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Extended Stoney’s Formula for a
Film-Substrate Bilayer With the
Effect of Interfacial Slip
The curvature-stress relation is studied for a film-substrate bilayer with the effect of
interfacial slip and compared with that of an ideal interface without interfacial slip. The
interfacial slip together with the dimensions, elastic and interfacial properties of the film
and substrate layers can cause a significant deviation of curvature-stress relation from
that with an ideal interface. The interfacial slip also results in the so-called free edge
effect that the stress, constraint force, and curvature vary dramatically around the free
edges. The constant curvature as predicted by Stoney’s formula and the Timoshenko
model of an ideal interface is no longer valid for a bilayer with a nonideal interface. The
models with the assumption of an ideal interface can also lead to an erroneous evalua-
tion on the true stress state inside a bilayer with a nonideal interface. The extended
Stoney’s formula incorporating the effects of both the layer dimensions and interfacial
slip is presented. �DOI: 10.1115/1.2745387�
Introduction
Almost all solid-state electronic components have the basic

tructure of a substrate as a platform for supporting various thin
lm structures �1�. Stress is of a great concern for the reliability of

hose composite structures �1,2�. Because the material properties
f film and substrate such as Young’s modulus, lattice parameters,
oefficients of thermal expansion can be different and residual
tress can build up during fabrication and processing, the resultant
tresses inside the film and substrate can be different and result in
he deflection of the composite structure to relax stress �3�. The
ollowing Stoney’s 1909 formula �4� serves the cornerstone of
elating the surface stress inside the film to the curvature of a
omposite structure

�St =
6f

E2t2
2 �1�

St is the curvature and f is the force per unit length inside the
lm �when the film is very thin, f is the surface stress �5��. t2 is the
ubstrate thickness and E2 is the substrate effective Young’s
odulus. The applicability of the above Stoney’s formula relies

n several assumptions, which are well summarized by Freund et
l. �6� as the following six: �1� both the film and substrate thick-
esses are small compared to the lateral dimensions; �2� the film
hickness is much less than the substrate thickness; �3� the sub-
trate material is homogeneous, isotropic, and linearly elastic, and
he film material is isotropic; �4� edge effect near the periphery of
he substrate are inconsequential and all physical quantities are
nvariant under change in position parallel to the interface; �5� all
tress components in the thickness direction vanish throughout the
aterial; �6� the strains and rotations are infinitesimally small.
any models are developed to relax one or some of the above

ssumptions to extend Stoney’s formula to a more generalized and
ealistic application, for example, by considering the effects of
hin substrate �6–12�, large deformation �6�, nonisotropic stress
13�, temperature gradient �14�, stress gradient �7,15�, residual
xial force, boundary conditions, length �5,16�, diffusion effect
17�, and plastic deformation �18�. However, all the analyses
bove �5–18� assume an ideal interface, i.e., no interfacial slip. In
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those models, the condition of no interfacial slip is enforced either
explicitly by imposing the compatibility/continuity condition at
the interface �8,11,14� or implicitly by assuming one single strain/
displacement variable for both film and substrate layers
�5–7,9,10,12,13,15–18�. Compared with an ideal interface �also
called perfectly bonded interface �19� or coherent interface �20��,
a nonideal interface results in the interfacial shear and normal
stresses, which are generally zero in an ideal interface. Therefore,
the overall deflection/curvature of the composite and the stress
distribution inside it can by significantly affected. An interfacial
shear stress due to temperature gradient is shown to exist in an
ideal interface of a film-substrate bilayer by Huang and Rosakis
�14�, and this interfacial shear stress vanishes when there is no
temperature gradient. However, when there is no temperature gra-
dient, the interfacial stresses �both normal and shear� of a nonideal
interface still exist and have an influence on the stress distribution
inside the layers �3,21–24�.

Because the strains inside two solid phases separated by an
interface can be independent �20�, the continuity condition of
strain/displacement across an interface is a strong one, which al-
lows no interfacial slip. During the fabrication and processing of
film-substrate layered structures, such as chemical vapor deposi-
tion, wafer bonding, sputtering, doping/diffusion, implantation,
thermal annealing process, heteroepitaxial film growth, etc., de-
fects like dislocation �25,26�, twin �27�, cavities �25,28� appear.
Therefore, the interface may not be composed of 100% well-fused
bonds �28–30�. The formation of amorphous layer and dangling
bonds in some regions between the two phases �29–31� also result
in the weakly bonded interface areas. All these above will reduce
the overall interface adhesion for sure �30�. The stress distribution
inside the film calculated from the ideal interface model has been
shown to deviate significantly from the experimental observation
of a Cu–Si composite with the size of several microns �23,24�,
which will also lead to a different deflection/curvature from that
predicted by the ideal interface model.

