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ABSTRACT

A gauge theory with colour gauge
group U(N) and quarks having a colour index
running from one to N is considered in the
limit N—- o, gzN fixed. It is shown that
only planar diagrams with the quarks at the
edges dominate ; the topological structure of
the perturbation series in 1/N dis identical
to that of the dual models, such that the number
1/N  corresponds to the dual coupling constant.
For hadrons N is probably equal to three. A
mathematical framework is proposed to link these
concepts of planar diagrams with the functional
integrals of Gervais, Sakita and Mandelstam for

the dual string.
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1. — INTRODUCTION

The question we ask ourselves in this paper is how to construct
a field theory of strong interactions in which quarks form inseparable bound
states. We do not claim to have a satisfactory solution to that problem,
but we do wish to point out some remarkable features of certain (gauge) field

theories that make them an interesting candidate for such a theory.

First we have the singular infra-red behaviour of massless gauge
theories 1) that makes it impossible to describe their spectra of physiceal
particles by means of a perturbation expansion with respect to the coupling
constant. It is not inconceivable that in an infra-red unstable theory long
range forces will accummulate to form infinite potential wells for single

quarks in hadrons.

The Har-Nambu quark theory 2> gives a qualitative picture of
such forces between quarks : a very high, or infinite, energy might be
required to create a physical state with non-zero "coglour" quantum number.
It is natural to take the symmetry corresponding to this quantum number to
be a local gauge symmetry of some group su(N). In that case, a formal
argument in terms of functional integrals has been given by Amati and
Testa 3) that supports the conjecture that "ecoloured" states have infinite

energy .

In this paper we put the emphasis on an interesting coincidence.
If we consider the paresmeter N of the colour gauge group SU(N) as a free
paremeter, then an expasnsion of the amplitudes at N — ® arranges the
Feynman diagrams into sets which have exactly the topology of the gquantized
dual string with quarks at its ends. The analogy with the string can be
pursued one step further by writing the planar diagrams in the light cone
reference frame. In Section 6, we write down & Hamiltoniar that generates
all planar diagrams, in a Hilbert space of a fixed number of quarks. The
gquarks are inseparable if and only if the spectrum of this Hamiltonian

becomes discrete in the presence of the interactions.



2. - U(N) GAUGE THEORY

In order to show that the set of planar diagrams may play a
leading r8le if certain physical parameters have certain values, we first
formulate a possible gauge theory for strong interactions in which the

parameters N and g have arbitrary values.

The quarks Pis n. and Ai form three representations of

the group U(N) ; i=1,...,N. Let us assume that an observer can dis-
tinguish between p, n and A, but that he cannot distinguish the

*
different colour componerts (see also Section 3) .
There is an anti-Hermitian gauge (vector) field
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The index a runs from one to three
2 3
?’ = P ; 1 = n ; 1 = g (2.4)

*
) We do not know whether this assumption is really essential for the theory,

but it does simplify the arguments in Section 3.



For sake of simplicity we do not make the restriction that the
trace of the gauge field, Ai should vanish, and so we will have a photon
corresponding to the Abelian subgroup U(1) of U(N), and coupling to
baryon number. Of course we could dispose of it, either by replacing U(N)
by SU(N), or when we switch on weak and electromagnetic intersctions
through the "Higgs mechanism". But for the time being it is there and we
must keep it in mind when we finally interpret the results of our calculations.

4),5)

The Feynman rules may be formulated as usual in any suitable

gauge. Let us take the Feynman gauge. We add to the Lagrangian

’%au'qi)/,a QvA) lv - a/nqs*jb(a,(ﬁtj" 9[@,)¢]gj)»
(2.5)

where £ is the Feynman-DeWitt-Faddeev-Popov ghost field. ©Now the bilinear
parts of the Lagrangian generate the propagators end the interaction parts

the vertices.

In order to keep track of the indices, it is convenient to split
the fields A/&ij into complex fields for 1 > j and real fields for i = j.
One can then denote an upper index by an incoming arrow, and a lower index
by an outgoing arrow. The propagator is then denoted by a double line. In

Fig. 1, the vector propagator stands for an A propagator to the right

. J
if 1i>J ; an A,uji propagator to the lefguif i < j and a real pro-
pagator if i= j. The extra minus sign in this propagator is a consequence
of the anti-Hermiticity of the field A [Eq. (2.1)]. The ghost fields satis-
fy no Hermiticity condition and therefore their propagators have an

additional arrow (Fig. 1).

The vertices always ccnsist of Kronecker delta functions connect-
ing upper and lower indices, and thus connect ingoing with outgoing arrows.

The quark propagators consist of a single line.

