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Orthogonal thickness of graphs

Maryam Tahmasbi*

Abstract

In this paper, we introduce the concept of orthogonal
thickness of graphs. Orthogonal thickness of a graph G
is the minimum number of planar graphs with maximum
degree less than or equal to 4 whose union is G. We
compute the orthogonal thickness of complete graphs
and planar graphs. Using this we compute lower and
upper bounds for orthogonal thickness and show that
they are tight.

Next, we introduce the concept of layered orthogonal
drawing and develop an algorithm for layered orthogo-
nal drawing of K,, in [n/4] layers. Then, we extend the
results to develop an algorithm for three-dimensional
orthogonal (line-) drawing of K, in a 2n x 2n x [n/4]
box. This drawing has at most 2 bends per edge and
a total number of n(n — 2) bends. In this drawing all
vertices are drawn as parallel segments.

1 Introduction

Orthogonal drawing is a graph drawing technique
with increasing applications in technology. A two-
dimensional orthogonal drawing is a drawing of a graph
in which every vertex is represented by a point and every
edge is represented by a chain of horizontal and vertical
segments. In this paper we consider planar orthogonal
drawing, i.e. orthogonal drawings where no two edges
cross except at a common end vertex. A planar graph
with maximum degree less than or equal to £ is called
k-planar. Orthogonal drawings in three dimensions are
defined similarly, in these drawings each vertex is rep-
resented by a point and each edge is represented by a
chain of segments that are parallel to one of the z-,
y-, or z—axis. In this type of orthogonal drawing the
degree of each vertex must be less than or equal to 6.
However, there are other ways to draw a general graph
in an orthogonal way, one of them is orthogonal (line-)
drawing that is a three-dimensional orthogonal drawing
where each vertex is represented by an axis parallel line
segment. Orthogonal drawings have direct applications
in VLSI design and layout. In VLSI layout, a planar
orthogonal drawing of a given graph is embedded on
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a plane. Orthogonal drawing has three disadvantages
when applying to VLSI layouts:

e The degree of each vertex is restricted to 4 (in 2D
drawings) or 6 (in 3D drawings). In orthogonal
drawing of graphs with higher vertex degrees, the
vertices are represented by boxes, line segments or
cycles [8, 3]. This increases the number of bends
and the area (volume) of the drawing.

e Non planar graphs do not have planar orthogonal
drawings in 2-D plane. But in VLSI layouts are
planar.

e VLSI technology limits circuits to have few layers,
it means that the size of one of the dimensions in
the drawing must be restricted; but this condition
does not hold in most three-dimensional drawing
approaches [1].

In this paper, we introduce the concept of orthogo-
nal thickness. This concept has been studied by Bose
and Prabhu[5] under the name thickness of graph with
degree constrained vertices. They computed it for the
graph K,, where n # 4k 4+ 1. We compute a tight lower
bound for it. We also introduce the concept of layered
orthogonal drawing and find such drawings for complete
graphs. Then we transform it to a three-dimensional or-
thogonal (line-) drawing for the graph. In this drawing
all vertices are represented by parallel segments. This
type of orthogonal drawing is a way to overcome the
disadvantages mentioned above: we can draw graphs
with high vertex degree and we can also restrict the
size of one of the dimensions of the final drawing. The
problem is related to thickness, orthogonal drawing and
geometric thickness of graphs [7, 9].

This paper is organized as follows: Basic definitions
and results are in Section 2. The definition of orthog-
onal thickness and its upper and lower bounds are pre-
sented in Section 3. In Section 4 orthogonal layered
drawing is introduced and an algorithm for layered or-
thogonal drawing of K, is developed. Section 4.2 is
devoted to constructing a three-dimensional orthogonal
(line-) drawing from a layered orthogonal drawing. Re-
sults and conclusions are summarized in Section 5.

2 Preliminaries

We need some definitions and results from graph the-
ory. We assume the definitions presented in [4]. A
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planar graph with maximum degree A is called a A-
planar graph. Let G = (V(G), E(G)) be a graph and
U C E(G). The subgraph of G whose vertex set is the
set of vertices incident to the edges in U and whose edge
set is U, is called the subgraph of G induced by U and
is denoted by G[U].

The thickness of a graph G, denoted by 6(G), is the
minimum number of planar subgraphs of G whose union
is G. There are two good surveys on the topic by
Liebers [10] and Mutzel et.al [11]. An edge coloring
of a graph G is an assignment of colors to edges of G
such that no two adjacent edges have the same color. A
graph is k-edge-colorable if it has an edge coloring with
k colors.

In an orthogonal drawing, the place where an edge
changes direction is a bend. Two important criteria
in orthogonal drawings are small number of bends and
small area (or volume). Research on the topic is exten-
sive [8, 12].

3 Orthogonal thickness

Let G be a graph with the edge set E. An orthogo-
nal layering of G is a decomposition of F into subsets
Ey, Es,...,Ey such that for each 1 < ¢ < k, G[E;] is
4-planar. For 1 < i < k, G[E;] is called an orthogonal
layer of G. The minimum number of orthogonal lay-
ers of G is called the orthogonal thickness of G and is

~

represented by 6(G).