The models of allowing interfacial slip are developed by Chen
and Nelson �3� and Suhir �21,22�, which are referred to as the
shear-lag �S-L� model and lap-shear �L-S� model �24�, respec-
tively. Suhir’s 1986 model gives a simple second order differential
equation for the interfacial shear stress �21�. However, its draw-
back is noticed that the interfacial peeling stress �normal to the
interface� cannot be self-equilibrated �32�. With the introduction
of “compliant interface,” Suhir’s 1989 revised model �22� leads to

a sixth order differential equation similar to that of Chen and
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elson �3�. The S-L model of Chen and Nelson is originally de-
eloped to study the stress distribution of two bonded joints. It
ssumes that there is an isotropic layer of finite thickness between
he two joints, which plays the role of stress transfer between the
wo layers. This stress-transfer layer is extended to the concept of
he interface layer �23,24� as observed by high resolution trans-

ission electron microscopy �HRTEM� that the 1–2 nm thick
morphous layer present at the interface of two crystal material
ayers �23,24,28�. The S-L model is shown to be equivalent to the
amaged interface �DI� model �33� by Tullini �34�. Müller and
aúl give an in-depth discussion on various mechanisms causing

he damaged/nonideal interface �35�. The effect, called the bound-
ry layer effect or free edge effect unique to composite and not
bserved in homogeneous solids �19� arises, which is that the
nterfacial shear stress can be large and vary dramatically around
he free edges �the constraint force and deflection/curvature which
re related to the interfacial shear stress also share the similar
haracteristics�. The interfacial stress is responsible for the failure
delamination, cracking� of composite structures �1,2,19�, while,
he ideal interface model as shown later in this paper cannot pre-
ict such boundary layer effect. The boundary layer effect is in-
orporated in the functions of interfacial stresses and their detailed
olution procedures are given in this paper. This paper focuses on
he effect of the interfacial slip on the overall deflection/curvature
f the bilayer composite. The relation between the curvature and
nterfacial stresses is established by relaxing the aforementioned
econd, fourth and fifth assumptions given by Freund et al. �6�.
he first, third, and sixth assumptions are retained, therefore, a
eam model and related linear stress-strain relations can be ap-
lied. For the bilayer with a nonideal interface, the following two
ajor results are presented in this paper: �1� the curvatures of the
lm and substrate with a nonideal interface can significantly de-
iate from the curvature predicated by the model of the ideal
nterface; �2� unlike that the film and substrate with an ideal in-
erface share a common constant curvature; the curvatures of the
lm and substrate with a nonideal interface are different in general
nd vary with the length. These two results have a significant
mpact on the interpretation of the experimental data of the
urvature-based measurement.

Model Development

2.1 Strain Distribution due to Lattice Mismatch. The lat-
ice mismatch induced deflection of a film-substrate composite
abricated by heteroepitaxial growth is analyzed as an example to
emonstrate the effect of interfacial slip on curvature. The strains
nside the film and substrate layers are first calculated by assum-
ng no composite deflection. The composite deflection with the
resence of this calculated strain distribution is then derived in the
ollowing two models with and without interfacial slip. The deri-
ation approach of composite deflection presented here is general,
hich can be applied to the analysis of composite deflection in-
uced by other mechanisms. The lattice mismatch induced strains
nside the film and substrate have the following relations �17�:

� f − �s = �m

�2�
E1t1� f + E2t2�s = 0

f and �s are the strains induced by lattice mismatch in the film
nd substrate, respectively. �m is the mismatch strain defined as
m= �as−af� /af �7� �af and as are the lattice parameters of the film
nd substrate, respectively�. E1 and E2 are the effective Young’s
oduli of the film and substrate. When the composite is a plate

tructure and under biaxial stress loading, E1=Y1 / �1−�1� and

2=Y2 / �1−�2� are the biaxial moduli �7� �Y1 and Y2 are the
oung’s moduli of the film and substrate, respectively. �1 and �2
re their Poisson’s ratios�. When the composite plate bends to a
ylindrical surface, E1=Y1 / �1−�1

2� and E2=Y2 / �1−�2
2� �36�.
hen the composite is a beam structure, E1=Y1 and E2=Y2. t1
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and t2 as shown in Fig. 1�a� are the thickness of the film and
substrate. The first equation in Eq. �2� is the compatibility condi-
tion and the second one is the Newton’s third law. From Eq. �2�, � f
and �s are solved as follows:

� f = �m
E2t2

E1t1 + E2t2

�3�

�s = − �m
E1t1

E1t1 + E2t2

Clearly, � f and �s have the opposite signs, which implies that there
is a bending moment inside the film-substrate bilayer and the bi-
layer must deflect. The following derivation is about how the bi-
layer accommodates this bending moment by deflecting with and
without interfacial slip.

