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Abstract .  An approximation is given for the number of divisors of the quadratic form 
n 2 q- m 2 q- t 2. 
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1. Introduction. 

Let z-(n) denote the number of  divisors of n. Hooley [2] studied the behavior of 
the sum 

S(x) = Z r(n2 + a) 
n ~ x  

where a is a fixed non zero integer such that - a  is not a perfect square. Gafurov 

[3,4] proved an asymptotic formula for the sum 

S(x)= ~ r(n 2+ m2). 

l <~l,m <X 

The main purpose of  this paper is to obtain an approximation for the sum 

S(x) : ~ -c(n 2 + m 2 + t2). (1.1) 

l <n,m,t <_x 

From definition of r (n), we can write (1.1) as 

E 2 1- Z E 
d<x~/3 l<_n,m,t<x d<x.~/3 l<_n,m,t<x 

,2+mZ+t2__-0(moda) (1.2) 

=2S1  - $2. 
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n 2+m2+t 2~0(mOdd) 
n2+m2+t2<dx~/3 
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Let e(s) denote the exponential function, e(s) = e 23r i s  , and ~ (s) the Riemann 
Zeta Function. Let g be Euleies constant. Let p(n) denote the number of 
solutions of the congruence 

x 2 + y2 + z 2 _ 0(modn), 1 < x, y, z < n. (1.3) 

Our first result is an asymptotic formula for the function p (n). 

Theorem 1. The following formula holds 

4 if(3) 3 
~ p ( n ) - -  1 5 ~ ) x  +O(x21ogx) .  (1.4) 
n<y 

Using Theorem 1 and (1.2) we shall get the following approximation for the 
sum (1.1). 

Theorem 2. The divisor function of a quadratic form verifies the following 
formulas 

222~-3 ff(3)~ x3 
25 ~-~] + O(x21~ 

< ~ r(n2 + m2 + t2 ) 8 ~'(3)x3 logx 
l<n,m,t<x 5 if(4) 

2 ~(3)~ x~ 
< 2B 2 2 5 v / ~ - 7 ~ ]  § O(x21ogx) 

2C 

~(3) 2 
c = a + ~ g (log 3 + 9 - 8 , /3)  

where 

~'(3) 2 
B = Z + ~ ~ (log 3 + 9 + 8v/3), 

for 

A=---~-V+25r ( i f ( s - - i ) ) '  ( 1 _ 6  _ i f ( s - l ) ) '  . 
\ if(s) ,=4 2 S 1 ~'(s) s=4 

(1.5) 

(1.6) 

The authors gladly acknowledge the perceptive comments of the referee and 
his valuable suggestions which have improved the exposition of this paper. 
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2. Preliminary results 

Expressing the number of solutions of the congruence (1.3) by Gauss Sums we 
obtain the following lemma. 

L e m m a  1. Let p (p~) the number of solutions of the congruence 
x2 + y2 + z 2 _ O(mod p~), l < x, y, z < pC. Then we have 

(a) when p is an odd prime 

p2Ce q_ p2C~-I _ p3Ce/2-1, 

l ) ( P ~ )  ~- [p2C~ q_ p2o~-I p(Ba-1)/2, 
if oe is even 

if ee is odd, 

(b) when p = 2 

Proof. 
form 

/ 2  3cff2, if oe is even 

P(2~) = [2  (3c~+1)/2, ifo~ is odd. 

(a) We can express the number of solutions of the congruence in the 

3 

p(p~) = --1T-" e ( au2 (2.1) 

Moreover, (see [6], Chapter 1, w if p is an odd prime number and p ~'a, 

PY ( a u 2 ]  [ ( p )  i((p-W2)2p y/2, ify--= l (mod2)  (2.2) 
S(a, pY) = ~_, e = 

u=l \ p• } [PY/2 '  i f g  --= 0(mod2) 

where ( p )  is Legendre's Symbol. Therefore, we can write 

a=l,pXa 

( S ( a ,  pc~))3 + _ _  
l~ fi=i a=l,p~a 

p3~ (S(a, p~_fi))3. 