3.1 Upper and lower bounds on orthogonal thick-
ness of graphs

By definition of orthogonal thickness, §(G) = 1 if and
only if G is 4-planar. In this section we present lower
and upper bounds on orthogonal thickness of graphs.
Since each vertex has degree at most 4 in each layer,
we can obtain a lower bound on orthogonal thickness of
graphs.

Observation 1 Let G' be a graph of mazimum vertex
degree A. Then §(G) > [%].

We next prove that this bound is tight.

Theorem 1 Let G be a planar graph with mazimum
degree A. Then §(G) = [%].

Proof. For A > 8, a planar graph is A-edge-
colorable [6]. Now let G; be the subgraph induced by
all edges of color 4i + 1,...,4¢ + 4. Then this splits G
into [A/4] planar subgraphs of maximum degree 4.
For 4 < A < 8, the graph has a A + 1 edge coloring.
With the same decomposition as above, the graph splits
to two planar subgraphs of maximum degree less than
or equal to 4. |

On the other hand, Bose and Prabhu [5] studied the
problem for complete graphs. They decomposed the
graph K, to k = [%] planar subgraphs G1,...,G} as
follows:

Let n = 4p,p € N and {1,2,...,n} be the vertex set of
G = K,,. Suppose that the vertices of G are placed on
a circle in the clockwise order. For 1 < k < n/2, define
the edge set E¥) = {ij : i4+j =, 2k+1ori+j =, 2k+2}
and G*) = G[E®)]. One can construct GV recursively
by 1 unit counterclockwise shifting of vertices of G(*—1)
around the circle. For 1 < k < n/2, G™) is a spanning
path in G with end vertices k + 1 and (n/2) + k + 1.
Now, for 1 < k < n/4, let Gj, = G[EC® |JECF-D]. G},
is planar. Figure 1 shows a planar drawing of G.

Figure 1: The graph GG; in decomposing K, to 4-planar
graphs.

Theorem 2 Forn # 4p+ 1, 0(K,) = [n/4].

Since every graph with n vertices is a subgraph of K,,,
using theorems 1 and 2 we can introduce tight upper and
lower bounds on orthogonal thickness.

Theorem 3 Let G be a graph with n vertices and maz-
imum vertex degree A. Then [%] <O0(G) < T%]. The
lower and upper bounds are obtained for planar graphs
and complete graphs respectively, with n # 4p + 1 where
p 1S an integer.

Taking a closer look to theorem 3 we state the follow-
ing conjecture:

Conjecture 1 For every graph G with mazimum ver-
tex degree A, [A/4] < 6(G) < [A/4]+1

4 Layered orthogonal drawing

Let G be a graph and G1,Go,. .., Gy be the orthogonal
layers of G. A drawing of G composed of 2D orthogo-
nal drawings of the graphs G1,Go,...,G}, in k distinct
planes where each vertex v € V(G) has the same z-
and y-coordinate in the drawing of G1,Gos,...,Gk, is
called a layered orthogonal drawing of G with k layers.
Figure 2-(a) shows a layered orthogonal drawing.

In this section, we show that there exists an orthogo-
nal layered drawing for every graph and then compute
a layered orthogonal drawing of K, with [n/4] layers.

In order to show that there is a layered orthogonal
drawing for each orthogonal layer, we use the following
lemma.
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Figure 2: (a)Layered orthogonal drawing, (b) corre-

sponding orthogonal (line-) drawing

Lemma 4 [13] Each planar graph with n vertices ad-
mits a planar drawing that maps each vertex to a pre-
specified distinct location in the plane and each edge to
a polygonal curve with O(n) bends. More over, such a
drawing can be constructed in O(n?) time.

Theorem 5 Let G be a graph with orthogonal layers
G1,Gs,...,Gg. Then G has a layered orthogonal draw-
ing with these layers.

Proof. Each subgraph G1,Ga, ..., G} is 4-planar, so it
has an orthogonal drawing in the plane. We construct
a layered orthogonal drawing I' in an inductive manner.
(G1 has an orthogonal drawing I'y. Let Py, Ps, ..., P, be
the location of vertices of G;. By lemma 4, G5 has a
polygonal drawing where its vertices are at fixed points
P, Ps,..., P,. Wecan transform the polygonal drawing
to an orthogonal drawing, and after resizing the grid
and I'1, we would get a layered orthogonal drawing of
G1 and G5. We can continue and construct a drawing
for G in k — 1 steps. a

The number of bends in this drawing might be ex-
ponential. In the following section we develop an algo-
rithm for drawings with small number of bends.

