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Introduction

We want to present the basics of a new point of view in a variety of areas using the idea of
Dual Vector Fields. These topics include operator calculus, representations of Lie algebras,
analytic semigroups, and probability semigroups.

Ph. Feinsilver
Feb. 2006



1 Coherent State Representations:
Operators and Duality

Let us start with the basics of operators and duality with some examples relating to
probability theory.

I. Simple Fock Spaces

We have a vector space H with a basis {1, }n>0. Throughout, our scalars will be C, the
complex numbers, or alternatively, we restrict to R, the real numbers.

The Dirac notation writes 1, = |n), called “ket”, where the label n is the eigenvalue of
an operator on H. In this case, it is the number operator, N', N'i,, = n,,. In other words,
N is diagonal in this basis with eigenvalues {0,1,2,...}. In realizing these as functions,
it is convenient to label them according to the number of underlying variables. For d
variables, {z1,..., 24}, we write the basis as ¢, = ¥, .. n, = |N1,...,nq), s0 that n
denotes the corresponding multi-index (ng, ..., nq), with number operators N;v,, = n; 1y,.
Then N = Y, N; acts as N, = |n| )y, the total degree of 1),,. The state |0) is called
the wacuum state, is often denoted by €2, and is mapped to the zero vector by all lowering
operators.

1.1 RAISING AND LOWERING OPERATORS
For a single index, introduce raising and lowering operators, R and V.
Rln)=|n+1), V|in)=n|n-1)
Think of going from ™ — ™! by multiplying by x, and correspondingly from
2" — na" ! by differentiation. The specific operators analogous to differentiation are
denoted by V’s and referred to as welocity operators as “lowering operator” refers more
generally to any operator lowering the degree. For d variables, we have
Riln)=|n+e)=|ny,...,n;+1,...,n4), Viln)=mn;n—e;)
where e; is a vector of 0’s except for a 1 in the i*" spot.

1.2 LIE ALGEBRAS

A Lie algebra, g, is an algebra where the multiplication, denoted by brackets [a, b], satisfies
[a,a] = 0 and the Jacobi identity

[a,[b, c]] + [c, [a, b]] + [b, [c,a]] =0

1



In our case, we will use the Lie product given by [a,b] = ab — ba, the commutator on an
associative algebra.

A representation of g is a realization of g where the elements are given as linear maps
on a vector space and the Lie product maps to the commutator. The action of a as a linear
map on g given by b — [a,b] is the adjoint representation, the mapping written as

(ada)(b) = [a,b]

Typically a Lie algebra is specified by prescribed commutation relations on a basis. Ele-
ments a and b commute if [a,b] = 0. Commutation relations between commuting elements
are not explicitly indicated.

Throughout, we will use { £1, &2, ...,&4 } as the basis for a d-dimensional Lie algebra. Then
the Lie algebra is determined by the linear maps

(ad &) (&) = [&k- &) = ZC;W&

The coefficients ¢}, ; are called the structure constants of the Lie algebra. These determine
matrices of the adjoint representation, which we denote by &y,

(k)i = ciy
The fact that this is a representation follows from the Jacobi identity.

We work mainly with operators acting on polynomials and by extension to holomorphic
functions defined in some given neighborhood of 0, which we call locally holomorphic
functions. Alternatively, we can use formal power series. We refer to these three classes of
objects as “suitable functions”.

The Heisenberg- Weyl algebra is given by the commutation rule

[€3,&1] = &

where it is implicit that & is in the center, i.e., it commutes with & and £3. A matrix
representation of the HW algebra is

0 0 0 0 0 1 0 1 0
51 = 0 0 1 ’ 52 = 0 00 ) 53 = 0 0 O
0 0 0 0 0 0 0 0 0
Note that the adjoint representation is different:
5 0 0 O 5 0 0 0 5 0 0 0
=100 —-1], &=(0 0 0}, &= 1 00
0 0 O 0 0 0 0 0 0



1.3 REPRESENTATIONS OF HW

Now, notice that, for one variable, R and V acting on the vectors | n ) satisfy [V, R] = I,
where [ is the identity operator, i.e.,

(VR-—RV)|n)=(n+1—n)|n)=|n)
And I commutes with all operators. So this is a representation of the HW algebra.

Remark. We will usually identify a multiple of the identity operator, say, cI, with the
number c.

Let’s use the realization of operators on polynomials as follows. We denote
X operator of multiplication by =, D differentiation with respect to x

The basis is |n) = 2™, with |0) = 1. For polynomials in d variables, we have correspond-
ingly X; as multiplication by x; and D; partial differentiation with respect to x;. Note the
commutation relations

[Dj, Xi] = 651

which prescribe the d-dimensional HW algebra. Any family of operators { R;,V; } satisfy-
ing analogous commutation relations are called boson operators in quantum probability.

Note that any Lie algebra may be realized using first-order differential operators, vector
fields, by the mapping,

& — Xac), Dy

called the Jordan map.
Notation. Our summation convention is: Greek indices are always summed.

When we have specific realizations of R’s and V’s acting on polynomials or spaces of
functions, we denote the corresponding operators by R’s and V’s.

1.4 EXAMPLES IN PROBABILITY THEORY

Interesting examples are available from probability theory. We look at the moment polyno-
mials arising from a distribution and we look at certain families of orthogonal polynomials
for some probability distributions.



1.4.1 Gaussian

—a?/(2t)
Let p(dzx) = eﬁ dz be the Gaussian density with mean zero, variance ¢ > 0. Defin-
ing

hn(x) = /OO (z+y)" pe(dy) = /OO (z + yvt)"p1(dy) (1.4.1.1)

— 00 — 00

we write this, using angle brackets to denote expected value, as
((z+ X))
where X; is the corresponding Gaussian variable.

One sees that V = D, i.e., Dh,, = nh,,_1. The raising operator, R, is no longer X, but,
in fact, is R = X + tD. This can be written as a recurrence formula. Another way to
think of it as a realization of X in terms of R and V. From X = R—tD = R—tV we have

.’Ehn = hn+1 —tn hn—l

It turns out that a family of Hermite polynomials is orthogonal with respect to this
distribution. They are given by

@) = [~ @+ )" ity

where ¢ = y/—1. From the second formulation in equation (1.4.1.1), we see that one has

replaced ¢ — —t. Thus,
R=X—1D, V=D

for the Hermite polynomials. The recurrence is thus
xdjn = hn—l—l +tn hn—l
which is the three-term recurrence a family of orthogonal polynomials must satisfy.

Notice that R* =tV the operator adjoint to R with respect to the inner product

= [ 7 F W) puldy)

on polynomials or smooth functions with derivatives in L?(R) of the corresponding Gaus-
slan measure.



1.4.2 Poisson

Now consider the Poisson distribution, with
I
pi(z) =€t )

for integer x > 0. The Poisson-Charlier polynomials are orthogonal with respect to this
Poisson distribution. They have generating function
_ (U
G(v) =Gviz,t) = (L+v)"e ™ =) — P, t)

n>0

Verifying that (G(v)G(w)) is a function of vw alone shows that the polynomials P, are
indeed orthogonal. We have the difference operator expressed in terms of D by

(e” =1 f(z) = flz+1) - f(2)

on polynomials (in general, suitable functions). Notice the duality “multiplication by v”
and the lowering operator VP, = nP,_;. Acting on G, we see that V = e — 1. The
raising operator R is dual to differentiation with respect to v. In other words, the operators
V, R are given by transferring the action of the HW representation “multiplication by v,
differentiation with respect to v” via the generating function G to the sequence { P,, }. We
must express the result of differentiating with respect to v in terms of X and D. Noting
that

we find the HW representation
R=Xe P —1I, V=el-1T

Solving, we find
X=[R+t)1+V)=t+R+RV +tV

Note that RV is the number operator. Thus the recurrence formula

IEPn:Pn_|_1+(TL+t>Pn+TLtPn_1

1.4.3 Analytic HW realizations

To see why we expect that [V, R] = I from the above formulas, we first note that for
any polynomial f(x), inductively it follows that [V, f(R)] = f'(R) acting on kets. Dually,
[f(V),R] = f'(V). So the analogous formulas hold for all boson operators. These extend
to suitable functions f. In particular, if V(z) denotes a locally holomorphic function, such
that V(0) =0, V'(0) # 0, we define canonical boson operators associated to V' by

R=XW(D), V=V(D)

where W (D) = V/(D)~!, a notation to be used consistently throughout. The vacuum for
the representation is the function equal to 1.



1.5 RAISING AND LOWERING OPERATORS REVISITED

We always have the actions of R and V the same as the corresponding actions of the
abstract operators R and V), so we will use them interchangeably. The question is to
express various operators in the representation of the Lie algebra in terms of R’s and V'’s.
In particular, of interest is the operator L, the adjoint of R, with respect to the inner
product of the L? space of the underlying measure.

The properties of these operators are determined by the squared norms. Let L, =
bn¥n—1. Then the condition L = R* yields

<¢n: 7vljn> = Vn = bnYn-1
With [|Q2 = 1, by = 0, we get
Tn = b1b2"'bn
From the Gaussian example, we have R = X —tD, L =tD. Thus, the squared norms are
| H,||? =t"n!.

II. Coherent states and CSR’s

The techniques we use are based on dualizing the action of operators through a generating
function. For the HW algebra, the basic generating function is the exponential. Borrowing
terminology from quantum physics, we call the generating function

P, = T
a coherent state. To get an inner product space, let

<¢’I’L7 7»[Jm> = 6mnn'

That is, v, = n!. In this way, we have (R, ¥.,) = (¥n, Vb)), i.e., R and V are adjoint
with respect to the inner product.

Note that
Vi, = Ve 2Q = eV Q + [V, e"F]Q = ve"2Q = vy,
Thus, on 1, we have

0
R’vaz %djv, V¢vzv¢v
rendering the duality R < differentiation, V' « multiplication. Multiplying by v /m!
and summing gives (¢,,,) = v™. Multiplying by w™/n! and summing gives the inner
product of coherent states
<¢w7 ¢U> = va =e"

This function is called the Leibniz function as it embodies the Leibniz rule for differenti-
ating the product of functions. It satisfies the partial differential equation

oY

5 = (R, ) =0T (2.1)

which is another way of expressing that the adjoint of R on this space is V.



