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Time-of-flight measurements of high-energy astrophysical neutrinos can be used to probe
Lorentz invariance, a pillar of modern physics. If Lorentz-invariance violation (LIV) occurs,
it could cause neutrinos to slow down, with the delay scaling linearly or quadratically with
their energy. We introduce non-parametric statistical methods designed to detect LIV-induced
distortions in the temporal structure of a high-energy neutrino flare as it travels to Earth from
a distant astrophysical source, independently of the intrinsic timing properties of the source.
Our approach, illustrated using the 2014/2015 TeV–PeV neutrino flare from the blazar TXS
0506+056 detected by IceCube, finds that the LIV energy scale must exceed 1014 GeV (linear) or
109 GeV (quadratic). Our methods provide a robust means to investigate LIV by focusing solely
on a neutrino flare, without relying on electromagnetic counterparts, and account for realistic
energy and directional uncertainties. For completeness, we compare our limits inferred from TXS
0506+056 to the sensitivity inferred from multi-messenger detection of tentative coincidences be-
tween neutrinos and electromagnetic emission from active galactic nuclei and tidal disruption events.

KCL-PH-TH/2024-22, CERN-TH-2024-056

I. INTRODUCTION

Lorentz invariance is one of the most fundamental prin-
ciples of physics, underlying the formulations of special
and general relativity. It therefore behooves physicists to
test its validity as accurately as possible. Over the past
quarter-century there has been widespread interest [1–4]
in the possibility that it might be violated in the prop-
agation of particles at high energies. Their velocities,
v, might differ from that of light, c, by some energy-
dependent amount, i.e., ∆v ∝ (E/Mp,n)

n, where E is
the energy of a particle of type p, and n and Mp,n are
model-dependent parameters; n = 1 or 2 are commonly
considered. General theoretical [2] and phenomenologi-
cal arguments [5] suggest that particle velocities might
be reduced at higher energies, but not increased.

Reference [2] suggested that the most stringent tests
of this form of Lorentz-invariance violation (LIV) would
be provided by transient astrophysical phenomena that
emit high-energy photons, and possibly also protons and
neutrinos, with TeV–PeV energies and above, such as
pulsars, gamma-ray bursts (GRBs) and flaring active
galactic nuclei (AGNs). The effects of LIV would ac-
cumulate over the long distances traveled by the parti-
cles from their astrophysical sources to Earth, becoming
detectable. Lorentz-invariance violation would manifest
itself in differences in the arrival times of particles of dif-
ferent energies or types emitted at similar times.

Observations of high-energy gamma rays from GRBs

FIG. 1. Broken Lorentz invariance changes the time
distribution of a flare of high-energy astrophysical neu-
trinos. Higher-energy neutrinos emitted by a transient
source, like the blazar TXS 0506+056, would travel more
slowly than lower-energy neutrinos. Their time distribution
grows more uniform, flatter, and more skewed. The absence
of these features in a detected flare places robust limits
on the energy scale of Lorentz-invariance violation.
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and AGNs have provided the most stringent and robust
probes of Lorentz invariance in photon propagation (see
Ref. [6] and references therein), while multi-messenger
observations of a binary neutron star merger have pro-
vided a first direct constraint on the possible difference in
velocities of electromagnetic and gravitational waves [7],
and observations of gravitational waves over a range of
frequencies have constrained the possibility of LIV in
their propagation [8, 9].

Because neutrinos are notoriously difficult to detect,
testing Lorentz invariance in their propagation is chal-
lenging. Nevertheless, the observation of neutrinos from
supernova SN 1987A constrained a possible energy de-
pendence of neutrino velocities [10], accelerator neutrinos
explored alternative probes of LIV [11, 12], and multi-
messenger observations of the blazar TXS 0506+056 have
been used to constrain a possible difference between the
velocities of photon and neutrino propagation [13]. How-
ever, the latter constraint relies upon the detection by
the IceCube neutrino telescope in 2017 of a single high-
energy neutrino in coincidence with a gamma-ray flare
observed by several electromagnetic detectors [14].

Subsequent inspection of archival IceCube data re-
vealed a flare of multiple TeV-scale neutrinos in
2014/2015 from the direction of TXS 0506+056 [15],
lending further credence to its being the first high-energy
neutrino source discovered. (Yet, the original pre-trial
significance of this detection, of 7.0 · 10−5 [15], was
reduced to 8.1 · 10−3 [16] after a re-evaluation of the
data [16, 17].) The 2014/2015 neutrino flare was seem-
ingly not accompanied by a gamma-ray flare (see, how-
ever, Ref. [18]), unlike the 2017 flare, complicating the
modeling of TXS 0506+056 as a multi-messenger source;
see, e.g., Refs. [19–26]. However, our analysis is decou-
pled from such complications, since it relies exclusively
on the observation of the flare of high-energy neutrinos.

Figure 1 illustrates how the detection of a high-energy
neutrino flare from a transient astrophysical source can
facilitate new tests of Lorentz invariance. As neutrinos
travel to Earth, their energy-dependent slow-down alters
their arrival times, reshaping the time distribution of the
neutrino in the flare into one that is flatter, less peaked,
and more skewed than the original emission. This trans-
formation occurs regardless of the initial time distribu-
tion, thereby making our analysis immune to uncertain-
ties in modeling neutrino production.

We look for these features using techniques originally
developed for gamma rays from GRBs [27]. We show
how to use a high-energy neutrino flare to con-
strain Lorentz-invariance violation in neutrino
propagation even in the absence of a counterpart
electromagnetic flare . As illustration, we use the TXS
0506+056 flare to place new limits on the energy scale of
LIV that is linearly (n = 1) or quadratically (n = 2)
dependent on neutrino energy.

Our methods avoid the substantial uncertainties in-
trinsic to relying on a single high-energy neutrino to test
Lorentz invariance [13]. However, unlike studies based on

gamma rays, where the energy resolution is excellent, the
sensitivity of our analysis is hampered by the challenge in
reconstructing the energy of detected high-energy astro-
physical neutrinos, which we account for. Nonetheless,
our results are strengthened by accounting for realistic
experimental details.
This paper is structured as follows. Section II reviews

the motivation for studying the time of flight of high-
energy radiation from astrophysical sources to search
for LIV. Section III describes the high-energy neutrino
data detected by IceCube during the 2014/2015 TXS
0506+056 flare. Section IV describes and adapts meth-
ods previously developed for studying GRBs [27] to ana-
lyze neutrino flares. Section V evaluates the sensitivity of
the neutrino flare to LIV. Section VI compares this sen-
sitivity with the other sensitivities outlined above. Sec-
tion VII summarizes and concludes.

II. LORENTZ-INVARIANCE VIOLATION IN
HIGH-ENERGY ASTROPHYSICAL NEUTRINOS

A. Overview

Lorentz invariance underlies the very successful geo-
metric picture of space-time that special and general rel-
ativity embody. Although it has been verified to high
accuracy in many laboratory measurements [28], there is
no guarantee that it persists at very short distances or to
very high energies. Indeed, the possibility of LIV at high
energies has been raised from several points of view [1–4].
The motivation for this possibility proposed in Ref. [2]

came from the idea that space-time should be regarded
as a dynamical medium with a foamy short-distance
structure generated by quantum-gravitational fluctua-
tions that appear and disappear on a Planckian time-
scale [29]. This idea of space-time foam has been devel-
oped heuristically but not derived mathematically from
first principles; see Ref. [30] for a review.
According to the intuition underlying this approach,

a passing energetic particle interacts with this dynami-
cal medium, distorting the foamy space-time background.
The back-reaction from the foam modifies the propaga-
tion velocity of the particle, much as the velocity of a
photon is modified when it passes through a transparent
medium with an index of refraction induced by the in-
teractions of the photon with molecules in the medium.
This intuition suggests that the dispersion relation of
the particle should be modified by its interaction with
the space-time foam by an amount ∝ (E/MPl)

n, where
MPl ∼ 1018 GeV is the reduced Planck mass. The pos-
sibility that n = 1 has been supported by heuristic esti-
mates inspired by string theory [31].
The Standard Model Extension (SME) [3] takes a dif-

ferent approach by extending the formulation of conven-
tional quantum field theory to include LIV induced by
spontaneous symmetry breaking in a Lorentz-invariant
fundamental theory. The SME has many desirable prop-
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erties such as gauge invariance, Hermiticity, causality,
and power-counting renormalizability, and may be con-
sidered independently from any specific theoretical mo-
tivation. In this case, the violation of Lorentz invariance
in particles of type p is ∝ (E/Mp,n)

n, where n ≥ 2 is
determined by the choice of LIV operator.

