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In this supplementary paper we show in detail how we arrived at the evidence lower bounds for the zero-
inflated Gaussian process, for the Gaussian process network, and for the sparse Gaussian process network.
We also provide some additional details for multi-output prediction experiments with standard GPRN and
Sparse GPRN models.

A) The stochastic variational bound of the zero-inflated GP

Here, we will derive the evidence lower bound (ELBO) of the zero-inflated Gaussian process. The joint
distribution and priors for the model augmented with inducing points is defined as

p(y, f.8,ur,uy) = p(y|f)p(flg, ur)p(glug)p(us)p(uy) (1)
p(flg) = N(£10, ®()®(g)" © Knn) (2)
p(g) = N (g[0, Kgnn) (3)
p(uy) = N(us|0, Kgpm) (4)
p(ug) = N(uy(0, Kgpm) (5)

The the joint GP priors between latent and inducing functions can be written as below:
<f|g> N ({0] [@(g)@(g)T o Kfnn diag(@(g))Kfnm]> (6)

uy 0] | Kjmndiag(®(8))  Kfom

()~ (o] [ =m)]) g

Now, by conditioning latent functions on respective inducing variables, we arrive at following conditional
distributions. The conditional p(f|g,uy) is sparsified by latent g augmentation.

p(flg, uy) = N (f]| diag(®(g)) K frm K 7,07, () 2(g)" 0 K7) (8)
p(glug) = N (gl Kgnm K g1y, K g) (9)
Ky =Kpnn = KpnmE 0 K fmn (10)

Ky = Kgun — KgnmE gy K g (11)

For inference, we approximate true posterior p(f, g, uys, u,|y) with variational posterior of the form given



below

q(f, g ur,uy) = p(flg, us)p(glug)g(ur)q(uy) (12)
p(flg, uy) = N(f| diag(®(g)) K prm K0, 05, (8)B(g) " 0 K ) (13)
p(glug) = N(g|Kgnm gmmugvf(g) (14)

q(uy) = N(us|my,Sy) (15)

q(ugy) = N(uglmy, Sy) (16)

and where Sf, S, € R™*™ are square positive semi-definite matrices.
In variational inference we minimize the Kullback-Leibler divergence between the variational approxima-
tion ¢(f, g, ur,uy) and the true augmented joint distribution p(y,f, g, us, uy):

p(y? fa ga llf, U—g)
Q(fv g7 uf7 ug)

_ wr ) log PO D)P(Elg, up)p(glug)p(uy)p(uy) wedu
=t it B

KL[Q(fvgaufaug)||p(yaf7g7ufaug)] = /q(faga ufvug) IOg dfdgdufdug (17)

(18)
_ e log PO E)P(uy)p(uy) urdu
f/q(f,g, f2ug)log J(u;)a(uy) dfdgduydu, (19)
- / / / / p(Elg, up)p(glug)g(up)q(u,) log p(y|f)dusdu,dgdf  (20)
- / g(uy) log q(ug)duy — / a(uy) log q(ug)du, (21)
KL[g(uy)||lp(uy)] KL[g(ug)||p(ug)]

Following the derivation of [Hensman et al.|(2015)), this corresponds to maximizing the evidence lower bound
(ELBO):

log p(y /// / log p(y|£)p(Elg, us)a(us)p(glu,)q(u,)dusdu,dgdf — KLig(uy, u)lp(uy, u,)]  (22)
= Eq(r) log p(y[f) — KL[g(ug, ug)||p(uy, ug)] (23)

where we define

) = [ [ sttle wpappietnatw, iy du,de

- [ attip)a(e)de. (24)
where the variational approximations are tractably
alg) = [ plghu)a(u,)du, (25)
= /./V'(g|Kgan;7£mug, IN{g)N(uﬂmgv Sg)duy (26)
= N(glpg: Zg) (27)
altle) = [ p(tlg,us)aus)du; (28)
= /N(fl diag(®(g)) K fnm K f iy, 2(g)2(g)" o K )N (uymy, Sy)duy (29)
= N (f| diag(®(g))ps, (g)P(g)" 0 Ty) (30)



with

By = Kf”’”‘[(f_’r}nnmf (31)
Ef = Kpnn + Kf”menlzm(Sf — K fmm) K i K frm (33)
Yg = Kgnn + KgangTrle(Sg - Kymm)Kgmngmn- (34)