2.1 CSR’S FOR HW

The coherent state representation of an operator @, say, is defined by

_ (Ww, Qi)
(Q)wo = D t00)

For the Gaussian case, we have R = X —tD, L = tD. Proceeding as above, we have
va — <6wRQ,6vRQ> — etwv

Differentiating with respect to v yields the CSR of R, differentiating with respect to w
yields the CSR of L. We find

(R oy = tw, (LYyy = tv
The partial differential equation, cf. equation (2.1),

oY
8—11) = t'UT

is another way to see that L =tV.

2.2 REPRESENTATIONS OF SL(2)

A second basic example is given by the Lie algebra sl(2) of 2 x 2 matrices with zero trace.

The basis given by
0 1 1 0 0 O
=0 0) =0 5) a=(40)

satisfies the commutation relations
[A,R]=p, [p,R]=2R, [A p]=2A

An operator realization is given on functions of d variables:

1 82 1 2 0 d
Azﬁz 87?’ 3252%7 pszj@Tj—'—i

so that A is one-half times the Laplacian acting on radial functions and p is a variation
on the number operator.

The basis vectors for the representation space are ¥, = R"Q), with AQ = 0, pQ2 = £, for
some scalar c. Inductively we find the commutation rule

[A,R" =n(p+n—1)R"!

Applying this to € yields
A"vbn = TL(C +n— 1>¢n—1



2.3 COHERENT STATES AND CSR’S FOR SL(2)

Taking A as lowering operator L, we have L = ¢V + RV? and the squared norms

lonl* = nl(c)n

Proceeding as before, we have, with 1, = e??Q,

(¢n, o) = (€)n0"
Multiplying by w™/n! and summing gives the Leibniz function
Yo = (1 —wv)™°
This satisfies the partial differential equation

or 50T
a—w—ch-l-v 0

corresponding to the lowering operator cV + RV?2.

It is useful to denote the operators of the representation as A, 0, R. So for the Lie algebra
we have R = R and A = ¢V + RV?. Then,

p=[A R =c+2RV

We use this relation to find the CSR of p, converting it via

(c+ 2RV ), = (c+ 2U%)’¢v

to

(b = e+ 20
Plrov = €T ¥ 5y

Differentiating, we find directly the CSR’s of R and A. Thus,

cw 1+ wv cv

<R>wv = 1 —wo’ <:0>wv = <L>wv =

c
1—wv’ 1—wv



III. Appell families

In one variable, Appell systems {h,,} are typically defined by these properties:
hn(x) is a polynomial of degree n, n >0
Dh,(x) =nh,_1(x)

For N > 1, we have analogously

h,(z) is a polynomial of degree n, n >0

Djhy(x) = nj hp—e; () (3.1)

where degree n means that the polynomial has top term 2™ and other terms are of lower
(total) degree. The condition on the degree is a non-degeneracy assumption that will
become clear below.

Let {h,(x)} be an Appell system. Let

F(z,x) = Z 2" hy(z)/n!

be a generating function for this system. The basic property (3.1) implies

oF
6:51 N

Z F (32)
In general we have the form
F(z,x) =" G(z)
The expansion G(2) =}, 5, 2" cn/n! yields
n
h — n—m
n(T) Z (m) Cm®
m>0

as a generic expression for Appell polynomials . The condition on the degree gives us
co # 0, ie., G(0) #0.

Next we notice that (3.2) may be read from right to left, i.e., multiplication by z; acts as
differentiation D;. Now consider the action of 9/0z;:

oF
o2, = Z 2" Py, () /!

n>0

i.e., 0/0z; acts as a raising operator: h, — hpie;. With G(0) # 0 we can locally express
G(z) = e(®) 5o that F takes the form

F(z,x) = e”*HH(E)

9



where we normalize by G(0) = 1, H(0) = 0. The operators D; and 0/0z; satisfy

F H
DjF:ZjF, 8—:<$J+8—)F
1 (9zj

Thus, X; denoting the operator of multiplication by x;,

OH
hn e; — X; an hn

In summary,

3.1 Theorem. For Appell systems, given H(z) an arbitrary function holomorphic in a

H
neighborhood of 0, the boson calculus is given by R; = X; + %, V; = D,;, with states

|n) = hy,. The h,, have the generating function

Al z-x z Zn
e* ) 0) = @ tH() :thn(x)

n>0

3.1 EVOLUTION EQUATION AND HAMILTONIAN FLOW

Now consider the evolution equation

% = H(D)u, u(z,0) = e**
with H locally holomorphic, as in the above discussion. We find

u(az,t) _ etH(D) eF T — ez~av—|—tH(z)

and expanding in powers of z, we have the Appell system
ho(,t) = etH(P) g

Note that in the previous section the ¢ is absorbed into the H, alternatively, set to 1.
The h, satisfy Ou/0t = H(D)u with polynomial initial condition u(z,0) = z™. Thus,
we see Appell systems as evolved powers. The monomials x™ are built by successive
multiplication by z;, which we denote by the operators X;: X;z" = z"*%. Here we
conjugate by the flow e* :

hn—l—ej — (etH Xje—tH)etH xn — etH xn—l—ej

10



Le., the raising operator is given by R = e/ Xe~* | By the holomorphic operator calculus
we have [e' | X;] = t(0H/OD;)et" | so that

0H
= X t—
RBi=X;+ta5

as we have seen previously (for ¢t = 1).
The mapping (X, D) — (R, V) is given by the Heisenberg-Hamiltonian flow
R — etH Xe—tH V — etH De—tH
which induces an automorphism of the entire Heisenberg-Weyl algebra. As t varies, writ-

ing X(t) for R, we have the Heisenberg-Hamiltonian equations of motion (suppressing

subscripts)
: OH : OH

where in the case H = H(D), D remains constant so that V = D.
3.2 STOCHASTIC FORMULATION

Suppose that H comes from a family of probability measures p; with corresponding random
variables X; by Fourier-Laplace transform as follows:

(X)) = / e”" py(da) = ) (3.2.1)
with H(0) = 0 here corresponding to the fact that the measures integrate to 1. Then

ez.m—i—tH(z) _ /ez~(m—|—u) pt(du)

and
hn(z,t) = /(33 +u)"pe(du) = ((x + Xp)™) (3.2.2)
are moment polynomials.
3.2.1 Proposition. In the stochastic case,
bz t) =3 (1 )um(Ba"
’ m>0 m

where [i,,(t) are moments of the probability measure p;.

11



Proof: Expand out equation (3.2.2). N

The probability measures satisfying eq. (3.2.1) form a convolution family: p; * ps = pis,
with the X; a corresponding stochastic process. In this sense, we see the h,(z,t) as
averages of the evolution of the functions x™ along the paths of the stochastic process X;.

Remark. Unless the measures p; are infinitely divisible, one will not be able to take t to
be a continuous variable. But in any case, we always have Appell systems, analytic in t.
What can be guaranteed is that if e/(*) = [ €** p(dx) then this extends to the discrete-
parameter process for integer-valued ¢ > 0. For other values of ¢, the corresponding
measures will not necessarily be probability measures, i.e., positivity may not hold.

3.3 CANONICAL SYSTEMS

The principal feature of (X, D) in the construction of Appell systems is that they are
boson variables. We can make Appell systems starting from any canonical pair (Y, V),
Y = XW, and evolve under the Heisenberg-Hamiltonian flow

Y =[H,Y], V=[HV]
For H = H(D), V = V(D) is invariant, while, writing H' = (0H/0D;,...,0H/0Dy),
R=Y(t) =" Xe "M W(D) = (X +tH"W

, (3.3.1)
=Y +tH'W

The canonical Appell system is thus h,(z,t) = e y, (z).

3.3.1 Theorem. For canonical Appell systems, we have:

. The generating function

ev.R | 0> — e$~U(’U)+tH(U(’U)) — Z % hn({,(),t)
n>0

. The relation
eV(z)~R | 0> _ ez~av—|—tH(z)

. The form of X
X =RV' —tH'

Proof: The first relation comes by applying et (P) to the generating function for the v,
etH ex~U(v) — ex-U(v)—l—tH(U(v))

on the one hand, which is then the generating function for h,(z,t) = e y,(z). Relation
#2 follows from #1 by replacing v = V(2). For #3, recall eq. (3.3.1),

R= (X +tH W = (X +tH") (V)1
Solving for X yields the result. [ ]

12
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Group theory and special functions: [17] is a must.

Coherent states: [19] gives a general approach
The coherent state representation is based on Berezin quantization, see [4].

Connections of our work to that of Hua [14] merits exploration.
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2 Lie Algebras: Representations and Groups

I. Enveloping algebras

We are given a Lie algebra g with basis { &1,...,&4 }. Originally we considered representa-
tions on the space generated by raising operators R;, which commute. More generally, we
can take the algebra generated by all of the elements & and find the action of g on that
space. The Poincaré-Birkhoff-Witt theorem says that there is an associative algebra with
basis vectors given by ordered monomials

[n) =" = gt g

on which g acts. If there are no other relations imposed besides the defining commuta-
tion relations of the algebra, this yields the wuniversal enveloping algebra, U(g). For any
representation of g as linear maps, the algebra they generate is the associated enveloping
algebra. In general, the corresponding monomials will no longer be linearly independent.

Take, for example, the HW algebra with basis {Q, H, P}, where we may have, e.g., Q = X,
P =tD, H=tI. Then, for U(g)), we have the basis elements

|1,m,n) = Q' H™P"
By induction, we find [P, Q'] = (Q'"'H. Thus, the representation

Qll,m,n)=1]l+1,mn)
H|l,m,n)=]|l,m+1,n) (1.1)
Pllm,n)=|l,mn+1)+1l—1,m+1,n)

We now want to use duality techniques to see how multiplication by the basis elements &;
on U(g) looks. Form the generating function

g =3 A" o _ Z (Ai&)™ - (Ada)™ _ are, | as (1.2)

n! nq! ng!
TLZO ni,nz,...,ng 1 d

This is an element of the group G generated by g, as it is a product of the one-parameter
subgroups generated by the basis elements.

