SOME SUBSEQUENCES OF THE GENERALIZED
FIBONACCI AND LUCAS SEQUENCES

EMRAH KILIC

ABSTRACT. We derive first-order nonlinear homogeneous recurrence
relations for certain subsequences of generalized Fibonacci and Lucas
sequences. We also present a polynomial representation for the terms
of Lucas subsequence.

1. INTRODUCTION

Let p and g be nonzero integers such that A = p? — 4¢q # 0. The gener-
alized Fibonacci sequence {U,, (p,q)}, or briefly {U,}, and Lucas sequence
{Vo, (p,q)}, or briefly {V,,}, are defined by for n > 1

Un = pUn—l - qUn—Q and Vn = an—l - an—27

where Uy = 0,U; = 1 and V) = 2, V; = p, respectively.

When p = —¢ =1, U, = F,, (nth Fibonacci number) and V,, = L,, (nth
Lucas number).

The Binet forms of {U,,} and {V,,} are

o —p"
a—f
where o and 8 are the roots of 22 — px + ¢ = 0.
In [5], the solution of the following first order cubic recursion was asked

U, = and V,, = a" + 8",

ani1 = 5ad —3a,, ag=1. (1.1)

Then the solution was given as a, = Fs» in [7]. After this, similarly the
solution of recurrence

Poi1 =25P° —25P3 4 5P,, Py=1 (1.2)

was also asked. Then the solution was given as P, = Fjn.
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As an addendum to the solution of the problem given in [7], Klamkin
asked the solutions of recurrences:

Apy1 = A2 -2 A =3,
Bny1 = BY—4B2+2 B, =17,
Cpy1 = C8—6CE+902 -2, C, =18.

Then the solutions of them were given as A,, = Lon, B, = Ly» and C,, =
L67L.

In [1], the author give a recurrence relation for the Fibonacci subse-
quence {Fyn} for positive odd k, which generalize (1.1) and (1.2). In [2],
some generalizations of the results of [1] were obtained for the sequences
{Un (p.—1)} and {V,, (p, —1)}.

Meanwhile Prodinger [3] proved a general expansion formula for a sum
of powers of Fibonacci numbers, as considered by Melham, as well as some
extensions.

In this paper, we find first-order nonlinear recurrence relation for the
subsequence {Ujn} of generalized Fibonacci sequence {U,,} for odd k, and
first-order nonlinear recurrence relation for the subsequence {Vin} of gen-
eralized Lucas sequence {V,,} for both odd and even k. We also give a
polynomial representation for the generalized Lucas number Vi~ in terms
of generalized Fibonacci numbers Uy of degree k for even k.

2. RECURRENCE RELATIONS

We find first-order nonlinear recursions for the sequences {Upn} and
{Vin} for certain k’s. We need the following result for further use.

Lemma 1. Forn,t >0,

t
. 2t +1 t+k+1
i) U2t 1)n UnZ(

) Akqn(tfk) (]ﬁk7

i+ k+1\ 2k+1

i=0
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Proof. In order to prove the claimed identities, it is sufficient to use the
following well-known formulas (for more details, see [6]):

Lm/2] k. m (m—k

X"4+Yy"m =Y (-1 ) XY (X +)" m>1,

k=0 m—k k

(2.1)
and
XM _ym L(m=1)/2] k(M — k-1 k _2k—1
e -1 XV (X+Y)™ > 1.

e e GVl G [ S P TRO L e

For example, the claim (iii) follows from by taking X = o™, Y = " and
m = 2t in (2.1). The other claims are similarly obtained. O

For odd k, we give a first-order nonlinear recurrence relation for the
sequence {Ugn } :

Theorem 1. For odd k > 0 and n > 0,

k1 k3)/2 o (B+1)/24+4\ i pn(b=t_;), 2
Upnis = AU, L Aigh" (7 =) it
Rt TUnt 2 k+2i+1< 2 + 1 ) 1 k

Proof. From the Binet formula of {U,} and by the binomial theorem, we
obtain

Uk,
a—p J=0

n km k
(ak = ) g 2, () (M (2

1 (k—1)/2 N
- AGDR2 <U’f"“ + j; (5) (—qk ) U(kzj)kn>7

where A is defined as before. By (2.2), we obtain for odd k,

(k—1)/2 " ,
Upnin = AFDRUE — 570 (8¢ (1) Ug—gjpn. (2.3)
j=1
By (i) in Lemma 1 and (2.3), we conclude
Ugnt1 = A(k_l)/QU;fn
kol kol
R j k i—j\ k=2 ad k"(EFE—i)rr2i
—X I U OO et Al g
j=1 1=
which, after reversing the summation order, can be rewritten as
(k=1)/2 e .
Upntr = AB=D/2gk S Nigh™ (555 4) 4 201 (9.4)
i=0

where
(k—1)/2—1 .