The variational marginalizations ¢(g) and ¢(f|) follow from standard Gaussian identitiesﬂ Substituting the
variational marginalizations back to the ELBO results in

log ply) > / / log p(y £)a(f|2)g(g)dfdg — KLg(uy, u,)|[p(uy, uy)]. (35)

Next, we marginalize the f from the ELBO. We additionally assume the likelihood p(y|f) = Hfil p(yilfi)
factorises, which results in

Jospiattle)i = [ 1oe Ayt ot Daltle)dr (36)
N
=3 / log N (3l fir 02)a(fi g2 (37)
ol 1
Z OgN(yi‘(I)(gl)kfszmmmf“ ?3) 20_2 {(I)( ) (kf“ + kfszmm(Sf - Kfmm)Kfmmkfl)}
=1 Yy
(38)
a 1
=D _log N (wil®(gi)nsi o5) = 5 {®(9:)07:} (39)
=1 Yy
where
0']2”1', = [Z ]” = kf” + kfz fmm(sf — Kfmm) fmmkfl' (41)
Substituting the above result into the ELBO results in
Ey(r) log p(y|f) Z/q(g)/fQ(flg) log p(y|f)dfdg (42)
g
al 1
/ZIOgN yz‘(p gz),“/fu y) ﬁ {(P(gz sz} q (43)
N - N
= Z IOgN(yz|(b(91)Hfza y) q(g:)dgi — 252 Z/ {(I’ 9i) Ufz} q(g:)dg; (44)
i=1"9i i=1
N N 1
Z OgN(yz|< ( )>q(gl)/~qu y Z Var ,Ufz) } - 292 Z {<(I>(gi)2>q(g1:)aj2‘i} .
=1 =1 Y i=1
(45)

The expectations (.)(4,) of CDF transformation of a random variable with univariate Gaussian distribution.

ISee for instance Bishop (2006): Pattern recognition and Machine learning, Springer, Section 2.3.



The analytical forms for these integrals can be written:
(@(9i)a(9:) = /‘P(gi)q(gi)dgi
:/‘I)(gi)/\/(gz‘\#giﬂgi)dgi

_ Mg
ﬂ/l—l—agi

Var(®(g)] = / (B(g5) — (B(96))g(01))a(:) g

=

_ 9T 7 _ _ gt
2 2 2 2
1+ 02, \/1+0gi \/1+2agi 1+ 02

(@(9:)%)q(g,) = /@(gi)Qq(gi)dgi

S TR VAN TR
V1402 \/1+0§i \/1+20§i
where
fgi = [p ] = kT gmmmg
an = [29] gii T kT Kg_mm(sg - Kgmm)Kg_n}bmkg%
Owen’s T function is defined as T'(h, a) foa qls(h;fz)d

The final evidence lower bound with the Kullback-Leibler terms is
N 1
IEDY {10%N(yi|<‘I’(9i)>q(giwfi,‘75) — 557 (Var[®(g)] #3; + (2(9:)) g(o 0]2%')}
i=1 Y

1 1 1 mn
—{210g|Kfmm|_10gsf|+2TT [(mfmf +Sf) fmm] 2}

2

1
log |S,| +

1
{108 Kgmnl - 5

;Tr[(m m, —I—S) qmm]—rg}

= Lzicp

B) The stochastic variational bound of the Gaussian process network

(46)

(47)

(48)

(53)
(54)

In GPRN a vector-valued output function y(x) € R” with P outputs is modeled using vector-valued latent

functions f(x) € R? with @ latent values and mixing weights W (x) € RF*? as
y(z) = W(z)[f(z) + € +e,
where for all g =1,...,Q and p =1, ..., P we assume GP priors and additive zero-mean noises,
fa(x) ~ GP(0, K¢(x,x'))
WQP(X) ~ QP(O,Kw(x,x’))
eq ~ N (0, UJ%)
ep ~ N(0,07).

The subscripts are used to denote individual components of f and W with p and ¢ indicating p**

dimension and ¢** latent dimension respectively.