The group law is written in terms of the variables A as
9(A)g(A) = g(Ao A')

14



Example. For the HW group we have, using the 3 x 3 matrix representation

1 0 0 1 0 A, 1 Az O
e =101 A |, e=101 0], =0 1 0
0 0 1 0 0 1 0 0 1
1 Az As
Multiplying these gives g(A)=[ 0 1 A; |. Multiplying
0 0 1

+ B3 Ay + By + A3DB;
1 A+ B
0 1

which, comparing with the form of g(A) yields the group law

(A®B)y =41+ B
(A® B)y = Ay + By + A3Bq
(A® B)s = A3+ B3

We introduce the boson operators R;, V; acting on the basis as
Riln)=|n+e),  Viln)=niln—e;)
The idea is to express the elements of g in terms of R’s and V'’s.
In this Chapter, X will denote a general element of g, with coefficients {«;},
X = auéu
The operator of multiplication by z we will identify with x.
1.1 ADJOINT REPRESENTATION OF THE GROUP

The adjoint representation of the algebra extends to the group by exponentiating the
corresponding matrices. Let Y and X denote any two elements of the Lie algebra. Then

eAYXe—AY — eA ad YX

To see this, observe that u = eY Xe~4Y satisfies

ou
94 Yu—uY = (adY)u

15



with initial condition u(0) = X. We can express this as the series expansion

Am Y
e Xe Y = X + Z &X

n!
n>1

If X is written as a linear combination of basis elements &;, then we get an expression of
the form C),(A)¢{,. Specifically, to extend the adjoint representation to the group, we have
functions Cj ;(A) determined by

e e = O (A& + CF(A)ea + -+ + i (A)éa
- Cl?j(A)fu

The functions C’,ij(A) extend the structure constants of the Lie algebra to the adjoint
group. We denote the corresponding matrices by C’k(A), so that

(Cr(A))i; = Ci;(A)

Note that Cy(0) is the identity matrix for every k.

Example. For the HW algebra, we have (ad P)(Q) = H, (ad P)?(Q) = [P, H] = 0. Thus,
eAPQe " =Q+ AH
For any suitable f,

AT F(Q)e™ Y = f(Q + AH)

Acting on the vacuum with P2 = 0, H) = 1, Q2 = z, we get P acting as a translation
operator

AP f(z) = f(a+ A)
since @ and H commute, we may iteratively calculate eA”QmQ = (x 4+ A)"Q.
Example. Introduce the affine algebra, aff(2), having basis elements &1, &, satisfying

commutation relation [£2,&1] = &;. For example, we may take {; = z, multiplication by z,
& = xD, the number operator. We have

A2
eAt2g1e7 M2 = ¢ + Ag + > &+ =etG

Le., we have the formula

eAmee—AmD — GAZL’

Raising both sides to the n* power, we have, for suitable functions f,
eAme(QZ)e_AmD — f(eAx)

16



Applying this to the vacuum, 1, we get the action
AP f(x) = f(e*)

Denoting A = e shows that zD generates the dilation group

NP f(x) = f(ha)

Example. For sl(2), we have [A, R] = p, so (ad A)?(R) = 2A. Thus,
e12Re 42 = R+ Ap+ A2A
On the vacuum with AQ = 0, RQ) = z, pQ) = ), we get
A2 f(x) = f(R+ Ap+ A*A)Q

The action is not immediate as the elements do not commute. This is one of the motivations
behind the splitting technique developed in this Chapter.

Example. Method of characteristics. An important case is the flow of a vector field.

0
Write X = WH(.’L‘)a—, where 7;(x) are locally analytic functions. Note that X1 = 0. Let
Ty
zi(t) = Xy e

Then for suitable functions f,

Thus the solution to

is given by
u=e" f(z) = f(z(t)]

Observe that, in fact,

(ad X) f(z) = [X, f(2)] = m.(2)[ Dy, f(2)] = X f(2)
is a function, i.e., no derivative operators are involved. Iterating, we get

fla(t)) = e f(z) = fla(t)1

as a function of x and t. And

(1) = N[ X, zi]le ™™ = X m(x)e™ ™ = m(x(t))
holds for z;(t) as functions of x and ¢t. These equations

T =m(x)

are the characteristic equations for the flow generated by X. They are solved with initial
conditions z;(0) = x;.
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II. Dual Representations

Now we will find realizations of the Lie algebra as vector fields acting on functions of the
coordinates A;.

2.1 PI-MATRICES

To get the action of g on the enveloping algebra, we define left and right multiplication
operators acting on the generating function, group element, g according to

§ig = 5}9, 96 =&g

where now & ;‘t and £ are to be expressed in terms of the variables A; and the corresponding
partial differentiation operators 0;.

One approach is to start with the action of the operators 9; on g. We think of £ and & fas

row vectors with components &; and 5} respectively. Then, we can write

eAgifje_A& = HC%(A) = (féi(A))j

First, 019 = Sig Next,

Dog = 6A1€1§26A2§2 oo pada

— 6A1€1€26—A1€1 e oAtz | pAdka
= (¥C1(A1)2 g

For 05 we find
D39 = (£1C1(A1)Ca(4s))s

And so on. We write

I, A) = 6in, TI5,(A) = C1 (Ar)in, T (A) = (Cr(A1)Ca(A2))is .

Generally,
0; = (£+C1 (A1) Ca(A2) C5(A3) . .. Chuor (Ap—1))s
_ i
We can write these in terms of column vectors 9 = (91, da, ...,0y) and & tas

0 = )¢t

18



Recalling that all of the C’s are the identity at A = 0, there is a neighborhood of the
identity of the group where e (A) is invertible. The inverse of e (A) is the pi-matrix
Wi(A). We thus have the left-dual vector fields

et = rtay,,0,

Similarly, we can convert 9; in terms of multiplying g on the right by &;’s , progressively
pulling across the exponentials ending with e?¢¢¢, converting the adjoint actions into
matrices C’j(—Aj). We see that there is the pi-matrix 7%(A) defining the right-dual vector
fields

& =7 (A)indy

The right dual mapping § — §* gives a Lie homomorphism, i.e., [§;,§;]* = [}, ], while

the action on the left reverses the order of operations, giving a Lie antihomomorphism

€, & j]i = [fj;-t, 5} ]. An important feature is that the left and right actions commute. Thus,

as vector fields, every §;‘t commutes with every ¢

2.2 SPLITTING LEMMA

As a vector space with basis {{1,...,&4}, a typical element of g has the form X = «,¢&,.
The «; are called coordinates of the first kind. The variables { A; } are coordinates of the
second kind.

For the one-parameter subgroup generated by X we have
txX _ 6A1(t)€1 eAz(t)Ez . eAd(t)Ed
= g(A(t))

When t = 1, we have the coordinate mapping

e

a+— A

corresponding to the relation

X — g(A) = eA1(a)& A2 ()l | pAa(a)éa

Writing the group element g(A) in terms of coordinates of the second kind, we have ef-
fectively factorized, “split”, the exponential into a product of one-parameter subgroups.
Thus the lemma relating the two types of coordinates is called the splitting lemma.

In fact, the factorization corresponds to the right and left dual vector fields and the flow
of the group (composition) law. To see this, consider the left dual:

X g(A) = X*g(A) = aym3 0, g(A)
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Denote a = (aq,...,aq), so that ta = (tay,...,tay) for a real parameter ¢. Note that
A(t) = A(ta) as X — tX maps a — ta.

Now let z(t) = A(ta) ® A denote the ‘flow of the group law’, for ¢ in some neighborhood of
0. And g(z(t)) = g(A(ta))g(A) = X g(A) = emrM&1er2(&2 .. p2a(Déa Let’s differentiate
to

with respect to t.

d

g(e(t) = XX g(A) = Xg(a(t)) = XFg(a(t)

since X and X+ commute. So, noting that x(0) = A, we have

i
g(z(t)) = e " g(A4) = g(Ata) © A)
The characteristics for the flow generated by X tare given by
i = oyt
i AT ()

A similar argument, writing g(z(t)) = g(A)e!X, yields the corresponding result for x(t) =
A® A(ta). So,

2.2.1 Lemma. Flow of the group
Let X = a,§,. Let A(a) be the map of coordinates determined by

exp(X) = g(A) = eAr(@r .. gAale)éa
Let ® denote the group law: g(A)g(B) = g(A® B).

. Let A(t) = A(ta) ® A. Then A(t) satisfies the equations A; = a,wrij(A), with initial
condition A(0) = A.

. Let A(t) = A® A(ta). Then A(t) satisfies the equations A; = axmy,;(A), with initial
condition A(0) = A.

We may reformulate this in terms of vector fields:

2.2.2 Corollary.
. The integral curves of the vector field Xt = oo\wiu(A)au are of the form A(ta) ® A.

. The integral curves of the vector field X* = aym} ,(A)0,, are of the form A ® A(ta).

Now follows
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[

2.2.3 Splitting Lemma.
Let X = a,§,. Consider the factorization
exp(X) = g(A) = eM (@& .. gAa(@)Ea

Let 7 denote the coefficient matrix (pi-matrix) of either the left or the right dual represen-
tation, Then the coordinate map o — (Aj(a),..., Ag(a)) is determined as follows. Solve
the differential equations

Aj:OzAﬁ')\j(A), jzl,...,d

for A; as functions of t with the initial conditions A1(0) = --- = A4(0) = 0. Then
Ai(a) = Ai(mt:p for1 <i<d.

Proof: For # = m¥, we have A(1) = A(a)®A. With the initial variables 4; = 0,1 < i < d,
we have z(1) = A(«) as required. Note that for 7 = 7, the zero initial conditions yield
the same result.

