9 025, ;0)
is an isosceles right-angled triangle with legs 3d whose vertices lie on the fa-
cets of K and whose piane is orthogonal to the edge KK and finally whose
orientation from K; is positive. In the end let

Ko = conv{H 1y, Hy 11 Haan Hiaow Hyvo Ho o Hy gs His -
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Fig. 8.

We show that if the points Fy¥,, Ff, F¥,, F¥,, Flts Fia Fio Ffo Fi,,
Ft,, Fis Ff, K} liein Ksuchthat F¥ ¢ 74 ; and K§ € X, moreover the
distances among them are always at least l/22 , then necessarily F¥, =
= Fi,j K* = Kl’l'

Suppose the opposite of this. Then we choose the smallest positive num-
ber d for which F¥ ;¢ #2 ;.

First of all a simple remark. Let
%) = CDnV{Hl.D.O’ H‘!,D.O! H‘z,l,o' H‘l.i.ﬂ! Hl.n,l: H'J.D_.l‘ H‘!.l.‘l’ Hl.l.l}
and

oy = conviHy 5.3, Hy 0,10 Hy 0 Hoov 1 oo Hia o Hya s Hy, 1.2

¥2

moreover H, € 40,, H,€ &, with the properiy H1Hzi"-'—2“*- A simple calculation

shows that Hygconv {H, o\, H,,, , U, U’ V, V'} where the points U, U,
V, V’ lieon the edges H, o ,, H, 4.1 H H Ho o Hiou Hiye

Hy , of B,and UH, o, = U'H, o, = VH, , \ = V'H,, = Vl%‘.?

oz o
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1t yields directly that the point K§ belongs to the rhombic dodecahed-
ron K, KKK, KKK, K0,0,0,0,0,0, whose cube K KK, K,KK KK,
of edge-length (4} 10)/6 with the center K, is homothetic to the unit cube
K (the corresponding image of K, is K, i = I, 2, ..., 8)and whose octahied-

NNNNNN 4 V

-— lies so that in the rhombic do-

decahedron the vertex O, is connected w;th the vertices Kl, Kz, KG, Ks by
edges and similarly 0, with K,, Kz, Ks, K4, 0, with K,,, Kz, K-,. KS, 0, with

Ky, Ky, Koy Ky Oy with K, K, K,, Ky; 0, with Ky, K,, K,, K, (Fig. 8 shows
a homothetic example of this rhombic dodecahedron)

Then F?,zﬁrl*:"]‘/;“, th[{ﬁ ]/2 , F¥ 01 V2’ TI262_‘: V_Q be-

cause F¥,, ¢(F¢ , @, and we have some similar inequalities for the dis-
tances between the poinis F} ; (=) and the corresponding vertices of the

e it
rhiombic dodecahedorn. Since < X¢ | K Ky= . therefore we can find a uni-

2
- . . . i o V‘Z
que point K¢ in the interior of the segment K K, so that X§ K¢{ = 5

And now let us consider the scalar multiple of the rhombic dodecahedurn

with center K, and scalar K“KoleKu This maps the point K, (O) onto K4
(oD =12 ...,8j=12 ...,6). Theimage

= conv {KSKEKIKIKEKKAKI00404090804

is again a rhombic dodecahedron. Using the construction it is easy to see
that K§e X4,

Further first we prove that
deonv{Vy |, Y4, 2§ 4, Z§ ,)
and in general
Fidconv{Yy , Y9, 29, ZE )
Using the symmetry for us it is enough to prove only the first case. But

- - . 2 . . ~
there it is sufficient to show that Z§ , K& < 5 Using the synmumetries of ¢

we can get this inequality as a corollary of the following inequalities:

/2 2,

28 K=" - and  Z{ 0=

IR
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But we know that
X, 04< X3, it =
therefore we have only to prove that
Z§ [K§<= X4 oK§ and Z§ 0= X5 404.

Denore F” (F”') the midpoint of the segrnent K§Ks (Z4 | Z§ ). Since F7Z3 |
= F, ¢X4 o = d therefore Z§ | K§<X4§ ; K§is equwa]ent to F”F’ < F'F,
We know that K F’ <d so indeed

(FF'Y—(F'F, 8)*-:[(3(1)2 [VZ +d] —2(34)[—'/—2— ] -]—'

V2
1‘_2_ ] =(9—3ﬁ)d[ -3—2}-Q] 0

[because Qutd= —l~]
60

On the other hand
25,108 = X9 40
is equivatent to
F0§<F, 0%
But on account of K F’ <d is K04 <¥2-d so indeed

0= Fa 08| =34) + “’2_ T3]
= gd[d - 3—§%&]< 0

[hecause QO=d g——l—]
60

Finally we prove that F} ;¢ X9 V9 2% Jand FY 4 X¢ VT 24 A (i<)).
On account of the symmetry :t is eneuqh toshow thaiFf_ o & Xg‘ y Y8128, A
Suppose that Ff,cX§ , Y§ , Z§ (/. Denote X3 ,, ¥§ , Z3 , such points on

the segments X4 5 X§ o, Y4 , V3 5 Z¢ , Z§ ; for which X¢ , X§, = V1, Y3,

= 7, Z§, = ; Since F§ 674 5, FT.FF 2= %and
Za ] | 1 dy 1
X§ 2—~—— Z4 e =—=-d - +(@dP - — =
(X4, 24,2 (H,l v ==+ [5+ 5] vo0r
2

e el
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therefore
F% seconv{Xg ,, X4 5, Y, Vgﬂ! A g,a}-

Denote moreover ij‘ - Vg,s, Z,‘3 that points on the segments X4 , X% ,,
Y4, Ve, 24, 24 for which X§ , X4 y = V4, V¢, =74 ,7¢ , = %d.

Since F¥ ,€(F4 ., F? 3F§.7§-12g~and
(Xs zy:' )2_' . —(Y.; .,X, 1)2‘_ —[L_ET‘*‘
: 2 {2 2
2
+[1 +£] +(3d)2--1-= 149 d[d_ 4 <o [0<d:—~ii
2 4 2 16 149 60

therefore
F3 jeconv{Xg ,, X§ ., Y9, y? » 28 5 28 3.
At last let X‘.},G, Y‘;, 8 Zg‘ﬁ be points on the segments X§ , X¢ ., V9, Y§ .,
Z4 o Z§ , with the property X4 (X4 o = Y4, Ve = 78 78, = % d.
Similarly as before we can prove that
F§ .€conv{Xg ,, Xg, o Y5 o V&-’ w 2% 6 2% 6}
But then

ol e i _ i
(F%,.F%.7) _?g(x‘;,azi s)g"‘Q_ — (V4 3X9 ¢y — 9~

%
:Q[L_i] +(3d)2__l__7_3d{j_i]{() [O{dgL
2 4 8 73 60

which is a contradiction. Thus indeed Ff,4 X§ | Y§, Z§ | A To sum it up

we can find a positive number d, so that O=d, -:d and F, EK}M (i=))
which however contradicts the choosmg of d. Thls means that necessarily
F¥,=F, ;(i=j)and K§ = K,.

P=K k=14 Letus place the cube K in the system of co-ordinates
in the followmcr way:

Kl = [_i’ 0! _"1_]! K2 = [_1_', 01 _L], K:} = [L! Is _‘L]!
2 2 2 2 2 2
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Then the centres of the faceis of K are

0,=(0,00),0,= [;, —;—, O], 0, =0, 1,0),

04 - [“'_]"7 ']_! 0]! 05 = [O: ‘_I-', HL 1 OF, = [0’ _l"s l_ .
272 2 2 2° 2

We construct the neighbourhood X, (0, respectively) for the point K,
(=12 ...80(=12 6), iespectwely) as a scalar multiple of
the unit cube K with centch (O}, resp ywith scalar 1/3. So these neighbour-
hoods are cubes of edge length 1/3. We shall prove that if we choose the
points KFe L, (i = 1, , 8yand 0%€0;(j = 1, 2, ..., 6) so that the dis-

tances among them are at least V)E , then necessarily K¥ = K, (f=1,2, ...
L 8and 0F = 0;(j= 1,2, ...,6)(Fig. 9).
l/

First of all a simple remark. Since 0%K% = —— therefore

OTQCOHV'[L! 0: _l_ ' [_l_s 0: _]' ’ [_l—r 01 ‘_l_]) [l ' ‘l‘: l_],
48 6 6 6 6 48) (48 3 6

vy 1r i
[ 6’3’6]’[ 5’3’48]}'

So using the symmetry if

K LT [0 0 _—_] Kl = [ It_> 0! 0]’ Kl,:i = [0: 0; '?'],

T 1 7 F
K =1 T 01 G ¥ K = 0! Ty T T K =17 » 0 3
1.4 [ 48 ] 1.5 [ 6 48] 1.4 [ 8 6 ]

17 [ T 23 7
K = 0) [ )K == OrK g = | P —
b [ 6 48] e [ 48’ 6’ ] o [

- 5 —
Kl.li):{'?i_2_3: '1! Kl n= d 3 7 Kl 12 = _L: 23; _?_:
96 96 96 ’ 06 96" 96) " 96 06 96
K1,13 = [0, %} O],

then Of€conv {K, ;| i = 1,2, ..., 13}. Similarly O%econv {K; ;| i =1, 2,
13}; =23 ...,6 where K ; is the image of K1 ; reflected in a corres-

pondmg central plane of K which reflection transforms the facet of K with

center 0, into the facet with center O;. Now we prove that OFcconv {K; ;

i =1, 2 L8i=12, , O. Using the symmetry it is enough to show
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that Of cconv {K, ;| i = 1,2, ..., 8). And for it we have to prove only

that OFgconv {K, 4, Ky, 19, Ky 15 F, 0 . where 5 is the centre of the square
Ky, 5Ky, 5 K, 7Ky, 5 and Fis the midpomt of the segment K, ¢, ,- But this
is true because tite distance of any two points of the sets conv {K1 o K, 100

Ky, F, O} and conv (K, ; |i=1,2, ..., 13} is at most K, , =

1105 ¥2 wrga V2
2308 < 9° though O0%0%= 5

After this let the vertex K, (i = 1, 2, ..., 8) of K be on the same edges
of K with the vertices K, K;, K, and let us denote the opposite vertex to
K; of K by K;. Let us consider the points T, , ¢K; K. T, € KK, T; ¢

KKy Ty, j€ KK forwhich KT, = KT, , = KT, ,, = Ii and K.T. . =
)

itij
43 . . .
= 15 It is casy tosee that if "G, =conv{T, ,, T, ,, T, T s K} i =

= 1,2, ..., 8then K ¢'0,. Now however let

K?.l = [0! 0! - l ] “<i']‘l : = = ! ] 0) 0 »
12.27-1 ' 12.2n-1

kn —fo,0 . -l Yk, <[ oo

1.3 - H 7 ]2_2!‘[-1 1 1.4 12‘2‘1_11 ? z

. I 1 . L
"5"[0’ 6.27-1" 12-2n-1]’ K"“_[lz-zn—l‘ ﬁ.zn—l’o]’

i — I l n — .l. —— f— l_ -
L7 [0’ §.on-1" 12-2”"']’ Ki s = [ 12.90-1" §.9n-1" 0]
and 07 =conv{K},|i=1L2..,8n=12..j=12...,6 where
j,;(,-' =273, 6) is the image of K3 reflected in a corresponding central
plane of K which reflection transforms the facet of K with center O, into the
facet with center O;. After this let the vertex K; (i = 1,2, ..., 8) of K be on
the same edges of K with the vertices K, K;, K, and let us denote the op-
posite vertex to K; of K by K;. Now let us consider the points T}, €K;K,,

T e KK, TT e KK, TT (€ KK for which
. ]
K"Tl'a’f = KIT?! = K r 1
6. 20—

and

. V3

KT, = “§.on-1

and let

O = conv{T?,, Tn , Tr

1. 17 1 i

KYyn=12...,i=12,...,8.
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It is easy to see that 0Y€0%, 7= 1,2, ..., 6and K}e¢ D), i=1,2, ..., 8
Finally we prove thatO}‘eO?“,;‘ =1,2,...,6and K¥0<?*, i=1,2,...,8
if07€0%,j=12...,6and K}e'Gy,i =1,2,...,8.

