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ABSTRACT

Given a set of points correspondence from two views,
there ezists infinile number of solutions for interpret-
ing the angular motion—this is called the bas-relief
ambiguity. Solving this problem relies on either prior
knowledge of the motion or further projection such
as § views. It is shown that the unique solution ez-
ists from only one pair of correspondence with the
prior knowledge of known rotation azis. This pa-
per presents two new algorithms thal compute the
rotation angle from two and three views using least
squares approaches: in the case of 2-view, we com-
pute the rotation angle uniguely, an improvement
over the Harris algorithm which produces dual so-
lutions; in the J-view algorithm, we compule the ro-
tation azis first using the numerical approach and
then recover the rotation angle using the 2-view algo-
rithm. A robust method for dealing with the outliers
(false matches) is also reported.

1 Introduction

A problem in computer vision is to recover the mo-
tion from two dimensional projections, this is called
structure-from-motion (SFM). Rigid motion is de-
composed into two parts, the translation and the
rotation. Of the two, the rotational motion is rela-
tively difficult to compute. Ambiguity exists when
the interpretation of the rotation axis is deep (far
away) or shallow (close). This is called the bas-relief
ambiguity[2]. The solution to the rotation requires
additional information of either a priori knowledge
of the direction of the rotation axis.

Harris[1] showed a 2-view algorithm that can com-
pute the rotational motion from a quadratic equa-
tion. This algorithm gave dual solutions and requires
an additional phase to determine which one is the
wanted solution.

This paper is organised as follows. A least squares
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approach is derived after the study of the unique-
ness of rotation from a single pair of correspondence.
In the case of three views, the Newton’s method is
used to compute the rotation axis and then the ro-
tation angle is recovered using the least square ap-
proach. Experiments using real image sequences are
presented. Lastly, a robust M-estimation (maximum
likelihood type estimation) method is presented to
reject outliers when there are false matches.

2 The 2-View Algorithm

We discuss in this section algorithm that recovers
rotation angle from 2 views with the constraint of
known rotation axis given that the correspondence
from two images is provided correctly. Assuming
orthographic projection (also known as parallel pro-
jection), the image plane shares coordinates with the
world X and Y coordinates. This is a special case of
the perspective projection when the focal length is
at infinity.

Let P; = (X;,Y;, Z;) denote a point on the object
and this point is projected onto the image plane at
pi = (zi, %), hence (z;,%) = (Xi,Y;). This implies
that the distance (Z;) from the object to the image
plane will not have an effect to the motion. This
assumption holds for weak perspective when the ob-
ject is placed a distance very much larger than its
own size.

Further, we denote the motion by a rotation, spec-
ified by R, followed by a translation, specified by
t = (tz,1y,t;), hence,

X! X;
Y/ | =R| Yi |+t (1)
z! z;

where (X!,Y/,Z!)7 is the corresponding point of
(X;, Y5, Z;)T after motion and

ri1 Tiz2 T3
R = ra1 Tz Ta3
T3l T3z Ta3




Equation (1) are in fact three linear equations of
which the first two are used since the depth is not
recoverable. Replacing (X/,Y/)" and (X;,¥:)T with
(=},4)7 and (w, )", we have

(2)

o, = ruzi+roav+rsi + s,

and

(3)

Vi = raZi+ray+raedi +ty

The translational components ¢; and t;, can be
dropped if we do the following manipulation: find a
point (21,71) on the object, and set the coordinate
origin to this point; after the motion, this point be-
comes (z),y;) and we move it to the origin again.
Making use of the identities of orthogonal matrix:

(4)

—T3z
31,

T11723 — T21T13
T12723 — T22713

we now have

(5)

r23z’ — r13y + rsaaz — ra1y = 0,

This equation shows that under orthographic pro-
jection, there is an infinite number of solutions from
2 views regardless the number of correspondences
(Huang and Lee [2]. Introducing the constraint of
known axis, we show that a unique solution exists
by using only one pair of correspondence.

Let £ = (£:,4,,£;)" denote the unit vector of the ro-
tation axis, the rotation matrix R of angle § around
£ can be represented by

C+8V L4V —4S LLV+4S

R= (t,!,V—i-!,S c+8v !.,!,V—!,S)
LLV - 4S5 LLV+L.S C+ 8V

(©)

where C = cos#,S = sinf, and V = 1 — cos 8 (see

[3] for details). Substitute the elements from equa-

tion (6) into equation (5) and rearrange it, we obtain,

a(l—cosf) + b sinf =0, (7)
where
a = L(G(z+2)-L(y+Y)) (8)
b = L(z-2)+4(y—V).
Since tan § = 15222 equation (7) evolves to
] :
(a tan§+b) sinf = 0. (9)

In equation (9), sinf # 0 since the assumption of
known axis effectively implies that 6 # 0. Hence,

(10)

6=2 arctan(_?b).
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The above equation establishes the relation of the
rotation angle from two views using only one cor-
respondence with the priori knowledge of rotation
axis.

