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Abstract

We develop a point based method for solving finitely nested in-
teractive POMDPs approximately. Analogously to point based
value iteration (PBVI) in POMDPs, we maintain a set of be-
lief points and form value functions composed of only those
value vectors that are optimal at these points. However, as
we focus on multiagent settings, the beliefs are nested and the
computation of the value vectors relies on predicted actions of
others. Consequently, we develop iateractive generaliza-
tion of PBVI applicable to multiagent settings. We bound the
error theoretically and provide empirical results using multiple
domains.

1 Introduction

Interactive partially observable Markov decision proesss
(I-POMDPs; (Gmytrasiewicz & Doshi 2005)) are a frame-
work for sequential decision-making in uncertain, muldat
environments. I-POMDPs facilitate planning and problem-
solving in multiagent settings at an agent’s own individ-
ual level, and in the absence of any centralized controllers
(c.f. (Nair et al. 2003)) and knowledge about the beliefs of
other agents (c.f. (Hansen, Bernstein, & Zilberstein 2004;
Nair et al. 2003)). Analogous to POMDPs (Kaelbling,
Littman, & Cassandra 1998), solutions of -POMDPs are dis-
proportionately affected not only by growing dimensionali
ties of the state space (curse of dimensionality), but ajsa b
large policy space that grows exponentially with the number
of actions and observations (curse of history).

Because I-POMDPs include models of other agents in the
state space as well, the curses of dimensionality and histor
are particularly potent. First, if models of others encossa
their beliefs (sometimes calledtentional modelg the state
space is nested representing the beliefs over others’fbelie

and their beliefs over others. Second, as the agents act and

observe, their beliefs evolve over time. Thus, solutionk of
POMDPs are affected by not only the curse of history afflict-
ing the modeling agent but also that exhibited by the modeled
agents.

Previous techniques for approximating solutions of figitel
nested I-POMDPs have focused on mitigating the impact of
the curse of dimensionality. One approach is to form a sam-
pled representation of the agent’s prior nested belief. The

samples are then propagated recursively over time using a
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process called the interactive particle filter (Doshi & Gmy-
trasiewicz 2005), that generalizes the patrticle filter tdtimu
agent settings. Because the approach maintains a fixed set of
N samples of the interactive state space, it saves on computa-
tions though at the expense of solution quality. Howeve, th
approach does not address the curse of history and is suited
to solving I-POMDPnling, when an agent’s prior belief is
known.

In this paper, we focus on offline solutions of finitely
nested I-POMDPs that do not assume a particular initial be-
lief of the agent. In the context of POMDPs, point based so-
lution techniques (for e.g. (Pineau, Gordon, & Thrun 2006;
Spaan & Vlassis 2005)) provide effective offline approxima-
tions that reduce the impact of the curse of history and subse
quently scale well to relatively large problems. This has mo
tivated their use in approximating multiagent decision mak
ing. Szer and Charpillet (Szer & Charpillet 2006) improv-
ing on (Hansen, Bernstein, & Zilberstein 2004) develop a
point based dynamic programming technique to approximate
DEC-POMDPs. Seuken and Zilberstein (Seuken & Zilber-
stein 2007) adopt a memory bounded and point based tech-
nigue to compute approximately optimal joint policy trees f
DEC-POMDPs. While its application in DEC - POMDPs is
somewhat straightforward because of the assumption of com-
mon knowledge of initial beliefs of the agents and a focus on
team settings, we confront multiple challenges in doing so:
(i) As point based techniques utilize a set of initial belief
points, we need computational representations of the eheste
beliefs in order to select the initial belief poin{gi) Because
there could be infinitely many computable models of other
agents, the state space is prohibitively large. Fina#l)
actions of an agent in a multiagent setting depend on others’
actions as well. Therefore, solutions of others’ models are
required which suggests a recursive implementation of the
point based technique.

We provide ways to address these challenges. We show
that computational representations of multiply nesteéekel
are non-trivial and restrictive assumptions are necessary
facilitate their representations. In this context, we tithie
interactive state space by including a finite set of initialdm
els of other agents and those models that are reachable from
the initial set over time. Here, we make the assumption that
the initial beliefs of the agent asbsolutely continuouwith
the true models of all agents as defined in (Doshi & Gmy-
trasiewicz 2006; Kalai & Lehrer 1993). Finally, we present a



generalizeghoint based value iteratio(PBVI; (Pineau, Gor-
don, & Thrun 2006)) for finitely nested I-POMDPs that re-
curses down the nesting, approximately solving the models
at each level. We theoretically bound the error and provide
evaluations of the performance of the approach on multiple
problem domains.