(59)
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We begin by introducing the inducing variable augmentation for latent functions f(x) and mixing weights
W( ) with Uyp,zyp = {ufq7zfq}¢? 1 and Uy Zy = {u“’qp’zwqp}

a.p=1"
p(y,. £, Wug, uy) = p(ylf, W)p(flug)p(Wluy)p(us)p(uy) (64)
Q
p(fluy) = [[ N (£ 1Qs,uy,. Ky,) (65)
q=1
Q,P ~
p(W|uw) = N(quleqpqup’ qup) (66)
q,p=1
Q
p(uy) = [[ N (uy, 10, K, mm) (67)
q=1
Q,P
p(uu)) = N(qup|0a qup,mm)7 (68)
q,p=1

where we have separate kernels K and extrapolation matrices @ for each component of W (x) and f(x) that
are of the form as given below:

Qg - ’wqp"mKt;qpmm (70)
Kf = Kfqn'n - Kfqanf '1mmeqmn (71)
[?wqp = qupnn - qupan; mmqupWVrL- (72)
Following the variational inference framework, we define the variational joint distribution as,
q(f, Wup,u,) = p(fluf) (Wluw)g(uy)g(uw) (73)
q(uy,) HN (ug,lmy,Sy,) (74)
g=1

Q,P
Q(qup) = H N(qup|qup7 qup)v (75)

q,p=1

where u,,, and uy, indicate the inducing points for functions W,,(x) and f,(x), respectively. The ELBO
can be now stated as

logp(y) = Eq(e.wus ) 0g p(y [, W) — KL{g(us, wy)|[p(uy, uy)] (76)

= ////Q(famuf,uw)logp(yﬁ, W)dfdWdugdu,, — KL[g(uyf, uy)||[p(uys, uy)] (77)

Since the variational joint posterior decomposes as equation , we begin by marginalizing the inducing
distributions uy and u,,

//// (F, W, g, iy JdfdWdu pdu,, = //uf p(fluy)q(uy)dfduy /W/u p(Wluy)g(u,)dWdu, — (78)

w

/ £)df / (79)



where

o(f) = / p(Eluy)q(ug)du;

Q
= H/N(fq|Kfqanf_;nmufq’Kfq)N(ufq|quvsfq)dufq

H fluf72fq)

Q(W) = / W|uw uw)duw

= H /N qp|qup”m wl mmqup, qup )N(qup Iqup’ qup)dqup

q,p=1
QP

= H N(qu|ﬂwqpvzwqp)

q,p=1

with

My, = Kinm f_mm fa
Mo, = qupan; mmMwg,
Sty = Kfynn + Kfonm K (S5, = K pymm) K7 K fymn
Yy = Kugynn + Kuwgynm Kyt v (Swyy, — Kwgymm) Kot v Kuwgymn-

WqpMm WgpMmm

Wep Wqp

Since the noise term ¢ is assumed to be isotropic Gaussian, density p(y|W, f) factorises across all target

observations and dimensions. The expectation term in the ELBO then reduces to,

logp(y) > ]Eq(W)E ) log p(y |, W)

2,p=1

The integral with respect to f can be now solved as

1
Tr [W;{iZﬁWp)i]

/log/\/'(yp7i\wp zfz,gp) (£)df; = 1og./\/(yp,i|w£iufi,€f,) ~ 52
P

1
QTT [Zf,iwmwgi].

T
= 1OgN(yp,i|Wp,iu'fia€12)) -
Next we can marginalize W from the above terms,

1
Sl [u,ﬁ qu,i uf'i:l

08N st 20 ), = Yo N upal i, by 22) = 55
p

IOgN(yp l|'u’wplufq’ p 2 92 Z'ufqﬂ Twgp,i
b o=1

1
/T{_:QTT (S wpiw) i la(wp i) dwy,; = FTT (3 (B, M, + By )]
p

Q
1 2 2 2 2
= ? Z (’U/wqpvio-fq’i + Uwqpaiaqui) :

2
P g=1

Z //logN ypl|wplfl,5 Ya(fi, wpi)dw,, ;df; — KL[g(uyf, uy)||p(uy, uy)].

(90)

(91)



Finally, adding the above results across all N observations and response dimensions P along with Gaussian
KL divergence terms, we get the final lowerbound:

N (P Q L Qr
logp(y) > Z { 1OgN<yp,i| Zﬂwqp,iﬂfq,iaff?)) syl Z (ui)qp,io—l%q,i + Hffq,ﬂ?qu,i + Uﬁqu,ﬂj%q,i)}
i=1 \p=1 =1 P gp=1
(98)
Q,P
- > KL[g(wu,, . up,)||p(s,,, uy,)] (99)
q,p
= EGPRN? (100)

where p, ; is the i’th element of pj; and aj%q’i is the 7’th diagonal element of ¥y, (similarly for W,,’s).