First in order to prove 0Fc0i*j =12, ...,6itis énough toshow that
OfcOfr. Fr Ho, Imy fn, L7 denote the midpoints of the segments K¢ ¢ K1, 7,
K3 KT 5 KY KT, 00 KY (K 4 KE 1KY, 5 and G™ is the midpoint of InH7

and 07 (071, respectively) is the center of the square K7 oKT KT 5 K
(H“I"]"L" respectlvely) Now we prove that

O’{Q(COHV{K?. b K?,G’ KT . K7 g Le, H™, I, J"})\{On“}

This is a corollary of the next:

0% {conv{K7 o, F~, O, H~, Gn, DT YN0 = 2

If 0%¢ Z, then on account of 0%€07 we get 0%0%<OTHIK] , = 5> acon-

tradiction. So using the symmetry to get the result OX¢Op+1 it is enough
to show that

Of¢conv (K7 o, KL%, K5 KIEY H7 KLY I KpYY) =

if here it were Of¢ U, then owing to K e“Gg we should get

Lon+E_ |
OFKE=KIHITE | = V%_39_'2WT7_ <§

which is again a contradiction.

For the second time we prove that K¥ < @3 *1, (Similarly we can get K¢
Cin*l, i =1,2,...,8)Weknow that K} ¢"GF so we have to prove only that

Kgdconv(Tq , To5, T30 T34 Th5 TR

In the opposite case owing to O¥c O} +*

1 nvz_3¥
oK} sKn+1Tn+1 [1 %ﬁg

is again a contradiction.

Thus indeed Of = 0,/ = 1,2, ...,6and K} = Kpi=12..8

13 ANNALES — Sectio Mathemnatica — Tomus XXX,
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1. The aim of the present note is to prove the left-hand side of the fa-
mous Burkholder-Davis-Gundy inequatity (cf. {1} Theoremt 5.1,) at least fora
large class of Orlicz spaces furnished with the Luxemburg norm. This class
is genierated by Young functions of the form ®(x?), where &(x) is itself a Yo-
ung function having finite power p. This is defined by the formula

xp(X)
= sy ,
p x >—% (D(x)

where ¢(x) denctes the right-hand side derivative of @(x).

Concerning the theory of the Young functions, Orlicz spaces and Luxem-
burg norms we refer to [2]and [3].

The elass of the Young functions @(x?) contains ail the power functions
xP, where 2<g=< + o but does not contain the power functions xf with
1= ¢z 2. Thus, unfortunately, our result does not cover all the possible Orlicz
spaces which are generated by Young functions with finite power. However
the proof we present merits to be published because of its simplicity. {n the
proof below we shall follow an idea of Garsia (cf. [4] Theorem 1. 1. 1.).

There are different proofs of the Burkholder-Davis-Gundy inequality.
In view of its importance it seems to be interesting to give more and more
simpler proofs of it even for a restricted class of Young functions with finite
power.

The right-hand side of the Burkholder-Davis-Gundy inequality can be
deduced e.g. from the generalized Fefferman-Garsia inequality as it has been
shown partially by Garsia [4] and totally by the author of the present pa-
per (cf. [5]).

2. Let P(x) be a Young function. We also consider the conjugate Young
function ¥(x). Let (2, «4, P) be a probability space and let X L\(Q, of, P}
be a random variable. We consider a sequence of o-fields (F, C(F, ClFC. ..

of events such that (7. = 0[ Lj r’}‘n] = of, Consider the martingale

n=0

Xn:E(Xl(E:n)r n=1012...

13%
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where we suppose that X, = 0 a.s. The differences of the maringale (X,,, 7 ,)
will be denoted by dy = 0,d,, d,, ...

n 1f
Let S{X) =3, = [2 df] 2, n=1,2,..., be the quadratic fuactions
i=1

corresponding to the martingale (X, (F,). We define S, (X) = §, = 0.

We say that X € A», the Hardy space generated by the Young function
D, if ||Sllo < + o=, Where

i iy
8 = [2 d?] .
i=1
In this case we write
1 Xl = 1Sila.

Here ||Zjjp denotes the Luxemburg norm of the random variable Z. It can
be easily seen that || ||, is 2 seminorm.

Since
n —
¥ x d.| =
X3 1’:3;| il §211| :|—V”Sn

and since
|| =2X¥=2X%i=1,2,...,n,

which implies that
1 2 _
S, = [2 d,?] = 2f 7 X*,
i=1

we see that ||S, {le and [|X*|l» are at the same time finite or infinite.

3. In what follows let @(x) be a Young funciion with finite power p.
Then the Young function @'(x) = @(x?) is also of finite power. In fact, we
have

r L 2
o STO) ) el )
x=0 @’(x) x=9 @(x2) x2=0 @(xﬁ) y=0 (D(y)

hecause together with x =0 the values of x2 run over the same set,
We shall prove the following

Tueorem 1, We have

7,

Xl = 2V p || X X lor-
Proor. First we prove that for any randem variable Z the relation

1Zile = ViiZle
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holds. n fact, the case when P(Z = 0)= 1, is trivial, When 0= ||Z]jo-< + ==,

then
“[ ) =

1Z]|

sirice together with @ the Young function @’ has aiso finite power. Therefore,
2
i)

I Zlle

and so ||Z%|e = || Z||%. On the other hand

“£[eliz)) -l )

Consequently, [Z|lp,=<V|[Z%[le. These two inequalities together give the
equality

1 Zllor = V]|1Z¥o.

We also shall use the following elementary inequality: if x=y=0 then
D) - () = [ ()t =g(xXx ).
b

To prove our inequality we can supppose that ||S,lle is finite and positive
which implies that 0= [|82|j¢-= + =, too. This assumption can be made on
the basis of what we have shown in section 2 about the norms of |[S,[le, and
[|X#*]ler. Then since p is finite, we have

E[®[||;]l¢]] -

From this, using the above elementary inequality
S

55l = "S"“"’E[ [||s;u¢}]_ " "”""EE[@[MSS%?IJ_@[uizﬁl]]g

n S8 52 S
R ]
° 2 iS2e JLHS2Ne (182l

Introduce the notation

Sz S
o = __k___]_ { k-1 )’ E=12...,n
¢ ‘”[ 15zl szt
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Then from the preceding inequality we get

ISte= 3, 3 EOSt=St0) = 3 3 EO5t-Si-0) =

=1 fi=

n

= Z E(@I(Sﬁ - S?’-l)) = Z E(QIE(S?:_ SE 11‘f:))

= i=1

= 2";1 E(QE (X=X, F)) =4 Z’: E(0,X3?) = 4E [(p[ “SS%'L ]x,tz].

Let now b>0 he a constant to be determined later and use the Young
inequality to the last expectation. Then we obtain

=gy o5 )

Since for all x>0 the elementary inequality

P(p(x) = xp(x) — ) =(p— HP(¥)
holds, we see that

oo e 5 ) ()

Choosing now b = || X*?))s we finally obtain
|SZile = 4P X2 s.
Taking the square root of both sides we arrive at the announced inequality

4, Making use of the power ¢ of @’ instead of the power p of @ the ine-
quality of Theorem 1 can be written in the following form:

1X e = V2 [| X K]l
This follows from the fact that ¢/2 = p

P
Let &(x) = —)-c--, where l <p<+ e is a power. Then @'(x) = -x-q—'
p P

where ¢ = 2p. In this case

"Sn”‘? "Xn”'xq
d "XnH'JGm.- = (p)”; — - (_p)f,"q,__
an
X%l
IR, = — %
50 that X5 = oy
E a

1X e, =V 24 | X2,
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which is the inequality 11. 1. 3. of GaRrsta [4]. So cur inequality in Theorem |
is a direct generalization of Garsia’s ineguality.

In [5] we proved, by using the generalized Fefferman-Garsia inequality,
the right hand side of the Burkholder-Davis-Gundy inequality: if the Young
function & has finite power p then we have

12X ¥lke = callX 60

Using this with ¢’(x) = ®{x?) and comparing to the result of Theorem 1 we
obtain the following

THEOREM 2. We have

1 _
— = Xﬂ S = X: ;= C( + Xn JFTI
T 1 Xnltze = 1 Xl = Corll X e
whiere Cp is a constant depending only on @', provided that the conditions of
Theorem 1 are satisfied and @ has finife power.
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MAXIMAL INEQUALITIES FOR NONNEGATIVE SUPERMARTINGALES
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1. Let (X, (#,), n=0, be a nonnegative supermartingale with the Doob
decomposition
X, =M,—A,n=012,...

where, as it is known, (M, (F,)is a nonnegative martingale and 0 = A,=< A, =
= A,=... is a predictable increasing process (canonical process). It is prov-
ed that this decomposition is unique.

Using this decomposition we see that
max X, = X¥=M¥ = max M,.

Q=k=n D=k=n

Let (@, ¥} be a pair of conjugate Young functions. We shall consider
the Orlicz space L2 furnished with the Luxemburg norm, which is a normed
vector space. Concerning the notion of the Young functions, the Orlicz
spaces generated by them and the Luxemburg norms we refer te [1]and [3].

We introduce the generalized power of the Young function W, defined
by the formula
litn sup - xpx )

X = 'P.(X)

Here p(x) is the right-hand side derivative of ¥(x).
The power g of the Young function ¥ is defined by the formula

p Y
7= x>0 HJ(X)

It their paper [6] J. MoGgyordD1 and T, F. MdRr: have proved the follow-
ing assertion which we state as

LEmmaA 1. Let (@, W) be a pair of conjugate Young functions. In order
that for @ the maximal ineguality

E(P(X7E)) = u+ E(P(bX,))
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be valid for arbitrary nonnegative submartingale (X, \#,), n=0, with the
maximum random variable X¥ = max X, where the constants a and b

O=k=n
depend only on @, it is necessary and sufficient that the generalized power
of the conjugate Young funciion be finite.

The necessity part is proved by helps of specially constructed nonnega-
tive martingale. This shows that if the above maximal inequality holds then
@ must necessarily be of finite generalized power.

The purpose of the present note is to use this assertion to obtain maxi-
mal inequalities for nonnegative supermartingales.

Int scction 3 of the present paper we also give maximal inequalities for
nonnegative supermartingales in case of concave Young functions.

2. We prove the following

THEOREM [. Letf (®, W) be a pair of conjugate Young functions. In order
that for every nonnegative supermartingale (X, (F,) having the Doob decomposi-
tion X, = M, - A, the maximal inequality

E(D(X¥))=a+ E(@OM,)), n=0,1,2, ...
hotd with some consians a =0 and &> 0 depending only on & if is necessary and

sufficient that the generalized power of WV be finite,
Moreover, if the power g of W is finite and for every k=0we have

Xy=E(X|iF,) a.s.
with XcL®, then
E(B(XT)) = E(2(gX)).
Proor. Since @ increases we trivially have
E(P(XN) = E(DM]))-

Consequently, if the generalized power of ¥ is finite then with some constans
a=0and b= 0 depending only on @ by Lemma | we have

E(B(XY)) = a+ E(DOM.)).

That the generalized power of ¥ must necessarily be finite follows at
once if we consider nonnegative martingales (as special nonnegative super-
martingales) and we take into account the necessity part of Lemina 1.

If ¢, the power of ¥ is finite then by Lemma 1 of [7] and hy Jensen’s
inequality

E(D(X3y) = E(P( Inax E(X| F)) = E(PQEX T ) = E(P(gX)).

This proves the assertion.