4.1 Layered orthogonal drawing of K,

Using the same argument as in section 3.1, we can as-
sume that n = 4p. Let V = {1,2,...,n} be the vertex
set of K,,. Fori =1,2,...,n, let the vertex ¢ have co-
ordinate (2i — 1,27 — 1) in the zy-plane. The straight
line segment passing through all of these points decom-
poses the 2n x 2n square to two triangles: one triangle
on the top-left and the other on the bottom-right. For
each 1 < k < [n/4], we draw the edges of E¥~1) in
the top-left triangle and the edges of E(?%) in the other
triangle.

We start drawing of E(2¥) from the vertex 2k + 1 and
the edge connecting it to 2k. It can be drawn in the right
down triangle with only one bend. The next edge that
connects 2k and 2k + 2, can be drawn with two bends.
All other edges of E(*) except the last edge, can be
drawn with two bends and the last edge can be drawn
with one bend. We draw the edges in E**~1) in the
bottom-right triangle. Figure 3 shows the orthogonal
drawing of G'1. So we have the result:
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Figure 3: Orthogonal drawing of G for K,.

Theorem 6 The graph K, has a layered orthogonal
drawing with [n/4] layers such that each layer is drawn
i a 2n X 2n square with 4n — 8 bends.

4.2 Construction of a three-dimensional orthogonal
(line-) drawing

In this section we construct a three-dimensional orthog-
onal (line-) drawing from a layered orthogonal drawing.
In this drawing each vertex is represented by a z-axis
parallel segment.

Let G be a graph, G1,Gs,...,G be orthogonal layers
of G and I be an orthogonal layered drawing of G with
these layers. For 1 < k < t, suppose that I'y is the
restriction of I' to the edges of Gy.

Construct a three-dimensional orthogonal (line-)
drawing ' of G in this way:

For each point (z,y) in Ty, let (z,y,k) be a point in
I' and for each vertex v of G with coordinate (a,b) in
I'y, represent v by a z-axis parallel segment with end
points (a,b,1) and (a,b,t). Figure 2 shows a layered
orthogonal drawing and the related three-dimensional
orthogonal drawing. Now we can translate Theorem 6
for three-dimensional orthogonal (line-) drawings:

Observation 2 The graph K,, has a three-dimensional
orthogonal (line-) drawing in which each vertex is drawn
as a z-axis parallel segment. This drawing is enclosed
in a2n x2n x ([n/4] — 1) box and has at most n(n —2)
bends.

There are other bounds on the volume of orthogonal
drawing of K,,. Biedl et al.[2] proved that there is an
orthogonal drawing of K,, with volume O(n°/?) and at
most three bends in each edge. In the same paper, Biedl
et al. introduced a three-dimensional orthogonal (line-)
drawing of K,, with at most two bends in each edge and
with volume O(n?). In fact their drawing is bounded in
the § x § x & box.

As an application of layered orthogonal drawing in
VLSI layout, suppose that the size of the final orthogo-
nal drawing of a three-dimensional orthogonal drawing
is bounded in two dimensions. The question is if it is
possible to find a three-dimensional orthogonal (line-
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) drawing with this restriction, and if so, find such a
drawing with the smallest size of the third dimension.
Our result in this paper implies that if the drawing of
K, is restricted to have the size of two dimensions equal
to 2n, the size of the other dimension must be at least

[4] and at most two bends are needed in each edge.

5 Conclusion

In this paper we introduced concepts of orthogonal
thickness and layered orthogonal drawing of graphs. We
computed tight lower and upper bound for orthogonal
thickness of a graph by computing it for planar graphs
and complete graphs. Then, constructed a layered or-
thogonal drawing of complete graphs. We also con-
structed a three-dimensional orthogonal (line-) draw-
ing from a layered orthogonal drawing. In this draw-
ing, vertices are the only z-axis parallel parts of the
drawing. We believe that the decomposition of edges
and their special layout make this type of orthogo-
nal (line-) drawing more applicable than the existing
three-dimensional orthogonal drawing styles, since in
constructing the physical model of the drawing, it is
enough to construct each layer separately. Then locate
the place where each vertex passes one of the layers,
and insert a z-axis parallel segment (or connector) that
passes through all layers.

On the other hand, this method can be applied when
we want to keep the size of one or more of the dimen-
sions small. Existing algorithms for three-dimensional
orthogonal drawings try to keep the volume of the draw-
ing small, so the drawing that they produce is much like
a cube [2]. In our method the size of one of the dimen-
sions is as small as possible. In VLSI technology, there
is a limitation on the number of layers.

We computed a layered orthogonal drawing for com-
plete graphs. The bounds in this type of drawing are
upper bounds on the number of bends and volume in
three-dimensional orthogonal drawings. But the prob-
lem of computing the orthogonal thickness for other
non-planar graphs is still interesting. We are approach-
ing the proof of conjecture 1 which is very interesting as
it is very similar to the bounds for edge coloring. And
there are some open problems:

1- Given two 4-planar graphs on the same vertex set,
how can one construct a layered orthogonal drawing
with these two layers?

2- Is there any class of (non trivial) forbidden sub-
graphs such that if the graph contains one of them as a
minor, then the orthogonal thickness of the graph would
be more than two?
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