Since the flows with zero initial conditions are identical, we have the interesting

2.2.4 Corollary. For the coordinate map o« — A of coordinates of the first kind to
coordinates of the second kind, we have the identity

o} (A@) = axms;(A(w))

for1 < j <d.

Remark. Taking transposes, this may be reformulated as 7(A(a))a = «, where 7 is
the group element formed by exponentiating the adjoint representation. I.e., this shows
invariance of the a’s under the adjoint group.
The splitting lemma makes it expedient to find the pi-matrices. Here’s the procedure:

. Write X = «,&,,.

. Calculate g(A). Formally differentiate with respect to ¢.

. Equate the result of step 2 with Xg(A). Solve for A;.

. Express the formulas for A; as OéM/T,%(A).

. Similarly, use g(A)X to find 7*(A).
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0 a3 Q2
0 0 ag |.From our result for g(A), we find
0 0 O

0 Ag :2 0 (0%} 042+A1043
g=10 0 A |=Xg=10 0 Qaq
0 O 0 0 O 0
Thus, '
Al = (1
AQ =g + Ajas
A3 =as
We read off
1 0 0
AAay=(0 1 o
0 A 1
Similarly, we find
1 Az 0
™A =0 1 0
0O 0 1

Solving the above equations for the left flow with initial conditions A(0) = A we get

Ay (t) = A + agt
Ag(t> = Ay + aot + Arast + 041043t2/2
Az (t) = A3+ ast

With ¢t = 1, A = 0, this gives the coordinate map @« — A. Then at ¢ = 1 we can verify
that A(1) = A(«) ® A. Similar properties hold for the right flow.

Example. A matrix realization of aff(2) is given by

(a2 @
= (5

The corresponding group element is

The group law is



Equating ¢ = Xg and ¢ = g X we find the pi-matrices

1 0
= (4 )
. etz
m=Lo 1

For the left flow, we have Al =1 + asAq, Ag = a9 with solution

and

Al(t) = Aleazt —+ % <€a2t — 1) s A2<t) = AQ + Oégt
2

For the right flow, we have Al = aje??, Ag = a9 with solution

Ar(t) = A+ 2 (e2t _1)eA2 | Ay(t) = Ay + aot
Q2
Now, setting ¢t = 1 yields A(a) ® A and A ® A(«). Further, setting A = 0, we have the
coordinate map
aq

Ai(a) = " (e —1), As(a) = ag

And from this we can check consistency with the flow of the group.

2.3 DOUBLE DUAL

The right dual vector fields £ give a Lie homomorphism. To get a Lie homomorphism
from the left dual, we must dualize it. l.e., we rewrite the left dual in terms of boson
operators R’s and Vs, exchanging A < V', 0 <+ R, ordering with all R’s on the left. Thus,
we let

éi = Rﬂﬂ-z:'l:u (V)

This is the original action of multiplication by &; in terms of R and V acting on the basis
|n). So we have calculated the action by multiplication of g on U(g).

We make the further observation that since R and V' are boson variables, we may conve-
niently replace them by R — x, V — D to get a realization of g in terms of operators
acting on functions of x.

Examples will show how this works.

Example. HW. Let’s find £*, 51, and é First, let’s go back to equation (1.1) and predict
the double dual. We see that

Q=R,, H=Ry, P=R3+RV
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Now let’s use the pi-matrices found previously.
£ =01+ A302, &5 =02, &5 =0

And
hoo, -0, d=roto

which gives the double dual
§=Ri, &=Ry, &=RVi+Rs
We may write the double dual in terms of (z, D) as

§1=x1, &S =x2, & =x2D1+ 3

Example. Affine. Using our previously found pi-matrices we have
5]1< = 6A2617 5; = 62

And
} =0y, f-ét = A101 + 02

which gives the double dual
& =R, &=RiVi+Rs

which we may write as
§1=m1, &S =x1D1+x2

which recovers our original formulation of aff(2) if we ignore xs.

III. Matrix elements

Exponentiating the representation of g on U(g) we get a representation of G on U(g). We
define the matrix elements of the representation on U(g) by

g(Alny=>(") Im)

These matrix elements are types of special functions and typically can be expressed in
terms of generalized hypergeometric functions.

The following proposition gives a useful formula for calculating the matrix elements.

3.1 Principal formula.

With the standard basis cp,(A) = A™/m! = (A" /mq!) - (AJ'* /mq!) for polynomials in
A, the matrix elements are given by

(™) = )yan/m!

n
where (£*)" = (§&7)™* - - - (€})™, basis monomials in terms of the right dual representation.
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Proof:  Write the product of group elements g(A) and g(B) as
9(A)g(B) = g(A,€) > cn(B)|n)
= cn(B)g(A)|n)
=X e®) () mo,

since the A’s and B’s commute. On the other hand, pulling exponentials in B across g(A)
one at a time reconstitutes the group element g(B) with £ replaced by £*. Denoting this
by g(B)* we have

9(A)g(B) = g(B)"g(A)
= Z cn(B)(E7) em(A)|m)

Comparing these two expressions leads to the desired formula.

Example. An immediate consequence of this formula is that the right dual pi-matrices
are matrix elements for transitions between basis elements. IL.e.,

% ej
”ij -
C;

Proof: This follows from the principal formula thus

(0)=ea=mpand; =,

€4

We mention some of the many interesting relations for the matrix elements that can now
be deduced from the group law and the relations of the operators £*. This approach to
special functions is in the spirit of now classic work of Vilenkin, see Klimyk & Vilenkin
[17].

3.1 ADDITION THEOREMS

Writing the group law (as in the above proof)
m
o(A)g(B) =3 en(B) (") m)

and as
g(AOB) =) en(A® B)|m),
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we read off the transformation formula

en(A0B) =Y (") cu(B)

n
n
that is, the coefficients ¢,, transform as a vector for the representation. Similarly,
9(A)g(B)|n) =g(A® B)|n)

yields the addition theorem

(M) on= (0

where in the implied summation A is a multi-index. So these are indeed a matrix repre-
sentation of the group acting on U(g).

3.2 DIFFERENTIAL RECURRENCE RELATIONS

Define the matrix elements of left multiplication by &; on |n) by
&ln) =3 Mo (&) r)
Since the right dual representation gives a homomorphism of Lie algebras, we have
() =g en(d)
=3 M€ (") em ()
= Zr: <T>A My (&)

Now, recall that this action is the same as the double dual & = Ruﬁfu(V) acting on the
n-indices. In other words,
L/ m s /m
n/Aa n/a
the boldface indicating that the multi-index n is varied.

Example. For the affine group, the principal formula gives the matrix elements

(Y (e AT ) (AT sl
A1,Az

ni, ng
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Introduce the difference indices A = m —n = (my —ny, mo — ny). Using the right dual we
find

m 7m ni no mi mao

< 1 2> = (e™201)™ (82)"2 (AT /ma!) (A5 /mo))
n1,N2 /[ A A,

ABT AD?

Aql Ayl

ni Az

Bringing in the double dual, él = Ry, fg = Ry 4+ R,1V1, we find the following differential
recurrence relations:

mi, m mi,m
(€A261>< 1, 2> :< 1, 7762 >
n,N2 /Ay A, ny +1,n9 Ap,As
82<m1’m2> :< my, ma > —|—n1<m1’m2>

N, N2 /A, A, ni,ng + 1 Aq,As N, N2 / A A,
More generally, one finds rather involved types of functions of generalized hypergeometric
type. Our approach provides a canonical formalism for expressing and discovering the
properties these matrix elements satisfy as special functions. One can develop our approach

further and find “pure” recurrence relations, not involving derivatives, that generalize the
well-known ‘contiguous relations’ satisfied by classical hypergeometric functions.

IV. References
Enveloping algebras: [§]

Splitting techniques: [24] and [25] are originals

Mathematical physics: the left and right dual representations are used by Tomé [23] to
develop path integrals on groups
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3 Dual Vector Fields

I. DVFs

As in the double dual, in (x, D) variables, we have operators of the form
z, Wy (D)

where W; are suitable functions of D;. We write optionally a,b, as a-b. The basic fact is
the following primitive version of the Fourier transform:

z-W(D)er* =W(A)-04er® =x-W(A)et® (1.1)
where the components of 04 are 0; = 0/0A,;.

What this does is exchange the operators in the (x, D) variables with corresponding oper-
ators in (A, 04) variables. Thus each vector field has its dual and vice versa.

We abbreviate “dual vector field” by “dvf’. Since the dvf’s are our main interest, we write
Y, = xuWui(D>v Y~; = WMZ(A>6M

Til now we have been considering vector fields realizing a Lie algebra. Now we will be
interested in families of commuting vector fields. We indicate a standard construction.

When discussing functions of D, we use the variable z for complex variables defining the
function involved. For an operator f(D), the function f(z) is referred to as its symbol.
The expression “canonical” refers to operators satisfying the boson commutation relations.

Start with a function V' (z) = (Vi(z2),. .., Vn(z)) holomorphic in a neighborhood of 0, with

V(0) = 0, and the Jacobian matrix V' = (%) nonsingular at 0.
J

U(v) denotes the functional inverse of V, i.e., z; = U;(V(2)).

We call the V; “canonical coordinates” or canonical functions. The associated dvi’s are
called the “canonical variables” and are given by

Yj = a\Wh;(D)
where W (z) = V'(2)~! is the matrix inverse to V'(z).
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1.1 Proposition. = The commutation relations
[Vi(D),Y;] = diz1
hold.

Proof: We have
[Vi(D), z\]Wxj = (V)ixWhj = 6551
[ |

As the V;(D) mutually commute, to check that we indeed have a boson calculus, we need
the commutativity of the Y'’s.