Reference [1] takes yet another approach, drawing at-
tention to the possibility of LIV in neutrino oscillations.1

This possibility, particularly in high-energy astrophysical
neutrinos, has been studied extensively, e.g., in Refs. [34–
50]. Because transient high-energy neutrino emission is
currently detected via a single flavor [15], νµ (Sec. III),
we do not consider the effects of LIV in neutrino oscilla-
tions, but assume for simplicity that it affects neutrinos
of all flavors equally.

High-energy astrophysical neutrinos are particularly
interesting probes of Lorentz invariance. Because, unlike
energetic photons, neutrinos do not interact with cos-
mological photon backgrounds [51], they reach us with
energies beyond 100 TeV, where evidence for LIV might
become prominent. This long-recognized potential has
been explored in e.g., Refs. [36, 40–42, 45–47, 49, 50].

B. Why high-energy astrophysical neutrino flares?

We focus on LIV that acts during the propagation of
high-energy astrophysical neutrinos from their sources to
Earth, across Mpc–Gpc distances, slowing them down
and affecting their arrival times [52]. In so doing, we
follow the suggestion for photons made in Ref. [2], but
avoid subscribing to a specific theoretical approach.

Traditionally, studies along these lines (Sec. VIC) have
been based on comparing the arrival times of a single
high-energy neutrino—or handful of them—attributed
to an alleged astrophysical neutrino source vs. the ar-
rival times of coincident electromagnetic emission from
the same source [53]. The fundamental assumption in
these studies is that neutrinos and photons are emitted
by the same source at roughly the same time.

Yet, because of the many unknowns in our understand-
ing of high-energy astrophysical sources, this assumption
is typically weak, at best. In fact, the sensitivity of these
studies, when performed properly, is significantly weak-
ened by attempting to disentangle time delays that are
intrinsic to the source from those that could be induced
by LIV during propagation [54]. Further complications
are detailed in Sec. VIB.

In contrast, our analysis is based solely on the detec-
tion of high-energy neutrinos, without requiring an as-
sociated electromagnetic counterpart. Exploring this in
earnest became feasible only following the IceCube obser-
vation of the 2014/2015 high-energy neutrino flare from

1 Reference [4] applied the same approach to the possible viola-
tion of the Greisen-Zatsepin-Kuzmin cut-off on cosmic-ray ener-
gies [32, 33].

TXS 0506+056, which consisted of multiple neutrinos
with different energies. Rather than comparing the ar-
rival times of neutrinos and photons, we examine the dis-
tribution of arrival time of neutrinos of different energies
in the flare. This choice bypasses the complications asso-
ciated to the modeling of multi-messenger emission from
astrophysical sources. Nevertheless, our methods are not
without challenges of their own, as we detail later.

In studying LIV in this way, we follow the suggestion
for energetic photons made in Ref. [2], but avoid subscrib-
ing to any one of the approaches mentioned in Sec. IIA,
thus lending general applicability to our methods. Below,
we show how violating Lorentz invariance would affect
the time distribution of the neutrino flare.

III. HIGH-ENERGY NEUTRINO FLARES

A. Sources of high-energy astrophysical neutrinos

In 2013, the IceCube neutrino telescope—the largest
in operation—discovered TeV–PeV astrophysical neu-
trinos [55, 56]. Today, IceCube continues to observe
them regularly [57–59], and neutrino telescopes Baikal-
GVD [60, 61] and KM3NeT [62], currently under con-
struction, (and ANTARES [63], now decommissioned)
have reported hints of detection. Still, the origin of the
bulk of high-energy astrophysical neutrinos detected re-
mains unknown [64]. They are likely produced predom-
inantly by extragalactic sources—transient or steady-
state—capable of accelerating particles up to energies of
at least tens of PeV, and possibly much higher [65–67].

So far, however, only a couple of likely candidate
sources have been officially identified: transient emission
from the blazar TXS 0506+056 [14, 15], about 1.75 Gpc
away, and steady-state emission from the Seyfert galaxy
NGC 1068 [68], about 14 Mpc away. Both have been
associated to the detection of multiple neutrinos across
a range of energies. The significance of other candidate
sources, typically identified based only on the detection of
a single neutrino, is weaker; see Sec. VI for an overview.
We expect that in the near future the number of sources
will grow, owing to the ongoing and upcoming addition of
more neutrino telescopes [67, 69, 70]. (We do not consider
high-energy neutrinos from the Galactic Plane [71, 72]
because they travel only a few kpc to us, making them
less sensitive to the accumulation of LIV effects.)

Out of the above two likely candidate sources, only
TXS 0506+056 has been observed to emit a flare of high-
energy neutrinos, with a duration of a few months [15];
see Fig. 3. In contrast, the rate of detection of neutrinos
from NGC 1068 was approximately uniform during its
10-year observation by IceCube [68], rendering it steady-
state at least on that time scale. Thus, we adopt TXS
0506+056 as the prototypical high-energy neutrino flare
to illustrate our methods.
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B. Challenges in detecting high-energy neutrinos

There is significant uncertainty involved in inferring
the energies of neutrinos detected from alleged astrophys-
ical sources, like TXS 0506+056 [15, 73]. Because the size
of the LIV-induced change in neutrino velocity (Secs. I
and II) depends on the neutrino energy, the uncertainty
in neutrino energy is a limiting factor to the sensitivity
of our analysis. Below, we show how we account for this
uncertainty using realistic detection capabilities.

Astrophysical sources of high-energy neutrinos are pri-
marily searched for by neutrino telescopes using muon
tracks because they have pointing resolution of 1◦ or bet-
ter [64, 74]. These tracks are born in the charged-current
deep inelastic scattering of high-energy astrophysical νµ
and ν̄µ off nucleons, N , in the ice, i.e., νµ+N → µ−+X
and its charge-conjugated process, where X represents
final-state hadrons. The final-state hadrons receive a
fraction y—the inelasticity—of the incoming neutrino en-
ergy, while the final-state muon receives the remaining
fraction (1− y). The value of y is random and unknown
in each scattering; its distribution peaks at y = 0, but it
has a wide spread. At the TeV–PeV energies, the average
inelasticity is about 0.25; see, e.g., Ref. [75].

The vast majority of the muons detected by IceCube
are through-going, i.e., they are born in neutrino interac-
tions that occur outside the instrumented detector vol-
ume [64]. As the final-state muon propagates through
the ice it loses energy, leaving a track of Cherenkov light
in its wake, only a segment of which crosses IceCube and
deposits light in its photomultipliers. From the direction
of the track and the amount of light it deposits, IceCube
uses simulations of νµ interaction and muon propaga-
tion to infer the direction of the muon—which is closely
aligned to that of its parent neutrino—and its energy
proxy, an estimate of the energy that the muon has as
it enters the instrumented detector volume. From this
information, combined with the inelasticity distribution
predicted by theory, analyses infer the most likely energy
of the parent neutrino energy.

The above procedure, while valuable, has limitations.
Because the value of the inelasticity and the position
where the through-going muon was born are unknown,
there is significant uncertainty in the inferred neutrino
energy. In particular, the energy of the detected muon is
only a lower limit on the energy of the parent neutrino.