REMARKS. The inequalitites of this assertion are meant in the sense that
both sides are at the same time infinite or finite and in this case the asserted
inequalitites hold, This can be shown in a standard manner,
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Let @ be a Young function. For nonnegative submartingales (X,,, ¢,)
one can deduce the maximal inequality

E(O(XM)=a+E@@X), n=1,2, ...

where d=0 and &= 0 are constans depending only on @ if the conditions of
Lemma 1 are satisfied. If (X, ¢7,), n=]1, isa nonnegative supermartingale
then we cannet expect the validity of the maximal inequality in this form
even if @ has finite (generalized) power. To show this let us give the follow-
ing counterexample., We choose the sequence 0<x, <X,< ... according to
the following rule: ®(x,} = I and

S S S
D%, 41) K+t

Let £ be the set of the positive integers, of the o-field of all subsets of 2 and
define
]
Plaf) = L ———, wcl
D(x)  Dlxos1)

Then (2, &£, P) is a probability space. Let (7, = (&, ) be the trivial o-field
and for n=2 define ¢7, to be the o-field generated by the partition

{n, ..., {n—1}, n,n+1, ...}
Then (7, c ¢, ..., Consider the sequence
Xy =x, yplo=nm), n=1,

of random variables. Then (X, ¢7,), 1=1, is a nonnegative supermartingale.
In fact,

1
E(X 01|} = o=, D(,)——
@( n+!)
=X x(wzn)(p( u) ¢(xn+l) X a.s.,
n v xn-l-l
since ®(x)/x increases. Here x, is the indicator of the event A.
We have
X*o) = { wy 1f @W=11,
X,, if w=1n,
and so
Py (‘D(xk 1)) P(x,)

1

FOE) =5 26 i s [ o =

=3l

1
o Sk

I
] [\/j?
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This tends to + == as k— + o . At the same time for arbitrary o - 0
Plbxy)

D(x,)
Now since @ has finite power, say p, we have

i, if b=I.
E((bX ’
(2 “))S{bp, if b1,

E(D(6X,,)) =

Consequently, there are no constans a=0 and b= 0 such that
E(@(X8)) = a+ E(D(X,,)
could hold for each n,

Let X, = E(A..~A,|¢,), where {A_ )} is a canonical process such that
A. = lim A,el,. Then (X, ¢4,) is a poteniial and by the result of our

n—++w
theorem we have

E((X7) = E(P(gA-)),
since with X = A. the inequality
Xi=E(A-[Gh)
holds for every k=0.

3. It seems to be interesting to prove maximal inequalities for concave
Young functions, too. These are defined in the following way: let ¢{f) be a
right continuous and non-increasing function that is integrable over any
finite interval (0, x). Then the function

P(x) = f olt)dt
+]

is continuous, increasing and concave. We also suppose that

lim @(x) = + <.
Xt
The example of the nonnegative martingales (as special nonnegative
supermartingales) shows that when the concave function is linear, or, “near”
o the linear one, then by Doob’s classical Llog L inequality and Gundy’s
reverse inequality (cf. [4] and [1]} we cannot prove an inequality of the form

E(@(X2)=a+ E(@(X,)).

Consequently, we exclude from our considerations the concave Young func-
tions which are “near’ to the tinear one. The exact meaning of this will be
specified in the following assertion.

Before formulating this we state a kntown result about the nonnegative
supermartingales in the form of the following
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Lemma 2, If (X, (F,), n=0, is a nonnegative supermartingale, then the
random variable

X* =supX,

n=0
for every positive A= 0 satisfies the inequality (cf. [1])
AP(X*=2)=E( min (X,, A)).
Now we are in the position to may prove the following
THEOREM 2. If @ {5 a concave Young function such that

r:supx@—(x)ﬂl

20 B(x)

and (X,, (},), n=0, is a nonegative supermartingale, then

E(D(X2) = _]‘"_r E(0(X,).

Proor, We use the maximatl inequality
LP(XE=2)=E( min (X,, %))

stated in the preceding lernma. Let us integrate this on (0, + =) with re-
spect to the measure (—dp()) and remark that

E

bf H—dp)) = | —2p@]3+ [p(Dds = D) - 2p(2),
]

since in the concave case
0= Ap(i) = D(4)
and, consequently, lim Ag{d) = 0.
20

Therefore, by the Fubini theorem
+m X,
[ wP(xXg= 0 ~dgld) = E[ i ?.(—dg:(l))]: E(D(X) - E(X1a(X%).
a 0

By our assumption
Xg(X2)=rd(X¥).
Therefore,

f “AP(X;f = N —dp()) = (1 - NE(D(XH)).
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On the other hand

I E(minCx,, )~ do) = zl [2(=agy+ [ X~ aa)| =
0 o Xo

=E (@(X o)) — E{X (X o)) + E(Xop( X)) - E(Xog(+ o )) = E(@(X o)-
The comparison of these estimates gives
(1-NE@(X3) = E@X,)),
which proves the assertion.
Introduce the nolation
5x) = ) —xg(x).

A by-product of the preceding theorem says without any additional condi-
tion on ¢ that for every nonnegative supermartingale we have

E(5(X85) = E(D(X,).
We also see that
E(&(X7) = E(DXD),
since
5= ().

The inequality of the preceding assertion can be ohtained under less
restrictive conditions, as well. Namely, we have

THEOREM 3. In order that for some constants a=0 and 0<b<1 the in-
equality

(1 -B)E(D(XE)) =a+ E(E(XD)
leld, il is necessary and sufficient that ihe condition
r = limsup Xpx) =)
x-+t=  Ox)
be safisfied. In this case with seme constant Kg= 0 we have
E(B(X¥)) = Ko(l + E(D(X,))).
Proor. If r<1 then with arbitrary & such that r<b=1 and with ap-
propriately chosen constant a=0 we have for x>0
Xp(x)=a-+bP(x).
Consequently,
E(5(X3) = E(D(X2) - E(X2p(X %)= E(®(X2)) — bE(BX L) - a.
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This shows the sufficiency of our condition. To prove the necessity suppose
that the inequality

(1= HEPXD) =a+ E(&(XD)

holds for any nonnegative supermartingale (X,, ¢/,), 7=0, with some con-
tants 0=b<1 and a=0. Apply this inequality to the special supermartingale
X, =x, n=0, where x>0 is arbitrary. Then

(1—-56) D(x)=a+D(x) —xg(x).

This means that

xg{x) = a+ bP(x),
or, in other words,
) e
Dx)  Dx)
Letting x— + o= we get that
ro=lim supx(p—(x)-sb{I.
x~t= D(X)

Finally, suppose that r= 1 and take b such that r<b—< 1 be satisfied. Then
comparing the ineguality

(1= DE(A(XD) = a+ E(LX7))

to
E(EXN) = E(B(X,))

and taking

Ko = max[—2—, -1
-6~ 1-b

we obtain the second part of the assertion.
Consider the concave Young function &(x) = log (x+1). Then

Xp(X) _ x
@(x) (x+1log(x+1)

By L’Hospital’s rule

lim xp() = lim ) =1
=0 P(x)  x-0 1+log(x+1)
Consequently,
sup ti(_x) = 1,

x~+{) (I'(X)
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At the same time

lim 7% i 1

xvte D(x)  xv+e 1+log(x+1)
Thus our function @(x) = log (x + 1) does not satisfy the condition of Theo-
rem 2 whilst the conditions of Theorem 3 are satisfied.
For the concave Young functions which are neargto the linear one we
can state onfy the result which we obtained in proving Theorem 2. We sum-
marize it as

Tueorem 4. Lef (X, ¢},), n=0, be a nonnegative supermartingale and
let D(x) be a concave Young function. If t(x) denoles the function @(x}—xeg(x)
then

E($(X))=E(P(X,))-

4, Theorem 1 from section 2 shows that in the case of (convex) Young
functions @(x) which are “far’” from the linear function (since @(x)/x t + o= as
X—+==) any nonnegative supermartingale satisfies the maximalinequality
of Theorem 1 provided the other conditions arc fulfilled. The question arises
whether we can give an inequality estimating E(XY) from above, when
(X, ). =0, is anonnegative supermartingale. This question is similar to
Doeb’s classical problem: in case of nonnegative submartingales he proved
that

E(X¥) = Ll(l +E(X,, log* X))
e —

provided that E(X, log* X,_)< + . This inequality was gencralized in [5]
by J. Mo yordaDl. Namely, he has shown that for arbitrary Young function @
the maximal inequality

E(XH=E(@X,)+(1-n-1 1

holds for any nonnegative submartingale provided that 0=¢-=1 is such a pa-
rameter for which the Laplace transform

e om
I={ e~ 2d¥(2)
/
converges. Here ¥(x) is the Young function which is conjugate to @(x).
For nonnegative supermartingales we state a similar maximal inequality
in the next theorem. Before this, we formulate the following assertien from
[5] which we state as

Lemma 2. Let Z,, Z,, ... be nonnegative random variables such that

i ZfﬂK{ + oo
i=1
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and let ¥(x) beanarbitrary Young function. Let further(, c ¢, ... be an
increasing sequence of g-fields of events. If for some f¢(0, K~1) the Laplace
transform

$m
[ = af e~ dP(3)
converges then E(W(A.))=(1—{K) 1], where
A = 3 B2
Now we are able to formulate our
THEOREM 5. Let (X, F,), n=0, be a nonnegative supermartingale with

the Doob decomposition X,, = M, — A,,. Let (O, ¥)be a pair of conjugate Y oung
Junctions. If for some te(0, 1) the Laplace fransform

+ =
[ = [ e"dP(d)
/
converges then

E(X%)=E(@®M))+(1-H)~1 I.

Especially, if X, = E(A- — A_|(7,) is a potential, where 0 = Ay=A,=A,= ...
is a canonical increasing process such that A., ¢ L® then

E(XH=E(P(A)+(1-) L

Proor. Consider the events
A ={X, = X¥, A = X3, <X5 X = X3}, k=2,...,n.

Then the random variables
2y =4, k=1,2,...,n

are such that
>z, = 1.
k=1

Here x4, denotes the indicafor of theevent A, k = 1, ..., n. So the result of
the preceding lemma can be applied to the Young function ¥. Now by the
fact that X, =M, and that (M, (£,) is a nonnegative martingale we have

BXD) = 5, Bt =3, EMyn) = 3 E(raEM,10).

14 ANNALES — Sectio Mathematica — Tomus XXX,



210 N, L, BASSILY - 5. [SHAK

The conditional expectation being self-adjoint we get
it n
BXE)= 31 E(M,E(a, ) = E[M, 3 Euayl b))
k=1 k=1

Apply now to the right-hand side the Young inequality
Xy =@+ ¥(v); x=0, y=0
1o get

E(x:)ﬁE@(Mn))JrE[Yf [ % E(xAkla)]]-

By the result of the preceding lemma applied io the second term on the right
hand side we obtain
E(XD=E@M)+(1-1)~* I

This proves the first inequality. For the proof of the second one let us note
that the Doob decomposition of the potential X, = E(A. - ALlL) is
E(A.|F)— A, and so X =E(A.L|,)-

To get the second inequality use the Jensen inequality for

E(D(E(A.|F.)))-

This proves the assertion.

Remark that our inequality is interesting in the case when ¥ has no fi-
nite power (because in this case Theorem | applies) or, when @(x) does not
increase more quickly than xe, where p= I is arbitrary. Such a function is for
example

D(x) = H(x+ 1) log (x+ 1) —x].

In this case the conjugate Young functien is equal to

"

Wix) = 4e* — 1)— x.
Now if f = J— then
2

i + = A

I = +we"2'd'y(3) = e‘f(e':'— 1)da = 2.
/ /

Consequently, if X, = E(A.~ A,|¢},) is a potential then by the preceding
inequality

E(X)=4(A.+1) log (A +1)+1),
provided that A ¢L log L.
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This example shows that on the basis of the preceding theorem one can
deduce for potentials an inequality which is similar to that of Doob for non-
negative submartingales belonging to L log L.