1.2 Proposition. The variables Y;,...,Yx commute.

Proof: Denoting differentiation by a comma followed by the appropriate subscript, we

have
Y3, Y] = [2aWhi, 2, Wo5] = 2aAWai yWij — 2, Wi x Wi

= .’nggi’uwuj — anaj,qu

Le., we need to show that Wy, ,W,; = Wy; ,W,;, that the expression Wy; ,W,; is sym-
metric in ij. Recall that if W depends on a parameter, ¢, say, then W = Z —1 satisfies
W = —W ZW . Thus, the relation W = (V')~! yields the matrix equation

/
ow _ 0V

8z2~ - 821 W

which gives

OWi; oV’

LIS 7 7 A Wi Wy

82:“ Wm Wie (8,2“)&)\ AVVopg

0?V,
_Wk&-mW)\iwuj

so that the required symmetry follows from equality of the mixed partials of V. [ ]

From now on, W will refer to the inverse Jacobian of a given function V.

Example. If V is a linear mapping, V;(z) = S;xzx, where S is an invertible constant
matrix, with inverse T', we have V/ = S. Thus

‘/Z(D) = Si)\D)\7 Y; = quui
The inverse function is U;(v) = Tjav.

Example. As for the Poisson case, with V(z) = e* — 1, we have W(z) = e~ % and U(v) =
log(1 + v).
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II. Flow of a dual vector field

We would like to calculate the solution to

ou
W v, u(0) = f(a)
for the dvf Y = v\ Yy = vaz, W, x (D).

Using equation (1.1), we have
etYeA-x .

etYeA~x

We know how to calculate the flow of the vector field Y by the characteristic equations

A; = v\ Win(A)
Multiplying both sides by V’'(A) we get
AV =g
Now the left-hand side is an exact derivative. l.e.,

d
7 Vie(A(t)) = vy

Integrating, with initial conditions A(0) = A, we get
V(A(t) =V (A) +tv
Solving, we have
A(t) =U(tv+ V(A))
Thus,

Y pAa _ 4V JAw _ a U0V (4) (2.1)

This is our main formula. A main corollary is the action of the dvf Y on the vacuum
function equal to 1. We get this by setting A = 0:

etYl _ em~U(tv)

For d =1, we get
2.1 Main Formula.
For a canonical function V(z), with W(z) = 1/V'(z), U(V(z)) = z, let Y = W (D) be

the associated canonical variable. Then we have
eerAac _ emU(v—l—V(A))

And, in particular,

evY 1= ealcU(v)
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III. Canonical polynomials

Now we get the basis for the vector space:
yn(x) = Y"1

where the vacuum is the constant function equal to 1. These are polynomials in x, the
associated canonical polynomials. They satisfy

Yyn(x) = yn—i-l(x)v V<D)yn(x) = nyn—l(flj)
providing a representation of the HW algebra.

We have the expansion
vYq _ xU(v) _ v™
e’ l=e => 7 n(@)

n>0

Example. With V(z) = e* — 1, we have Y = ze~P. Since e P f(x) = f(z — 1), we have
yn(x) =Y"l= xe_Dyn—1<x) = {13({13 - 1) T (.’13 —n+ 1) = w(n)

the n'® factorial power. With U(v) = log(1 + v), the expansion is

T v" n

n>0

the standard binomial theorem.

3.1 CANONICAL POLYNOMIALS AND RANDOM WALKS

There is an interesting connection with random walks in the case when W(z) is the
moment generating function for a probability distribution. Let, in general,

W) =Y =i

n>0
where, in the probabilistic case, u,, would be the moments of a probability distribution.
In any case, define the generalized moments
(X™) = o

and probabilistic case:
(X") = pn
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For an analytic function f, expand

fletX) =30 )
n=0 '

where here X denotes a virtual or actual random variable.

Taking (generalized) expected value, we have the action of the operator W (D) as a formal
convolution operator

WD) f(a) = 3 B2 F (@) = (f(a+ X))

We extend the generalized averaging to several variables by taking them to be effectively
independent:

<<X{L1Xg2 .- ‘X,;';L{n» = HUnqlng " Hn,
Then we have

3.1.1 Random walk formula.

The basic polynomials are given in the form of generalized factorials by

Yn(®) = (z(z+ X))@+ X1 + Xo) (2 + Xa + Xo+ -+ Xp1)))

In the probabilistic case, we denote the random walk generated by the underlying distri-
bution by S,, = X1 + X2+ -+ X,,, where the X; are independent, identically distributed
random variables with moment generating function equal to W. With Sy = x, the corre-
sponding expectation value is denoted by (-),. Then the formula yields

Yn = (505152 Sn-1)e
Note that this is the product of consecutive variables of the random walk.

In the probabilistic case, write

Then
(zW (D))" = x/e“le(dul) . -x/e“”Dp(dun)

With e*P f(z)e P = f(z + u), we get

n

@WD))" = [ alatun)wtuntu) (ot o) exp((Y uy)D) pldun) - pldun)

j=1
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This is a formula for the operator Y. l.e.,
= (505152 - - 'Sn—1€S”D>x
Applying this to the constant function 1 yields the formula stated above.

We thus have

mU(“)—l-i-xZ I:Ix—l—S

Example. Exponential random walk and Bessel polynomials

With W (z) = (1 — gz)~!, an exponential distribution with mean ¢, we get

1—+/1-2
V=2z-qz*/2, U=-_Y "

q
Thus, with T3, Ts,...,T,,...independent exponentials with mean ¢ we have
2n n
(T +T) (T + T4+ T)) = <n> (4)

Now, scaling out g, consider V = z — 22/2, U = 1 — /1 — 2v. From the classical theory of
random walks we have

(1 — 1-— 21})” . Z Un—l—p (n + 2p)
V1—2v = 2p p
This gives the expansion of

L ea-vi—m)
v1—2v

which is the generating function for Bessel polynomials 6,,(x). Differentiating er(1=v1-2v)
with respect to v and integrating back we find

™t _
m(l V1-2v) __ 1+Z Zn+p 2pp (n—|—2pp 1)

n>1

Thus, we have

i) =3 ("7 gy

> p
Example. Cayley example

With V(z2) = ze 2, we get W(z) = e*(1 — 2)7 !, so that the corresponding probability
distribution is an exponential with mean 1 shifted by 1. Checking that

yn(z) = z(z +n)" !

we find
"= (1+T)2+ T +To) - (n=1+Ti+To+ -+ Tp1))
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3.2 INVERSION OF ANALYTIC FUNCTIONS

xU (v

We can expand e ) in powers of z

exU(v) — Z *Z_r: (U(’U))n

n>0

Another way to think of this is by applying the operator g(D) to the expansion in powers
of v and evaluating at x = 0

o) = 3 2 g(D)ya (0

n>0

which is the Taylor expansion of the composition of g with U(v). This is an approach to
inversion alternative to Lagrange’s method. In particular, the expansion of U(v) itself is
the coefficient of z in the expansion of e*U(®) in powers of v:

U@) =3 L (0)

n>0

In the random walk formulation, we thus have

0o n n—1
U) =Y — (I Sibo
n=1 ) j=1

Example. Given an analytic moment generating function W(z), we can form

V(z):/:%

And the inverse of V is given by the above formula. In particular, if V'(x) is a density
function, we have the expansion for the inverse distribution function.

Example. Gaussian random walk

With W(z) = %" /2 we get V as the distribution function of a standard Gaussian, modulo
a factor of v27. Thus, we have the expansion of the inverse Gaussian distribution in terms
of (i) the values y,(0) or (ii) in terms of the Gaussian random walk.
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3.2.1 Dual approach

Going back to equation (2.1), we have, for d = 1,

~ A m
eerAx — eerAx — emU(v—l—V(A)) — Z (U + V( ))

ml Ym ()

m>0

Thus differentiating n times with respect to v and letting v = A =0

Yn(x) = (W(A)0a)" e

A=0

We see that differentiating with respect to v is the same as acting with Y so y,, shifts up
every time. Differentiating n times with respect to v and letting v = 0 yields

Fyrede = S YA @)

m!
m>0

which gives the action of Y on the exponential. Applying g(D) yields

(@yrgrayers = 32 VA

m>0

= 9(D)ym ()

We want to let z = 0. Note that Y obeys the Leibniz rule, just as 4 itself does. Le., Y is
a derivation. If we apply Y to e it will bring down a factor of z. That is, the surviving
terms involve Y applied only to g. We have thus

@yng(a) = 3 LA

m>0

L 9D}y (0)

which gives the action of (Y)™ on an arbitrary function g.

We can start directly from equation (2.1), applying g(D) to get

eV g(A)e” = g(U 0+ V(A)))er! V)

This illustrates the general fact that the exponential of a derivation is a homomorphism.

First let x = 0, then let A = 0 to get

Le.,



(formula suggested by D. Dominici)
In particular, let g(D) = D. Then Y A = W(A), so, for n > 1,

@Al = @) w)

A=0

gives the coefficient of v™/n! in the expansion of U(v).
Example. For V(z) =1 — e~ *, we have Y = e49,. With U(v) = —log(1 — v), we get

m v” nAm
U =3 (o)A
n>0

A=0
On the other hand, we have

yn(z) = (zeP)'l=2(x+1)---(z4+n—-1)= (), = ZSnka:k
k

where S, are the absolute values of Stirling numbers of the first kind. Hence,
D"y, (0) =m! Spm
And we get

(D) A™

(~log(1 o))" = 3" 2

n>0

A=0 n>0
another variation on the binomial theorem as seen by expanding (1 — v)~7".
Finally, observe that our approach applies equally well in d variables, with n as multi-index

and Y" =YY" --.Y" as it is based on equation (2.1) which holds in all dimensions. It is
essential that Y = v,Y), where Y; generate an abelian algebra.

IV. References

Our main reference is [10].
Closely related to the material of this chapter is Winkel’s [26] and [27].
[22] develops several formulas for the y,, in the framework of umbral calculus, including an

equivalent to our formulation as generalized expectation of the product along a random
walk. Also see [20].
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4 Polynomials

We discuss two more special types of families of polynomials to go with the Appell families
already introduced: orthogonal families, and canonical families associated to Lie algebras.