C. Accounting for the neutrino energy uncertainty

We adopt the IceCube detection of the 2014/2015 TXS
0506+056 neutrino flare as prototypical of the treatment
of energy uncertainty, but the discussion applies generally
to neutrino flares detected by any neutrino telescope via
muon tracks. We use the IceCube public data release [76]
associated to the flare, which contains the central values
of the muon energy proxy, Êµ, for the 320 tracks detected
in the direction of TXS 0506+056 during the IceCube
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FIG. 2. Probability density function of the neutrino
energy, Eν. Each curve corresponds to a different muon
track detected by IceCube as associated to the TXS 0506+056
2014/2015 flare [15], characterized here by its central recon-

structed muon energy proxy, Êµ,i. For each event, the prob-
ability density is built by accounting for the connection be-
tween neutrino energy and muon energy proxy, and between
the latter and the observed muon energy proxy of the event.
See Sec. III C and Appendix A for details.

observation period IC86b, when the flare happened.2

For each track, we find the distribution of the likely
values of the parent neutrino energy, Eν . We do this
by accounting for two sources of energy uncertainty: the
uncertainty in measuring the energy deposited by the
muon track in the detector and the uncertainty in recon-
structing the neutrino energy from the muon energy. For
the former, we assume that the muon energy is measured
with a resolution of 10% in log10(Êµ/GeV), following Ice-
Cube prescriptions in Ref. [73]. For the latter, we use the
relation between the energies of the muon and of its par-
ent neutrino for each of the detected tracks, reported by
IceCube in Ref. [15]. The result is a probability density
function, Pi(Eν) for the i-th detected track, that repre-
sents the most likely value of its parent neutrino energy
and its spread. Appendix A contains the derivation of
these functions and details on them.
Figure 2 shows these probability density functions for

all the IceCube events detected during the 2014/2015
TXS 0506+056 flare. For tracks with a low muon en-

2 Later, in our statistical analysis (Sec. VA), we narrow down the
event selection to include only the subset of events occurring
within the most likely flaring period.
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ergy proxy, of roughly 0.1–1 TeV, the most likely value
of the parent neutrino energy is similar. For tracks with a
higher muon energy proxy, of roughly 1–100 TeV, the dis-
tribution of parent neutrino energies is flatter and reaches
higher energies, reflecting the fact that, for higher-energy
neutrinos, there are more combinations of the inelasticity
and the position of the νµN interaction that can yield a
high-energy track.

Later (Sec. VA), we use these functions to sample
randomly neutrino energies and generate mock neutrino
flares, which we then use to probe LIV.

IV. TESTS OF LORENTZ INVARIANCE IN
HIGH-ENERGY NEUTRINO FLARES

A. Time delays in neutrino propagation

As was done for photons in Ref. [27], we consider LIV-
induced modifications of the neutrino velocity of the form

v(Eν) =

[
1− n+ 1

2

(
Eν

Mn

)n]
≡ 1−∆v(Eν) , (1)

where Mn is the LIV energy scale, Eν is the neutrino
energy, and ∆v is the deviation in the neutrino velocity
relative to the speed of light. Here and below we use
natural units where the speed of light c = 1.
Since we are interested in neutrinos from sources lo-

cated at substantial redshifts, we must account for the
change to the neutrino energy due to the cosmological
expansion. An astrophysical neutrino detected on Earth,
at z = 0, with energy Eν , had an energy Eν(1 + z)
at redshift z. We adopt the standard ΛCDM cosmo-
logical model, in which the relation between time, t,
and redshift, z, is dt = −dz[H0(1 + z)h(z)]−1, where

h(z) =
√
ΩΛ +Ωm(1 + z)3, H0 = 70 km s−1 Mpc−1 is

the Hubble constant, and ΩΛ = 0.69 and Ωm = 0.31 are,
respectively the dimensionless energy density fractions of
the vacuum and matter [77].3

Under LIV, the proper travel distance of a neutrino
differs from its travel distance at light-speed. LIV in-
duces a differential change in the travel distance of size
d(∆L) = ∆v dt, where ∆v is from Eq. (1). Upon reach-
ing Earth, a neutrino emitted from a source at redshift
zsrc has accumulated a total path difference, ∆Ln. Be-
cause we deal with relativistic neutrinos, the delay in the
arrival time of the neutrino at Earth is ∆tn ≈ ∆Ln, i.e.,

∆tn = H−1
0

∫ zsrc

0

∆v|Eν(1+z)

h(z)
dz ≡ τn(zsrc)E

n
ν , (2)

where the integrand is evaluated at Eν(1 + z) and

τn(zsrc) = anKn(zsrc) , (3)

3 The uncertainties on these cosmological parameters can be ne-
glected for our purposes.

with an ≡ n+1
2

H−1
0

Mn
n

and Kn(zsrc) =
∫ zsrc
0

(1+z)n

h(z) dz. As a

result, the difference in arrival times between two neutri-
nos detected with energies Eν,2 > Eν,1 is τn(E

n
ν,2−En

ν,1).
Since the production mechanism of high-energy astro-

physical neutrinos is presently unknown [65–67], we allow
for the possibility that, in a neutrino flare, neutrinos of
different energies are emitted at different times. To do
this, we consider a potential energy-dependent time-lag
at the source, bs. Thus, under LIV, the arrival time of a
neutrino upon reaching Earth is

tobs(Eν) = bs(Eν)(1 + zsrc) + τn(zsrc)E
n
ν . (4)

The standard expectation, i.e., in the absence of LIV, is
that the time distribution of neutrinos in a flare reaching
the Earth has the same shape as when it was emitted by
the source; see Fig. 1. (The number of neutrinos in the
flare is, of course, lower at Earth than near the source.)
Thus, we need to determine how much the neutrino time
distribution at Earth under LIV differs from the standard
expectation. In an ideal, but unrealistic scenario where
we knew what was the time distribution at emission time,
this comparison would be straightforward.
In reality, however, we do not know the emitted neu-

trino time distribution, since it depends on the largely
uncertain physical conditions inside the candidate astro-
physical sources. On top of that, any one observed flare
is subject to the internal, unknown stochasticity of the
mechanism that produced it. (Added to that, there is
the experimental uncertainty on the neutrino energy; see
Secs. III B and III C.) This presents a major challenge in
identifying the presence of LIV in a neutrino flare.
We surmount this challenge below (Sec. IVD) by intro-

ducing estimators of the irregularity, kurtosis, and skew-
ness of the neutrino time distribution in a flare, borrowed
from Ref. [27], that can signal the presence of generic
LIV-induced features in the detected time distribution,
regardless of what it was at emission. Before, however,
we introduce event weights, which we use in computing
the estimators.

B. Energy and directional event weights in a flare

In the sample of events—muon tracks—detected by
IceCube during the 2014/2015 TXS 0506+056 neutrino
flare [15, 76], the i-th detected event has arrival time
tobs,i, direction given by declination θz,i and right as-
cension ϕz,i, with angular uncertainty σΩz,i , and central

value of the muon energy proxy Êµ,i. In developing our
methods, we assume that this information would also be
available for any future observed neutrino flare.
From this information, we compute two weights for

each event: an energy weight, wEν ,i, and a directional
weight, wΩz,i. They serve two purposes: first, they allow
us to prioritize events originating from directions closer
to the candidate neutrino source, and second, to empha-
size events with higher energies, as higher-energy neu-
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FIG. 3. Analysis weights associated to neutrinos de-
tected from a mock flare. The neutrino energies in this
illustrative mock flare were randomly drawn from their prob-
ability distributions (Sec. VA). Our statistical analysis is
based on generating many such mock flares. Top: Direc-
tional weights, Eq. (5); events from directions closer to TXS
0506+056 and with better angular resolution have higher
weights. Middle: Energy weights, Eq. (6), shown here for
one random mock neutrino flare. Neutrinos with higher en-
ergy have higher weights. Bottom: Total weights, obtained
by multiplying the directional and energy weights. Neutrinos
with higher weights are more likely to come from the TXS
0506+056 flare. See Sec. VA for details.

trinos are more likely to be of astrophysical rather than
atmospheric origin.

Figure 3 shows, for illustration, the weights for one
random mock flare, modeled after the 2014/2015 TXS
0506+056 flare, containing Nν events. We introduce ran-
dom mock flares as part of our statistical analysis later,
in Sec. V. For each mock detected event, we randomly
sample the energy of its parent neutrino, Eν,i, from its
probability density function, Pi (Sec. III C).
Directional weight.—The directional weight of an

event measures the angular distance between its arrival
direction and the position of TXS 0506+056. The angu-
lar distance is computed using the Haversine formula, i.e.,
∆Ωi = hav(θz,i − θz,src) + cos(θz,i) cos(θz,src)hav(ϕz,i −
ϕz,src), where hav(θ) ≡ sin2(θ/2). The directional
weights are then computed as

wΩ,i =
∆Ωi

min {∆Ωj}Nν

j=1

, (5)

where the denominator denotes the minimum separation
from the source position among the events.