2 Finitely Nested I-POMDPs
Interactive POMDPs generalize POMDPs to multiagent set-
tings by including other agents’ models as part of the state
space (Gmytrasiewicz & Doshi 2005). Since other agents

may also reason about others, the interactive state space is

strategically nested; it contains beliefs about other tgjen
models and their beliefs about others. For simplicity of pre
sentation we consider an agehtthat is interacting with one
other agentj. A finitely nested I-POMDP of agerntwith a
strategy level is defined as the tuple:

I-POMDP; ; = (I1S;,, A, T;,Q,0;, R;)

where: e IS;; denotes a set of interactive states defined as,
IS;1 =8 x Mj,; 1, whereM;; | = {0;, 1 USMj}, for

[ > 1,andIS; o = S, whereS is the set of states of the
phyS|caI environment. ©,,-1 is the set of computablm—

tentional model®f agentj: 0;;_1 = (b 179 ) where the

frame 0; = (A, Q; » Tj, 05, Ry, OCj). Here,j is Bayes
rational andOC IS] 'S optlmallty criterion. SM is the set

of subintentional models of. Simple examples of subinten-
tional models include a no-information model and a fictitiou
play model (Fudenberg & Levine 1998), both of which are
history independent. In this paper, we focus on intentional
models only. We give a recursive bottom-up construction of
the interactive state space:

ISio =5, 05,0 = {(bj,0,0;) | b0 € A(IS;0)}
ISi1=58x6j0, ©j1={(bj1,0;)|bj1€AUS;1)}
ISi1=5%x0;,1, ;1 ={bu1,0;) b, e AIS;,)}

Similar formulations of nested spaces have appeared
in (Aumann 1999; Brandenburger & Dekel 1993).
e A = A; x Aj is the set of joint actions of all agents in the
environmente 7; : S x A x S — [0, 1], describes the effect
of the joint actions on the physical states of the envirortmen
e ), is the set of observations of agente O, : S x A x
Q; — [0,1] gives the likelihood of the observations given the
physical state and joint actiom;R; : 1.5; x A — R describes
agenti’s preferences over its interactive states. Usually only
the physical states will matter.

Agenti’s policy is the mapping2f — A(A;), whereQ)}
is the set of all observation histories of agenSince bellef
over the interactive states forms a sufficient statistic y&m
trasiewicz & Doshi 2005), the policy can also be represented
as a mapping from the set of all beliefs of agétd a distri-
bution over its actionsA (1.5;) — A(4;).

2.1 Belief Update

Analogous to POMDPs, an agent within the [-POMDP
framework updates its belief as it acts and observes. First,
since the state of the physical environment depends on the ac
tions of both agentg,s prediction of how the physical state
changes has to be made based on its predictigis afctions.

Second, changes ifis models have to be included ifs be-
lief update. Specifically, ag is intentional an update gfs
beliefs due to its action and observation has to be inclukhed.
other words; has to update its belief based on its prediction
of whatj would observe and hoywwould update its belief.

Pr(is'|a; i 17b:ll) ﬂzlsf—l:ﬁtfl:g; bf;l(ist_l)
XZ -1 Pr(a}” 1|9]l )0i(st, afll,aﬁfl o!)

KT (6 0l 0l 5, O5(st, 0l o)
xdp(SEp (Jl 1,a§ 'ob) — bgl ")

)
whereﬂ is the normahzmg constanip is 1 if its argu-
ment is O otherwise itis Qr(a}~'|0%,) is the probability

thatat‘1 is Bayes rational for the agent described by model

9; . 11, andSE(-) is an abbreviation for the belief update.
If agentj is modeled as an I-POMDP, théa behef update
invokes j's belief update (via the ternSEet (bjl . 2*1,

t)) which in turn invokeg's belief update and so on. This
recursion in belief nesting bottoms out at tH& level. At this
level, the belief update of the agent reduces to a POMDP be-
lief update.! For illustrations of the belief update, additional
details on I-POMDPs and how they compare with other mul-

tiagent frameworks, see (Gmytrasiewicz & Doshi 2005).

2.2 Value lteration

Each belief state in a finitely nested I-POMDP has an associ-
ated value reflecting the maximum payoff the agent can ex-
pect in this belief state:

Ut((bi,0;)) = max

il

a; €A;

2.