I. Orthogonal families

Orthogonal polynomials (in one variable) may be described in terms of Fourier-Laplace
transforms as follows. Given a measure p(dx), the functions ¢, (z) are orthogonal to all
polynomials of degree less than n if and only if

/ e () plda) = Vi(s)

— 0

such that V,,(s) has a zero of order n at s = 0. The proof is immediate from

[ outa pia) - (di)

Thus, if the ¢, (x) are polynomials, they form a sequence of orthogonal polynomials.

Vi (s)
0

1.1 ORTHOGONALITY AND CONVOLUTION

We sketch a ‘group theory’ construction, using Fourier-Laplace transform and convolution
that builds an orthogonal system from a given one. It is closely related to the reduction of
the tensor product of two copies of the given L? space as in the construction of Clebsch-
Gordan coefficients.

Remark. In this section, unless otherwise indicated, we will discuss the N = 1-dimensional

case, for convenience. The constructions indicated hold for N > 1 as well, appropriately
modified.

1.1.1 Convolutions and Orthogonal functions

Start with a family of functions, kernels,
K(z,z,A)

where A indicates some parameters, that form a group under convolution

/ K(x—vy,2, AK(y,z',AYdy = K(z,z+ 2, A”)
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(The integration here can be replaced analogously by a summation.) This means that the
Fourier-Laplace transforms form a multiplicative family. Let

K(s, 2z, A) = / eV K(y,z, A)dy

Then R R X
K(s,2,A) x K(s,2z,/ A") = K(s,2+ 2", A")
Form the product
K(z—vy,—2z, A)K(y,z, A"

This integrates to K (z,0, A”) which is independent of z. This is the generating function
for the orthogonal functions we are looking for:

K(x—y, -2z, A)K(y,z,A') =Y 2"Hy(z,y; A, A') (1.1.1.1)

By construction, the integral
| Haeya iy =o

for every n > 0. To get orthogonality of H,, with respect to all polynomials of degree less
than n, consider

oo

S [ A dy = [ Ky -z Kz A) dy

— 00

where the terms of the summation must vanish for k& < n. Ie., this must reduce to a
polynomial in z of degree k. Or one can take the transform

/ eV K(x —y,—2,A)K(y, 2, A") dy

which has to be of the form such that the powers of z have factors depending on s so that
each degree in z has a factor with a zero of at least that order in s, as observed in the
remarks above.

1.1.2 Probabilities and means

Here is a general construction of kernels. Take any probability distributions whose means

form an additive group. Suppose that they have densities. Then the kernels are of the
form K (z,z, A) where z is the mean, and A, e.g., is the variance, or other parameters
determining the distribution. One example is provided by the Gaussian distributions:

e—(2—2)%/(24)
2mA

Since means and variances are additive, you have a convolution family as required. In
general, it may not always be possible to parametrize the family in terms of the means.

K(z,z,A) =
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1.1.8 Bernoulli systems
Here we make a definition that applies for N > 1.

1.1.3.1 Definition. A Bernoulli system is a canonical Appell system such that the basis
Y, = R™(Q is orthogonal.

For N = 1, we have the binomial distributions, corresponding to Bernoulli trials, hence
the name. We renormalize v,, and define a new generating function.

1.1.3.2 Definition. Define the basis ¢, = n! x ¥,,/v,, where v, = (¢, 1) are the
squared norms of the ,,. The generating function w! is defined as

wt(y, ) = Z%gbn (1.1.3.1)

n>0

Now we have an important property of w.

1.1.3.3 Proposition.  Consider a Bernoulli system, in N > 1 dimensions, with canon-
ical operator V and Hamiltonian H. I.e.,

—tH(2 V()"
e nitu tH(z) :Z () ¢n

n>0

Let the basis ¢, and the function w! be as above. Then we have the Fourier-Laplace

transform
/ eV W (2, ) pi(dy) = eV OTHO)

Proof: The integral on the left-hand side is the inner product
(eSX Q,wt(z, X)Q) = O (VORQ (2, X)Q)
By orthogonality, and the definition of w?, eq. (1.1.3.1), the inner product reduces to

3 V()" v LAV (©Q)

In!
o MM

as required. |

Now go back to the case N = 1. Expanding in powers of z yields the relation

/ T Gu(y) pildy) = V(s)"

— 00
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so that V' (0) = 0 is all we need to conclude that the ¢,, are an orthogonal family. We take

t as our parameter A and
K(z,2, A) = w?(z,2)pa(x) (1.1.3.2)

writing p;(dz) = pi(x)dx in the sense of distributions in the case of discrete spectrum
(e.g., the Poisson case). In the case when w?(z,x) > 0, these are a family of probability
measures as noted in example 1, with mean z + pt, and variance z + o2t, where p and o2
are the mean and variance respectively of p;.

We thus have from the basic construction, eq. (1.1.1.1),
K(z—vy,—2 A)K(y,z,B) = w?(—z,2 — y)wB(z,y) palz — y)pa(y) (1.1.3.3)
Substituting in the expansions of the w’s, equation (1.1.3.1), yields

Z %T: Z (Z) (=1 ¢p(z — y, A)dn—r(y, B) pa(z — y)pp(y)
k=0

n>0
Thus, the functions H,(x,y; A, B) take the form
" /n
Holoi 4,8) =3 () (1 6n(e = 0. 64l B)pata = 1))

k
k=0

with corresponding orthogonal polynomials
" /n
ulo3i A B) = 3 () (10 3 A1 B)

k=0

and measure of orthogonality pa(z — y)pp(y). (Proof of orthogonality is based on an
addition formula for V(s).)

The convolution property of the family p; shows that

/ h pa(z —y)p(y) dy = pay ()

— 00

and thus, that we can normalize to give a probability measure of the form

pa(z —y)pe(y)/parB(T)

For the Meixner classes, i.e., the Bernoulli systems in one variable corresponding to sl(2),
we have the corresponding classes generated as follows:

Gaussian —— Gaussian

Poisson —— Krawtchouk

Laguerre — Jacobi

Binomial (3 types) —— Hahn (3 types)

Observe that for the binomial types, this is essentially the construction of Clebsch-Gordan
coefficients for (real forms of) sl(2). This construction works for the multinomial case as
well.
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1.1.4 Associativity construction
Corresponding to associativity of the convolution family, we form
K({IJ— y7_Z7A+A/)K(y7Z7AH) ) and K({IJ— y7_Z7A)K<y7 Z7A/+AH)
These both integrate to K(z,0,A+ A’ + A”). The corresponding H,(z,y; A+ A’, A”),
H,(z,y; A, A’ + A”) provide two orthogonal families for L?(dy). The question is to find

the unitary transformation between the two bases, analogous to the construction of Racah
coefficients.

For Bernoulli systems, denote the squared norms
A, B) = [ a5 A B pale — o) dy

Then we have the generating function for the unitary matrix U,,,, connecting the combined
systems corresponding to A+ B+C = (A+B)+C = A+ (B+ (), via equations (1.1.3.2),
(1.1.3.3),

/ WA (2,2 — PP (2w B (—w, 2 — y)wC(w, y)

— 0

X \/ pa(@ = y)ppro(y)pats(c —y)pc(y) dy

= 2"V (A, B+ C)Upn/7(A+ B, C)

m,n
For the binomial distributions, these will yield the usual Racah coefficients and connections

with Wilson polynomials.

II. Appell states

This provides a unified picture of classes of orthogonal polynomials connected with integral
transforms. The Fourier-Laplace transform leads to the Meixner classes which give the
Bernoulli systems in one dimension.

2.1 DEFINITION OF GENERAL APPELL STATES

Given a probability measure, p(dz), we take a family of square-integrable functions F'(s, x).
As usual, we denote integration with respect to p as the expected value, and we set, for
the given family F(s, -)

M(s) = (F(s, X))
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2.1.1 Definition. The Appell states with respect to the measure p and the family F
are the functions
Us(x) = F(s,z)/M(s)

That is, the ¥, are the functions F' normalized to have unit expectation. The term states

comes from physics denoting a function of unit norm in L? of p. The idea is that the state
is a line or ray in the vector space, an equivalence class of functions up to multiplication
by scalars. Note here that the Wy remain invariant if the functions F' are multiplied by
scalars.

Typical choices of the family F' are F(s,z) = e°*, corresponding to Fourier-Laplace trans-
forms, and F(s,z) = (1 —sz)~!, corresponding to Stieltjes transforms. More precisely, the
Stieltjes transforms arise from the family 1/(s — z). If X is an element in a Lie algebra
and g is an element in a representation space of the algebra, the states corresponding to
esX 1)y are generalized coherent states. The coherent state representation is thus in the
spirit of the Appell transform for the family e .

The Appell states are used to define transforms of operators acting on functions of =z,
typically L? of p.

2.1.2 Definition. The Appell transform of an operator () is the function of a,b given
by
. <\Ija7 qub>
<Q>ab - <\Ila, q:lb>

Thus, these are the normalized matrix elements of the operator ) with respect to the
Appell states.

2.2 APPELL STATES AND ORTHOGONAL POLYNOMIALS

The main feature is that the family F'(s,x) has the property of being the eigenfunctions
of an operator X, acting on functions of x:

Xs F(s,x) =x F(s,x)

Denote the family of orthogonal polynomials with respect to p by { ¢, } with squared
norms v, = ||¢,||>. We define the transforms

(P, ¥s) = Va(s) (2.2.1)

Thus, we have the expansion (in general, under assumption of completeness of the ¢,,)

U, = Z Vi (8)on(T)/n

n>0
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In terms of the family F', we have

F(s,x) = M(s) Y Va(8)$n() /1

n>0

The orthogonal polynomials satisfy a three-term recurrence of the form

'CC(bn = Cn(bn—l—l + an¢n + bn¢n—1

with initial conditions ¢_1; = 0, ¢9 = 1. Observe that the recurrence relation implies
¢1(x) = (x — ag)/co. We have

2.2.1 Theorem. Let F(s,x) satisfy F'(0,z) =1, X;F(s,z) = xF(s,x). Then
M (s) " X (M(5)Va(s)) = caVagr + anVi + b,V

with the initial conditions Vo =1, V] = cal(M_leM — agp).