Energy weight.—The energy weight of an event is

computed in analogy to what was done for gamma rays
in Ref. [27], i.e.,

wEν ,i =
Eν,i

min {Eν,j}Nν

j=1

, (6)

where the denominator denotes the minimum neutrino
energy among the events.

Total weight.—The total weight of the event is the
product of the energy and directional weights, i.e.,

wi = wEν ,i · wΩ,i . (7)

The absolute values of the weights are irrelevant; what
matters are their relative values, both among individual
events and across different mock flares.

Our calculation of weights is akin to that used by the
IceCube Collaboration to discover the neutrino flare [15,
78, 79] as a means to quantify the spatial and temporal
clustering of events using an unbinned maximum likeli-
hood function. The significance of the association of the
flare with an astrophysical source is driven by the events
with large weights.

C. Background atmospheric neutrinos and muons

When searching for astrophysical sources of high-
energy neutrinos [64, 80], there is an irreducible contam-
ination from the high background of atmospheric neutri-
nos and muons created in the interactions of cosmic rays
in the atmosphere of the Earth. Short-lived candidate
sources—like GRBs, whose prompt emission lasts only
seconds—are largely impervious to this background, but
longer-lived sources—like a flaring blazar, which may be
active for months—have a sizable estimated atmospheric
contamination. For instance, it is estimated [15] that
only 13± 5 events detected during the 2012–2015 period
of observation of TXS 0506+056 were due to neutrinos,
and the rest to atmospheric muons.
The simulation of the propagation of high-energy

muons through matter and the detection of their
Cherenkov radiation by the photomultipliers of in-ice and
in-water neutrino telescopes is a complex, computation-
ally taxing task that requires in-depth knowledge of the
detector; see Refs. [81, 82] for how IceCube and KM3NeT
do it. Due to this complexity—best left for an internal
analysis by experimental collaborations—we do not ex-
plicitly model the presence of the atmospheric neutrino
and muon backgrounds in our search for LIV.
Instead, we mitigate the impact of atmospheric back-

grounds in our analysis by applying the directional and
energy weights introduced earlier. Events with higher to-
tal weights, Eq. (7), are more likely to be astrophysical
rather than atmospheric in origin. The LIV estimators
we introduce below are designed to prioritize events with
higher weights, thereby enhancing the influence of astro-
physical neutrinos in the flare and reducing the impact
of atmospheric neutrinos.
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D. Estimators of LIV in a flare time distribution

From Eq. (4), we anticipate that LIV would deform the
time distribution of neutrinos in a flare [27]. To probe
the presence of LIV in the pattern of neutrino arrival
times, we rely on times measured in the detector reference
frame, given by

bd,i(τn) = tobs,i − τn(zsrc)E
n
ν,i , (8)

where the compensation parameter, τn, is taken from
Eq. (3). Thus, the original pattern of intrinsic emis-
sion times, bs,i in Eq. (4) (there expressed in the source
frame), can, in principle, be recovered by subtracting the
appropriate values of τn from the observed arrival times,
so as to compensate the impact of the LIV-induced dis-
persion [27].

Figure 4 sketches the effects of LIV on the time distri-
bution of the neutrinos in a flare: regardless of the origi-
nal shape of the distribution, the LIV-induced dispersion
makes it more uniform, less peaky, and more asymmet-
ric. Following the approach introduced in Ref. [27], we
consider these three distinct deformations and introduce
below non-parametric statistical estimators to quantify
them. Their purpose is to find, in three complementary
manners, the value of τn that rectifies the above LIV-
induced deformations of the time distribution—i.e., that
undoes the LIV effects. From this, we estimate the size of
LIV itself; specifically, of its energy scale, Mn in Eq. (1).

Irregularity.—In the presence of LIV, the time distri-
bution of a neutrino flare undergoes dispersion, leading to
the temporal spread of neutrinos with different energies
as they propagate. Eventually, this leads to the blend-
ing of any initially distinct distribution with a uniform
background, regardless of the shape of the initial flare.

Given a mock flare (Sec. VA) and a trial value of τn,
we compute the intrinsic times, bd,i in Eq. (8), where
i = 1, . . . , Nν , and Nν is the number of detected neu-
trinos. With them, we build the cumulative time distri-
bution, Ξ(τn, bd), as the sum of the weights of neutrinos
detected starting from the earliest value of bd,i in the
flare—i.e., the first neutrino detected—up to the time
bd, and divided by the sum of all weights in the flare. We
compare this with the cumulative distribution U(τn, bd)
built assuming that the values of bd are distributed uni-
formly through the duration of the flare, i.e., between the
earliest and latest values of bd.
If neutrinos in the flare were affected by LIV en route

to Earth, one specific value of τn should best compensate
the arrival times in such a way as to reconstruct the origi-
nal, irregular time distribution of the flare. The degree of
irregularity is estimated using the Kolmogorov-Smirnov
(KS) statistic [27], i.e.,

D(τn) = max
bd,1≤bd≤bd,Nν

|Ξ(τn, bd)− U(τn, bd)| . (9)

For a given mock flare, our measure of LIV is τKS
n , the

value of the compensation parameter that maximizes D.
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FIG. 4. Sketch of the effects of Lorentz-invariance vi-
olation on the arrival times of neutrinos in a flare. In
this figure we assume—for illustration only—that, in the ab-
sence of LIV during neutrino propagation, the arrival times
of high-energy neutrinos at Earth would be distributed nor-
mally, preserving the time distribution emitted by their astro-
physical source. Yet, in our calculations, we do not assume
any shape for the emission time profile. Under LIV, the dis-
tribution of arrival times may deviate from the distribution
at emission, and become more uniform, less peaky, and more
asymmetric. See Sec. IVD for details.

Kurtosis.—Regardless of the initial shape of the time
distribution of the neutrino flare, LIV en route to Earth
may alter its kurtosis in a distinct, energy-dependent
manner. Specifically, it makes a flare evolve towards a
flattened, or platykurtic (negative kurtosis) distribution.
Consequently, we adopt a compensation procedure that
restores the distribution to its maximally peaky shape.
For a given trial value of τn, we compute the ex-

cess kurtosis—compared to a normal distribution—of the
time distribution of the neutrino flare as

K(τn) = NW

∑Nν

i=1

{[
bd,i(τn)− b̄d(τn)

]
wi

}4(∑Nν

i=1

{[
bd,i(τn)− b̄d(τn)

]
wi

}2
)2 − 3 ,

(10)
where wi is the total event weight from Eq. (7), b̄d(τn) ≡
N−1

ν

∑Nν

i=1 bd,i(τn) is the average value of the times and
NW is a normalization constant whose value is unimpor-
tant (we set NW = 1), since we only care about differ-
ences in kurtosis between different random mock flares
(Sec. V). For a given mock flare, our measure of LIV
is τkurtn , the value of the compensation parameter that
maximizes K.

Skewness.—Also regardless of the initial shape of the
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FIG. 5. Directions of the IceCube events detected dur-
ing the 2014/2015 TXS 0506+056 flare. All events are
muon tracks. For each event, its 68% C.L. angular uncer-
tainty is reflected by the size of its corresponding disc. In our
analysis, we use only the events most closely associated to the
flare, i.e., those resulting from the box time profile from the
IceCube analysis in Ref. [15]. See Sec. VA for details.

time distribution of the neutrino flare, LIV en route to
Earth may increase its asymmetry, which can be mea-
sured via its skewness. LIV-induced dispersion tends to
make the skewness of the time distribution negative, com-
pared to a normal distribution [27]. Conversely, our com-
pensation procedure aims to undo the effects of LIV by
shifting the skewness towards positive values.