It is interesting that for a special class of nonnegative supermartingales
and for a large class of Young functions the preceding theorem can be rever-
sed. This class is the family of the predictable nonnegative supermartingales.

DeriniTion 1. Let (X, ¢£,) be a nonnegative supermartingale, n=0,
where ¢f, = (@, @) is the trivial o-field and suppose that there exists an
adapted sequence A,=2,= ... of random variables such that for all n=1
we have

Xﬂ.szrl—l
and 2, = lim A.€L, Then (X, 7,)issaid to be predictable in L,.

o=

Note that in this definition X is constant a.s.

THEOREM 6. ff the nonnegative supermartingale (X, 7,), n=0, is pre-
dictable in L, and

Hx) = xp(x)—P(x) = O(x)
asx — + e then
E(D(X)) = 299 Ao) + E(t0)+ KE(A,),

where x, =0 is such a number for which £(x)= Kx with some K =0 if x=x,,.

Pwoor, Garsia (cf. [2], Theorem II1. 3.4.) has shown that for nonnega-
tive supermartingales which are predictable in L, the inequality

E(X,, 2(An=x)) = Xoz(A zx)-{—xE(x(lnax))

is satisfied. Here x=-0 is an arbitrary constant, y, denotes the indicator of
the event A and

O=ty=2=2,=...
is a predicting sequence of (X, /,) in L,. Integrate this inequality on (0, x)

with respect to the measure generated by the nondecreasing and right con-
tinuous function g(x). Using the Fubini theorem we get

E(Xp(2,))= Xop(Ao) + E(5(A,)),

since

f xidp(x) = &2).

14%
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Note that ¢(x) increases and 4, =X, Consequently,
E(Xn(P(’]'n))2E(Xn(p(xn))EE(®(Xn))'
From this
E(D(X,)) = Aop(Ao)+ E(£(4,)).
A, can be choosen such that 1,= X, hold.

Now if £(x} = O(x) we can choose x,=0such that the inequality
5x)= Kx
hold for x==x,. Here K =10 is a finite positive constant. Consequently,
E(&(2,)) = £(xo) + KE(A,)
and so

E(B(X,)) = g (a)+ £050) + KE(2,).

This proves the assertion.

As an example consider the nonnegative supermartingale (X,,, ¢/,.), for
which 7, = (@, ), X,=c and for all n=0 we have

Xo=cX, as.

Then for n=1 we have X, =cX¥_, = %,_, a. s. If we suppose that X*¢L,
(e.g. O=c=1), then from the inequality of the preceding theorem we get

E(D(X ) =cqle) + E(xo) + KeE(XD),
an inequality which is the reverse to that of Theorem 5.

Examples for nonnegative supermartingales with these properties can
be found e.g. in [1].
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L. The aim of the present note is fo generalize a representation theorem of
Garsia ([1] Theorem L.5.1. and Theorem 1.5.2.) for the random variables
belonging to the space X, where 2=g= + «». This space is defined as fol-
lows. Let (&2, o, P) be a probability space and let X € L(2, ¢, P) be a random
variable. We say that X belongs to ZZ’ if the set of the random variables y
defined by the forinula

I = {yipe Ly, E(| X~ Xoa|?|(Fa) = EQ?|(Fp) as. vizl)
is not empty. Here {{/7,}, n=0, is an increasing sequece of o-ficlds of events
such that (F. = o U F,) = . Also, X, = E(X|(F,), n=0, s the corres-
ponding martingale. HF‘:oor the sake of commodity we suppose that X, =0
a.s. If I'E® is not empty then we let

1Xlzr = inf lizly-

?EFX

It is easily seen that ||-|lx, is a seminorm on the family 7. As it is weli-
known this space is the dual of the Hardy space i, where p~t+g1 = 1.

(Incase g = +o we put p =1 and X is the we!l known BMO,-space.}
Concerning these notions and definitions we refer to the book by Garsia [1/

Qur definition of the X -space, where 1=¢= + oo, is somewhat diffe-
rent from that of GArsiA (see e.g. [2]). We say that Xel if the set

Pﬁ?) = {‘)’-'}’EL{I, E(IX'—Xn—ll [‘?n)=E(y|Fn) as ynx= 1}
is not empty. In this case we let
WXz, = inf liyl,-

yEF

It is easily seen that |- iz, is a seminorm on the family X,. The space K. is
called also the BMO,-space.
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One can show that for 2=¢g= + = the semi-normis |- Hx +and |- |X, are
equivalent (see e.g. [3]).

In this paper we characterize the random variables belonging to X,
where 1 <¢= + o= In this manner we generalize the result of Garsia, by ex-
tending his result for the values of 1 <g-2. Our representation will also be
applied to more general spaces than X . For the definition of these we refer
to section 2 of the present paper.

We shall be concerned with a Young function @ and its conjugate (com-
plementary) Young function %, Concerning the theory of the Young func-
tions we refer to [4] and [5]. The Young function is called of moderated
growth and the quantity

p = sup Xgp(x)
x=0 @(X)

is called its power, if this is finite. Here ¢(x) stands for the right-hand side
derivative of @. We define similarly the power g of the conjugate Young
function ¥. When the power of 2 Young function is not finite then, of course,
we say that it is not of moderated growth,

Every Young function @ generates a space which we call Orlicz space.
We say that the random variable X belongs to L?(€. of, P) if there exists
an g=0 such that

E(B(a'|X|)) =1.
In this case we let
| Xlle = inf(a>=0:E(@(a 2 X[)) = 1).
It is easy to see that |- ||, is a semi-norm on L®. This is called the Luxemburg
rorm.([4])

2. Let (82, £, P) be a probability space. Let X, YeL (h,, t, P) be ran-
dom variables and consider the sequence (F,C(F, C(F,C...of g-fields of

events. For the sake of commodity we suppose that (. = .:r[ G (}‘ﬂ] =

= . Then the martingales
X, = E(X[Fa), Vo = E(Y|iF,), 120,

are such that their a.s. and L, limit is equal to X and ¥, resp. We abso sup-
pose that X, = ¥, = 0 a.s. The differences of the martingales (X, (F,),
resp. (Y, (F,) witl be denoted by d, = 0, d,, d,, ... and d, = 0, d}, d;, ...,
respectively.

Let (@, ¥) be a pair of conjugate (complementary) Young functions.
Throughout the present note we shall suppose that ¥ has finite power ¢.

In what foliows we need some definitions.
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DEFINITION 1. We say that X helongs to o if the set '’ defined by
the formula

P = {yiy€l® E(|X = X, ||F) =E(QFa) as. vzl
is not empty. In this case we set

| X%, = inf |yls.
3:€I‘S?)

It is easy to verify that |j-||x, defines a norm on the set .

q
This definition covers the definition of the X -spaces with ®(x) = -5—,

| << + . Thus, exceptly the space X,, and X, all the other X -spaces are
covered by this definition.

Note that if XeX, then so is X, for all £k = 1, 2, ..., and we have
1X il = 11Xz, 10 fact, itis easy to verify that the conditional expectations

E(| X~ X[V Fahy k=n, n 1, 132, ...

are increasing in k a.s. Furthermore, | X, — X, _,|converges in L, and a.s.
to | X—X,_,| as k—~ + . Consequently, with arbitrary yc "$”

E(| Xy = X sl F) = E(| X = X, [ F) SE(p | Fn) 2.
Therefore, X, 6 X and
X el = 1 X1 2

DeFiniTioN 2. The random variable ¥V is said to belong to the Hardy-
space A if the random variable

S = S(V) = [Z a';zlm

belongs to L¥. In this case we set
1Y [z = {151l
It is easy {o see that || %y i5 2 seminorm.
This definition covers the notion of the J5-spaces with l<p<+4 .

y:]
Namely, we have to consider the Young function ¥(x)= X To define the

P
Hardy space 76,, we say that ¥ ¢4, if the random variable S belongs to L,.
In this case we define |iX||%, = [IS1;.
Note that together with Y the terms of the martingale (Y,  F,) also be-
long to @, {4,). Indeed, we trivially have

n 172
S, = Sy(V) = [ 5 a;ﬂ] 28,
i=1
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in their paper [6] S. IsHak and J. MocYoRraGD! have proved the follo-
wing generalization of the famous Fefferman inequality. We formulate it as

Lemma 1 if Yedy, where ¥ has finite power and X € X, then for all n
we have

|E(Xnyn)| EC‘J’" yn”%rpHXn"xq;‘: + e,
Moreover, the limit of E(X, V) exists when n—~ + oo and we have
| hm E(X,Y ) = collV llas, || X ]| 24

Here ¢x=01s a constant dependmg on the Young functions (@, ¥).
Also, if X¢BMO, and Y ¢ 75, then with some constant ¢ which is uni-
versal, we have

|E(Y X)) | =Y ol | X llemo, and lnliT E(Y . Xn)| = cllY e, X lsmo, -

This last is another formulation of the famous Fefferman inequality,

3. We are now in the position to may prove the following

THEOREM L. [f ¥ has finile power then every X ¢ Ko can be represented in
the form

= 3 E@|FD — E@| Fi-)l
i=1

B etz 71z

and cp=0 s a constant depending only on (@, ¥).

Proor. Let X¢ Xy be fixed and consider any element ¥ from @5, where
¥ is the conjugate Young function of @ such that ¥ has finite power. We then
have

Wwhere

]éf«ollxlixw

|d/| = |Y,— Y 4|=8
and 8o di¢ Ly. Also, as we have seen above in section 2,
ld;| = |X;—Xis| = E(GX: — X, | [ F)=EQ@|F) as.

where y<I'™ is arbitrary. Since y¢ L%t follows by the Jensen inequality
that d,¢ L*. Consequently, by the Holder inequality

E(|d{d;}) = 2|d{ ]l llo.

This means that

X)) = > E@a)
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since for i 3§ we have £(d] d;) = 0. Therefore, for all m=n we have

E(YuX)— BV, X) = 3 E(d) = E(Yue Y )Xn).

i=m41
Then from Lemma 1 we get
15{ ymxm) - E( Yan)l = Cﬁ“ ym - Yn“%plixm"xg = Cﬂ’nym_ yn"%gr"XHIm.

Since Y, —V |z, —~0 as n, m—~ + 0, we conclude that the sequence
E(X,Y,) has the Cauchy property.
Let then for all Ye@y
L(Y) = lim E(V, X}

L )
Lemma 1 again implies that
| LEYY = coll Va1 X | 2

This shows that L{ ¥} is a bounded linear functional on #w.

Before continuing the proof of our assertion we state an auxiliary asser-
tion which will be useful in the sequel and which can be found in [7] (Lem-
ma 2.).

Let 80y denote the Banach space of sequences of random variables

@ =(0, 0, ...)
with norm .

| o 1/2
1616, = [z @?]
i=1

4
LEMMA 2, If A(@} s a linear functional on d40, such that
| D) = BliONssps
then there is a ¢ €34, with

“°'l|oa:¢.E[¢{L§ o‘i‘-‘]m]‘ /tlalim,] <8

such that
A(@) = > E(e,8)).
i=1
We continue the proof of our theorem.

Using this assertion we see¢ that there exists a sequence of random vari-
ables {a,} satisfying

el {9 3 a%]”z el || 5 Xz

f=1
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such that
L(y,,):Z'1 E(dlo) = [ [2(5@ \F i) — Eloy| 7 1))H

But
L{Y,) = E(Y,X,).