As usual amplitudes and Green's functions are obtained by adding
all possible (planar and non—planar) diagrams with their appropriate combi-
natory factors. Note now that the number N does not enter in Fig. 1 (this

would not be the case if we would try to remove the photon).
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But, of course, the number N will enter into expressions for
the amplitudes, and that is when an index-line closes. Such an index loop

gives rise to a factor

>5t = N

<

3. —THE N - ®» LIMIT

In Section 1 we assumed that the observer is colour-blind. This
can be formulated more precisely : only gauge-invariant quantities can be
measured. A measuring apparatus can formally be represented by a ¢ number
source function J(x) whick is coupled to a gauge invariant current, for

instance

Z‘ Finc
t (3.1)

We observe from Fig. 2 that index lines never stop at a gauge invariant
external source, but they continue. "Index loops" going through an

external source also obtain a factor N, because of the summation in (3.1).

We are now in the position that we can classify the diagrams
with gauge invariant sources according to their power of g and their power
of N. Let there be given a connected diagram. First we consider the two-—
dimensional structure obtained by attaching little surfaces to each index
loop. We get a big surface, with edges formed by the guark lines, and which
is in general multiply conhected (contains "worm holes"). We close the

surface by also attaching little surfaces to the quark loops separately.

Let that surface have F faces, P 1internal lines or propa-
gators, and V vertices. Here F =0L+I, where L is the number of quark
loops and I +the number of index loops ; and V = %;Vn, where Vn is the

number of n point vertices. The diagram is associated with a factor

N (5.2)
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By drawing a dot at each end of each internal line, we find that

the number of dots is

ZP = ;h\/m >
(3.3)

and Eq. (3.2) can be written as

2P- 2V F - L
r=1 N ‘ (3.4)

Now we apply a well-known theorem of Euler :

F_-P +V = 2-2H
(3.5)

where H counts the number of "holes" in the surface and is therefore always

positive (a sphere has H = 0, a torus H = 1, etc.). And so,

1
LV, +V, 2-2H- L

r = (1ZN> N . (3.6)

Suppose we take the limit

N > oo .

g - 0
N = gqr (fired) (5.7

If the sources are coupled to quarks, then there must be at least one quark
loop : L > 1. The leading diagrams in this limit have H =0 and L = 1,
they are the planar diagrams with the quark line at the edges (Fig. 3).

Note, however, that the above arguments not only apply to gauge
fields but also to theories with a global U(N) symmetry containing fields
with two U(N) indices, but from the introduction, it will be clear why we

concentrate mainly on gauge fields.
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It is interesting to compare our result with that of Wilson 6), who
considers gauge fields on a dense lattice and also finds structures with the
topology of a two-dimensional surface. It is not difficult to show that also
Wilson's surfaces are associated with factors 1/N2 and 1/N for each wcrm

hole or Fermion loop, respectively.

The dual topology of the set of planar diagrams has been noted
before 7). Here we see that the analogy with dual models goes even further ;
the expansion in powers of 1/N corresponds to the expansion with respect
to the dual coupling constant in dual models. If we adopt the Han-Nambu
picture of hadrons 2 then N 1is very likely to be three. This seems to

give a reasonable order of magnitude for the dual coupling constant.

Let us now formulate our theory more precisely. We assume that
there is a local gauge group of the type U(B), [ér SU(BXI for which no
preferred reference frame in the form a Higgs field exists. Such a theory
is infra-red unstable 1) which implies that infra-red divergences accummulate
instead of cancel, and the physical spectrum is governed by long range forces.
A simple-minded perturbation expansion with respect to g, in Eq. (3.7) does
not describe the spectrum and the S matrix. But the 1/N expansion may be
a reasonable perturbation expansion, in spite of the fact that N 1is not

very big.

4. - PLANAR DIAGRAMS IN THE LIGHT CONE FRAME

The theory implies that we have to sum all planar diagrams in
order to get the leading contributions to the amplitudes. Attempts to
calculate certain large planar diagrams are known in the literature 7)
but it seems to us that the choice of diagrams there is rather arbitrary,
and the replacement of a propagator by Gaussian expressions seems to be
a bad approximation. We believe that a more careful study of this probklem

is necessary.

Let us consider any large planar diagram (Fig. 5). For a moment

we shall abandon the rather complicated Feynman rules of Fig. 1, replacing

the vertices by simple local q 5 or q>4 interactions.



- 7 =

We immediately face two problems :

1) how to find a convenient parametrization scheme to indicate a point of

the graph in the plane, in terms of two parameters & and T ;

2) how to arrive at Gaussian integrands, in order to be able to do the

integrations.