For a given trial value of τn, we compute the skewness
of the time distribution of the neutrino flare as

S(τn) =
√
NW

∑Nν

i=1

{[
bd,i(τn)− b̄d(τn)

]
wi

}3(∑Nν

i=1

{[
bd,i(τn)− b̄d(τn)

]
wi

}2
)3/2

,

(11)
where b̄d is defined as before and, again, we set NW = 1.
For a given mock flare, our measure of LIV is τ skewn , the
value of the compensation parameter that maximizes S.

When estimating the possible size of LIV effects, we
do so using separately the three estimators above. We
report their results in Sec. VC.

V. LIV CONSTRAINTS FROM THE TXS
0506+056 NEUTRINO FLARE

To address whether there is evidence of LIV in the time
distribution of the neutrinos from a detected flare, we
build—via mock flares based on it, as we explain below—
the distribution of allowed values of the LIV measures
(Sec. IVD), τKS

n , τkurtn , and τ skewn .

A. Mock neutrino flares

We base our mock neutrino flares on a specific detected
flare. Like before, we use as prototype for the latter the
2014/2015 TXS 0506+056 flare detected by IceCube, but
our methods can be applied to similar future flares.
Figure 5 shows the arrival directions of the IceCube

events that we use in our analysis, compared to the posi-
tion of TXS 0506+056. We utilize only events found by
the IceCube analysis of Ref. [15] coming from the gen-
eral direction of TXS 0506+056 in the 158-day period
that starts on the modified Julian date 56937.81 and ends
on 57096.21. This consists of the Nν = 58 events that
Ref. [15] determined to make up a neutrino flare by ap-
plying a simple box-like time profile. (A Gaussian time
profile [15], would yield a similar selection of events.) Us-
ing this subset of events, rather than the full set reported
in Ref. [15], which spans several years of observation, re-
duces the contamination of our analysis by events that
are not part of the flare. From this subset of events, we
build random mock neutrino flares as follows.
In all mock flares, the arrival time, tobs,i, direction,

θz,i and ϕz,i, and angular uncertainty, σθz,i , of the i-th
mock event are the same as that of i-th event in the de-
tected flare. For the arrival times, this is justified because
arrival times are measured with nanosecond precision by
IceCube, which leaves essentially no wiggle room. For the
arrival directions, while we fix the best-fit direction of the
event, we account for its directional uncertainty via the
directional weights, Eq. (5). What varies in each random
mock flare is the neutrino energy, Eν,i, associated to each
event: for the i-th event its value is randomly sampled
from the probability density function Pi(Eν) (Sec. III B).
Thus, the i-th event in a random mock flare is charac-

terized by ei ≡
(
tobs,i, θz,i, ϕz,i, σΩz,i

, Eν,i

)
, and the flare

is made up of the collection of mock events {e1, . . . eNν
}.

For each event we compute the directional weight, wΩz,i

[Eq. (5)], energy weight, wEν ,i [Eq. (6)], and their prod-
uct, the total weight [Eq. (7)]. Between different random
mock flares, only the energy weights—and, by extension,
the total weights—differ.

B. Statistical analysis

The purpose of generating mock flares is to build from
them the distribution of allowed values of the LIV mea-
sures, τKS

n , τkurtn , and τ skewn (Sec. IVD).
For a given mock flare, we compute the LIV measures

by maximizing the LIV estimators for irregularity (D),
kurtosis (K), and skewness (S), Eqs. (9)–(11). In prac-
tice, we maximize the estimators by scanning τn over a
fine grid of values that is also broad enough to avoid un-
desirable edge effects. For each value of τn, we compute
the energy-dependent time lags, bd,i in Eq. (8), and, with
them, the estimators D, K, and S. Afterward, the po-
sitions on the grid where the estimators are maximized
yield the LIV measures τKS

n , τkurtn , and τ skewn .
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FIG. 6. Probability distributions of the Lorentz-invariance-violation estimators in neutrino propagation. The
distributions are inferred from examining the shape of the time distribution of the high-energy neutrinos detected from the
2014/2015 flare of the blazar TXS 0506+056, detected by IceCube. We use three estimators to measure deviations from the
standard expectation for the time distribution: Kolmogorov-Smirnov—a measure of its regularity—kurtosis, and skewness.
The strength of the LIV effects grows with the neutrino energy, i.e., ∝ En. Left: Assuming that the effects are linear in
neutrino energy, i.e., ∝ En, with n = 1. Right: Assuming that they are quadratic in neutrino energy, i.e., n = 2. All the
limits shown are at 95% C.L. The distributions are shown after applying a Gaussian kernel density estimator to smooth them.
See Secs. IV and V for details, and Eqs. (12)–(17) for the resulting limits on the energy scale of LIV. The distributions are
one-sided, i.e., they assume that τn ≥ 0, implying that LIV slows down neutrinos. These limits rely only on the detection
of a flare of high-energy neutrinos from an astrophysical source, and do not require the coincident detection of
an electromagnetic flare from the same source.

We repeat this procedure many times, each time using
a different random mock neutrino flare; in our results be-
low, we use one million mock flares. Doing this builds the
probability distributions of the irregularity, kurtosis, and
skewness measures, P(τKS

n ), P(τkurn ), and P(τ skewn ), re-
spectively. These distributions allow us to assess whether
the LIV measures are statistically compatible with zero
values—allowing us to place limits on their values—or
not—which would signal the presence of LIV. We do this
separately for LIV that is linear and quadratic in energy,
i.e., for n = 1 and 2 (Sec. IVA).

C. Results

Figure 6 shows the resulting distributions of the LIV
measures for n = 1 and 2. In all cases, the distributions
are compatible with τKS

n , τkurtn , τ skewn being zero. There-
fore, for each LIV measure, we place an upper limit on
its value at the 95% credible level (C.L.) by finding the
maximum of its distribution and integrating the distri-
bution around it. For example, in the case of the irregu-
larity estimator, its allowed range is τKS

n ≤ τKS
n,max, where

∫ τKS
n,max

0
P(τKS

n ) = 0.95, and similarly for the kurtosis and
skewness measures. Figure 6 shows the upper limits on
the time-compensation parameters computed as above.
Figure 7 shows a summary of our main results, i.e., the

lower limits (95% C.L.) on the LIV energy scale, M1 and
M2, derived from the upper limits on the LIV measures
in Fig. 6. We obtain them by inverting Eq. (3):

MKS
1 ≥ 2.5 · 1014 GeV , (12)

Mkur
1 ≥ 3.9 · 1014 GeV , (13)

M skew
1 ≥ 4.0 · 1015 GeV , (14)

for linear LIV, and

MKS
2 ≥ 2.1 · 109 GeV , (15)

Mkur
2 ≥ 2.7 · 109 GeV , (16)

M skew
2 ≥ 1.0 · 1010 GeV , (17)

for quadratic LIV. To be conservative, Fig. 7 shows the
smallest among them, separately for n = 1 and 2.
Taken at face value, Fig. 7 seemingly shows that our

new limits are weaker than other limits also derived from
the detection of transient high-energy neutrino emission.
This is, however, deceptive. Other limits in Fig. 7 are
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FIG. 7. Limits on the energy scale of neutrino Lorentz-
invariance violation. The results are derived from the ob-
servation of TeV–PeV neutrinos allegedly associated to a tran-
sient astrophysical emission episode, i.e., a flaring blazar or
a tidal disruption event. Our new results are robust up-
per limits derived solely from the time distribution of a
flare of neutrinos detected by IceCube from the blazar
TXS 0506+056 in 2014/2015. We show the most con-
servative result from among Eqs. (12)–(14) for LIV linear in
neutrino energy (left) and from among Eqs. (15)–(17) for LIV
quadratic in energy (right). See Secs. IV and V for details.
All other results indicate tentative sensitivity, at an unspec-
ified statistical significance, derived from the coincident de-
tection of 1–3 neutrinos with electromagnetic emission from
different candidate astrophysical sources. They are marked
as “tentative” because they hail from simpler analyses. See
Sec. VI and Table I for details.

marked “tentative” because, unlike ours, they rely on
the coincident detection of neutrinos and electromagnetic
emission—which, for many of the cases shown is specula-
tive at best—and on simpler analyses that do not account
for the significant uncertainty in the inferred energy of
the detected neutrinos, nor for the angular separation be-
tween detected neutrinos and their alleged astrophysical
source. We elaborate on these shortcomings in Sec. VI.