Consequentiy,

BV = BV 5 (Bl F) - EtwiF )
for all Y c&y. In particular this hoids for the random variable

v - sign[x,,_jl [E(G;If?f)—E(U:if7f—1)]]—

—E[sign [xn—j [E(of|{fff)~s<at|r;c,-_1>1|:?o].

it is easily verified that Y is a bounded vandom \mrlable(lﬂ =2)and it is
{F ~measurable. Consequently, Ye@bp,since Y = ¥V, = Y,, = Vo = ...

and so
H 142
S = [2 d;z]
i=1i

which is bounded by 4yn. Now with this random variable ¥ the preceding
equality gives

£(| %= 3 (El7) - B Fell] =0
i=i
since trivially

E[E[sign [x,, -3 [E(afllyf)—s(a.|l?f_l)1] ‘ Gﬂ.]-

-[Xn = 3 (E@|F) —E(om?f_l)l]] =0

i=l

These together give that

"
= > E(o;|(F) — E(o|<F,-:)
i=1
a.s. for 'all n=172 ...,
This proves the assertion.

REMARK. It should be mentioned that when @ has also finite power
then for arbitrary X € L% such that P{X 7 0)= 0 we have

ol i)
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From this and from the preceding assertion the following consequence
can be deduced.

CoroLLARY L. Suppese that both ® and ¥ have [inile power. Then every
Xe X, can be represented in the form

X = E[E("’J‘?E)—E(G;I"ﬁ-l)] a.s. and in Xo,

where

- 12
[Z 0',2] ” Efollxllxq»
: -]

and cs =0 is a constant depending only on the pair (@, ¥).

ProoFr. Usc the result of Theorem 1 and the remark above. Under the
assumptions of this corollary we have in Theorem 1

E[ab[[ 5 a%]m;/ ol | = 1.

This proves the corollary.
This assertion covers the case when the pair of the Young functions
. R P q
(@, ¥)is the following:{—, = and p=1, where p~14+¢-1 = 1. Thus we

r 9
obtained the following special case of Theorem 1.

CorOLLARY 2. Let l =p=+ = and let ¢ = L Then every XeX

p—1

P

cah be represented in the form
X = D |E(e)F)—E(o:]| F:-))]
i=1

where the random variables o, i = 1, 2, ... satisfy the inequality

(S =

Here ¢, is a constant depending only on (g, ¢).

This corollary generalizes Theorem 1.5.2. of Garsta [1] for the values
of psuch that l«p«< 4 e,

4. We can characterize the space X.. = BMO,. This corresponds to the
value ! of p. Garsia has piven a similar characterization for the random
variables belonging to BMO,. Since BMO, and BMO, have the same ele-
ments and their norms arc equivalent, the characterization below seems to
be superflous. However we give here the characterization for the sake of
completeness.
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THEOREM 2. Lef X¢ X, = BMO,. Then X can be represented in the form
X = Z [E(e;|F)— E(e:lFi_ )],
i=1

where

i = 172,
) -
Thi=1

o~

Proor. In many steps we can repeat the proof of Theorem I. Let X¢
BMQ, and consider any element Y of Z,. We then have

|d)| = |V,—=V,_,| =S€L,.
Also,
|d;| = | X;~Xioi| = E(|Xi— X, [ 1 F) =1 XBmo, = B =< + <.
This can be shown in the same manner as in the proof of Theorem 1. Con-
sequently,
E(|did;|) = BE(idiD).

Fhis means that

E(Y,X,) = 3 E(dd),

i=1

since for i # j we have E(d{ d;) = 0. Therefore, for all m=n we have

E( Vme) - E( ynxn) = E(( ym - yn)Xm)

The second assertion of Lemma 1 then implies
'E(mem) - E(Ynxn)| g‘:""Vr.ri - Xn"?&lnmeBMDl = ('B"Vm - Xn“’e?ﬁn

where ¢> 0 is the absolute constant of the Fefferman inequality of Lemma 1.
Since ||V, — V., ~0 as n, m—+<, we conclude that the sequence
{E(Y X))} has the Cauchy property.

Let then for all ¥ ¢,
L(Y) = lim E(X,Y ).

-

The second part of Lemima 1 implies that
| LYY =V ||z, 1 X lemo, -
This shows that L{¥)}is a hounded linear functional on 75,.
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To continue the proof we need an elementary assertion. Let §7, denote
the Banach space of sequences of random variables

O =(0,0,...)
with norm

We can state the following

Lemma 3. if A@) is a linear functional on 64, such that
| A(8)| = B||Ollsa,

then there is a sequence ¢ = (o3, 0y, . . ., 0y, .- -) of random variables with

(5.

1A

B

such that

A(O) = 2{ E(6,0).

This assertion can be found e.g. in [1], Lemma 1.4.1.
We now contirnue the proof of our theorem.

Using the assertion of Lemma 3 we see that there exists a sequence
g = {0y, Os, -.., &, -..)of random variables satisfying

(3"

LY = 3 Ede) = E'Y,,[i; (B F) - E(aflr?i-o)]].
i=I i=1

= C"X“BMOI =B

£

such that

At the same time
L(Y ) = E(Y.X,).
Consequently,

E(Y,X,) = E [ z(E(ofIGE.) E(oy| ,1))]]

for all Y e4,.

Beginning from this point the proof is the same as that of Theorem 1.
This proves the assertion.
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5. Concerning the result of Corollary 1 and Corollary 2 we can state more
if we take into account a result of [8]. In this paper we proved that if both
@ and ¥ have finite power then the spacee X, contains the same elements as
0. Moreover, the Kg-and the Fe-horms are equivaient. Consequently,
the interesting is the result of Theorem 1 since we cannot deduce that 76,
coincides with X,.
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Let X be a sel, and denole by exp X the power set of X. A relation § on
exp X is said to be a proximity if it fulfils the following conditions:
Pl. AdB=> B34,

P2. #3X (§ means non-8),

P3. A, BcX,AnB=(=A8B,

Pd. ASB,ACA CX,BcB cX=ASE,
P5. AU B3C= AsC or BsC.

If 6 satisfies P1 to P4, it is a semi-proximify on X (see [1]).

A closyre on X is a mapping ¢: exp X - exp X satisfying

Cl. «(0) =8,

C2. AcX=AccA),

C3. AcBcX=c(A)caB),

Cd4. A, BcX=c(AUB) = (A)U(B).

If ¢ fulfils Cl to C3, it is a semi-closure on X ([1]). A fepology on X can be
described as a ¢losure satisfying

C3. AcX=dcA)) = (A).
If 5 is a (semi-) proximity on X and we define, for x¢ X, Ac X,
(1) xecy( Ay {x}d A,

then ¢, is a (semi-) closure on X ([1], (3.9), (3.10)). We say that § induces ¢y
or that § is compatible with ¢,. For a given semi-closure ¢ on X, there exists a
semi-proximity compatible with ¢ iff ¢ satisfies

SC. x, y€X, xec({{yP=yec({x}).

More precisely, if ¢ fulfils SC, then a compatible semi-proximity is de-
fined by

(2) A8¥BeANdB)=0 or e(A)NB#;
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if ¢ is a closure, then 8% is a proximity ([1], (3.12)). Another construction,
namely

3) A8.Bec(A)n c(B)=9),
furnishes a compatible semi-proximity iff ¢ satisfies
s’ xeX, AcX, x¢gc(A)=c({x)ne(Ad) = 0;

if a closure ¢ fulfils SC*, then 8, is a proximity (f1}, (3.15)).

Both SC and SC’ can be considered as separation axioms for the semi-
closure ¢. SC’ clearly implies SC but the converse fails to be true ([1], (3.16)).
They coincide of ¢ is separaled, i.e. if c({x}} = {x} for x€ X, and also if c is a
topology ([1]), (3.17)).

Our first purpose is to introduce a further separation axiom for semi-
closures, lying between SC and SC’. Later on, we shall consider some separa-
tion axioms for (semi-)proximities.

1, Axtom §,C. For a semi-closure ¢ on X, consider the condition

S,C. x, ye X, x¢c({yD=c({P ne{y)) = 8

LEmma 1. SC" implies S,C and S,C implies SC.0O
The converses hold if ¢ is separated or if it is a topology. In general, these
conditions are distinct.

ExampLE 1. Let X = R2and, for 2, = (g, ¥p)€ X,
V(2) = {(xo, yyyeR}if y, = 0,
Vi(zy) = {(xo, )y =0} if yo=0,
Vizo) = {(xo, y)iy =0} if <0
Let z€c{A) Iff V(z) n A=20. Then clearly ¢ is a closure satisfying SC (observe
e({2)) = V(2)). However, for z, = (x;, ), % = X5, ¥,>0, ¥,<0, we have
4 §e({z)) but e({z)}) n c({z.)) =@ so that ¢ does not fulfil S,C. O

ExampLE 2. ([1], (3.16)). Let X = R® and, for z, = (%, ¥o)€ X, >0,
define

Vdz,) = {(x, )eXx = x5, 01 ¥ = yy and |x —x,| <¢}).

Set zec(A) iff V () n A=0 for every £=0. Then ¢ is a closure on x and it is
easily seen that it satisfies $,C because ¢({z,}) = {(Xo, ¥):y € R}. However, it is
shown in [1] that ¢ does not satisfy SC* (z = (0, 0), A = {(x, }ix=0}). O

2. Axtoms S;P, § P, §P”. Let § be a semi-proximity on X. It is clear
([1], (3.18)) that ¢, satisfies SC’ iff § fulfils

SP. A= N el A) = 3.

SP’ holds whenever & is separated, i.e. if {x}é{y} implies x = y, In [1], the fol-
lowing condition, obviously stronger than SP’, is introduced as well:

SP”, A, Be X, AdB=c,(A)necoB) = 0.
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It is shown that SP” is strictly stronger than SP’ ([1], (3.20)) and that se-
paratedness and SP” are independent of each other.

Now we congider three axioms for a semi-proximity 6 on X

S,P. ety =cslixneph = @,
S,P. {({yy={xyacs({y),
S,P”. {(x}5(y) = col {xhbea ().

LEMMA 2. § satisfies S,P iff ¢, fulfils $,C. O

Lemma 3, SP” implies S,P. [}

Lemma 4. ;P implies S,P” and S,P’ implies S,P.

PRrooF. The first part is obvious. On the other hand, {x}écy({y}) and
zeox({y}) imply {x}é{z}, hence z4 ¢, ({x}}, and the second part is proved.

LEmmaA 5. A Separated semi-proximity fulfils S P”. 0

3. Axioms TP, TP, LO,. For a (semi-)proximity & on X, further sepa-
ration aXioms are discussed in [1]. It is first shown that, for a proXimity 4,
¢y is a topology iff § satisfies
TP. {x}6 A= {x}bc5( A)
({11 (4.1)). 1t is easy to see that TP implies SP*, while TP and SP” are inde-
pendent of each other ([1], (4.2)).

LEmMA 6. TP impiies 5,P". 01

in [2], an axiom has been introduced that is stronger than TP and SP*:
LO. ASB=c,( AYocs(B).

There are TP- and SP”"-proximities that are not LO ([1], (4.3)).
We introduce further axioms similar to TP and LO:

TP {x}0A=+cs({x})3 A,

LO,. AB= Ab L c,({x}),
B

TP, {xXBA= (18 N oW}
vEAd

Lemma 7. [f § is separated, it is LO,. O

Lemma 8. LO implies LO,, LO, implies TP, and TP’ implies §,P”.

Proor. The first two statements are obviuous. If 8 it TP/ and {x}é{y}.
then es({x))3{y}=>ca(fxpoe((y})- O

LEMMA 9, Both 1O, and TP imply TP, O

Lemma 10. TP, implies S,P". O

15 ANNALES — Sectic Mathematica — Tomus XXX,
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4. Axiom S,P. We introduce now an axiom for a semi-proximity § on X
that corresponds to the condition that ¢, satisfies a weak form of the Haus-
dorff separation axiom:

8,P. {x}8{y} implies the existence of a C X such that {x}3X —C, Ca{y}.
Lemma 1. A TP — proximity & satisfies S,P iff the topolopy ¢, fulfils:
xgc({yh=x and y have disjoint ncighbeurhioods. )

LEmma 12. 5,P implies 5,P".
ProoF. If {x}6{y} and C is chosen as in S,P, then z¢C implies {z}6{y),
hence zécs({y}), so that
(YN T X —C, and {8y ({y). O

Let us now consider the axiom

R. {x}8A implies the existence of C X such that
(X} X—C,CoA
introduced in [3].

Lemma 13. R implies S,P.