2.2 Timoshenko Model. The Timoshenko model �8� is essen-
tially a beam model. There is other method of solving this com-
posite bending problem, such as elasticity approach �19�. Because
the Timoshenko model uses the curvature as the unknown vari-
able, it has the advantage that the curvature is directly solved.

The equilibrium requires the balance of both force and moment,
which gives the following two equations:

F1 + F2 = 0 �4�
and

M1 + M2 − F1
t1

2
+ F2

t2

2
= 0 �5�

F1 and M1 are the force and moment per unit width acting inside
the film layer as shown in Fig. 1�a�. F2 and M2 are those inside
the substrate layer. From Eq. �4�, the following equation is de-
rived:

F1 = P�x� = − F2 �6�

Fig. 1 „a… Two coordinate systems at the mid-planes of two
layers. „b… Illustration of interfacial normal stress „�o… and
shear stress „�o… in the S-L model.
Substitute Eq. �6� into Eq. �5�, it gives

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



T
t

u
a
c
t
c
c
s

w

S

T

E
i
E

S
�

�
=
w
E
�
t
m
t
m
i
=
f
b

J

Downlo
P�x��t1 + t2�
2

= M1 + M2 �7�

he longitudinal normal strains of the two layers are expressed as
he following:

du1�x,z�
dx

= � f +
P�x�
E1t1

+
z

�

−
t1

2
� z �

t1

2

du2�x,z�
dx

= �s −
P�x�
E2t2

+
z

�

−
t2

2
� z �

t2

2
�8�

1�x ,z� and u2�x ,z� are the longitudinal displacements of the film
nd substrate, respectively. As shown in Fig. 1�a�, two sets of
oordinates are used in the Timoshenko model. zf and zs start from
he midplanes of the film and substrate, respectively. P�x� is the
onstraint force per unit width. � is the radius of curvature. Be-
ause curvature �=1 /�, Eq. �8� assumes that the film and sub-
trate share a common curvature �32�.

The bending moment �Mi , i=1,2� has the following relation
ith �:

Mi =
Eiti

3

12�
�9�

ubstitute Eq. �9� into Eq. �7�, the following equation is obtained:

1

�
=

6P�x��t1 + t2�
E1t1

3 + E2t2
3 �10�

he compatibility condition at the interface requires that

� f +
P�x�
E1t1

+
t1

2�
= �s −

P�x�
E2t2

−
t2

2�
�11�

quation �11� physically indicates the continuity of strain at the
nterface, i.e., that there is no slip between the two layers. From
q. �11�, P�x� is solved as a constant as follows:

P�x� =
− �m

1/E1t1 + 1/E2t2 + 3�t1 + t2�2/�E1t1
3 + E2t2

3�
�12�

ubstitute this P�x� of Eq. �12� into Eq. �10� and the curvature
�T� is solved also as a constant as the following:

�T =
1

�
=

�St�1 +
t1

t2
�

1 + 4
t1E1

t2E2
+ 6

t1
2Et

t2
2E2

+ 4
t1
3E1

t2
3E2

+
t1
4E1

2

t2
4E2

2

�13�

St is the Stoney’s formula of Eq. �1� when f is set as f
−�mE1t1. The Timoshenko model is a free body diagram analysis
ith the introduction of constraint force P�x�. The curvature of
q. �13� is exactly the same as that derived by Freund and Suresh

17� who use an energy approach. In Freund and Suresh’s deriva-
ion �7�, there is no constraint force assumed, but one displace-

ent variable is used for both film and substrate layer �therefore,
he continuity of displacement and strain at the interface is auto-

atically satisfied�, which is equivalent to the enforcement of no
nterfacial slip in Eq. �11�. It is also noticed that limt1/t2→0 �T

�St and the Timoshenko model in essence extends the Stoney
ormula by relaxing the aforementioned second assumption given

y Freund et al. �6�.

ournal of Applied Mechanics

aded 30 Jul 2009 to 159.226.231.70. Redistribution subject to ASME
2.3 S-L Model. As the S-L model is demonstrated to fit the
experimental observation much better than the L-S model �23,24�,
the S-L model is adopted here to study the interfacial slip effect.
The S-L model is rather complex and here an outline of its deri-
vation is given for reader to better understand. In the S-L model,
an interfacial layer is assumed. The interfacial normal stress
��o�x�� and shear stress ��o�x�� due to interfacial slip is illustrated
in Fig. 1�b�. With interfacial slip, the constraint condition of Eq.
�11� is invalid. �o�x� and �o�x� are related to the longitudinal and
transverse displacements of the film and substrate layers, respec-
tively. The presence of �o�x� and �o�x� changes the equation of
equilibrium of each layer as reflected in the following derivations.
Because the longitudinal and transverse displacements of the film
and substrate layers are not independent of each other, �o�x� and
�o�x� are not two independent variables, either. Therefore, the ma-
jor effort in the following derivation is actually to decouple �o�x�
and �o�x� for the solution purpose, which also results in the two
sixth order differential governing equations for �o�x� and �o�x�.