C) The stochastic variational bound of the sparse Gaussian process network

Sparse GPRN is a modification to standard GPRN where sparsity is added to the mixing matrix components.
This corresponds to the p’th output being a sparse mixture of the latent @ functions, i.e. it can effectively
use any subset of the @ latent dimensions by having zeros in the mixing functions. The joint distribution
for the model can be written as,

p(y, £, W,g) = p(ylf, W)p(£)p(W|g)p(g). (101)

where all individual components of latent function f and mixing matrix W are given GP priors. We encode
the sparsity terms g for all Q x P mixing functions Wy, (x) functions as

P(Wopl8ep) = N (W0, ‘I)(gqp)q)(gqp)T o Ky). (102)

To introduce variational inference, the joint model is augmented with three sets of inducing variables for f,
W and g. After marginalizing out the inducing variables similar to SVI for standard GPRN, the lower bund
for marginal likelihood can be written as

logp(y) > Ey(s,w,g) log p(y|f, W) — KL[g(uy, ww, ug)|[p(uy, uw, uy)]. (103)

Where the joint distribution in the variational expectation factorizes as ¢(f, W, g) = ¢(£f)q(W|g)q(g). The
variational posterior after marginalizing inducing variables is written as,

alt) = [ altlu)atuy)duy (104)
Q
= [[NEley,, 2,) (105)
Q(W) = Q(W‘uw)Q(uw)duw (106)
Q,P
= [ NWaplth,, Sy, (107)
a(g) = / a(glu)q(uy)du, (108)
Q,P
= I Nalny,, Za,,) (109)
q,p=1



with

s, = KfnmKj p,my, (110)
Howy, = qupan;qlpmmqup (111)
g, = Kgpnm Ky mmy,, (112)

Sty = Kfynn + Kfonm K (S5, = K pymm) K K fymn (113)

war = Kvgyrn + Koy Kol (S = Kty Kk o Koy (114)

gap = Kggpnn + Kgqpang_qimm(qup - Kgqpmm)Kg_q,l,mmeqpmn' (115)

Similar to standard GPRN, with the isotropic Gaussian, density p(y|W,f) factorizes across all target
observations and dimensions. The expectation term in the ELBO then reduces to

log p(y) > Eqwig)Eqr) Eq(e) log p(y|f, W) (116)

N,P
= 3 ][ 100 N il (535 1.0 os a6 w0y )iyl ~ KLl ) (. )

i,p=1

(117)

The integral with respect to f can be now solved as

1
/IOgN(yp,¢|(Wp,¢ o gp,i) £, e0)q(£:)df; = log N (yp,il (Wpi 0 8p.i) 1y, 60) — =TT [(Wpi 0 8p.i) S5, (Wpi 0 8p.i)]
p

2e
(118)
1
= log N (yp,il(wp,i 0 gp,i)Tﬂfiafi) - @TT [Efi (gp,igg,i o Wp,iwg,i)]
p
(119)

Next, by integrating individual terms with respect to W we get
1
/logN(yp,i|(Wp,i o gp,i)T/J'fi,512;)q(wp,i)dwp,i = logN(yp,iKpr,i o gp,i)Tﬂfi,é‘,%) - ETT [H? (gp.,igz;,i © qu,i)ufi]
P
(120)

1 1
/ @TT (35, (8p.i&ys 0 WpiWy ;)] = @T (21, (8 © (B,  Huo, . + Duwy.)] (121)



Finally, integrating all the above terms with respect to g, we get

/1og/\f(yp,il(uwp,i 0 8pi) 1y 0)a(8p.i)dgp = 108 N (Yp.il(thy, , © (®(pi)) bys,r€5) (122)
1
= 5z 7B, (#a, Hr, 0 Var(®(gp )y, ] (123)
p
Q
=108 N (Uil D gtttz in3) (124)
=1
L@
— 53 (qup’i/‘?q,iﬂqup’i) (125)
& =
1 1
/ 52 Tr 7 88y © D,y a(8ra)dgns = 55 Tr[nf, ((2(8,.0))(@(8,.)" + Var(®(gy))) o Tu,.) 1y,
p P
(126)
Q
1
= @ Z ((#gqpvi + qup’i)#?qvigiqpvi) (127)
P g=1
1 1
/ 5z T2 (8.0 © (s, H, , + S, )| 0(8pi)dEp: = 55T [2, <(<<I’(gp,¢)><<1>(gp,i)>T + Var[®(gy,)]) o uwp,iuﬁ,,,,i) ]
p P
(128)
1
+ 5 T s (@) (@(gp)) + Var(®(gps)]) o Tu,.) |
p
(129)
Q
1
= @ z:l ((ngqpﬂi + U;qp’i)(uiqp7io-‘?Q7i + O—’lzqu),io-?q,i)) .
q:
(130)