Our new limits on the energy scale of Lorentz-
invariance violation in neutrinos account for the
experimental nuances associated to their detec-
tion and do not rely on the coincident detection
of counterpart electromagnetic transient emission
from the same astrophysical source.

VI. OTHER CONSTRAINTS ON NEUTRINO
LORENTZ-INVARIANCE VIOLATION

We now discuss other searches for LIV effects in neu-
trinos, complementary to ours, including some that use
high-energy astrophysical neutrinos. We present a selec-
tion of them below, pointing out limitations in the latter
that make them tentative in comparison to ours. Refer-
ence [28] contains a comprehensive list of constraints on
LIV derived from a variety of experiments.

A. Supernova and accelerator limits

Supernova neutrinos have energies of up to tens of
MeV, while historically accelerator neutrinos have had
energies of up to tens of GeV (newer experiments will
reach TeV-scale energies [83, 84]). Because these energies
are lower than the TeV–PeV energies of the astrophysical
neutrinos that we have used, they can only probe lower
values of the LIV energy scale; see Eq. (1).

Supernova SN1987A.—As discussed in Ref. [10],
the near-coincidences in the arrival times of the neutri-
nos of different energies detected in the Kamiokande-II,
IMB, and Baksan experiments from the core collapse
of SN1987A yield M1 > 2.7 · 1010 GeV and M2 >
4.6 · 104 GeV. These limits were obtained assuming sub-
luminal neutrino propagation [2, 5], like ours.

Accelerator neutrinos.—A first study [10] of the
velocities of accelerator neutrinos by the MINOS Collab-
oration [12] yielded M1 > 105 GeV and M2 > 600 GeV,
assuming again subluminal neutrino propagation. Refer-
ence [11] and references therein include searches for other
possible signatures of LIV in neutrino propagation.

B. Challenges in associating neutrinos with
electromagnetic signals for LIV constraints

Limits on LIV effects during the propagation of high-
energy neutrinos from identified astrophysical sources
depend on the reliability of associating these neutrinos
with their proposed sources. Establishing this associa-
tion is challenging, which explains why only a few high-
energy neutrino source candidates have been identified
so far (though more will likely follow [70]). This diffi-
culty is particularly pronounced for transient astrophys-
ical sources, which, due to their short duration, typically
yield a very low number of detected neutrinos, often just
a single one. Associating a single neutrino with a particu-
lar transient source thus relies on coincident observations
of electromagnetic emissions from that source, often in
gamma rays, as these are believed to be produced in the
same particle interactions as neutrinos [86, 87].
When only a single neutrino is detected and is thought

to originate from a specific source, the derived limits on
LIV must rely on the time delays between the detected
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TABLE I. Constraints on and sensitivity to Lorentz-invariance violation in the propagation of high-energy astro-
physical neutrinos. Results are on the energy scale of LIV [see Eq. (1)]: M1 for effects that are linearly dependent on neutrino
energy and M2 for effects that are quadratically dependent on it. Figure 7 compares the limits graphically. Our new results are
lower limits on the energy scales. We show here only the approximate range; see Eqs. (12)–(17) for exact results. See Sec. V
for details. All other results, shown in parentheses, represent tentative sensitivity derived from reports of multi-messenger
neutrino-electromagnetic observations. See Sec. VI for details.

Source
Redshift Remark

Neutrino
telescope

Neutrino
energy [TeV]

Time delay,
∆t [days]

p-value
src. assoc.

Lower limit on LIV scale [GeV]

Type Object Linear, M1 Quadratic, M2 Ref.a

AGN TXS 0506+056 0.3365 Multiple νb IceCube ∼ 102–103 ∼ 100 0.8% ∼ 1015 ∼ 1010 This paper

TXS 0506+056 0.3365 Single ν + γc IceCube 290 10 0.3% (3.7 · 1016) (1.1 · 1011) [13]

TXS 0506+056 0.3365 Single ν + radioc Baikal-GVD 220 200 See text (∼ 2.0 · 1015) (∼ 2.8 · 1010) · · ·
PKS B1424-418 1.522 Single ν + γc IceCube 2000 160 5% (1.1 · 1017) (7.6 · 1011) [85]

GB6 J1040+0617 ≥ 0.7351 Single ν + γc IceCube 100 100 30% (4.2 · 1015) (2.9 · 1010) · · ·
PKS 0735+178 ≥ 0.424 4ν + γc Multiple 170 10 See text (4.0 · 1016) (1.1 · 1011) · · ·
PKS 1123+264 2.341 Single ν + γc IceCube > 200 10 See text (2.6 · 1017) (4.1 · 1011) · · ·
PKS 0625-35 0.055 3ν + radioc IceCube 63–302 1 3.6σ (6.8 · 1016) (∼ 2.0 · 1011) · · ·

TDE AT2019dsg 0.051 Single ν + γc IceCube 200 150 TDE events (3.5 · 1014) (1.0 · 1010) · · ·
AT2019fdr 0.267 Single ν + γc IceCube 80 393 combined: (3.0 · 1014) (6.3 · 109) · · ·
AT2019aacl 0.036 Single ν + γc IceCube 170 148 6 · 10−4 (2.1 · 1014) (7.4 · 109) · · ·

a These are the references where the constraints on Lorentz-invariance violation quoted here were derived. For references on the claimed
association between neutrinos and the sources, see Sec. VI. Blank entries (“· · · ”) represent the cases calculated in this paper from
observations described in the text.

b Main result of this paper, obtained from the 2014/2015 neutrino flare from TXS 0506+056, without an electromagnetic counterpart.
c Tentative result only; see Sec. VI for an explanation.

neutrino and the accompanying electromagnetic signal
from the same source, rather than on the distribution of
neutrino arrival times, as used in our primary analysis
presented in Secs. IV and V. This approach, however,
introduces complications. Namely, a sizable time delay
between the neutrino and electromagnetic detection—a
signal of potentially prominent LIV effects—weakens the
association of the detected neutrino with the transient
source, moreso since the neutrino and electromagnetic
signals may have been emitted at substantially different
times, without recourse to LIV.

To probe robustly LIV through the detection of a single
neutrino in a transient multi-messenger emission episode,
it is necessary to evaluate the association of said neutrino
with the alleged source while taking into account possi-
ble differences in the emission times of high-energy neu-
trinos and photons, a challenging task that may require
detailed source modeling [54]. Further, a comprehensive
analysis should determine how large an LIV-induced time
lag between the transient neutrino and electromagnetic
emission could be while still maintaining a statistically
meaningful association between them, especially in the
presence of the background of atmospheric neutrinos and
muons that would cloud the neutrino signal (Sec. IVC).

LIV studies that fail to account for the above
nuances could incorrectly attribute the observed
time lag between transient neutrino and electro-
magnetic emission solely to LIV, and so claim
unrealistic sensitivity to its effects.

Addressing the above complexities requires a dedi-
cated analysis beyond the scope and goals of this paper.
Nonetheless, with these limitations in mind, we present
below potential sensitivities to LIV derived from claimed

associations between single neutrinos (or a handful of
them) and flaring blazars, TDEs, and GRBs. In most
cases, the associations of the neutrinos to these sources
have low statistical significance, so that the identifica-
tions of the multi-messenger emission episodes listed in
Table I can only be considered as tentative, and hence
also the derived sensitivity to LIV.

C. Tentative sensitivity from multi-messenger
events: neutrinos and electromagnetic counterparts

Table I summarizes the constraints on LIV based on
claims of coincident detection of high-energy neutrinos
and counterpart electromagnetic emission. We expand
on them below, keeping the above caveats in mind. We
indicate which of the limits we compute using Eqs. (2)
and (3), and the observed time delays and neutrino en-
ergies listed in Table I, and which were computed else-
where 4 and are merely quoted here. (The limits on LIV
in neutrino propagation are generally weaker than in pho-
ton propagation [28], but they are completely indepen-
dent, as there is no general model-independent relation
between LIV effects on neutrinos and photons.)

