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ABSTRACT 

Geometric invariants from nlultiple views provitle 
usefr~l information for 3D object recognition. This 
paper presents two metl~ods of calculating conic- 
based invariants to  improve cficiency in recognition. 
W I I ~ I I  we can find a corresponding pair of conics Illat 
are derived from a circle in 3D, we can get two invari- 
ants for a point. If we obtain a corresponding point 
pair in addition to  the conic pair, we can get three 
invariants for anotller point. We present an object 
recognition method using these invariants. Experi- 
mental results confirm the rtsefulness of t l ~ e  mr t l~od .  

1 INTRODUCTION 

One of the critical issues in 3D ohject. recognit.ion 
is how to treat any changes of ohject appearances 
tlcpentling on view p0int.s. If we can obt.ain any 
invariants under imaging t.ransforma.tion, t.l~cy can 
help t,o solve the issue. \Ve can recognize a.11 object 
by ca.lcr~lating i t s  invaria11t.s and searclting t. l~e motlcl 
database for the oh ject. wit.11 tllese values. Unfort11- 
nately, it is proved t,lia.t srlclr  invariant,^ ca.nnot he 
obtainecl for general 3D s l~apes  from a single view 
image1). T l ~ u s ,  researcl~ it~t.cresbs on mult.iple view 
invariants have been increasing2)". 

If we have two images in wl~ich we can ol)tain five 
corresponding pairs of  point.^, we can oht,a.it~ t.ltree 
3D afine  invariant.^. Thcsr t . l~rre  invariant,^ can be 
int,erpret.etl as  the 3D posit.ion of a fifl.11 point in the 
hayis tlcrived from t l ~ c  ot.l~cr four  point.^. V i ~ ~ b l ~ e r  
and Cipolla have proposed a 3D object. recognit.ion 
syst , r~n wing  snch inv;lriant s*. Their syst.en~ rlsrs 
corners of 01)jecl.s for fcat.urc points. 111 this case, 
we cannot tell wl~iclt 11oint.s slto~tltl be used to es- 
t,al)lisI~ 1 . l ~  basis vect.ors. T l ~ ~ t s ,  we have t.o consider 
all coml)ir~at.ions of !)asis vect.ors in rnoclcl tlat.a.l)ase 
prcparat.ion, and search for t.lw proper hasis in recog- 
nil.ion, l'his makes ol)ject, rccognit.iot~ incficiettt. a]- 
t.l~ortgl~ I.l~cy use geor~~rt.ric l~ns l~ ing  t.ccl~niq~tc t o  re- 
tlr~ce t.11~ coml)it~at.orii~l prol)lem. 

T o  solve the al>ove prol)lrtn, we propose the use of 
nlore cornplex fcat.tlrcs for hasis setting. 'I'l~c num- 
bcr of s l ~ c l ~  fcat,r~res in t.l,e scene is small. Thus, the 
nr~rnher of conil)inat.ions for I)>Is~s sct.t.ing is small a s  
well as  t l ~ a t  for correspontlence detcrn~inat~ion in a 
pair of images. 111 t,l~is paper, we use conics5) as com- 
plex fcat.rtres bccar~se man-made objects have often 
circles and t.11ey arc projcct.ctl as cot~ics in images. 

We present. I.wo nict.l~otls of calc~tlal.ing conic- 
based  invariant.^. If we can fintl a, corresponding pair 
of conics t.hat arc tlcrivctl from a. circle in 3D and 
ol)l.ain a correspontlit~g point, pair, we can get two 
 invariant.^ indicat.i~~g t . 1 1 ~  31) posit.iori of t.lle point. If 
we use a corrcspondittg point. pair in a.ddition to  the 
conic pair t.o cstahlish t,hc basis, we can get three 
 invariant.^ for anot.lter point. 

T l ~ e s e  conic-l)asctl i t~virr ia t~t .~ have t l ~ e  following 
nlajor atlvant.agcs. First., correspondences between 
fea(.r~res it1 1 . ~ 0  itnages call be tlcl.crrninctl easily. 
Second, tllc model Imsc usctl in t,llc rccogttitior~ pro- 
cess can be small. T l ~ c  reasons are t,l~a.t these invari- 
a n t . ~  can be calculat.etl from one conic and one point 
or one conic ant1 t.wo 1)oi111.s irist.ea.tl of five points 
ant1 t.ltat 1 . 1 1 ~  t~urnl>cr of conics found in ilnages is 
small. 

This paper presents the two ~ n c t l ~ o d s  of calculat- 
ing conic-bayed  invariant.^ attd a.11 ol)jcct rccogt~ition 
syst,em using t l~esc i n v ~ r i a t ~ t . ~ .  