First, we suppose o~ _= 0(mod 2). We have 

pe~ 

a=l,p/(a 

1 a/2 p=-2y 

pC~ Y 1 a=l,pfa 

1 c~/2 
+ p-~ Z 

g=l 

p6y p3(~-2y)/2_ t_ 

pe~-2V+l 
2 

a=l ,pXa 
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P a As }-~,a=l,pXa(p) = O, w e  o b t a i n  

p(pCe) = p2~ _1_ p2C~-I _ p3Cr 

Analogously, for oe = l(mod 2), we obtain 

p(p~) = p2~ q_ p2~-I _ p(3~-1)/2. 

(b) In the case p = 2, when 2 Xa, the Gauss sum holds ql, 
2y (ax2 ~ O, 

S(a, 2 y) = ~ e = 
x=l \ 2• ] 2• U), 

2• - I -  i)e (izr/4)(a-1), 

(see [5] Thm. 3, Chapter 11). Then 

i fv  = 0  

i fv  = 1  

if g > 0 and even 

if 1/ > 1 and odd 

2 o~ 1 
P(2~) = 2-7 2 

a=l,2Xa 

1 c~ 2 ce-~ 

(S(a' 2~))3 + 2-g ~ 2 23~ ( S(a' 2~-~))3" 
fl=l a=l,2Xa 

When o~ - O(mod 2), ~ > O, we have 

2 c~ 1 ia)3 1 ~--t 2oe-2Y 
0(2 ~) = 2- 7 ~ 2~(1 + , + 27 ~ s 26• + ia) 3 

a=l,2Xa y=l  a=l,2Ja 

~/2-1 2c~-2Y +1 
(1 + i)3 26y_32{(ce_Zy+l)ek~(a_l  ) q'- 22ce. 

+ T Z Z  
g=l  a=l,2Xa 

It says 
p(2 ") = 23~/2. 

In same form, when oe -- l(mod2), we deduce 

p (2 ~) = 2 ( 3 c e + 1 ) / 2 .  

Let F(s) be the Dirichlet function of p (n), 

OO 

V(s) = ~ p(n) 
n s  

n=l 

(2.3) 

(2.3') 

(2.4) 

(2.4') 

[] 
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By Lemma 1 and the properties of Dirichlet series we have 

F(s) = ~(s - 2)~(2s - 3) s Ix(n) f (n) 
/~2s - 2  

n = l  

where/z(n) is the M6bius function and f (n)  is the multiplicative function 

Hence, we can express 

1, if n is odd 

f (n)  = 4, i fn  is even. 

g(d) 
p(n) = n 2 Z 

d 2 
d 21 n 

with 
/q)(d), i f d  is odd 

g(d) 
[ -2q)(d) ,  i f d  iseven 

where q)(d) is Eulefs function, 

q)(d) =#{n c N [  1 < n < d ,  ( n , d ) =  1}. 

It is known that 

n s - p,~S - ~  ~ ~ )  s > 2  
n 1 o~=0 

(2,n)=l  

and (see Thm. 11.12 of [1]) 

OO 

E 
n = l  

(2,n)=l 

~0 (n) log n 
n 4 

' ( 1 if(s- 1)'~' (C(s-  i) + _ 

- -  ~, ~'(S) s : 4  2 s 1 ~(T) I s : 4 '  

L e m m a  2. It holds 

_ l o g  x Z g(n~ 4 ~(3) + O ( - - ~ ) .  
n 4 5 ~" (4) 

n<x 

Proof. From (2.6) this sum is 

g(n) _ 3  ~ ~o(n) _ 2 ~ ~~ 
114 t l  4 l i  4 " 

n<_x n<_x n<x 
(2,n)=l 

(2.5) 

(2.6) 

s > 2 .  