A= B ) e
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Since A(x_1y/2,x = 0, the equality (2.4) becomes

(k—3)/2 kel )
Ui = A6D/208, =757 Al A (=gt
From (pp. 58, [4]), it is known that for 1 <m < (k — 3) /2
& i k—2j (kY (k—m—j k_ (k—m
Z (_1)J krfmij (])( mfj]) = _kfm( m ) (25)

1

J

2k ((k+1)/2+i

In order to obtain A; x as 57 (" 5,0 ), it is sufficient to replace m by
(k—1)/2 —iin (2.5). Thus we obtain the claimed result. O

For example, when k£ = 7, we have that
Upnsr = A3UL, + TA%q7" U2, + 14A¢7 2U2, +7¢7 2Uzn.

We now give a nonlinear first order recurrence relation for the sequence
{Vin} for odd k.

Theorem 2. Forn >0 and odd k > 1,

Vs = VE _ % (k=1)/2+1 2k (_1)i+% (Bt =)y
k o 2 +1 2 —k+1 ke

Proof. 1t is easy to see that

k Rk pik™ (k—g)k" 72
an — ZO (])ﬁj o J = an+1 + Zl (])q? ‘/(k—Qj)k"‘
J= J=

By (#i) in Lemma 1, we write

k—1 k—1 .
ko A= (kY (k1) /24 LES R
Vern = Vi =3 5 (AT (T
j=1 1i=0
L = k—2j 2i+1
x5 ) s Vi

which, by reversing the summation order, becomes

k—3 k-1 i
k= A~k (k1) /24— k—2j LS
= Vin — = ng (g) (( 2)z/+1 J) (k+1)/2i—i—j (_1) :
sgh" (=) p 2t
For the sum
k—1 .
i .
J (k\ ((k+1)/2+i—j k—2j
321 =1 (5) (‘ 2)1/+1 ’) Sy
if we take m = (k — 1) /2 — ¢ in (2.5), we obtain the claimed result. O

We now give a nonlinear first order recurrence relation for the sequence
{Vin} for even k.
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Theorem 3. Forn >0 and even k > 1,

k/2—1 )
Vintr = Vi = Vi, — s (! (5—i)k" 2
kn+l kntl k zz::o (-1) 2 2z'—l<:q

Proof. By the binomial theorem, we have that for even k,

k

2
- Z (l;) qknjvv(k72j)kn.

j=1

pntl

Vinin = Vi + (kljz)q

From (iv) in Lemma 1, we write

[N

+1—1

M .

k—2j) (5 —jti o
an+1 = an ]S j A (2 j N Z) (7]-)]2€ !
2

j+i 21

(e}

=0 j=1

xq(3 =" 2,

After reversing the summation order and by using (2.5), we get
1

e (I+E 1\ 2k n
Vi = Vi = 2, (1™ ( 2 >2ikq( MV,
=0

as claimed. O

For example, when k£ = 6, we have that

Venir = V& — 6¢%" Vit +9¢°"2V2 — 2¢%"3. (2.6)

3. A POLYNOMIAL REPRESENTATION

We give a polynomial representation for the Lucas number Vi~ in terms
of the generalized Fibonacci numbers Uy for even k.

Theorem 4. For even k > 0, n >0 and

k/2 ;
Vint1 = ;2 .(Hk/ 2>NU,33;qk"(’</“>.

i=0 k + 21 21
Proof. Consider
Uk,

1 u J J)k
= a5 (e

1 poamt oy i (k k"
N Vints = (=1)2 ¢ 2 (k/2)+]§1(_1) () Vik—2jyina .
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By (ii) in Lemma 1 and reversing the summation order of the equation
above, we write

k

m\?r

) 1 E pntl 22
Uljn = Ak/z (Vk"“ + ( 1)2 qk /2 (k/2) ; ; ( )
X (<1)7 i (V257 g MO
which becomes,
1 B2 ki
_ i k=25 (k\ (k/2—j+i\ k" (k/2—i) AiT72i
T AKR/2 (Vk"+1 + ig() ]gl (=1 k/z—jJ+z‘ (J)( / 2 ) DAty ) :

If we take m = £ — i in (2.5) for 1 < m < k/2, the last equation takes the
form:

k-2
U]l:n 1 (anJrl — ; 2k - <Z+ k/2> AZU27' k™ (k/2— z)> ,

- Ak/2 i=0 k + 22 2’L
as claimed. O

When k = 6, we get
Vgnt1 = A3US, + 622U ¢%" +9AUZ.¢%"2 + 24573, (3.1)

Notice that even the coefficients of the formula in (3.1) and (2.6) appears
to be the terms of the sequence A034807 in the OEIS.

Conclusions

Throughout the paper, we obtain recurrence relations for the sequences
{Ukn} and {Vjn} for certain k’s (not all k£’s) and obtain a polynomial rep-
resentation for the generalized Lucas number Vi~ in terms of generalized
Fibonacci numbers Ugn of degree k for even k. In order to clear how the
remaining cases could not be obtained, we note some facts here. Since we
never reach at the statement Uyn+1 when we expand the k" powers of the
statements Ugn and Vi~ by the binomial theorem for even integer k, we
can’t give a recurrence relation for Uy.+1 for even k. As a second remaining
case, is there a polynomial representation of Upn+:1 in terms of Vi~ for odd k
?7 Related with this question, we note that while doing required operations,
there is a problem (in reversing the summation order) so that we couldn’t
find a representation for the term Upn+1 in terms of Vin.
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