Subject to noise, equation (9) will not be valid, hence
an estimation method is required to find the solution
where the squared error (given below) can be kept
minimal with a large number of observations (corre-
spondences),

u(8) = ) {Aitan(6/2) + B;}? (11)
i=1
We can indeed find a unique solution[8] that is
A B;
6y = 2 arctan(— Z:EA" ) (12)
where
Ai =£'(£ﬂ(=i+z$)~£=(yi +y:)) (13)

B; = bo(zi — =) + &(v — %)

3 The 3-View Algorithm

It is shown in this section that the rotation axis can
be recovered from three frames. We assume that
the object rotates the same amount of angles be-
tween frames. This assumption is valid when the
object has sufficient inertia or the sampling interval
is reasonably small. Let the double prime denote
the coordinates from the third frame. From (12) we
have
tang = - EA‘-B‘ =
2= T4

_ L AB
S XA

(14)
where

A = L(G (20 + 2)) - L4 + )
B; = bo(2; — 2) + 4 (v — %)-

Rearrange (14), we have

DA (ABI) = D (4D (ABi) = 0. (15)

Extract £, from A; and A, resulting in A; = A,
and A; = A(£,; substitute them into (15), canceling
£, it gives

D (AR D (ABY)-D (A)*D (AiBi) = 0. (16)

Notice that A;, Af, B; and B/ consist of only two
variables of £; and £,. The correspondence between




frame one and frame three results in twice the rota-
tion angle, hence

L A/
(4]

tanf = —

(17)

2tan £

Using the identities of tanf = m{; and £ =

1 — &2 — £, it is analogous to derive from (17) the
following equation

(1= — B)(5 A S /B -
25 A (AT Al -
(S4B T 4B = 0

(18)

Let fi(£z,4,) and fa(£s, £y) denote the left hand side
of (16) and (18), hence
-

fi
f =
( fa
which is a nonlinear equation of order 8 and the 2-
dimensional Newton’s method converges quickly,

()" ()"

where J is the Jacobian. £, can be computed using
¢ = +,/1- & — £. Ullman[6] and Huang[2] indi-
cated that point correspondences from 3 views allow

two solutions to motion and one is the reflection of
the other with respect to the image plane.

(19)

(20)

Having recovered the rotation axis, the rotation an-
gle can be computed efficiently using the least square
approach since the summation terms in equation
(12) have already been computed.

4 Experiments

Experiments were conducted using a sequence of im-
ages with the objects rotating on a turntable. The
camera looked down on the turntable with an angle
of 30 degrees. Feature points were detected using
the Wang-Brady corner detector [7]. Figure 1 was
obtained from using equation (12) and the results is
indeed smooth and robust.

Figure 2 shows the results of the 3-view algorithm
for recovering of the rotation axis.

5 Dealing with Outliers

Previously, we have assumed that there are no mis-
takes in finding corresponding matches. This as-
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Figure 1: Rotations recovered from the 2-view algo-
rithm.
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Figure 2: Results of the 3-view algorithm, The X and
Y azes represent £; and £,. The car rotates 10 de-
grees between two consecutive frames. The circle de-
picts the true value of the rotation azis(sd=0.006).

sumption cannot be assured by current matching
algorithms. When this happens the data set of
matches will contain outliers. The methods pro-
posed above can get arbitrarily wrong even with a
small percentage of outliers. We use an M-estimator
from robust statistics methods [5] for solving this
problem.

The idea is to introduce an adaptive interaction
(weight) function h into equation (11) in the follow-
ing way. Consider the individual error terms

ni = A; tan(6/2) + B;.

We want to give a larger weight h(7;) to the term
containing A; and B; if #; is relatively small so that
the i-th match is likely an “inlier”; or a smaller
weight otherwise. In Tukey’s biweight [5], the func-
tion h is defined as

h(m)={ (“(i’?)’)2 if |25 < 1
0

otherwise

(21)
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Figure 3: Rotation angles computed from corresp-
ndence data containing 20% of outliers using the
the 2-view algorithm (upper) and the M-estimator
(lower). The abscissa represents frame number and
the ordinate rotation angle. The solid lines represent
the mean angle and the vertical dashed lines indicate
the standard deviation computed for each frame.

where S is an estimate of spread and ¢ a constant.
A choice may be

S = median{|n; — median{n;}|}

with ¢ = 1.4826. The M-estimate for our problem
is defined as the solution of the following fixed-point
equation:

E?:l h"'A" ‘Bi
E?:l "I"Al2
Our experiments show that this scheme is reliable

when outliers are present (see Figure 3).

8 = 2arctan(—

) (22)

6 Conclusion

The 2-view algorithm computes reliably the rota-
tion angle and the requirement for camera intrin-
sics is relaxed due to the assumption of parallel pro-
jection and the object is placed at a distance from
the viewer. In many applications, the rotation axis
is provided or its direction is known within certain
range. Experiments show that accurate measure-
ments of the rotation axis is not necessary. In fact,
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the pose of the camera in the above experiments was
estimated manually. No calibration was carried out!

The 3-view algorithm requires an estimation of the
direction of the rotation axis for its initial value when
the numerical method is employed. With given ini-
tial values, the algorithm converges fast and accu-
rately. A new algorithm has been developed [4] in
a least square approach which utilises a one dimen-
sional search to locate the minimal energy.

The two and three view algorithms require robust
correspondence among frames. In the presence of
false matches, the algorithm works less reliably. The
robust M-estimation method has the added advan-
tage of rejecting outliers and the results are very
promising.
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