LEmmA 14. R implies TP and TP,

Proor. Assume {x}dA and choose C according to R. Then, like in the
proof of Lemma 12, ¢s({x}) . C, and similarly ¢,(A) CX —C, 80 that ¢,({x}}d A
and {x}c{A). O

There is a separated proximity which is R and SP” without being LO
([}, (4.7)).

5. COUNTEREXAMPLES. We show that the above more or less trivial
implications cannot be reversed.

Exampie 3. Let X =R?, and V()= {x}XR for z = (x, ) X, V.(0, 0)=
= {—=¢, F)X R for £ 0. Define ¢ by

zce(A)e V(2) p A0 if 2:2(0, 0),
Viyn A= fore=0if 2 = (0, 0).

Then clearly ¢ is a closure on X satisfying ¢({z}} = V{(2) for z€ X so that SC
is fulfitled and 6 = 8} is a proximity compatible with ¢. § is S,P (because

(2,38{z,}, 2; = (x, y,} impties, say, X, <X, and
(4) = {{x, y)e X:x=c}

satisties {7,J0X —C, Co{z,} if X, <c=<x ) and S,P” (because c(V(2)) = V(2))
It is also TP, since, for ACX A* = c({z}) = L_J V@), Vizgn & = Bor
ZEA

V.0, 0)n A = 0 implies V{z,)n A* = O or V.(0, O)r‘ A¥ = (J, respectively.

However, if A = (0, + «)XR, z = (0, 1), then {z}6 4 and (0, 0)ec({2}} n c(A):
& is not SP. [}
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ExampLE 4. Let X = R® and p:X ~R be defined by p(x, y) = x. Set
AéBe p(AYnp(B) = ¥ and either A=0or B =0 or
both A and B are finite.

It is easy to see that § is a proximity on X. For 2, = (x,, y,)€X, we have
es{{zo}) = {0} XR, consequently, if AcX isfinite, then ¢5(4) = p(A)XR.
Hence & fulfils SP””. However, for z, = (0, 0}, z; = (1, 0), we have {z,} §{z,}
and {z,}6c.({2,}) so that S;P’ fails to hold. O

ExampLE 5. Let X and p denote the same as in Example 4, and

AbB = p(A) n p(B) = B and either A or B is finite. Now again, & is a pro-
ximity on X, and cs{{z,}) = {x} X R for z,=(x,, ). moreover, c;{A) = p{A) X
¥ R for every A cX. Therefore § fulfils SP”" and TP (in fact, ¢; is the product
of the discrete topology on the x-axis and of the indiscrete one on the y-
axis). & also satisfies S,P hecause, if {2,}0{z,} for z; = (x,, ¥,), and, say, x; <¢ <
= X,, then the set C in (4) can be chosen.

~ On the other hand, & is not 5,P”; indeed, z, = (0, 0), z, = (1, 0) implics

{z1d{2)), cs({zo))des{a)). O

ExampLE 6. {[1], (4.2)). Let X = R2and, for z; = (x,, V)€ X, &= 0,

Vz,) = {(x, y)eXox = x5 and |y —yo|=e or y =y, and |x—x,|<e}.
If zec(A) means that V.(2) n A= for every e=0, then ¢ is a separated closure
so that &, is a compatibie proximity and satisfies by 1], (3.19), SP”. §, also
fulfils S,P: if z, = 2,, we choose for C a disc with centre z; and radius less than
the Euclidean distance of z,, 2,6 X. However, it is clear that ¢ is not a to-
pology, hence & fails to fulfii TP. (3

ExampLE 7. Let

X = {{(x,)eR%x =0ory = 0},

and ¢ be the topology induced hy the pseudo-metric (2, 2,) = [x;,—X,| for
2 = (X, ¥;). Set

ASBec(A)ne(B) = @ and either A or B is finite.

Jt is easy to see that & is a proximity compatible with ¢. Hence 8 is
TP. ttis also S,P” because {z,}4{z,} implies that either c({z,}) or c({z,}) is a sin-
gleton. Also, § Is obviously SP”. Finally & is S,P (one chooses the set C in (4)
if x;, <=c=x,).

_ However, forz = (0.0), 4 = [1, 2] x{0}, we have c({z}) = {0} xR, hence

[z}8 A but ¢({z})d A. Thercfore § is not TP’. 0O

ExamprLE 8. {[1], (3.20)). Let ¢ be the usual topology on X = R, and
define 8 = 8%. Then & is separated and R ([4], (3.2)), but fails to fulfil SP”:

for A = (0, 1), B = (1, 2), we have AdB but c(A)n o(B)=8. O
ExampLE 9. Let ¢ be a T)-topology that is not T,. Then & = §, 15 a se-
parated, compatible proximity that is LO without being S,P. 3

ExameLE 10. Let ¢ be a non-regular T,-topology, and 8 = §_. Thend is
compatible, LO, $,P and separated, but fails to satisfy R (because then ¢
would be regular [3]). D

15%
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Exampie 11. Let X and p be the same as in Example 4, ¢{x, ¥) = »,
and set

AdBe P(A)n p(B) = @ and either A or B has the
form P U Q where p(P) and ¢(Q) are finite.
Then 8 is a proximity on X. It is R because, if {2} A, we can put C = {x}xR,
z = (x, ¥) in order to obtain {z}6X —C and C8A (indeed, p(C)N p(A) =
and C = CUB). & is SP” because ¢,(A) = p~Yp(A)) for AcX. However, &
is not LO,: for A = (0, )XR, B = (2, 3)x{0}, AbB and A 6ZEL‘JB cs(f2)). O

ExampLr 12. Let X and p denote again the same as in Example 4, and
define
AdBe  p(A)n p(B) = B and either p(A) is finite and there is £ > 0 such
that BNp '(V{p{A)))} is countable, or p(B) is finite and there
ise>>0such that AN p Y}V (p(B))) is countable,

where V. (C) = {x¢R: |x—¢| =e for some ¢€C}. One easily sees that &
is a proximity on X. {2,18{z,} iff x,=x, for z,=(x,, ¥,), hencedis S,P (we use
once more the set (4) if x, <x,). Further c,({z,}) = {x,} X R, whence § is TP".
Finally if A58 and, say, p{A) is finite and B n p~ NV (p(A))) is countable,
then z€cy(A) implies x,€ p(A) and clearly {z,)3 B, 2,6 cs(B); thus 3 is SP”.

However, & is not TP : for z, = (=, 0), A = @% {0}, we have {z,}64 and
(zalb U e((ah). o

6. MAIN REsuULTS. We can summarize our results in the following

THEOREM 1. The following implications are valid for a semi-proximity &
(SP denotes that § is separated);

o
e

5,P TP
] “
5, P -5 P 5P
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If Py, ..., P, Qare axioms figuring in the diagram, and P, Q does not follow
Jrom the implications containied in the diagram (i = 1, ..., n), then there is a
proximity that is P, for i = 1, ..., n, but fails to be Q. 17

According ti [1), if f2X - ¥ and 8 is a proximity on Y, we define a proxi-
mity f~}6} on X by
(%) A [H8)B= [(A)(B).

If 8, is, for k¢ K, a proximity on X, we define a proximity & = sup {8,} on
X by

. m n
(6) ASBeA = U A B = U B, m, neN,
1 1

and there is, for each pair (i,f), a k€K such that A, B,
An easy calculation furnishes, stmilarly to [1], (5.1), the following

THEGREM 2. If Q denotes one of the symbols S,P, S \P’, §,P”, §,P, TP,
LO,, TP, and § satisfies Q, then f~1(3) satisfies Q aswell. Similarly, if every 5,
Julfils Q, then the same holds for 3 = sup {8,). O

The author thanks Dr. J. DAk for many suggestions (e. g. for Examples
11 and 12,
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1. During the recent vears several papers have been pulished on the
asymptotic martingales (amarts). The purpose of this note i3 to present a
result concerning the convergence of amarts in Orlicz spaces, The martin-
gale case was treated by |. MoGgyoRrépt in [3]. Let @ he a Young function
having finite power and consider the corresponding Orlicz space L*(£2, (F, P),
where (£2, (F, P} is a probability space. In [3]itisshown that if (X, F,)isa
martingale such that sup ||X,|ls=< + == then X, convergesin L¥ to its a.s,

ra=d
limit provided the above conditions are satisfied.

Concerning the theory of the Young functions and the Oslicz spaces
we refer to [2] and [4]. The power of the Young function @ is defined hy the
formula

Xp(x)
zgg ®(x}

where ¢ is the right hand side derivative of @.

In the present paper we prove the following assertion. Let (X, (F,Jn=1
be an amart and let @ be a Young function with finite power. H {X, }n=s
satisfies the condition that the sequence {@(| X, 1)}.=, is uniformly integrable
then X converges in L7 to its almost sure limit. The uniform integrability
is also necessary provided @ has finite power.

We show, by giving an example, that the finitencss of thie power of @ is
also necessary. This example is due to T. F. Mori. Another example shows
that the uniform integrability of the sequence {@(]|.X, [}}n=1 is @ condition
which implies sup [Ix, o = + <, but not conversely.

ne=i

I wish to thank professor J. Mogvorom for the valuable discussion
and helpful criticism.

2. Throughout the present paper let (©, JF, P) be a probability space
and let (X, (F,)n=1 be an adapted sequence of real-valued random variables,
where {F,}n=1 I8 an increasing sequence of sub-g-fields of 7F.
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We recall that a mapping ©:Q-N={(1,2, ..., n, ..., +e} is called
a stopping time with respect to the above {(F }n=1 if {w:t{w) = n}edF, for
eachneN ={1,2, ..., n...}

We denote by T the set of all bounded stopping times with respect to
{(F Jn=1. We consider the natural ordering on T asfollows: for alt 7, o€ T we
say that r=g iff z{w)=c(w) for almost all w2

DeFiNiTION. Let {X }n=1 be a sequence of integrable random variables
which is adapted to {F Jn=1. We call (X, (7,) an asymptotic martingale
(amart), if the net {E(X.)}:cr converges to a finite limit

a = lim E(X,)
T
(i. e. for arbitrary £=0 there is 7,€ T such that for all z¢T with z=1, we
have |¢—E(X.)| <é).

Any amart has the so called Riesz decomposition. Let (X, (Fp)n=t
be an amari. Then X, can be uniquely written as X, = V¥, +Z,, where
(Y,, (¥, is a martingale, and (Z,, (F,) isan amart with Z,~0 in L,. In addi-
tion, {Z }.er Is uniformly integrable and Z, -0 a. s.

We refer to [1] for a complete treatment of the asymptotic martingales,
where the last assertion can alse be found (see Theorem 3.2.).

3. Now we prove the following

THEOREM. Let (X, (F,) be an amart in L*(2, (F, P), where the Young
function @ has finite power. Suppose that the sequence {@(| X, )= is uni-
SJormly integrable. Then {X,} converges in L* fo ifs almost sure linit

X.= lim a.5. X,.
N+ =

Conversely, if © has finite power and the amari (X, (F,) converges in L*

fo a limit, then the sequence [D(] X, |))n=115 uniformly integrable.