These two problems can be solved simultaneously by going to

8)

light-cone co-ordinates : we write

T

pE oo L (p22 %) (P p?)

]
i

X~ = '7',_("31"0) , 3?=("1»"2)

(4.1)

Although the gauge particles are massless, we shall consider the slightly

more general case of arbitrary masses. The propagators are then
1 1
. ~ - 2 N
CONEENT S (4:2)

[for sign conventions, see Ref. SZI. We go over to a mixed momentum co-
ordinate representation : at each vertex 'V(u ) we perfo?m an integration
over its time co-ordinate XE“‘)’ and to each window P'T of the graph
corresponds an integration over the momenta 5ki) and pzi) (always
directed anti-clockwise). In terms of these variables the propagator is the

Fourier transform of (4.2) with respect to p_,

(4.3)

Here x' 1is the time difference between the two end points of the line, and
(5, p+) are the difference of the momenta (S(i)’ p?i)) circulating in the
windows at both sides of the line. Note that the propagator (4.3%) is

Gaussian in the transverse momenta p.



The parametrization problem can be solved by exploiting the famous

e function in (4.3). If we divide the set of vertices into : (a) those with

(«) < a, and (b) thOSe with X(uf) > a, then all lines *) going from (a)
to (b) have positive p . Now imagine a horizontal line with length ptotal
and divide it into segments, each corresponding to a propagator going from
(a) to (b), and with a length equal to the (positive) value of p"  in that
propagator (Fig. 6). If we now vary the number a, then this line sweeps
out a surface with constant width, in which the propagators correspond to
blocks ; loops in the original diagrams now correspond to vertical lines,
and vertices are now horizontal lines. See Fig. 7 in which we numbered the
blocks corresponding to the propagators in Fig. 5. We see that the variables
p+ and x' are suitable co—ordinates. The integration in the transverse
momenta (or co—ordinates) is Gaussian. Summing and integrating over all
possible topologies in the p+ =t plane is equivalent to performing the

L + _+ . . . .
remaining p X integrations and the summations over the diagrams.

It is convenient at this point to perform a Wick rotation

lX+ = T .
(4.4)
The factor 1 in the exponent (3.3) now disappears, together with the
factors 1 at each vertex :
. 3
(er)jtj\dx+ > (2a)' ) dv ,
(4.5)

and all amplitudes become real, Gaussian integrals [Ehe 6 function in

(4.3) now becomes 9(17p+), defining the new regions of integrationé].

*
) If we want to keep the diagram planar while dividing it into blobs (a)
and (b), then we must expect lines going from (a) through (b) back to
(a), etc. But it is easy to convince oneself that in those cases the

diagram is zero as a consequence of the 6 functions.
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5. — COMFPARISON WITH THE DUAL STRING

Instead of considering the transverse momenta 3, we could study
the diagrams in transverse ccoc-ordinate space. Then we would have a transverse
variable X at each vertex of Fig. 5, or at each horizontal line in Fig. 7.
The propagator is alsc Gaussian in terus of the %. The integrand is (after

the Wick rotation)

+
ap.y P
Cowp [ - Z [ ZEL f(5- 50

i 2(-5',-1-).) (5.1)
where C is independent of the transverse variables, and the summation is

performed over all pairs of adjacent horizontal lines in Fig. 7. jlpzj

stends for the width of the block betweer 1 and J.

This is to be compared with (the essential part of) the functional

integrand for the quantized string :
IR \2 3% \2
C £xp —fa(o‘o{t'[\/;;) +(a7'r) :l > (5.2)

where %( oy‘t) is now a continuous variable on a similar rectangular
surface 9). The difference between (5.1) and (5.2) is profound. The first
differerce is that in Eq. (5.1) we have a partition of the dual surface
into meshes, and seconly in (5.1) one must also integrate over all longitu-
dinal variables and sum over all diagrems. This integration and summation
together correspond to the summation over all partitions into meshes. The
detailed structure of the meshes will depend on the initial Feynman rules,
and from those it will probably deperd whether (5.1) can be approximated

by (5.2) in any way. If so, then the "dual string" will be an approximate

golution of the dynamical equations of our gauge model.



6. — A HAMILTONIAN FORMALISM

Attempts to attain more understanding of the peculiarities of
planar diagram field theory have failed until now. There exists, however,
a Hamiltonian for this system that might be useful. For simplicity, we
confine ourselves to the planar diagrams of q)B theory (again defined
by means of a certain N - ® limit). A representation of states IV’>
in a Hilbert space is defined as a set of structures like in Fig. 6 :

a number of "particles" is sitting on a line segment with length pzotal'

They have co-ordinates pzl i= Tyeee9r 3 T =0,1y... - A transverse loop

integration momentum 5i is assigned to each "particle" (the "particles"

in Fig. 6 actually correspond to loops in the original diagram). We put

Stotal = 0, so that 3 = 0 on the boundaries at the left and at the right.
A Wick rotation is not necessary here, so we can take X+ to

be real. The xT axis is divided into small segments x;, x+

P ERRRE
with

n?