Proof:  With ¢g = 1, setting n = 0 in eq. (2.2.1) yields Vi = 1. For general n, write eq.
(2.2.1) in the form

<¢naF(37X>> - M(S)Vn(s)

and apply X to get
(¢, X F(s,X)) = Xs(M(s)Vn(s))

Dividing out M (s) yields

(fn, X Ws) = M(s) ™ Xs(M(s)V(5))

Now use the recurrence formula for 1, on the left-hand side and apply eq. (2.2.1) to get
the result. For n = 0, this procedure yields

(X W) = M(s)" X M(s)

But eq. (2.2.1) for n = 1 says (¢1, Vs) = V5. Writing X = ¢p¢1 + ap and taking inner
products with Uy thus gives

M(s) ' X M(s) = coVi(s) + ag (2.2.2)

and the result follows. ]

We illustrate for the Meixner case.
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2.2.1 Fourier-Laplace transforms and Meixner systems

Taking the family F(s,z) = e, we have M(s) = (e** ) is the usual moment generating
function or Fourier-Laplace transform. The operator X here is d/ds, the first derivative
operator. We have

2.2.1.1 Theorem. The exponential function e** has the expansion in orthogonal poly-

nomials
(5) D>Vl )/ Tn

n>0

where the coefficients V,,, n > 1, satisfy the recurrence formula

VTZ + COVﬂ/n = chn+1 + (an — CZQ)Vn + ann—l

- (5532

Proof: In the proof of Theorem 2.2.1, eq. (2.2.2), yields, with X, = d/ds,
M'(s)/M(s) = coVi(s) + ag
This gives the formula for V;. As well, for the left-hand side of the recurrence, we have
M (s) 7' X (M()Va(s)) = (M'(5) /M (5)) Va(s) + Vi (s)

and substituting back in the expression in terms of V7, the result follows. [ |

with Vp(s) =1 and

Meixner systems arise when we have the special form
Va(s) = V(s)"
where, in particular, V4 (s) = V (s). From the above theorem we have

2.2.1.2 Theorem. For Meixner systems we have the expansion

(5) Y V()" (@) /1

n>0

satisfies the Riccati differential equation

V' =~ +2aV + pV?

where

and the recurrence formula for the orthogonal polynomials is of the form

xdyn, = (co + Bn)dny1 + (ag + 20m)pp, + YNy 1
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Proof: Substituting V,, = V"™ into the recurrence given by the theorem above yields
nV' WV 4 eV = e, VI 4 (an — ag) V" 40,V
Dividing out V=1, rewrite this in the form

Cn

V/: Co V2+an

Since these coefficients are independent of n, we set
n=Co+nfB, an=2na+a, by=ny

and the result follows. ]

We will look in more detail at these systems in the next section.

2.3 MEIXNER CLASSES

The Meixner polynomials are special families of orthogonal polynomials closely related
to operator calculus and Lie algebras. We present the basic facts concerning Meixner
polynomials and their connection with operator calculus.

2.3.1 Meizner polynomials and operator calculus

The Meixner polynomials are orthogonal polynomials such that V is expressed by an
analytic function of D = d/dx, where x is the variable in which the polynomials are given.
After suitable normalizations, one finds six families of orthogonal polynomials as follows
with the corresponding functions V' (z) and H(z) as for canonical Appell systems.

2.3.1.1 Proposition.  For the Meixner classes of polynomials the V and H operators
take the form:

. tanh gz qV(z
Meixner Viz) = m H(z) = sinh(ql
Meixner — Pollaczek V(z) =tanz H(z) = log sec z
Krawtchouk V(z) = tanh z H(z) = log cosh z
Charlier V(z)=¢* —1 H(z)=¢ —1—-2
Laguerre V(z)=2/(1-2) H(z) = log(l —2)—2
Hermite Viz) == H(z)=2%/2

where, for the general case, o, 3 are given parameters and ¢ = o® — (3.

(Note the normalizations V' (0) = H'(0) =0, V'(0) = 1.)

We will see how these arise by specialization from families of canonical polynomials arising
via Lie algebras. They come from some basic Lie algebras, namely, sl(2), HW, and osc.
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III. Canonical polynomials from Lie algebras

Let’s recall the left dual and double dual representation for a Lie algebra. The left dual
form of X, X f= aufi, generates the flow of the group law

exp(tXT) f(A) = f(A(at) ® A)
Setting t = 1 we have
& F(4) = F(A(0) © 4)

Let X = O‘uéu be the double dual realization of X. In terms of (z, D) variables, it is the
dvf to X7 Therefore, we get

eXeaac _ e(A(oz)@a)m

Compare with

eo‘uYu 0T — exuU“(V(a)—l—oz)

our main formula for dvf’s.

Setting a = 0 yields the main

3.1 Theorem. Acting on the vacuum state 1, the group elements generated by the
double dual X and the canonical variable Y, give the same result

X1 = exp(z - A(a)) = e* Y11 = exp(z - U(a))
under the correspondence of the momentum variables with the coordinates
D« A, V < «

ILe., the canonical operators Y; are given as x,W,;(D) where W is the inverse Jacobian
matrix of the coordinate map A — «, equivalently, the Jacobian matrix of the coordinate
map a — A expressed in the A variables, then replacing every A; by the corresponding
partial differentiation operator D;.

So for any Lie algebra, with a specified basis, we have the Lie canonical system of poly-
nomials {y, }

€ Ale) = Zﬁyn(*x)

n>0
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3.1 LIE CANONICAL SYSTEMS AND QUANTUM OBSERVABLES

The idea is to find representations where a family of commuting self-adjoint operators
occur as elements of . Then these are the quantum observables for the system.

Here we show how this works for one observable that we interpret as a generalized position
coordinate. We want the Lie algebra to be a symmetric Lie algebra where we have sets
of raising operators P and lowering operators £ in one-to-one correspondence such that g
has a direct sum decomposition of the form

g=LOKDP

with the relations
[L,P] C K, K, L] C L, KK,P]CP

We assume that £ and P are abelian subalgebras that generate g as a Lie algebra. This
splitting is called a Cartan decomposition. If we have an inner product where elements
R; and L; are in correspondence as operators adjoint to each other, L7 = R;, g becomes
a “Lie*-algebra”. And we can construct self-adjoint operators of the general form X; =
R; + K; + L;. An interesting problem is to find such operators explicitly that generate an
abelian algebra.

We will study three basic algebras to illustrate how it goes.

Example. HW. We have the coordinate map
Ay = ai, As = s + Faj03, Az = as
Thus, we have from the double dual
exp(a1 Ry + as Ry + ag(Rs + R2V1)) 1 = exp(a1 Ry + (ag + %alag)Rg +a3R3) 1

Note that Rz and asRs drop out. Setting Ry =t, a3 = ag = z, we get, using R = R, as
our raising operator,
2
exp(z(R+tV)) 1 = e*fF27/2

We have X = R + tV as our quantum observable with spectral variable x. Thus, with
v =z,

le vr—v2t/2

€ =€

the generating function for the Hermite polynomials for the corresponding Gaussian dis-
tribution. We have recovered our example of Chapter 1.

Example. sl(2). First, set § = y/a3 — ajas. Then we have the coordinate map

A = o1 tanh d oo — 1o d sech & e — a3 tanh
1 5 —astanhd’ 2T gé—agtanhé’ 3 5 —agtanhé
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The double dual is
£ = Ry, €5 = Ry + 2R V1, €3 = R3e?" + RyVi + R V72

Now take oy — 2, ag — az, ag — Bz, and § — qz, ¢°> = o — 3. Noting that Rs3 drops
out, send Ry — t, and use R = R; as our raising operator to yield

t
o X1 g sech gz exp tanh gz 7)1
q — atanh gz q — atanh gz

X =R+ at +2aRV + B(tV + RV?)

is our quantum random variable. With spectral variable x, this is of the form

where

T — etH(z)eV(z)Rl

and solving for e"f1 gives the generating function for the corresponding class of poly-
nomials in general Bernoulli form. Various specializations lead to the Meixner classes
for Bernoulli, negative binomial and continuous binomial (hyperbolic) distributions. The
gamma/exponential family is an interesting limiting case where ¢ — 0. We get, then, with

g =a

—Qaz

X1 =(1-az)"t exp (R1 : )1

and solving for z = U(v) yields the generating function for Laguerre polynomials in an
appropriate normalization.

Example. For the oscillator algebra we have the coordinate map
a1 a1a3 a3

Al = a/_4 (ea4 — 1), AQ = a9 + (l/?l (ea4 o 054)7 A3 = o (1 - e—oz4), A4 =y

The double dual is
£1=Ri, & =Ry, & =Rs+RVi, & =Ry+RVi— RsVs,

We take ay — az, oy — 2z, ag — [z, with R4 dropping out and get, setting Ry = t,
X2V ] = exp(R1(e™* — 1)/a) exp(Bt(e®® — 1 — az)/a?) exp(R3B(1 — e~**) /a) 1

where

X = Ry + aR Vi + BtV Y = R3 — aR3V3
The R3 term gives an independent aff(2). The X term gives, with R — R,
"Bl =(1+ av)x/o“rﬂt/o‘z exp(—vft/a)

which is the generating function for Poisson-Charlier polynomials for a scaled Poisson
process with drift.

Finally, observe that in each case, the formula for X in terms of R and V gives the three-
term recurrence relation for the corresponding orthogonal polynomials.
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IV. References

The Lie algebra approach in its initial development was presented in [9].
The original article of Meixner is [18].

Askey-Wilson polynomials give an umbrella approach from the classical analysis point of
view, see [1].
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5 Jacobians

I. Adjoint group

Recalling the pi-matrices:
we denote the transpose of ot by 7 and the transpose of 7* by 7*.