Adding above results across all the observations IV and output dimensions P, we retrieve the final evidence
lower bound

N P Q
ply) > > { > logN(yp,il > sy ibiga.ibify s sf,) (131)
i=1 \ p=1 q=1
@ Q.P
- Z ((ngp’i + O—sqp’i) ’ (M%UQP’Z.O-?.Q7ZI + 'U/?“Q’ia—?vqp’i + Jiqpﬁio'?q!i)) - Z (qupfiM?Q’io-?’UQP’i) }
q,p=1 q,p=1
(132)
Q,P
- Z KL [q(ufq ’ qup’ ugqp)Hp(ufq ? l‘lwqp7 ugqp )} (133)
q,p
= £sGPRN~ (134)



D) Results for multi-output prediction experiments
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Figure 1: Mean Absolute Error across varying number of inducing points for sparse GPRN and standard
GPRN models on Jura dataset. All numbers are average over 30 repetitions. It is surprising that with
increase in number of inducing points, the train error decreases, whereas the test error increases. However,
Sparse GPRN manages to achieve lower test error because of additional regularization due to sparse latent

space.

Table 1: Results for the Jura dataset for sparse GPRN and standard GPRN models on test data. Numbers
inside the bracket indicate one standard-error over 30 random initialization.

MODEL m

CADMIUM

RMSE

MAE

NICKEL

RMSE

MAE

ZINC

RMSE

MAE

10
15
20

GPRN

25
30
50

0.724(0.008)
0.736(0.017)
0.749(0.030)
0.739(0.024)
0.753(0.033)
0.756(0.035)
0.804(0.083)

0.566(0.007)
0.574(0.010)
0.590(0.021)
0.581(0.016)
0.596(0.024)
0.598(0.022)
0.630(0.053)

6.469(0.161)
6.626(0.217)
6.526(0.154)
6.693(0.181)
6.860(0.233)
6.830(0.284)
7.403(0.830)

1.958(0.157)
5.109(0.158)
5.033(0.121)
5.234(0.153)
5.366(0.167)
5.335(0.232)
5.787(0.516)

33.729(0.500)
34.923(0.819)
35.033(1.170)
35.012(1.050)
36.007(1.264)
35.434(1.402)
36.914(3.603)

21.959(0.371)
22.544(0.544)
22.670(0.751)
22.719(0.937)
23.919(1.289)
23.530(0.888)
24.897(2.823)

10
15
20

sGPRN

25
30
50

0.719(0.011)
0.727(0.012)
0.725(0.022)
0.714(0.019)
0.722(0.027)
0.722(0.022)
0.704(0.032)

0.565(0.008)
0.567(0.010)

6.553(0.157)
6.520(0.156)

5.054(0.142)
5.062(0.179)

0.569(0.019) | 6.479(0.184)  5.033(0.190)
0.563(0.014) | 6.325(0.188)  4.885(0.172)
0.568(0.019) | 6.311(0.159) 4.871(0.159)
0.566(0.015) | 6.263(0.112)  4.834(0.103)
0.559(0.027) | 6.307(0.256) 4.866(0.197)

33.475(0.456)
34.225(0.878)
34.308(1.030)
34.033(1.220)
34.440(1.399)
33.929(1.007)
33.665(0.795)

21.774(0.561)
22.114(0.697)
22.288(0.968)
21.962(0.851)
22.243(0.939)
21.945(0.611)
21.944(0.629)
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SARCOS

Table 2: Normalized MSE results on the SARCOS test data for sparse GPRN and standard GPRN models.
Numbers inside the bracket indicate one standard-error over 20 random splits.

MODEL m = 50 m = 100 m = 150
GPRN Q=2 0.0167(0.0001) 0.0145(0.0011) 0.0127(0.0004)
Q=3 0.0146(0.0001) 0.0121(0.0001) 0.0108(0.0001)
SCPRN Q=2 0.0159(0.0002) 0.0131(0.0001) 0.0125(0.0011)
Q=3 0.0140(0.0002) 0.0117(0.0002) 0.0096(0.0002)
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