’isEISZ 1

ERl(ZS, ai)bi7l(is)—|—

@
1 T Prioa,b)U (SEy (b 0i 0. 5)
0, €Q;
where, ER;(is,a;) >a,; Rilis,ai,a5)Pr(a;0j,-1).
Eq. 2 is a basis for value iteration in -POMDPs.
Agenti’'s optimal actiona?, for the case of finite horizon
with discounting, is an element of the set of optimal actions
for the belief stateQ PT'(0; ;), defined as:

OPT(<bi,l»§i>) = argmaz
a;€EA;

{ Z ERi(z‘s,ai)bi’l(is)

iSGISil

+y 3 Pr(oias, bi) U™ ((SEp, (big, ai, 0:),0:))
0,€Q;

2.3 Exact Solution

Notice that the value functio/*, maps©,; — R. Because
©;, is a continuous space (countably infinite if we limit to
computable beliefs), we cannot iterate over all the models o
i to compute their values. Instead, analogous to POMDPs,
we may decompose the value function into its components:

U (i, 0:)) = > al(is) x by(is) (3)

is€I1S;

1The G" level model is a POMDP: Other agent’s actions are
treated as exogenous events and folded into the T, O, and R func-
tions.



where,

al(is) = maz {ERZ'(iS, a;) +v>.
a; €A;

2

0; is’GIS,;‘z,{

|:T‘Z(S7 ag, ajv S/)Oi(s/a ag, a]‘, Oi) Z()J Oj(sla A, aj7 0])

> Pr(a;j|6;,-1)

aj

50(SEp (bia-1,5,01) — b;-,l_n} a1 (is')

The proof for Eq. 3 is given in the Appendix of (Gmy-
trasiewicz & Doshi 2005). For small problems and finite
sets of models, we may compute’ (called the alpha
vectol) exactly, using methods that are analogous to
those of POMDPs (Cassandra, Littman, & Zhang 1997;
Monahan 1982). We outline a simple way below:

Let V!*! be the set of time + 1 alpha vectors, the¥ia; €
A;, ando; € Q;:

D% — a%*(is) = Y R(s,ai,a;)Pr(a;]0;,-1) (4)

a;€EA;

[0 & a0 (78) = ’YZZPT'(CL]‘ |9j,l—1)Ti (S, Q;, aj, S/)
is’ aj
Oi(S,, a;, aj, Oi)sz (8/, a;, CL]'7 Oj)(SD(SEgj (bjylfl, aj, Oj)
—b_y) attL(is') Valtl e pitl
(5)

Thus we generaté(|A,||;]) sets of[V'*!| vectors each.
Each vector is of lengthl.S; ;|. Next, we formulatd’®: by
taking the cross-sum of the previously computed sets oBalph
vectors:

19251

Fai - Fai,* @ Iwai,al1 @ Fai,og @ V. @ Fai’oi (6)

We may generat€(|4;||Vi*1|I%1) many distinct interme-
diate alpha vectors, and we utilize a linear program (LP) to
pick those that are optimal for at least one belief point.

V! =prune (| T
prur (LaJ_ )

Notice that Egs. 4 and 5 requifer(a;|0;,;—1), which in-
volves solving (exactly) the levél— 1 intentional models of
agentj. Thus, we carry out the above mentioned procedure
recursively for solving models at all levels.

3 Computational Representation of Nested
Beliefs

While Section 2 presents a mathematical definition of nested
belief structures, their computational representatioasso
needed to facilitate implementations utilizing nesteddfsl
However, as we show next, developing these representations
is not a trivial task.

3.1 Complexity of Representation

To promote understanding, we assume tliat frame is

known and agent is uncertain about the physical states and

j’s beliefs only. We explore the representations bottom-up.
Agent i’s level 0 belief, b; o € A(S), is a vector of

probabilities over each physical staté; o def ( pio(s1),
Pi0(82),- -+ pio(s)s)) ). Since belief is a probability dis-

tribution, Zﬁlpi,o(sq) = 1. We refer to this constraint

as the simplex constraint. As we may writg,o(s|s|) =

1— 1% i o(s4), subsequently, onlyS| — 1 probabilities
are needed to specify a level 0 belief.
Agenti's level 1 belief, b1 € A(S x 0;,), may be

rewritten asp; 1(s,0;,0) = pi,1(s)pi,1(6;5,0]s). Therefores’s

level 1 belief is a Vectorbm d;f <(pi71(51),pi71(@j}0|81)),
(pi,1(52),04,1(05,0]52)), i1 (s1s)):0i1(005)5))))-
Here, the discrete distribution{ p;i(s1), pii(s2),. ..,
pi1(s|s|) ) satisfies the simplex constraint, and each
pi,1(©;.0]s¢) is a single density function ovej's level 0
beliefs.2 We note thap; 1(©,,0|s4) integrates to 1 over all
level 0 models ofj.

An example representation of a level 1 belief is to model
each densityp; 1(0,0]sq), as a weighted mixture of?