2 CONIC-BASED INVARIANTS 

2.1 AFFINE INVARIANTS FROM 
MULTIPLE VIEWS 

\'(. atlol)t,s weilk ~)ers~)(~ct , ivc ~ ~ r o j t ~ c I . i o t ~  as our C ~ I I I -  
era  model. It, is a gootl apl)rosi~nal.iott of t,lte actual 
camera t.ra.~~sfort~tnt.iot~ W I I C I I  I.l~e clislance from an 
ohjcct to  t.he camera is m r ~ c l ~  grcat,cr t l ~ a n  t l ~ c  ex- 
tent of t . 1 1 ~  ol)jrct.. 'I'l~c 1inrnrit.y of weak perspec- 
tive project.ion allows 11s 1.0 rccovrr i ~ t v a r i a ~ ~ t .  31) 01)- 
jccl. st.ruct.l~rc: frotn ~ . W O  or tllorc inlages. \tre Ixiefly 
sltow a f i t ~ r  invari ;~~~t .s  front t~trtlbil)lc views I~efore we 
present. conic-l)asctl i t t v ~ r i i ~ ~ ~ t . ~ .  



Given five 3D p0int.s Xi,  itl ,  2,3, it is possil)le to  
calculate tliree invariants. This can be sl~own by 
considering a basis Ei = Xi - Xo, ic1,2,3 in 3D 
space as in Fig.1. Any 51.11 point can be exl>resscd 
a9 a linear combination of t.lic basis vectors. 

Tlie (n, 0 , ~ )  can 1)r vicwcd as tlie i~~varianl .  coor- 
dinates of the point, X4 in t.l~is basis. Tlicy arc re- 
lated t o  the 3D shape of t.lie object under 3D a l l i ~ ~ e  
transformations. Due t o  tlie linear nat.r~re of weak 
perspective projection, (a,P,y)  will reinail1 view- 
point invariant under this traiisformat,ion. T l ~ u s ,  we 
can obtain the followi~ig equation for the projecbion 
points in an image. 

where xo = (uo, v O ) ~ , X ~  = ( ~ 4 ,  ~ q ) ~ , e i  = (eiu, eiv)T 
are the projected origin Xo, point Xs, and basis 
Ei, respectively. This provides two eqr~at-ions wil.11 
three unknowns. The  problem has I)rcome ~~ntlcrde-  
termined, so a single 2D image docs not allow t.lie re- 
covery of the invariants. A second view with known 
point corrrspondenccs to  t.lie first. view will I~owcvrr 
give an ovcrdct.crmincd set, of eqr~ations solval)lc by 
stantlard least square minimiaat.ion met,liotls. 

2.2 INVARIANTS BASED ON A 
CONIC 

If we can find a corrcspondirig pair of cot~ics tllat are 
derived from a circle in DD, we can gct t.wo invaria~t l .~ 
for a point. 

Given a circle wit.11 the cent,er Xo in 3D space, we 
consider the 3D poi11t.s Xl  ant1 X2 on the circle t,I~at. 
are projcct.ed t.o a point. on t.he major axis of t.lie 

conic atitl t11at 011 t.lic 11ii110r axis, respectively, as 
sl~own in Fig.2. Tllcri, we take the point X3 in sucli 
a way t.l~at, tlic litir s r g m e ~ ~ b  XoX3 is perpendicular 
to  t.Iie circle p l a ~ ~ r  and it.s Ic11gt.11 is t . 1 1 ~  circle radius. 
A point. X4 can 1)r e x ~ ) r r s s ~ ( I  as a li~iear co~nl,inat~ion 
of tlic basis vect.ors Ei = Xi - Xo. Tlie relation is 
rel)rcsctitcd I)y t.lic followi~ig cq~~at . ion  ill t . 1 1 ~  cylin- 
tlrical coortlillat.e sysl.rrri I)asctl 011 t.lic circle. 

X4 = XO + r cos OEl + r sin OE2 + zE3 (3) 

'I'l~c (i.,O, 2) arc t l ~ c  coorcli~tatcs of tlie p o i ~ ~ t  X4 
in 1 his Imsis. U~itlcr weak pcrsl>ective projection, we 
call get t l ~ e  followi~lg rrliit.io11 in a projrcted irnage. 

r cos 0 
114 - 110 ' 1 1 4  '?It '311 ] [ rs; 0 ] [ . 4 - . 0  ] = [ ~ I w  c?" ?st! 

(4) . , 
wlicre 110 = ( r r o ,  114 = (114, t ~ ~ ) ~  are the pro- 
jected points Xo, X4,  a11(1 C , ,  0 2 ,  ~ 3  are the projec- 
tions of t.lie vecotrs E l ,  E2, Es. 

If we Iiave a second vicw, we can calculate the 
invaria11t.s. In  this case, Iiowevcr, we can not de- 
termine t.lw project.ctl poi11t.s of X1 and X2 in the 
seco~id itriage. T I ~ I I s ,  we i~it.roduce X; and X; in- 
st.ead of XI a11d X2. 'I'liey are tlet.cr11iincd in the 
secolitl ililage as i l l  tlie sa~i ic  way as  for XI and Xz. 
T l ~ e n  t . 1 ~  point. Xq can he give11 by 

Xs = X o  + r cos O'E: + r sill O'E; + :E3 (5) 

wlirrc E', = X', - XO,EL = XL - Xo. 
111 t.lie scco~itl i ~ ~ ~ a g e ,  t l~ r  follotvi~ig rclal,io~i Iiolds. 