�o�x� and �o�x� have the following expressions:

�o�x� =
Eo

�
�v2�x� − v1�x�� �14�

�o�x� =
Go

�
�u1�x,

t1

2
� − u2�x,−

t2

2
�� �15�

Eo ,Go are the Young’s modulus and shear modulus of the inter-
face layer, respectively. � is the thickness of the interface layer. In
the S-L model, Eo, Go, and � are fitting factors �23,24�. The actual
varying parameters in the S-L model are Eo /� and Go /�.
u1�x , t1 /2� and u2�x ,−t2 /2� are the longitudinal displacements of
the film layer and substrate layer at the interface, respectively.
v1�x� and v2�x� are the transverse displacements of the midplanes
of the layers. The transverse displacement �vi�x�� in the S-L model
is independent of z. As indicated in Fig. 1�b� �o�x� is perpendicu-
lar to the interface and the fifth assumption of the Stoney formula
�6� is clearly violated. Also as shown later, the boundary condi-
tions are used to find �o�x� and �o�x� and the edge effects are thus
incorporated into their solutions; �o�x� and �o�x� are the functions
of x and they vary along the direction parallel to the interface. The
fourth assumption is also violated. The following derivation as the
above Timoshenko model does not need the second assumption of
very thin film thickness, either. As mentioned above, the interfa-
cial normal and shear stresses do not exist in an ideal interface
case. In Eq. �8� P is a normal constant constraint force parallel to
the interface. In the model of a film-viscous layer-rigid substrate
by Huang and Suo �37,38�, the pressure that drives the flow of
viscous layer also acts on the film in the direction perpendicular to
the interface and the flow itself provides the shear stress �parallel
to the interface� to the film layer, which resembles the functions of
�o�x� and �o�x�. Although Huang and Suo assume that the no-slip
boundary condition �at the viscous layer-rigid substrate interface�
and the elastic film is bonded to the viscous layer �37,38�, the flow
of the viscous layer in fact causes the slip between the film and
substrate.

In the S-L model, the equilibrium of moment is

dM1�x�
dx

− V1�x� −
t1

2
�o�x� = 0

�16�
dM2�x�

dx
− V2�x� −

t2

2
�o�x� = 0

M1�x� and M2�x� are the moments acting in layer 1 and 2, respec-
tively. Vi �i=1,2� stands for the vertical shear force per unit

width. The vertical force equilibrium requires

JANUARY 2008, Vol. 75 / 011008-3

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



D
r

T

H
=
s
g
c
l
t

D
d
o

a

T
t

P
t

D

0

Downlo
dV1�x� + �o�x�dx = 0
�17�

dV2�x� − �o�x�dx = 0

ifferentiating Eq. �16� and using Eq. �17�, the following is de-
ived:

d2M1�x�
dx2 + �o�x�dx −

t1

2

d�o�x�
dx

= 0

�18�
d2M2�x�

dx2 − �o�x�dx −
t2

2

d�o�x�
dx

= 0

he moment and curvature radius have the following relation:

Mi�x� =
Di

�i�x�
= − Di

d2vi�x�
dx2 �19�

ere �i �i=1,2� is the radius of curvature and 1 /�i�x�
−d2vi�x� /dx2, the minus sign is due to the coordinate system as

hown in Fig. 1�a� �8,24,36�. It should be kept in mind that in
eneral d2v1�x� /dx2�d2v2�x� /dx2 for the composite with interfa-
ial slip. Di �i=1,2� is the bending stiffness per unit width of
ayer i defined as Di=Eiti

3 /12. Substituting Eq. �19� into Eq. �18�,
he following is derived:

− D1
d4v1�x�

dx4 + �o�x� −
t1

2

d�o�x�
dx

= 0

�20�

− D2
d4v2�x�

dx4 − �o�x� −
t2

2

d�o�x�
dx

= 0

ifferentiating Eq. �14� four times and using the expressions of
4v1 /dx4 and d4v2 /dx4 derived from Eq. �20�, the following is
btained:

d4�o�x�
dx4 +

Eob

�
�o�x� =

Eoa

�

d�o�x�
dx

�21�

and b are defined as follows:

a =
1

2
� t1

D1
−

t2

D2
�

�22�

b =
1

D1
+

1

D2

he longitudinal strains of the two layers in the S-L model have
he following expressions:

du1�x,z�
dx

= � f +
P�x�
E1t1

− z
d2v1�x�

dx2 −
t1

2
� z �

t1

2
�23�

du2�x,z�
dx

= �s −
P�x�
E2t2

− z
d2v2�x�

dx2 −
t2

2
� z �

t2

2

�x� is also an unknown constraint axial force. At the interface,
he longitudinal strains are as follows:

du1�x,
t1

2
�

dx
= � f +

P�x�
E1t1

−
t1

2

d2v1�x�
dx2

�24�

du2�x,−
t2

2
�

dx
= �s −

P�x�
E2t2

+
t2

2

d2v2�x�
dx2
ifferentiating Eq. �15�, gives
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d�o�x�
dx

=
Go

�
	du1�x,

t1

2
�

dx
−

du2�x,−
t2

2
�

dx

 �25�

Substituting Eq. �24� into Eq. �25�, gives

d�o�x�
dx

=
Go

�
�� t1

2

12D1
+

t2
2

12D2
�P�x� −

t1

2

d2v1�x�
dx2 −

t2

2

d2v2�x�
dx2 − 	�

�26�

Here 	=�s−� f. Differentiating Eq. �26� twice and using both Eq.
�20� and the fact of dP�x� /dx=�o�x�, gives

d3�o�x�
dx3 −

Goc

�

d�o�x�
dx

= −
Goa

�
�o�x� �27�

and c= �t1
2 /D1+ t2

2 /D2� /3. Differentiating Eq. �21� twice and using
Eqs. �21� and �27� again, leads to

d6�o�x�
dx6 −

Goc

�

d4�o�x�
dx4 +

Eob

�

d2�o�x�
dx2 −

EoGo�bc − a2�
�2 �o�x� = 0

�28�

Equation �28� is the uncoupled governing equation of interfacial
normal stress �o�x�. To derive the uncoupled governing equation
of interfacial shear stress �o�x�, Eq. �27� is differentiated four
times and Eqs. �21� and �27� are used again. The seventh order
differential equation is obtained as follows:

d7�o�x�
dx7 −

Goc

�

d5�o�x�
dx5 +

Eob

�

d3�o�x�
dx3 −

GoEo�bc − a2�
�2

d�o�x�
dx

= 0

�29�

Integrate Eq. �29� once with the use of �o�0�=0 because the inter-
facial shear stress is an odd function �3,24�, the following sixth
order differential equation is derived

d6�o�x�
dx6 −

Goc

�

d4�o�x�
dx4 +

Eob

�

d2�o�x�
dx2 −

EoGo�bc − a2�
�2 �o�x� = 0

�30�

It must be emphasized that the two uncoupled Eqs. �28� and �30�
are not independent of each other and they are related to each
other by Eq. �21�.

2.4 Solutions of �o„x…, �o„x…, and Curvatures. �o�x� of Eq.
�28� has the following solution form �3,24�:

�o�x� = A1 cosh�
1x� + A2 sinh�
1x� + A3 cosh�
hx�cos�
vx�

+ A4 sinh�
hx�cos�
vx� + A5 sinh�
hx�sin�
vx�

+ A6 cosh�
hx�sin�
vx� �31�

Here Ais �i=1–6� are the unknown constants to be determined by
the boundary conditions. 
1, 
h, and 
v are the eigenvalues solved
from the characteristic equation of Eq. �28�. The following param-
eters are defined to express the eigenvalues:

�0 =
c

3

Go

�
�1 =

b

3

Eo

�
−

c2

9
�Go

�
�2

�32�

�2 =
1

3
�c3�Go

�
�3

−
27

2
a2Eo

�

Go

�
+ 9bc

Eo

�

Go

�
+

R1

2�6�1/3

R1 is defined as follows:

R1 = �4�3bEo�3 − c2Go
2�2�3 + �2c3Go

3�3 − 27a2EoGo�4

+ 18bcEoGo�4�2�1/2 �33�
y1, yh, and yv are defined as
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y1 = �0 −
�1

�2
+ �2 yh = �0 +

1

2
��1

�2
− �2� yv =

�3

2
��1

�2
+ �2�

�34�

ow 
1, 
h, and 
v are defined as


1 = �y1 
h =� �yh
2 + yv

2

1 + tan2�1

2
tan−1�yh/yv��

�35�


v = 
h tan�1

2
tan−1�yv/yh��

he symmetry condition requires �o�x� to be an even function
3,24�, therefore Eq. �31� changes as follows:

�o�x� = A1 cosh�
1x� + A3 cosh�
hx�cos�
vx�

+ A5 sinh�
hx�sin�
vx� �36�

he 3 boundary conditions for Eq. �36� are the following �3,24�:

�
−L

L

�o�x�dx = 0
d2�o�L�

dx2 = 0

�37�
d4�o�L�

dx4 −
Eob

�
�o�L� = −

Eoa

�

Go	

�

L�x�L and 2L is the beam length. Here the boundary condi-
ions are expressed by �o and their physical meaning cannot easily
e told. Physically, the first boundary condition above indicates
hat the vertical shear force is zero at the free edge. The second
nd third ones involve the fact that both the axial force and bend-
ng moment are zero at the free edges �3,24�. The 3 boundary
onditions of Eq. �37� written in Ais are the following 3 equations:

sinh�
1L�

1

A1 + � 
v


h
2 + 
v

2 cosh�
hL�sin�
vL�

+

h


h
2 + 
v

2 sinh�
hL�cos�
vL��A3

+ � 
h


h
2 + 
v

2 cosh�
hL�sin�
vL�

−

v


h
2 + 
v

2 sinh�
hL�cos�
vL��A5 = 0 �38�


1
2 cosh�
1L�A1 + ��
h

2 − 
v
2�cosh�
hL�cos�
vL�

− 2
h
v sinh�
hL�sin�
vL��A3

+ ��
h
2 − 
v

2�sinh�
hL�sin�
vL�

+ 2
h
v cosh�
hL�cos�
vL��A5 = 0 �39�

��
1
4 +

Eob

�
�cosh�
1L��A1 + ��
h

2 − 
v
2�2 − 4
h

2
v
2

+ �Eob

�
�cosh�
hL�cos�
vL� − 4
h
v�
h

2

− 
v
2�sinh�
hL�sin�
vL��A3 + ��
h

2 − 
v
2�2 − 4
h

2
v
2

+ �Eob

�
�sinh�
hL�sin�
vL� + 4
h
v�
h

2

− 
v
2�cosh�
hL�cos�
vL��A5 = −

Eoa

�

Go	

�
�40�
he 3 boundary conditions above uniquely determine the values
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of A1, A2, and A3.
For the solution of interfacial shear stress �o�x� of Eq. �30�, the

solution has the following form:

�o�x� = C1 sinh�
1x� + C2 sinh�
hx�cos�
vx�

+ C3 cosh�
hx�sin�
vx� + C4 cosh�
hx�cos�
vx�

+ C5 sinh�
hx�sin�
vx� + C6 cosh�
1x� �41�

Here Cis �i=1–6� are the unknown constants to be determined by
the boundary conditions. While, in order to keep �o�x� as an odd
function �3,24�, Eq. �41� changes to the following form:

�o�x� = C1 sinh�
1x� + C2 sinh�
hx�cos�
vx�

+ C3 cosh�
hx�sin�
vx� �42�

Ci �i=1–3� are correlated to Ais via Eq. �21�. Cis are expressed in
Ais as

C1 =
1


1

�

Eoa
�
1

4 +
Eob

�
�A1 C2 =

�

Eoa
��1A3 − �2A5�

�43�

C3 =
�

Eoa
��1A5 + �2A3�

with the definition of �1 and �2 as

�1 = 
h� Eob

��
h
2 + 
v

2�
+ 
h

2 − 3
v
2�

�44�

�2 = 
v� Eob

��
h
2 + 
v

2�
+ 
v

2 − 3
h
2�

Once �o�x� and �o�x� are solved, � f can be obtained as follows by
integrating the first equation of Eq. �16�:

� f = −
d2v1�x�

dx2 = −
1

D1
�

−L

x �
−L

x

�o�x�dxdx +
t1

2D1
�

−L

x

�o�x�dx

�45�

During the derivation of Eq. �45�, the facts that M1
=−D1d2v1 /dx2 in Eq. �19� and dV1 /dx=−�o�x� in Eq. �17� are
also used. Similarly, the curvature of the substrate is found by
integrating the second equation of Eq. �16�,

�s = −
d2v2�x�

dx2 =
1

D2
�

−L

x �
−L

x

�o�x�dxdx +
t2

2D2
�

−L

x

�o�x�dx

�46�

Generally, � f ��s in the S-L model in contrast to � f =�s=�T of the
Timoshenko model. A more dramatic case is demonstrated in the
model of a �soft� film-viscous layer-rigid substrate �37,38� that the
soft film is buckled with relatively large wave number and the
rigid substrate remains flat. Also, the above curvatures of the film
and substrate in the S-L model vary along the beam span in con-
trast to the constants of the Timoshenko model. Huang and Ro-
sakis also summarize six assumptions for the applicability of the
Stoney formula and their sixth is that “all surviving stress and
curvature components are spatially constant over the plate sys-
tem’s surface, a situation which is often violated in practice” �14�.
Clearly, here the interfacial slip is one of the mechanisms respon-
sible for such violation. With the solution of �o�x� and P�x�
=
−L

x �odx �24�, the strain/stress inside the film and substrate can
also be evaluated via Eq. �23�.