(6.1)

Now we write the amplitude formally as

-reH —igH -
A= Coutle  ly>, <yle >, &yl clin>,
X";‘_ xy\-g XV\»?. Xo

(6.2)

where summation and integration over the intermediate states is understood.
We now construct the Hamiltonian H that will yield the sum of all planar

diagrams. Expand

e"’iH = l-1eH = l-:'i(Ho+Fl,),

(6.3)

where HO will be taken to be diagonal in the above-defined representation.

If no vertex occurs between x; and x;+1 then only HO contributes to

<yl S >,

Xk+ Xk



Taking

}.l - Z miz"' (F{“Pi-i)z )
¢ 2(pi-Pta) (6.4)

we get the correct exponential parts of the propagators [éompare (4.32].

At the vertices (horizontel lines in Fig. 7), our "particles"
are created or annihilated. Here H is in action. Let us define operators

1
a'(P,p") and a(P,p"), with

[a"(F.p*), a(K. k)] = S(F-F) G-k,

creating resp. annihilating "particles". We can then take H, = V-i-V-t
1 b

with

: ~ 4+

V= -(zn)’a(nen3)‘3/‘fap+jdl',s o(F.p) _
| V- )(pE-p NPT~ PR

(6.6)

where ) is the coupling constant ; p+ and p+ are the co-ordinates of
r £

the closest neighbours at the right and at the left of the point p+.

Substituting this interaction Hamiltonian into (6.3) and (6.2),
we find exactly the Feynman rules for planar diagrams : the square root of
the width of each block in Fig. 7 always occur twice, thus giving rise to the

required factor 1/pt  in the propagator (4.3).

In our gauge theory model, a similar Hamiltonian will describe
one quark and one antiquark in interaction. If our theory is to describe
hadrons, then its spectrum should come out to be discrete. To the contrary,
HO in (6.4) has clearly a continuous spectrum, and a simple-minded pertur-
bation expansion in H1 will not change the situation. A serious difficulty
is the following. Tet { |E > | be the eigenstates of H/ with a conti-
nuous spectrum for E. They are states with a given number of "particles".

Then we have from (6.6) :

E|HlE> = O,
(6.7)



_12_

for all E > It can easily be shown that as a consequence of that, H1
cannot possibly raise the continuous part of the spectrum by an infinite
amount. The only mechanism that might raise the continuous part of the
spectrum away to infinity is the renormalization procedure, because

infinite counter terms in HO may be necessary.

7. - CONCLUSION

We are still far away from a satisfactory theory for bound
quarks. But, guided by the topological structure of the dval theories,
we are led to the planar diagram field theory, in terms of which our
problem can easily be formulated : if the eigenstates of a certain Hamiltonian
"ecrystallize" into a discrete spectrum, despite the fact that the zeroth order
Hamiltonian is continuous, then the original particles will condensate into a

string that keeps quarks together.

As for baryons, the situation is even more complicated. The
Han-Nambu theory clearly suggests N = 3. In that case we can raise or

lower indices in the following way :

) l.)‘ - an - - q)t
q -> ) 13 g.‘ (7.1)

Taking Pis 1y and )13 as our elementary Fermions we can again consider
the N - ® 1limit. The A quark will then sit in the middle of a "string"
with p and/or n quarks at its ends : we have a string with 2 or /\

baryons ! Similarly protons, neutrons and all other baryons can be constructed.

It will be clear that in the case of baryons the 1/N expansion

is extremely delicate.

If calculations will be possible at all in this theory, then the

dual coupling constant will be calculable and of order 1/3.
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FIGURE CAFPTIONS

Figure 1

Feynman rules for U(N) gauge theory in Feynman gauge.
Gauge invariant source function.
One of the leading diagrams for the four-point function.

Two diagrams of higher order in 1/N
(a) obtain a factor 1/N ;
(b) obtain a factor 1/8°,

as compared with the lowest order graphs of the previous figure.

Example of a planar diagram, divided into two regions a and b

(see text).

The components p+ of the momenta of the procpagators that

cross the dotted line in Fig. 5.

A new representation of the same diagram. The blocks here
correspond to the propagators in Fig. 5 and have been

numbered accordingly.
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