1- cos 0' 
u; - 11" 

.:.I 4 l . l  1 1 l,s:l 01 1 [ t l i  - ] = [ :\:: r:., r;., 
L J 

(6) 
'rile equal.io~is ( , I )  ant1 (0)  ~>rovicle 11s wit11 four 

cqllat.io~is wit.11 four I I I I ~ I I O W I I S .  l'lius We can recover 
r an(I z as itivaria~~ts. 



2.3 INVARIANTS BASED ON A 
CONIC AND A POINT 

If we can obtain a correspontling point pair in addi- 
tion to a conic pair, we can get three invariants for 
another point. 

Suppose we have a 3D circle with tlie center X o  
and a 3D point X s  as sl~own in Fig.3. In addit.ion 
to the points considered in Section 2.2, we use the 
following points. Let X s  be tlie intersection point, 
between tlie circle plane and t.lie line passing tlirougl~ 
the point X s  and perpendicular to the plane. \.Ve 
rotate the point X 5  1)y 90 degrees around the point 
X o  on the circle plane to d~t~ernline the point X 6 .  
Tlle points X 5 , X 6  can be expressed by 

X 5  = X o  + r cos OEl + r sin OEz 
= X o  + r cos O'E', + r sin OIEi (7) 

X 6  = X O  - rsiti OE1 + I'COS OE2 
= X o  - r sill O'E; + r cos O'E; (8) 

Figure 3: Conic and Point Basis 

We use these p0int.s X o ,  X q ,  X 5 ,  X 6  to set the ba- 
sis. A point X 7  can be expressed as a linear combi- 
nation of E4,E5,E6.  

where Ei = X i  - X o ,  ic4,5,6. 

We can ol)t.ain a niat,rix form for t . 1 1 ~  first, view. 

Since a second view gives tlie same kind of equa- 
tion, we can calculat.e tllrce irivariant,~ (a, p,y).  

3 OBJECT MODEL 
ACQUISITION AND 

RECOGNITION 

We liavc tlevclol>rtl a11 object recognition system 
in wliicli tlic abovc two conic-basetl invariant compu- 
tation mctliocls arc properly nsctl. Tlie recognition 
process consists oft  wo stages: a candidate selection 
stage ancl a vcrificatio~i stage. In the first stage, we 
use the invariants I~ascd on a conic hecause the pro- 
cess needs to estal)lisli only one correspontling conic 
pair. Object cantlitlates arc clioscn from the model 
base using the invariants. In tlie verification stage, 
these candidates are verified by tlie invariants based 
on a conic and a point because they represent com- 
plete 3D relationships. 

We have experinient.ctl (.lie system using nine ob- 
jcc1.s as sliowli i l l  Fig.4. First., a collect.iol~ of conics 
and cortier 1)oint.s arc ext,ract.ed from two images as 
showti i n  Fig.G. l'llcn, t.lic correspontlences between 
fea t~~res  i n  t.llc two illlagcs arc Ilypot.liesized and tlie 
invariat1t.s l)ascd on a conic are calculat,ed. Tlie can- 
tliclat.e ~ilotlcl wit.li t.llc most, iiia.t,cl~ing invariant. is 
srlcct.ctl in the riiotlcl base. If t.llcre is no matcli- 
ing tiiotlcl, a tliKerrnt, basis will 11c t.rietl. \.$'lien the 
candi(lat.c is fo~tn(l, i t .  is vc~.ified wIlet.lier or not the 
feat.r~res arc fo~tntl a.s prctlict,ctl fro111 tlie invariants 
basctl or1 a collic ant1 a ~>oillt ant1 tlie model data 
as sllown i t 1  Fig.7. Fig.8 sllows t.lir final recognition 
result. l'lle sysl.rl~i can recognize t.lie nine objects 
correcl,ly i n  00 csl>erinicl~ts. The tinic required is 
allout 20 secotlds for fcat.tlrc rxtractio~i and 1 scc- 
ontl for rccog~iit,io~l on a. Sl'A ltCst.at<io~i 10. 

Figure 4: 'I'cst. 0bject.s 



(a) First Image (b) Second Image 

Figure 5: Mrlltiplc Views of thc Ol~jcct 

(a) Edge Image (b) Conic Ext,ractioti 

(c) Edge Segrnent, ( ( I )  Corner Ext.racl ion 

Figure 6: Feature Extra.ction 

Figure 8: Recognition Resrrlt 

4 CONCLUSION 

We Ilave proposctl two nlctllotls of calculating 
conic-bascd invariants. \Vhen we can find a cor- 
responding pair of cotlics that arc tlerived from a 
circle in 3D, we can get two invariants for a point. 
If we obtain a correspontling point pair in atltlit~on 
to the conic pair, we can get tllree invarint~ts for 
anotllcr ~)oint. We llave tlcvclopcd an object recog- 
n~tiotr system rrsillg tllcsc invariants. Expcrimelltal 
rcsults confirlll tllc ~lsrlulncss of t l ~ e  ~l~etl lod.  
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