Blazar TXS 0506+056.—In 2017, IceCube de-
tected a single 290-TeV neutrino (IC170922A) from the

4 In many of these analyses it is unclear how the neutrino energy
used to compute the LIV effects was inferred from the detected
muon energy proxy.
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direction of TXS 0506+056 in coincidence with an elec-
tromagnetic flare across multiple wavelengths, from ra-
dio to gamma rays [14]. In particular, about ten days
after the neutrino detection, MAGIC detected gamma
rays from the source [14]. Reference [13] interpreted
this difference in arrival times to find the limits M1 >
3 · 1016 GeV and M2 > 1011 GeV, assuming subluminal
neutrino propagation. (The less precise temporal over-
lap of IC170922A with the contemporaneous Fermi-LAT
data [18] would give a weaker constraint.) The statistical
significance of the association between the IceCube event
and the gamma-ray flare of TXS 0506+056 is of about
3σ; most of the constraints drawn below from other as-
trophysical sources have lower statistical significance.5

Radio flare from TXS 0506+056.—The Baikal-
GVD Collaboration reported [60] the detection of a high-
energy neutrino (GVD210418CA) during a radio flare of
TXS 0506+056 observed by RATAN-600, with a duration
of about three years. Because the long duration of the
radio flare weakens the association with the neutrino, the
limits on LIV garnered from it are weaker than those
coming from the 2017 TXS 0506+056 flare above [13].

Blazar PKS B1424-418.—Reference [89] reported
the association between an IceCube PeV-scale neutrino
(HESE-35) and the gamma-ray blazar PKS B1424-418
during a 160-day flare. However, the probability that
this association could have arisen by chance is 5% [89],
high enough to render it questionable. Regardless, based
on this association, Ref. [85] reported the limits on M1

and M2 that we quote in Table I and Fig. 7.

Blazar GB6 J1040+0617.—Reference [18] re-
ported the association between an IceCube neutrino
(IC141209A) and a flare of the blazar GB6 J1040+0617.
In this case, the probability of a chance coincidence is
even higher, at 30%.

Blazar PKS 0735+178.—Reference [90] reported
the association between a multi-wavelength flare of the
blazar PKS 0735+178 and four neutrino events de-
tected by IceCube (170 TeV), Baikal (46 TeV), KM3NeT
(16 TeV), and Baksan (4 GeV). The probability of a
chance coincidence is approximately 3%, and the position
of PKS 0735+178 is outside the IceCube 90% localization
error, weakening the association.

Blazar PKS 1123+264.—Reference [91] reported a
general study of possible coincidences between IceCube
neutrinos and radio sources observed at the Owens Valley
and Metsähovi Radio Observatories, where it was found
that observations of large radio flares from blazars in ap-
proximate coincidence with neutrino events are only due
to chance. For our purpose, the most interesting coin-
cidence is between a radio flare of PKS 1123+264 and

5 Reference [88] constrained LIV in the case of superluminal prop-
agation by demanding that the mean free path of this neutrino
was not smaller than the distance to TXS 0506+056. However,
this argument does not apply to subluminal propagation.

an IceCube event (IC120523A) with an energy exceeding
200 TeV. The significance of this coincidence is weak, but
not quantified in Ref. [91].

Radio galaxy PKS 0625-35.—Reference [92] re-
ported the association of three IceCube neutrinos with
energies between 63 and 302 TeV with a flare of the ra-
dio galaxy PKS 0625-35. The pre-trial significance of this
apparent association was 3.6σ.

Tidal disruption events.—Three IceCube high-
energy neutrinos have been claimed to be coincident
with electromagnetic emission from candidate TDEs.
One is a 200-TeV neutrino (IC191001A) observed 150
days after the onset of emissions from TDE candidate
AT2019dsg [93], with a chance coincidence probability of
0.5%. The second is an 80-TeV neutrino (IC200530A)
observed 393 days after the onset of emissions from TDE
candidate AT2019fdr [94]. The third is a 170-TeV neu-
trino (IC191119A) observed 148 days after the onset of
emissions from a TDE candidate AT2019aacl [95, 96]. It
is estimated [95] that the significance of observing three
chance neutrino-TDE coincidences is 3.6σ.

Gamma-ray bursts.—Reference [97] reported a sta-
tistical analysis of the arrival times of IceCube neutrinos
that may be associated with gamma-ray bursts (GRBs),
with an estimated sensitivity of M1 ≈ 5 · 1017 GeV (see
also the previous analyses cited in Ref. [97]). The prob-
ability that the apparent delays in neutrino arrival times
may be a “false alarm” is estimated to be 0.7%. More-
over, the redshifts of the GRBs were not measured, in
general, and in the case of one IceCube neutrino there
were three possible candidates for the associated GRB.
Furthermore, all IceCube searches for neutrinos corre-
lated with GRBs to date have yielded negative results,
even when expanding the search window to 14 days
around the prompt GRB emission [98] and to lower en-
ergies [99]. Therefore, we regard this result as intriguing
but as yet inconclusive, motivating future analyses em-
ploying a sample of unambiguous GRB candidates with
measured redshifts, and we do not include it in Table I
or Fig. 7.

VII. SUMMARY

The discovery of transient astrophysical emission
of high-energy neutrinos with TeV–PeV energies has
brought new insight not only into astrophysics, but also
into fundamental physics, including making possible new,
powerful tests of proposed extensions of the Standard
Model. We have shown how to use the observation of a
high-energy astrophysical neutrino flare to test Lorentz
invariance, a pillar of special and general relativity.
Because of Lorentz-invariance violation (LIV), neutri-

nos might travel slower than the speed of light, as sug-
gested by a heuristic approach to quantum gravity [2].
These effects are likely suppressed by a high energy scale,
but they are expected to grow linearly or quadratically
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with the energy of the neutrino and the distance it trav-
els. This makes high-energy astrophysical neutrinos—
which travel Mpc–Gpc distances from their sources to
Earth—potentially sensitive to LIV.

We have searched for LIV in the joint distribution of
energies and arrival times of the neutrinos at Earth. Its
effect, if present, would be to render a burst of neutri-
nos more uniformly distributed in time upon reaching
Earth, with higher-energy neutrinos affected more promi-
nently. Borrowing from searches of LIV in gamma rays,
we use three statistical measures—of irregularity, kurto-
sis, and skewness of the neutrino time distribution—to
quantify these effects and to place limits on the energy
scale of LIV. Unlike previous searches that used high-
energy astrophysical neutrinos detected in coincidence
with an electromagnetic flare from the same astrophysical
source, ours relies only on the detection of the neutrino
flare, without the need of an electromagnetic counterpart.

We illustrate our methods using the high-energy neu-
trino flare detected in 2014/2015 from the blazar TXS
0506+056 by the IceCube neutrino telescope. These neu-
trinos were detected as through-going muon tracks, and
there is appreciable uncertainty in inferring the energy of
the neutrinos that created the muons, which we account
for by generating a large number of simulated mock neu-
trino flares across the spread of possible neutrino ener-
gies. In addition, we account indirectly for the presence
of an irreducible background of atmospheric neutrinos
and muons that could cloud the presence of LIV in the
sample of neutrinos detected from a flare.

We find no evidence of LIV-induced distortions in the
distribution of the arrival times of the neutrinos from
TXS 0506+056, so we place new lower limits on the
LIV energy scale; see Eqs. (12)–(17) and Fig. 7. For
LIV that depends linearly on neutrino energy, the lim-
its (at 95% C.L.) are M1 ≳ 1014–1015 GeV, depending
on the measure used to derive them. For quadratically-
dependent LIV, they are M2 ≳ 109–1010 GeV. Our new

limits on the LIV energy scale account for real-
istic experimental nuance and do not rely on the
coincident detection of neutrinos and electromag-
netic counterparts.

Our limits are orders of magnitude stronger than those
derived from accelerator neutrinos and observations of
supernova SN1987A. For completeness, we have derived
tentative sensitivities to LIV effects from several claims of
multi-messenger association between single high-energy
neutrinos and electromagnetic counterpart emission from
an astrophysical source—a flaring blazar or a tidal dis-
ruption event—detected in coincidence. Some of these
tentative sensitives appear superficially stronger than our
limits. However, assessing whether these tentative sen-
sitivities can be turned into robust limits requires dedi-
cated study, and we emphasize that our limits are derived
from a more robust statistical procedure.