Proor. First assume that {@(].X,|)}s=1 i5 uniformly integrable. Since
@ is a Young function we have

lim Eﬂﬁ_: +
Xedo X

Consequently, @(x)=x for sufficiently farge values of x. From the uniform
integrability of {D{| X, 1}}n=1 it then follows that {X, }.= is also uniformly in-
tegrable. According to the Riesz decomposition (see {1]) X, can be written
irt the form

X, = Y +Z, n=1

where (Y, {F,.) is a martingale and (Z,,, ¢#,) is an amart having the following
properties: Z, ~0a. 5., Z,—~0in L, and the net {Z, }:er s uniformly integra-
ble. By the second property {Z, }..( is also uniformly integrable and this to-
gether with the uniform integrability of {X jo=: implies that of {¥ )Jo=i.
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Consequently, (Y, /F,) is a regular martingale and so, there exists a randem
variable X.. € L,(2, i#, P) such that

V,=EX_|F), n=1,2 ...
and ¥,—~X.as. andin L. | Here, we can suppose without loss of the gen-

erality that (7. = a[ n] = (}].From these we deduce that X, ~X..
rl-l

a.s. and in L,.
Now we prove that X_ ¢ L?(Q, F, P). For this purpose let

o = sup [iX,lie
n=l

which by the uniform integrability of {&(]|X,,|)}n=1 is finite. Without loss of
the generality we can suppose that o= 0, since in the contrary case we would
have X, = O a. s, n=1, which, from the point of view of our assertion is a
trivial case. Then by the continuity of @ we have

lim a.s. di( "|] |X"‘],
At o

which by the Fatou lemma implies that

o 5| m o ()=

From this it follows that X< L?(0, 7F, P)and || X_.jla=0 < 4 . This
means that E[®({X.|))< + <, since we have supposed that @ has finite
power. The above representation of {¥,} and the Jensen inequality together

give
P V)= PLEN X WF)]=E[P( X 1) I Fa) a. 5.

From this we deduce that {@(] Y |MN.a is uniformly integrable, since the
right hand side is uniformly integrable. From the same representation of
{Y,} and from the Jensen inequality

Sup "yn"¢5"X_,"¢aSU< B
farl

This by the theorem of [3] imiplies that

IY,;=Xallo—~0
as n—~+ .
Now we prove that {B#(1Z, |)}q=1 is also uniformly integrable. This i3 an
easy consequence of the elementary inequality

D 2,1y= P Xal + | Yol) =207 S(| X )+ (1 ¥, 1))

where p denotes the power of @, and the inequality follows from the con-
vexity and monotonity of ¢. Both sequences on the right lrand side of this
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ineguality being unifermly integrable we deduce that so s {@({Z, nz1-
By the continuity of @ we have @(|Z,]}~0 a. s. as 1~ + . This and the
utiform integrability of {&(|Z,|)n=1 together imply that E[S(|Z,|)]+0.

Let #= 0 be arbitrary. Then

E[@[-in‘—]]s—l—ﬁ[@ﬂznn]*& o oo,
. 1 &P
f 0<e< 1 and

E[Q[']ZIJ—]]:S E[(D(lznl )] -0, n—-+ =,

_Mn I,

£
This means that ||Z, |le=e, if n=nye). Consequently, [|Z |l»—0 a8 n—++ o
since == 0 is arbitrary.

if e=1. Consequently, EI@[ }.-sl if 71 is large enouglt, say #1=ny(e).

From these considerations we finally get

[ Xo=Xelo=[¥,— X.lo+{Z,llo ~0
if 11—+ o=,

Consequently, {X} converges in L® to its a. s. limit X_.. This proves the
first part of the assertion.

To prove the sccond part suppose that (X, ' #,)n=1 is an amart which
converges in L* to a random variable X, where @ has finite power. We prove
that the sequence {@{| X, |)}n=1 is uniformly integrable.

First remark that from

X = X ello+0, n— + oo
t follows that X L® and that
(Xp— Xl =0 it o,

From this it follows that {X }..( is uniformly integrable. We again use the
Riesz decomposition of X, according to which we have

Xp=Y ,+Z,n=1,2, ...
The uniform integrabitity of {X,} and of {Z,} imply that of {¥}. Since

Z,~0a.s andin L, we have that the a. s. and L, limit of ¥, equals X...
Consequently,

V,=EX.|F), =12 ...
{Here we again auppose without loss of the generality that 7. =
=0| U F,| =+F Now we can show the uniformz integrability of

n=1
{D(1 Y, Din=1. This follows from the inequaiity of Jensen, since
D(| Y,y =PLE( X .| | F )] = EI9( X - )| F]
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and E(D(| X.{}] < + = given that & has finite power. The uniform integra-
bility of {@(| Y, )}n=1 implies that

Sup [{¥ plle < + =
ey

and so by theorem of [3] we get
1Y~ X oflo 0.
Also
HZn]!I@ = “Xn_ Vﬂ“@v'E nxn_ X”"P+ "yn'_X-“llw -0,
asin-—++ oo,

To prove the uniform integrability of {$(]X,!)} it remains to show that
{®(1Z,1)} is also uniformly integrable.

For this purpose let us remark that if ¢ denotes the (finite or infinite)
power of the conjugaie Young function W then

ing X0 4

x=0 P(x) g~
where we set —L. =} if ¢ = 0. From this it follows that if ¢>1 ig ar-
bitrary then
[ X
in _E’E}C)_ = —?—({Ld!a—--i——f i’— -4 In ¢
&(x) @it g—1 { g—1

x

or, in other words
q
D(cx T
EX) | pe T

o(x)

Therefore, for any e such that 0=<z=<1, we have
. .
B(iZ,)y =" @[ﬁj_]
£

and integrating both sides of this inequality we get

¥

E[®(|Z4))] =" E[«p[lZﬂLH.

£

Since [iZ,[lo -0 we sec that if n is large enough then

5
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0<e <1 being arbitrarily small, the two last inequalities imply that
E19(12,1)]-0

as 11—, From this it follows that {@(|Z,,|)} is uniformly integrabie.
This completes the proof of our assertion.

REmARK, This theorem should he compared to the following easy as~
sertion. Let (X, (F,.) be an amart such thatsup |[X,|ls< + =, where @ i8
ne=1

an arbitrary Young function. Then X converges a. s. te a random variable
X.. which belongs to L®.
To see this, Jet us use the Riesz decomposition of {X,}, i. e. let

X,=VY+2,n=12 ...

where (V,, (F,) is a martingale and (Z,, 77,} is an amart such that Z, -0
a.s. and in L,. The condition ¢ = sup (| X,|le < + <=, where we can suppose
=1 .

that #=0, then implies that the sequence {X,} is uniformly integrable.
This and the uniform integrability of {Z_} together imply that of {V,}. Con-
sequently, there exists a random variable X, €L (@2, (7, P) such ihat

W= E(XLF), n=12 ...
and ¥, -+X_ as. and in L,. {Here we suppose, as usual, that /fF, =

=g U Fal = It remains ontly to prove that X.€L?. This can be ma-

de on the basis 0f D= o0 = sup X lla= 4 == by the same way as in the proof
of the first part of the theorem

4, The theorem just proved says that whenever & has finite power then
for the convergence of the amart (X, (F,) in L? to a random variable it is
necessary and sufficient that the sequence {#(] X, |)}r=1 be uniformly inte-
grable.

Is thie finiteness of the power of @ also necessary in these considerations?
The following example shows that we cannot omit this assumption in ge-
neral.

Let @ be a Young function and suppose that its power is equal to 4 e=.
Then we can construct such a martingale (which is always an amart) which
converges a. s. to a limit but it does not converge to this limit in £*. Namely,
one can construct a sequence x; t + oo such that

O(2x,)

Pix;)

tends increasingly t0 4o as {—+ . Also we can suppose that ¢ =2',
since in the contrary case we pick out a subsequence {c;} for which ¢ == 2%,
We choose the sequence {x;} in such a way that the series
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2 1(2x,)

be finite.

Let us construct the probability space in the following way: 2 is the
set of all positive integers, the o-field (F consists of ail the subsets of £ and
let

Pk} = %@*1(2&), k=12, ...

Then for every A€(F the probability P(A) is given by the formula
P(Ay = > Pk}
ke A

The random variable X = X(w) is defined hy
X(w) = x,, wef2
Then
S Py 1 1
E[PpX)] =D — U == S —
[ ] Zi C@(Qx,-) € Z: 2

This implies that there is a constant K = 0 such that

{2

. . . X
sintce if K increases then @ —K decreases and consequently, soon or later

the last inequality will be satisfied by means of the monotone convergence
theorem and by the finiteness of E[@(X)]. From this we deduce that || X|j¢—=
< 4 oo,

Let (F,, he the o-field generated by the partition

M, = {1 2 ... ), (ne, a+2, )

Since I, | is finer than /1, wesee that F, ciFun i = 1, 2, . Also, it is

easily seen that (F. = a[ U {fn] == (. Then the martingale X,, = E(X|(F,)
n=1

n=1 2 ...converges a. s. and in L, to X. By the Jensen inequality it

follows that
D(X,) = PE(X| F )] = E[B(X)'F,

and so {@(X,)} is uniformly integrable. We show that at the same time {X}
cannot converge to X in L®. This is shown by the fact that

E[@GIX=X, )] = 40, n1=1,2, ...
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Le X=X, [,> —;—. To see this let us note that the value of X, on the event
= {n+1, n+2, ...} is equal to
_ f :___I_.fE(X;Z)dP= o fXdp .
A,) P(A) J (A J A=
- X,

5. e
xent1 CB(2X,)

which is a constant, say K, depending only on n. Let ky=n+ 1| be the in-
dex for which 3| X(k)— X (k) = 2X(k) if k=k,. This can be made since X, (k)
is a constant for k=n+1 and X(k) t + o as k ++ . Thus there exists &,
such that

3LX(k) = X, (k) = Blx,— Kol =2x,
if k=k,. Therefore,

E[PGIX—X)= I D(jxe—K, ) b e

f®[2xk) K=t f®(2x,{)

This shows that the assumptiion “@® has finite power”” cannot be omitted
in general in the above theorem.

Finally we show by an example that the uniform integrability of t
sequence {PH(]X,])} is more than the condition bup AX o= + ==. Let ©

= [0, 1), +F the o-field of the Borel-sets of [0, l) and let P be the corres-
pondmg Lebesgue measure. We define the sequence {X,} of random varia-
bles as follows

X, = |25 if we[0,271),
0 if wf[0,277).

Let (7, be the o-field generated by the dyadic intervals, i.e.
Fn = o{[k27", (k+1)32-"): O<k=20~1),n =12, ...

The atoms of (f, are [k271, (k-+ 1)277), 0=k =201, and it is easy to see that
e = a[ U C;Fn] = (F. Also it is easy to show that (X, 77,) is an amart.

n=1
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More, precisely, (X, F,)is 4 nonnegative supermartingale tending obviously
to (a. s, In fact,

u—{n+1)
rj_+1
E{Xni-l,(o;an) = Z([Oa-?_"))?" f 22 gp =
8]
—{n+1)

= 2([0,2-)22” 2 =

=((0,2-m)22 = X, a.s.
Now we have for all =1

1
1Xell, = [E(XD]* =1

which shows that {X} does not converge to its a. s. limit O in L,. This also
shows that {X,} is bounded in L,. At the same time the sequence {X2} is
not uniformly integrable, because for cach a= 0 we have

sup E[XfulXi=0a)]) = L.
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introduction

In this paper we give an example of a Banach space which answers a
question of G. Gopini [1].

in what follows, every normed linear space is real. Let (X, |j-|i) be a
normed linear space, M c X a subspace. We define the napping P, X —2M
in the following way:

Pulx) = {m e M; | x—m'| = '?L o — smlf}.

Clearly, for an x¢ X if may happen that Py (x) = 0.
We define [1]
Dp,, = {x¢X;Pylx)= @}
We say that M has property * in X, if for all x¢ Dp [, mec M

inf  |m—m’|| = |x—m| — inf [x—m"|.
mE P pa(x) mrEM

We say that M has the | ?] bail property, if the relations meM, xc X, r,
ry=0, M B(x, ry) #9 and {|x—mjj<r,+r, imply
MN B(x, ryyN B(m, r))=8.