3 Results and Discussion
Here the film is germanium with Y1=105.08 GPa, �1=0.26, and

af =0.56574 nm; the substrate is silicon with Y2=150 GPa, �2

=0.17, and as=0.54306 nm �7�. �m�−4%. The interface layer is
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ssumed isotropic, so Go=Eo /2�1+�o� �24�. �o is the Poisson’s
atio of the interface layer and �o=0.2 is assumed. The range of

o /� taken in Murray and Noyan’s paper is around

ig. 2 „a… The definitions of different radii of curvature. Rf and
s are the radii of curvature of the mid-planes of film and sub-
trate, respectively. Rf

surf and Rs
surf are the radii of curvature of

he surfaces of film and substrate, respectively. „b… The coordi-
ate system for viewing the strain along the thickness.

Fig. 3 The curvatures of film and substrate
as 2Ã1016 Pa/m and 2Ã1017 Pa/m, respec

and the thickness of the substrate layer is t2=

11008-6 / Vol. 75, JANUARY 2008
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1017–1021 Pa /m �24�. Here the relatively compliant interface
layer parameters are taken in order to better demonstrate the effect
of interfacial slip. Two cases of Eo /�=2
1016 Pa /m and 2

1017 Pa /m are studied comparatively. As noticed by Huang and
Zhang �15�, the experimentally measured radii of curvature are
those of the surfaces, which are indicated by Rf

surf and Rs
surf in Fig.

2�a�. The beam model of both the Timoshenko and S-L model
actually describes the behavior of the midplanes of the two layers.
The radii of curvature given by the two models are thus Rf and Rs

as shown in Fig. 2�a�. Rf =Rf
surf+ t1 /2 and Rs=Rs

surf− t2 /2. As dem-
onstrated later in this section, Rf and Rs have the order of
102–103 �m, the thickness �t1 and t2� is just 1–3 �m. So the
curvature difference between the model and experimental mea-
surement is so little to be ignored. As mentioned above, two sets
of coordinate system are used in both the Timoshenko and S-L
models during the derivation. It may cause confusion when exam-
ining the strain across the thickness as shown later in Fig. 5. So
here a new coordinate system located at the interface as shown in
Fig. 2�b� is introduced for the result presentation purpose.

The curvatures of the film and substrate of the S-L model when
Eo /�=2
1016 Pa /m and 2
1017 Pa /m are calculated from Eqs.
�45� and �46�. The curvatures of the Timoshenko model for the
film and substrate are the same. As indicated in Eq. �13�, the
curvature of the Timoshenko model is a constant when the dimen-
sions are fixed. In Fig. 3, the following dimensions are used: t1
= t2=2 �m and L=10 �m. The uniform curvature of the Timosh-
enko model is calculated as �T=14914.1 m−1. For the ideal inter-
face case described by the Timoshenko model, the curvature can
only be uniform without the presence of residual axial stress �16�.
During the derivation above, the implicit assumption of no re-
sidual stress is applied. For the composite with ideal interface and
no residual axial stress, its curvature is proved to be independent
on the length �16�. As indicated in Eq. �13�, �T of the Timoshenko
model is independent of the beam length 2L. However, the two
curvatures of the S-L model in Eqs. �45� and �46� explicitly

the S-L model divided by �T. Eo /� is taken
ly. The thickness of film layer is t1=2 �m

−1
of
tive
2 �m; L=10 �m and �T=14914.1 m .
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epend on the length. During the derivation of the Timoshenko
odel, no boundary conditions are used. For the composite with

deal interface and no residual axial stress, its curvature is also
roved to be independent on the boundary conditions �16�. The
ree-free boundary conditions in Eq. �37� are used for the solution
f the interfacial stresses, therefore, the curvature of the S-L

Fig. 4 The constraint forces per unit width
by that of the Timoshenko model „Ptim
=10 �m.