As new neutrino telescopes around the world [69] start
or ramp up operations [67, 70, 100] we anticipate detect-
ing more high-energy neutrino flares with which to test
Lorentz invariance—and fundamental physics in general.
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[70] C. Guépin, K. Kotera, and F. Oikonomou, High-
energy neutrino transients and the future of multi-
messenger astronomy, Nature Rev. Phys. 4, 697 (2022),
arXiv:2207.12205 [astro-ph.HE].

[71] R. Abbasi et al. (IceCube Collaboration), Observa-
tion of high-energy neutrinos from the Galactic plane,
Science 380, adc9818 (2023), arXiv:2307.04427 [astro-
ph.HE].

[72] M. Bustamante, The Milky Way shines in high-
energy neutrinos, Nature Rev. Phys. 6, 8 (2024),
arXiv:2312.08102 [astro-ph.HE].

[73] M. G. Aartsen et al. (IceCube Collaboration), Energy
Reconstruction Methods in the IceCube Neutrino Tele-
scope, JINST 9, P03009, arXiv:1311.4767 [physics.ins-
det].

https://doi.org/10.1007/JHEP04(2010)066
https://doi.org/10.1007/JHEP04(2010)066
https://arxiv.org/abs/1001.4878
https://doi.org/10.1088/1475-7516/2010/09/009
https://arxiv.org/abs/1006.3082
https://arxiv.org/abs/1006.3082
https://doi.org/10.1016/j.nuclphysbps.2011.10.007
https://doi.org/10.1016/j.nuclphysbps.2011.10.007
https://doi.org/10.1103/PhysRevD.85.016013
https://doi.org/10.1103/PhysRevD.85.016013
https://arxiv.org/abs/1108.1799
https://doi.org/10.1103/PhysRevLett.115.161303
https://doi.org/10.1103/PhysRevLett.115.161303
https://arxiv.org/abs/1506.02043
https://doi.org/10.1103/PhysRevLett.115.161302
https://arxiv.org/abs/1506.02645
https://doi.org/10.1103/PhysRevD.93.085004
https://doi.org/10.1103/PhysRevD.93.085004
https://arxiv.org/abs/1512.07228
https://doi.org/10.1038/s41567-018-0172-2
https://arxiv.org/abs/1709.03434
https://doi.org/10.1038/s41567-022-01762-1
https://arxiv.org/abs/2111.04654
https://arxiv.org/abs/2310.15224
https://doi.org/10.1086/312057
https://arxiv.org/abs/astro-ph/9904164
https://doi.org/10.1023/A:1001980530113
https://doi.org/10.1023/A:1001980530113
https://arxiv.org/abs/gr-qc/9911055
https://arxiv.org/abs/2312.00409
https://arxiv.org/abs/2406.01182
https://doi.org/10.1103/PhysRevLett.111.021103
https://doi.org/10.1103/PhysRevLett.111.021103
https://arxiv.org/abs/1304.5356
https://arxiv.org/abs/1304.5356
https://doi.org/10.1126/science.1242856
https://arxiv.org/abs/1311.5238
https://doi.org/10.1103/PhysRevD.104.022002
https://doi.org/10.1103/PhysRevD.104.022002
https://arxiv.org/abs/2011.03545
https://doi.org/10.3847/1538-4357/ac4d29
https://doi.org/10.3847/1538-4357/ac4d29
https://arxiv.org/abs/2111.10299
https://doi.org/10.1103/PhysRevD.110.022001
https://doi.org/10.1103/PhysRevD.110.022001
https://arxiv.org/abs/2402.18026
https://doi.org/10.1093/mnras/stad3653
https://doi.org/10.1093/mnras/stad3653
https://arxiv.org/abs/2210.01650
https://doi.org/10.1103/PhysRevD.107.042005
https://doi.org/10.1103/PhysRevD.107.042005
https://arxiv.org/abs/2211.09447
https://agenda.infn.it/event/37867/contributions/233917/
https://arxiv.org/abs/2407.00328
https://doi.org/10.3847/1538-4357/ad18d6
https://arxiv.org/abs/2309.12130
https://doi.org/10.3389/fspas.2019.00023
https://doi.org/10.3389/fspas.2019.00023
https://arxiv.org/abs/1903.06714
https://arxiv.org/abs/2110.10074
https://arxiv.org/abs/2110.10074
https://doi.org/10.1016/j.jheap.2022.08.001
https://doi.org/10.1016/j.jheap.2022.08.001
https://arxiv.org/abs/2203.08096
https://doi.org/10.1126/science.abg3395
https://arxiv.org/abs/2211.09972
https://arxiv.org/abs/2211.09972
https://doi.org/10.22323/1.395.1185
https://arxiv.org/abs/2107.13534
https://doi.org/10.1038/s42254-022-00504-9
https://arxiv.org/abs/2207.12205
https://doi.org/10.1126/science.adc9818
https://arxiv.org/abs/2307.04427
https://arxiv.org/abs/2307.04427
https://doi.org/10.1038/s42254-023-00679-9
https://arxiv.org/abs/2312.08102
https://doi.org/10.1088/1748-0221/9/03/P03009
https://arxiv.org/abs/1311.4767
https://arxiv.org/abs/1311.4767


16

[74] F. Bradascio and T. Glüsenkamp (IceCube Collabora-
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FIG. A1. Probability density function, P(Eν |Êµ). This is the first term in the integrand in Eq. (A1), computed numerically
using the data from Ref. [15] and then smoothed with a Savitzky-Golay filter [101]. See Appendix A for details.
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FIG. A2. Probability density function P(Êµ|Êµ,i). This is the second term in the integrand in Eq. (A1), computed using
Eq. (A2), for all the muon tracks detected by IceCube from the direction of TXS 0506+056 during the IceCube observation

period IC86b [15]. We take the central values Êµ,i from the IceCube public data release [76]. See Appendix A for details.

observation period IC86b [15]. This is computed as

Pi(Eν) =
1

N

∫ Êmax
µ

Êmin
µ

P(Eν |Êµ)P(Êµ|Êµ,i)dÊµ , (A1)

where Êµ,i is the reported central value of the muon
energy proxy of the i-th event. Here, N is a nor-
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malization constant that ensures that
∫∞
0

Pi(Eν)dEν =

1, P(Eν |Êµ) is the conditional probability distribution
function that, given a measured muon energy proxy
Êµ, the energy of the parent neutrino was Eν , and

P(Êµ; Êµ,i) is the probability distribution function of the
muon energy proxy for this event. Below we expand on
the two latter terms.

Figure A1 shows the first term in the integrand in
Eq. (A1), P(Eν |Êµ). To compute it, we start from the

data in Fig. S4 of Ref. [15], which shows P(Êµ|Eν). (We
use the tabulated data for Fig. S4 in the IceCube pub-
lic data release [76] that accompanies Ref. [15].) We use
these data to numerically build the cumulative distribu-
tion function P(E′

ν ≤ Eν |Êµ). From it, we compute
the conditional probability distribution function that we
seek, P(Eν |Êµ) = dP(E′

ν ≤ Eν |Êµ)/dEν .

Figure A2 shows the second term in the integrand
in Eq. (A1), P(Êµ|Êµ,i), computed for all of the muon
tracks detected during the IC86b observation period [15].

We model P(Êµ|Êµ,i) as a normal distribution centered
on the central value of the muon energy proxy of the
event, Êµ,i, i.e.,

P(Êµ|Êµ,i) ≡
1√

2πσ(Êµ,i)
exp

[
− (Êµ − Êµ,i)

2

2σ2(Êµ,i)

]
,

(A2)
where we have taken the uncertainty in measuring the
deposited energy to be 10% in logarithmic scale [102],

i.e., σ(Êµ,i) ≡ max[|101.1 log10(Êµ,i/GeV) − Êµ,i|, |Êµ,i −
100.9 log10(Êµ,i/GeV)|] in order to keep the largest between
the lower and upper uncertainties.
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