(2.7) 

(2.8) 
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Notice that, from Abel summation Formula 

E q)(n) _ ((3) 1 
n 4 ((4) 2((2)x 2 

n<x 

{ log x ~ (2.9) 
- - + o \  x3 1 

As qv(n) = n F-,dln u(d)cl 

 o(n) 
n 4 

n<x 
(2,n)=l 

We need the following relations 

E 
n<x 

(2,n)=l 

- - ,  we can write 

3-'  1 
n<x m<_x/n 

(2,n)=l (2,m)=l 

.1 7 
n~ = g((3) - ~x -a + O(x -3) 

(2.1o) 

(2.11) 

and 
Z /z(n) q" (cr*l+~ (q)3(x))  
n<x n ~ --  ( (e l )J~(q)  + 0 ~ x~_l  (2.12) 

(q,n)=l 

where J~(n) = ~-~dq=n # ( d ) q  ~ , where cr*(q) is the sum of s-th powers of the 

square-free divisors of q, and where 3 (x) = exp{-A log 3 x (log log x)-  �89 }, for 
A a positive constant (see [7], Lemma 3.6 ). From (2.10),(2.11) and (2.12) we 
obtain 

Z q)(n) 14((3) 1 / l o g x ]  
n<x n 4 -- 15 ((4) 3((2)x ~ + O \ ~ T - ]  " 

(2,n)=l 

Then, replacing (2.9) and (2.13)in (2.8) We obtain (2.7). 

(2.13) 

[] 

3. Proofs of Theorems 

Proof of Theorem 1. By (2.5), one has 

n_<x n<,/Y ~n<~ 

3 Z g (n)  = - -  + 0 x 2 ~_~ - -  

n<_~,/Y n<_~,/x 

ig(n)l] 
tZ2 ) " 
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Notice that ~n<x g(n) O (log x). From this bound and Lemma 2 we have n 2 -- 

x3 / 4  ((3) ~ l o g x , }  
E P ( n ) = - ~ - l ~ + U t x - 5 ~ )  + O(x21og x) 
n<x 

and (1.4) is proved. [] 

Proof of Theorem 2. 

where 

From (1.2) we can write 

Z r(n2 + m2 + t2) = 2S1 - $2, 
l <n,m,t <_x 

(3.1) 

12 E 1: 
d < x ~  I<n,m,t<x d<_x~3 

n2 +m2 +t2=_o(modd) 
n2 +m2 +t2 <dx ~3 

Now, the inner sum S(d) is bounded by the number of integer points (n, m, t) 

such that 1 < n, m, t <_ v/dx~#J - 2 and n 2 + m 2 + t 2 = 0(modd). 
For x any real number, let [x] denote the largest integer < x. Making the 

following change of variables, n = n ld  + vl, m = m i d  + v2, t = t ld + v3, 

1 _< Vl, v2, v3 _< d, we have 

s2 <_ 
d<x. f3  l_<vl ,v2,v3<d 

where we denote 

for every i = 1, 2, 3. 
On the other hand, S(d) is bigger than the number of integer points 

(n, m, t) such that 1 <_ n, m, t <_ ~ /dx /~ /3  - 2 and n 2 + m 2 + t 2 - 0(modd). 
1 

So 

where 

82 >~ Z S dP (Yl)Qb (Y2)d/) (V3) 
d<_x/~f3 l <vl ,v2,v3<d 
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for every i = 1, 2, 3. 
Using the properties of  [x], we obtain 

[y l  ]3 < _ 
p(d)[_-~_]  $2 < ~ p ( d ) ( [ d ] + m )  3 

d<<x/.,/3 d<x~3 

where y = ~/dx~r - 2 and y] = ~ 3  - 2. Then we can write 

p(d) p(d) 
82 <_~33/4X 3/2 33/2x 5--" d 3/-----T + ~ d 

d < x,,f 3 d <_x,,/ 3 
p(d) +35/4x 1/2 ~_j d,/~ + ~ p(d). 

d <_x ~f 3 d <_x ~/ 3 

Using Abel summation formula and Theorem 1, we get 

(3.2) 