Fig. 5 The comparison of strains calculat
with different Eo /�s. t1=2 �m, t2=2 �m, an

in Fig. 2„b….

ournal of Applied Mechanics
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model is dependent on the boundary conditions. In Fig. 3, � f and
�s are divided by �T for comparison reason. As shown in Fig. 3,
there is little difference between � f and �s for both Eo /�=2

1016 Pa /m and 2
1017 Pa /m. The � f and �s of Eo /�=2

1017 Pa /m are larger than those of 2
1016 Pa /m, respectively.

the S-L model with different Eo /�s divided
268.1 N m−1

…. t1=2 �m, t2=2 �m, and L

by the Timoshenko model and S-L model
=10 �m. The coordinate system is given
of
o=1
ed
d L
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he interface layer is less compliant with larger Eo /�. When Eo /�
pproaches infinity, it is the rigid interface of the Timoshenko
odel, which allows no interfacial slip. It is also noticed in Fig. 3

hat the curvatures of the S-L model are nonuniform. Figure 4
xamines how the interfacial slip can alter the constraint axial

Fig. 6 The curvatures of film and substrate
as 2Ã1016 Pa/m and 2Ã1017 Pa/m, respe
=9942 m−1.

Fig. 7 The constraint forces per unit width

by that of the Timoshenko model „Ptimo=1721

11008-8 / Vol. 75, JANUARY 2008

aded 30 Jul 2009 to 159.226.231.70. Redistribution subject to ASME
force. The dimensions in Fig. 4 are the same as those in Fig. 3. In
the Timoshenko model, the constraint axial force per unit width in
Eq. �12� is solved from the constraint condition of no interfacial
slip as indicated in Eq. �11�. The constraint force per unit width
calculated from Eq. �12� is Ptimo=1268.1 N m−1. The constraint

the S-L model divided by �T. Eo /� is taken
ely. t1=1 �m, t2=3 �m, L=10 �m, and �T

the S-L model with different Eo /�s divided
−1
of
ctiv
of

N m …. t1=1 �m, t2=3 �m, and L=10 �m.
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xial force per unit width of the S-L model is P�x�=
−L
x �odx �24�.

n Fig. 4, P�x� calculated for both Eo /�=2
1016 Pa /m and 2
1017 Pa /m is again divided by Ptimo for comparison. Clearly,
ith the interfacial slip, the constraint force is smaller than that of

he ideal interface case. It is also noticed that the constraint force
f the S-L model varies with x and Eo /��Go /�� with the fixed
ayers dimensions, while that of the Timoshenko model is a con-
tant. Figure 5 shows the axial strains of the Timoshenko model
nd S-L model. The axial strain of the Timoshenko model is cal-
ulated from Eq. �8� and the S-L one is from Eq. �23�. In Fig. 5,
he strain of the Timoshenko model is continuous across the in-
erface, which is also indicated by Eq. �11�. The coordinate system
n Fig. 5 as mentioned at the beginning of this section is the one
hown in Fig. 2�b�. The strains of the S-L models are discontinu-
us at the interface reflecting the fact of interfacial slip. The strain
f Eo /�=2
1017 Pa /m is less “discontinuous” than that of
o /�=2
1016 Pa /m. Eo /� as a fitting parameter physically in-
icates the effect of interfacial slip as reflected in Eq. �14�. Larger
o /� means smaller interfacial slip and for ideal interface Eo /�
�. As both the theoretical analysis and experiments show that

he layers dimensions also have significant influence on the inter-
acial stresses ��o and �o� as those interfacial parameters �i.e., Eo,

o, and �� �23,24�, so the thickness of both the film and substrate
s changed in Figs. 6 and 7 to show the effect of layer dimensions.
n Figs. 6 and 7, t1=1 �m, t2=3 �m, and L=10 �m. For these
imensions, �T=9942 m−1 and Ptimo=1721 N m−1. The curva-
ures and constraint forces are also divided by these new �T and

timo, respectively. In Fig. 6, the curvature difference between the
lm and substrate becomes significant around the free edges. The
lm curvatures of both Eo /�=2
1016 Pa /m and 2
1017 Pa /m

n Figs. 6 experience much more dramatic variation around the
ree edges. The difference between � f and �s in both Figs. 3 and 6
s very little around the center. Compared with those in Fig. 4, the
rofiles of the film and substrate constraint forces in Fig. 7 do not
ave a dramatic change, just the gap �difference� around the bi-
ayer center is smaller.

Concluding Remarks
The interfacial slip of non-ideal interface can significantly re-

uce the constraint force as compared with that of ideal interface.
he curvature of the nonideal interface also varies with the struc-

ure length and differs from that of the ideal interface. Therefore,
he evaluation of stress state inside the structure based on the

easured curvature and the model of ideal interface can result in
serious error without properly evaluating the interface state.

o /� and Go /� are the fitting parameters in the S-L model to be
aried to fit the experimental data. Once, the proper Eo /� and
o /� are chosen, Eqs. �45� and �46� extend the Stoney’s formula

o the application of the composite with interfacial slip.
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