GoniNi raised the problem if there exists any normed linear space X with a
closed subspace M such that

1. DPM¢M.
2. M has the property *in X.

3. M does not have the | % ball property in X.

In this paper we give such an example,

16 ANNALES - Sectio Mathematica — Tomus XXX,
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The example

Let (X, ||.|) be a locally uniformly convex, non-reflexive Banach space.
Let us introduce the Banach space (V, |} |;) in the following way:

Y = X&R,
e, I =[xl + i

Because of the non-reflexivity of (X, ||- [} there is an fe (X, |- |)*, W/l = 1
such that f has no maximal value on By(0, 1) (James’s theorem, see, for
gxample [2]). We set Z = Ker f. It is well-known [3] that for all xe X\Z,
Py(x) = {3. We define

Z= {(z, Dy, 2z¢ 2},

and show that

(n P3(z,, 1) == {(2,, 0} for all z,¢ Z,r¢R.
Clearly, [[(z,, r)~{(z, 0)|l; = |r], and for all
(2,00€ Z,

1z )= (2, Ol = 2, —2|[+tr]=|r].

Here we have sirict inequality if 2,22,
Su, (1) is proved.
We show that for all (x, )€Y, xc X\Z,

(2) Pyix,r) = 5.

Let us assume to the contrary that (z, 0)€ P ;(x, r).
This means that

inf |[(x,r)— (2, 0)ily = inf x—2'{|+ |r| = [i(x, ) — (2, 0}y =
reZ ¢Z

= [x—z||+ |r}.
So, we have
inf flx—2|| = lix—zl,
reZ
and this contradicts P,(x) = , (2) is proved.
(1) and (2) together imply
Dry = {(z,r);2¢ Z, e R},

We prove now that Z has property * in V.
For all z¢Z,

(2, 0}y =Py (2, 1)l = {2, 0} — {2, Ol = {lz—2, 0!
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and
Mz, 1y = (2, OMly — iz 1) — Py (20, Nlly = Iy — 2l + Ir| =
— (21, ) ~ (2, Q)lly = Mz, — 2]
Summing up, Z has property % in Y.
Finally, we show that Z does not have the | —-%- ball property in Y.
Let xc X\Z,
(3) g;guxrzn =L

Let us introduce the element (%, 0)¢ Y. Fix a z¢ Z with the property

4 Iz—X)l = 2.

Let ¢=>0 be arbitrary. Because of (3),

(5) B((, 0L 1+)NZ# 2.

% implies

(6) i, 0)—G 0) = 2=+ 1+e.

On the other hand, we shall see that

(7) ZNB((x.0).1+e)NB((2.0).1) = &

if 7 >0 is sufficicnily small.

Clearly,
(x*, 0) = [f‘f(”ﬁi o]es((sz, 0). 1 +6) N B(E 0 1).

2+¢

Also,
inf [Ix¥ —z|| = w—l—-‘—*- 4
zeZ 24 3

in the case e=<1.

Applying the local uniform convexity of (X, {|-[]}), the diameter of the

set
B((%, 0), 1+e)NB(E 0), 1)

becomes less than é— if & is sufficiently small. Using (8), we obtain (7). Qu.

e.d.

16%
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Introduction

Ever since the end of the last century people have been examining those
positive definite quadratic forms in 7z variables which, for a given (arithmetic)
minimum (i.e. a minimum over the set of integrai vectors of n variables,
clearly excluding the zero vector) have the least determinant. The local so-
lutions of this problem are cailed extreme forms {1].

The necessary condition for the extremality of a form, is that it is com-
pletely determined by the value of its arithmetic minimum and the vectors,
for which this minimum occurs,

Positive forms satisfying the above condition are called perfect forms.
Minkowsxi showed in [2], that the extreme forms correspond to locally
densest lattice packings of congruent n-dimensional spheres,

All the extreme forms for n=5 had been found already in 1877 [1],
while in the course of the search for perfect forms, those for n = 6 (inclu-
ding extreme forms) were found enly in £957 [3]. For n = 7 there is no com-
piete solution so far. The examination of perfect and extreme forms is im-
portant, because it may be a possible way to the solution of the problem of
densest lattice packing of the space E?, for greater vaiues of n.

In (4] 8. RySxov retraced the search for the 7-dimensional perfect forms
to the examination of a 21-dtimensional polyhedron given by a limited num-
her of faces. This was made possible by giving a positive answer for n=7
to the following question.

For a given n, is there a basis of minimum vectors in every n-dimensio-
nat perfect lattice?

Let /7 be the parallelepiped (and its volume), spanned by the minimal
vectors of a lattice I". The index of If with respect to I' is defined by ind
i1 =11/V, denoting by I, resp. V, the volume of /7 and that of the basic
parallelepipedon of I'. This index is an integer =1I.

Let us examine the value
A, = max {min ind [T}

where the minimum is taken on the set of parallelepipeds {7 of I" and the maxi-
mum ot the set of all n-dimensional perfect latiices.
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Now the above question will be:

For what value of n does A, = 1 tiold?

The case of the lattice based on the 4-dimensional space cenfered cube
shiows that not every nimimum-parallelepiped will be a basic one; here the
index of the cube is 2, while three of its edges and the half of one of its dia-
gonal span a parallelepiped of index 1, that is, we obtain a basic parallelepi-

ed.
P It is known that

A, =1 when n=6, RANWIN, 1964,
A, =1 warson, 1971,
A,=2  when n=9, CoxeTER, 1951,

In this work we shall give a simpler proof for 4, = 1, n=7. The method
of the proof can be applied directly for n = & as well, The proof 4, = 1
will appear in a forthcoming paper.

1. §. lmportant definitions and notations

1.1, The shortest vectors of a lattice are called minimal vectors. Gen-
erally, we regard these vectors as ones starting from the origo of the basis
of the lattice. In enumerating them, we do not distinguish between a vector
and its opposite. They will be taken as vectors of unit length. If the minimal
vectors e,.. .e, in an n-dimensional lattice are linearly independent, then we
say, that they form a parallelepiped of minima and we denote it by [f =T
(e, ..., e,). From now on e and m will always indicate minimal vectors.

1.2. The frames and the positive quadratic forms.

In a space E" we fix an orthonormal system of coordinates and consider
in it an n-dimensional frame 8 with the origin of E" as its starting point.
Let the coerdinates of the vectors of b, be £, ... I,;. Thus with the frame B
we can associate its coordinate matrix B = (._.U) he Gram matrix of B is
the symmetric matrix A = (a,;} with a;; = bb,, Obviously the relation
A = BTB is valid and A is mdependent from the choice of the coordinate
system. The necessary and sufficient condition for the congruence of two
n-dimensional frames, is that after renumbering their vectors, if it is ne-
cessary, their Gram-matrices coincide.

The volume V of the parallelepiped spanned by the vectors of B satis-
fies

Vt = (det BY = (det BTB) = det A.

Corresponding to the matrix A = (g,;) there is a quadratic form of n vari-
ables

(1) J=Jx) =xTAx = i a; XX o
)
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It is called the metric form of the frame B.

[t is known that

1°: the quadratic form (1), is positive;

2°: for every positive quadratic form (1), there is a frame B in £7, whose
Gram-matrix coincides with the matrix of the form

3°: up to a congruence, this frame is unique.

On the basis of 1°—3° the correspondence f— 1 can be given, where I
is the laitice based on the frame B.

3. Intherows i = (&, ..., K )=(0, ..., Q) consisting of integer num-
bers, every positive form f(x) attains its smallest value, min f=0, only a li-
mited number of times; min f= 0 is called its minimum. These rows are mi-
nimum represcntations, their eferments are the coordinates of the minimal
vectors in a certain Bj-basis of the lattice I',. A form [ is said to be perfect
if its min f value and its minimum representations completely determine it.
Thus I'; is a perfect lattice.

It is aiso known [8], that in perfect lattices there are at least N =
= n(n+ 1)/2 minimal vectors and among them n are linearly independent,
these forming a p. m.

1.4. Let B = {b,, ..., b} be a partially open parallelepiped of £, where

n
X€B if x = > xb; and O=x; < 1. Consider the n-lattice I'*, constructed on
1
the vectors by, ..., b, as basic vectors. I” will be given, in general, by a cen-
tering {4; 9] of I'*. In the case, when b,, ..., b, is a basic frame of I, we say
that the centering is frivial. It is evident, that if the centering is not trivial,
I" has points in or on the boundary of the paralielepiped B other than its
vertices. Therefore, we will often speak of I" as the centering of the parallele-
piped B. We consider only those centerings, which don’t involves vectors
shorter than the minimal vectors of the centered lattice. In order to stress
this we often will speak of “admissible centerings”.

Throughout this paper we consider only those lattices, which have a
p.m. (denoted by IT in what follows).

1.5. Suppose I' is a given n-lattice and [/ = {He,, ..., e,) a pm.init
with edges ,, ..., €,. Consider the lattice {” be a non-trivial centering of I'*,
then I" has points a,, ..., @,_, in or on the boundary of I7, other than iis
vertices. T itself is the union of lattices I'¥, o, +1™, ..., @, ,+ ™. The
number p is the volume of I, relative to the volune of a basic paralielepiped
of I, it is cailed the index of /1 {(ind {1) or the index of centering {4].

We call vectors a1l ={=p— 1) defining of thc centering, or, their coor-
dinate rows, defining rows. The centering is defined when we know the vec-
tors {er;}.

When we fix the order of vectors e, ..., e, and their signs the coordi-
nates of vectors {a,} determine the type of centering. Consider all parallele-
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pipedsII( e, ..., +¢,) which generate 2" equivalent types (some of these
types can simply coincide). These types form a class of centering,.

Progressing upwards in the dimension, the first admissible cenfering of
a p.m. is the spacecentering in E% when the parallelepiped is a cube, be-
cause its haif-diagonals will be exactly of fength 1.

A centering is called free centering when further new minimal vectors
do not necessarily appear in it. The first exampte is the space centering in 5
dimensions, for if the minimum parallelepiped is a cube, then the shortest of

the new vectors will be of length -;——l/gb- 1.

2. §. The application of the theory of centerings in the proof of lemmas

2.1. Since we are proving a siatement concerning perfect lattices, on
the basis of 1.3. we can restrict ourselves to fattices I”, which include at least
one minimum paralletepiped [f, = [T (e, ..., e,). Usually, this is not a basic
parallelepiped in I'. The lattice I'™*, based on [T is a sublatticeof ", so I"'is a
result of the centering of I'*. This centering is obviously “admissible”, i.e.,
in I" there is no shorter vector than |e,| = 1. We give the lattice in the sys-
tem {e;} so not all coordinates of all lattice-points are integers. Ail such
admissible centerings for =7 can be found in the Table, which was taken
from [4]. From cach class of the centerings only uvne element is indicated,
this is called “canonical”. The centerings by means of which the lattices I
are obtained from [i; (e,, ... &,) were chosen to coincide with the canonical
types from the given classes.

Obviousty, det /1, = 1 and since ind IT, = p, for an arbitrarily chosen j7
we have

2) ind IT = p-ldet I1|,

where /1 indicates the coordinate matrix of the edges of the p.m. as well.

2.2 Table for the admissible centcrings of the n-dimensional p.n.-s.
In the Table it can be seen that the number of centering vectors in the last
column in certain centerings is smaller than p—1 (see No. 5—6 and 8 —14).
Not all of them are there, but only those from which the others can be cal-
culated (defining basis), so its number can be less than p— 1. For example,
in the case No. 6 for p = 3, we must have two defining vectors, but a, ison
third of the diagonal of a 6-dimensional parailelepipedon, consequently
a, = 2o,

2.3 Equivalent places. In the coordinate rows of a canonical centering,
the places j and k (or the coordinates) are called equivalent if in all defining
vectors e, the coordinates a;, and «;, are equal. It can be easily shown, that
in any latticepoint the equivalent coordinates are congruent modulo (1),
though they are not necessarily equal. In the Table the equivalent coordina-
tes are grouped; for better comprehension we will indicate these groups
with @ from now on.