(3.3) 

p(n) 
n 

n<x 

f x  A(t) dt 2 ~(3) l A (x) + + O ( x )  = - x2  ..]_ O (x  log x), 
x 7 -  5 ff (4) 

where A(t) = ~n<_t p(n). In the same form we deduce 

~< p(n) 8 ~'(3)x5/2 + O(x3/21ogx) 
n_x ~ 25 if(4) 

and 
Z P ( n )  _ 8 f f (3 )x3 /2+O(xU21ogx)"  

n3/2 15 ~(4) 
n < x  

Therefore, from (3.3), (3.4)-(3.6) and Theorem 1 we deduce 

(3.4) 

(3.5) 

(3.6) 

82 ~< - -  222~/-3 ~'(3)x3 + O(x 2 logx) .  
25 ~'(4) 

Analogously, from (3.2) we have 

$2 >3 3/4X3/2 ~ p(d) p(d) 

d<x/~f3 d<x/.~/3 

+33/4xl/2 y ~  /9(d) dl/2 ~ p(d) + O(x2). 
d<_x/./~ d<x/#3 

(3.7) 
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Then, from (3.4),(3.5), (3.6) and Theorem 1, we have 

82 > - -  2 ff(3)x 3 -? O(x21ogx)" 
225 x/r3 ~(4) 

For the first sum, $1, it has 

p(d) < $ 1 ~  ~ p ( d ) ( I ~ ] q - 1 )  3 

d<x~f3 d<_x~3 

As before, by Theorem 1 and partial summation, we obtain 

Z p(n) 4 if(3) 
n 2 -- 5 ~(4~ x + O(logx). 

t / < X  

In a similar manner to the proof of Theorem 1, one has from (2.5) 

p(n) g(n) 1 
n3 - -  ~ n4 ~--~ m 

n<x n<~x m<x/n 2 

and from Thm. 3.2 of [1] 

p(n) 
n 3 

n < x  
n 4 

n ~ Y  

= (logx + Y) 2 g(n) 2 E g(n)logn o ( l o g x  
n--- W- - n4  q- ).  x 

n _ < ~  n_<~/x 

As in (2.8) and (2.9) 

~ g(n) logn _ 3 
It s 

n=l  n 1 
(n,2)=1 

~o(n) logn qg(n)logn 2 ~  , s > 2 
Ft s F/s 

n= l  

Z g(n)logn 
114 

n <~/x 

( 1 1))' _ 1)]' 
- 3  2s-  1 ~(s) s=4 \ ~(s) ] ,=4 + O ( l ~  x 

So 
p(n) 4 ~(3) 

n 3 5 if(4) 
n < x  

- -  logx + A + o ( l~ f - ) ,  

where A is the constant (1.6). 

(3.8) 

(3.9) 

(3.10) 
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From (1.4), (3.4), (3.9) and (3.10), in analogy to (3.7) and (3.8), we obtain that 

4 ff(3)X 3 $1 < - - -  logx -t- B x  3 + O(x21ogx) 
- 5 ~ ( 4 )  

(3.11) 

where 

and 

where 

(3) 2 
B = a + - - ~  ~(log 3 + 9 + 8~/3), 

4ff(3)x 31ogx + Cx 3 + O(x21ogx) 
S~ > ~ if(4-----) 

C = A +  ~ ( l o g 3 + 9  8 ~ ) .  

From (3.1), (3.7) and (3.12) we get the following inequality 

(3.12) 

Z r(n2 + m2 + t2) > 
l <n,m,t  <x 

8 ~(3___))x3 logx + (2C - 2224'3 ~'(3)~ x3 + O(x2 > logx). 
5ff(4) \ 25 ff(4)] 

(3.13) 

And from (3.1), (3.8) and (3.11) we get 

r (n  2 q - m  2-k-t 2) < 

l<n,m,t<_x 

8 ~'(3)x 3 1ogx + (2B 2 ~'(3)'] x3 
< 5 ~(4) 225~/3 ~--~J § O(xZl~ 

(3.14) 

The Theorem 2 follows from inequalities (3.13) and (3.14). [] 
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