We will calculate the exponential of the adjoint representation in terms of the = matrices.
First we remark that the exponential of the adjoint representation connects the right and
left duals:

66, = 9597 g = €19 = Ady(&;)g = Ady(ch)g (1.1)

where Ad, denotes the exponential of the adjoint representation, conjugation by g. It
is given explicitly as the matrix g(A4,&) (acting on the row vector formed from the basis
vectors). Now solving for 9; shows that

1.1 Proposition.  The left and right duals are related by
-1
¢ = 1t o fi

where £* (resp. fi) denotes the column array with entries £ (resp. fli)

1.2 Definition. Define the matrix

the exponential of the adjoint representation.

Now for the main result of this section.

1.3 Theorem. The exponential of the adjoint representation, g(A, €), is given by

T=a"ta"

50



Proof:  From equation (1.1), we have the matrix of Ad,, acting on the basis, given by the
transpose of g(A4,¢). Le.,

¢ =xleh (1.2)

-1
Comparing with Proposition 1.1, we have #T = 771 And the result follows by
definition of the matrices 7, 7* as transposes. |

Example. For the affine group we have

. 0 —1 - 1 0
§12(0 ())’ §22(0 0)

Calculating exponentials gives

eAlgl €A2£2 _ 1 —Al 6A2 0 _ 6A2 —Al
0 1 0 1 0 1

Recalling the pi-matrices
t_ (1 0 . (et 0
[ N R 1 A N |
—1
it is readily checked that this is the transpose of et

II. Jacobians of the group law

Now we will see the pi-matrices arising as Jacobians of the group law, showing yet another
aspect of their nature.

Write g = g(A)g(B) = ¢g(C), with C = A ® B. Differentiating with respect to A; we get

I i g 0C,
And 90 8C
* * _ g A

since we can differentiate and pull the £;’s through without interference to the correspond-
ing side.

In other words, H;‘-tu(A) {'}E(A)g = H}H(A) §ug and 117 (B) §,(B)g = 11}, (B) g€, And we
have

0

50 = ML(C) €H(C)g = L, (C) §ug = T3,(C) (O = TI;,(C) g8,
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Solving, writing C' = A ® B, we find

dA®B) . -
B(AQB) Ak ok —
673271‘ (A@B)Tf 1(B>

Letting A = 0 in the first equation, B = 0 in the second yields

dA®B)| .
A |, m(B)
oAeB)| .
9B |p_, (4)

We know that

So, for example,
0B J(A® B)

=7(A
aBoA) 9B |h, (4)
Example. Recall the HW group law
Ci=A+ B,
02 :A2+B2+A3B1
C3 = A3 + Bs
and the pi-matrices
1 0 0 1 Az O
dw=1o 1 o], w@=[0 1 0
0 A 1 0 0 1
Calculating the Jacobians, we find
aC:, 1 0 O aC:, 1 0 0
=01 B, gp=(4 10
J 0 0 1 J 0 0 1

Note that in this case the pi-matrices are a representation of the group, i.e.
(A ® B) =7(A)7(B), ™ (A® B) =71"(A)r"(B)
so we get the pi-matrices regardless of evaluations at 0.
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Example. For aff(2) we have
01 = Al + B16A2
Cy=As+ By

and the pi-matrices

(D), ww=( )

Calculating the Jacobians, we find

9C; (1 Bjet oC;  [ef2 0
0A; \0 1 ’ oB; \ 0 1

We readily verify the corresponding relations.

III. Three classes of operators for any Lie algebra

Here is an outline of the elements of the theory relating to LCS — Lie canonical systems.
1. Start with a given basis for the Lie algebra.

2. Find the coordinate map via the characteristic equations for the left dual flow:
A= omi(A). With initial conditions A(0) = A, this yields A(at) ® A, and hence the map
a — A, evaluating at A=0,t=1.

3. Interpret A as momentum variables, o as canonical momenta.
Dual variables are x to A, Y to a.

4. Jacobians:

0A

(i) 90’ expressed in terms of A is used for the raising operators Y .
Q@

., Oa
i) —
(i) 54
in terms of raising and lowering operators. The z variables in that form are the
recursion operators.

in terms of o computed as the algebraic inverse is used to express the variables x

5. Generic formulae Y = 2W (D) = 2U'(V(D)), z = YV'(D) = YU'(V)~! become

Y =z A'(a(A)) , =Y A(a)!

A—D Y—>R

a—V

593



6. Canonical polynomials y,,(z) = Y"™1. Abstract raising and lowering operators on the basis
Yp are
Riyn =YiYn = Ynte,
V% Yn = Mg Yn—e;
Acting on the basis y,, x’s yield recursion formulas.
Basic expressions are (row vector times matrix) :
Y =z A'(a(D))
r=RA(V)!

with D = (Dy, ..., Dy) operators of partial differentiation with respect to z-variables.
7. We can include the change-of-variables in & i yielding the general

& = 2, Wor (D) (V(D))

with R
eo‘ugul — ex“U“(A(a))

8. In particular,
& = 2, 4'(D), L 7 (A(D))
yields

@il = uTu
Since the coherent state is the same as for an abelian algebra, we call these the

ACS operators.

3.1 JACOBIAN OF THE COORDINATE MAP

To get the canonical variables requires the Jacobian of the map v — A. Since one has the
differential equations for A, namely the characteristic equations A = am(A), one would
think it possible to find A’(a) = 0A/O« directly in terms of the m-matrices. This turns
out to be the case and is the subject of an interesting theorem stated without proof.

3.1.1 Theorem.
Let J = 0A/Oa denote the Jacobian of the coordinate map e — A. Then

J(a) = #(A(a)) /0 #(A(s)) ds

Alternatively, we have



Note that in our application to dual vector fields, we really want J as a function of A.
The factor outside the integral is naturally given in terms of the A;, but the integral is
evaluated by expressing A(s) in terms of the «; scaled by s. On the other hand, J~!,
expressed in terms of o immediately gives us what we need for the corresponding recursion
operators.

3.2 CANONICAL VARIABLES IN THE NONABELIAN CASE

Let’s see how points #7 and #8 work. We combine the two fundamental constructions:
i.e., we use canonical variables in the Lie case.

3.2.1 Proposition. LetY = :L',,aMWzA(V(D))W,,A(D). Then

oY e (x U(Aat) © V(@)))

€T

Proof: Acting on e** we have

0
oa,

a-x

Ye? = x,,auﬁi\(V(a))WM(a)e“'m = auﬁi/\(V(a))WM(a) e

This latter is a vector field in the a-variables. The characteristic equations are

i = oy (V@) Wi (a)

Multiplying by V’/(a) yields

V/(@)iain = aumy (V())

Now the left-hand side is an exact derivative, —V (a(t)). So these are characteristic equa-

dt
tions for the left dual flow in the V-variables. Integrating, we have, with A(«) denoting
the coordinate map on the group,

V(a(t)) = A(ta) © V(a)

In other words,

a(t) = U(A(ta) ® V(a))
which gives the stated result. |
And
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3.2.2 Theorem. To the vector fields
V(@) = eh (V@) Wir(@)D,

correspond the dvf’s
éi = xuWuA(D>7rzi)\(V(D)>

And with X = O‘uéu:

eXl _ em~U(A(o¢))

Note that the &; are the double dual in the canonical variables (Y, V).

Now choose U and A to be inverse maps, i.e., V(z) = A(z). Then we have the nonabelian
Lie algebra yielding the same result on the vacuum state, 1, as the abelian one, namely

A~

exp(X)1 = exp(a-x).
How do these work for some Lie algebras of particular interest?

Example. Let’s look at HW in detail.
We have the coordinate map

A =, As = as + anag/2, Az = a3

The Jacobians are

1 0 0 1 0 0
A
g— =|as3/2 1 a1/2 and g—j =| —a3/2 1 —a1/2
@ 0 0 1 0 0 1

-1
with the latter calculated as <g—A) . In terms of A,
Q@

1 0 0
0A
%(A) =|45/2 1 A2
0 0 1

Contracting with x and replacing A by D yields the raising operators
Yi=m1+ 122D3, Ya=ux2, Yz=ux3+ 22D,
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These are commuting variables. The basic expansion is
an
eo‘“Y*‘l — ealxlexg(a2+a1a3/2)ea3x3 — E - yn(x)
n!
n>0

Contracting with R and replacing a by V' in da/0A yields the z-variables as recursion
operators
Ty =Ry — RoV3/2, a3 =Ry, x3=—-RoV1/2+ R3

On the basis y,,, we thus have

1
T1Yn = Ynter — 3 N3 Yntez—es
T2Yn = Yn+tes

_ 1
$3 yn - yn+63 - 5 ni yn—e1+e2

Finally, replacing R by x, V by D and contracting with the transpose of rt (A(D)), yields
the ACS representation of the Lie algebra

§1=x1— 222D, & =a2, & =3+ sx9Ds
which satisfy the commutation relations for the Heisenberg algebra while satisfying

exp (a,€,)l = exp oy,

Example. aff(2)

We have the coordinate map

and

The Jacobians are
0A  (oq(e™ —1)/ay —oq (™ —1—a3)/03
oo 0 1
and N o 1
O _ (=i w1 om
0A 0 1
from these the raising operators, recursion operators and ACS representation are found as
prescribed.
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IV. Conclusion

There are many points for continued study. By specializing the coordinates one can find
certain elements of the Lie algebra that generate classically interesting polynomials, such
as Hermite polynomials via the Heisenberg algebra. In any case, the polynomials found
in the approach indicated here have particular structure depending on their associated
Lie algebra. Exactly how these, the polynomials and the structure of the Lie algebra, are
related in some deeper way has not been clarified.

Another source of interest is, of course, the Jacobians. One can look at Jacobians of the

Alt
form gT((s))’ for s < t. As the Jacobians form a multiplicative family along paths, there are

some possibilities for interesting dynamical systems, or perhaps, matrix-valued stochastic
processes.

Generally speaking, it looks challenging and interesting to get some detailed information
for classes of higher-dimensional Lie algebras. Certain classes of Lie algebras, such as
symmetric Lie algebras, may allow for general structural results.

V. References

The idea of quantum observables as we use it appears in Berceanu-Gheorghe [3].
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