. . K4
Gaussians. If the frame is knowp, 1 (bjols,) = >, w"

N (uﬁ’f, Eﬁ’f) (bj0), whereb, ¢ is a vector of probabilities
as defined previouslyaf”lq andEfy’f are the mean and covari-

ance respectively, of thg" Gaussian component of the mix-
ture. The representation is general because for a sufficient
large K4, Gaussian mixtures approximate any density to an
arbitrary accuracy (McLachlan & Basford 1988).

Agent i's second level belief, b, € A(S x
©,1), analogous to level 1 beliefs, is a vectord; o

L ( (Pi2(51),pi2(05151)), (pi2(52),pi2(0j1]82)),- -,
(pi2(8]5)), Pi,2(©j,1]515))) ). In comparison to level 0 and
level 1 beliefs, representing doubly-nested beliefs ariéfse
with deeper nestings is difficult. This is because theseiare d
tributions over density functions whose representatiaesin

not be finite. For example, lgts singly-nested belief den-
sities be represented using a mixture of Gaussians as shown
before. Theni’s doubly nested belief ovei's densities is in

part a vector of normalized mathematical functions of vari-
ables where the variables are the parameters of lower-level
densities. Because the lower-level densities are Gaussian
mixtures which could havany number of components and
therefore an arbitrary number of means and covariances, the
functions that represent doubly nested beliefs may have an
infinite number of variables. Thus computational represent
tions ofi’s level 2 beliefs are not trivial. We formalize this
observation using Proposition 1, which states that muyitipl
nested beliefs are necessarily partial functions thatdadls-

sign a probability to some elements (lower level beliefs) in
their domains.

Proposition 1. Agenti’s multiply nested beliety; ;, [ > 2, is
strictly a partial (Turing-)recursive function.

Proof. We briefly revisit the definition of nested beliefs;;

€ A(IS;;) = A(S x ©;,-1). For simplicity, we assume
that j's frame is known (the proof is not contingent on this
assumption). As thbasiscase, lef = 2, thenb; o € A(S x
(Bj.1)). Because the physical state space is discbgtemay
be represented, in part using a collection of density fonti
onj’s beliefs, one for each discrete stgigy(b;,1]s,), Where
bj1 € Bj — the set ofj’s level 1 beliefs. Notice that; ;

2If j's frame is not knownp; 1(0; 0|s,) is a collection of den-
sities over;’s level 0 beliefs, one for each frame.



being singly-nested, is itself, in part, a collection of sidies
overj's level O beliefs, one for each state.

Recall from Section 2 that the models and therefore the
belief density functions are assumed computable. tet
be the program of length in bitéen(z), that encodes, say
pj.1(bjols1), in the languagey. Then define theeomplex-
ity of the density function,p; 1(bjols1), as: Cy(pj1) =
min {len(z) : g(z) = p;1(:|s1)}. C4(:) is the minimum
length program in languaggthat computes the argumeht.
We observe thaten(z) is proportional to the number of pa-
rameters that descrilgg 1 (-|s1). Because the number of pa-
rameters of a density need not be bounded(x) and con-
sequently the complexity of the density may not be finite.
Intuitively, this is equivalent to saying that the densibutd
have “any shape”.

Assume, by way of contradiction, that the level 2 density
function,p; 2(b;,1]s1) is a total recursive function. Construct
a Turing machine]’, that computes it. Becauge is total,

T will halt on all inputs. Specificallyl” will read the set
of symbols on its input tape that describe the level 1 density
function (the programy), and once it has finished reading it

S x ©,,_1 and agent’s belief,b;; € A(IS;,;). Here, anal-
ogous to a level 1 beliet; ; def {i1(51), pin(©5.1-1]51)),

(i,1(52), Pi,1(©,1-1]52))s- - 1 (Dii(5)5)),s

Pii(©41-1[s15))) )-

Notice thati’'s belief over the physical states and other’s
candidate models, together with its perfect informatioowtb
its own model induces a predictive probability distribuatio
over the joint future observations in the interaction (Odsh
Gmytrasiewicz 2006). Because we limit the support’sf
belief to a finite set of models, the actual sequence of obser-
vations may not proceed along a path that is assigned some
non-zero predictive probability bys belief. In this casei's
observations may contradict its belief and a Bayesian belie
update may not be possible.

Therefore, it is desirable that agefi$ belief, b, ;, as-
sign a non-zero probability to each potentially realizadide
servation path in the interaction — this condition has also
been called the truth compatibility condition (Kalai & Lenr
1993). We formalize this condition mathematically using th
notion ofabsolute continuityf two probability measures:

halts and leaves a number between 0 and 1 on the output tape pefinition 1 (Absolute Continuity) A probability measure

This number is the output of the density function encoded
by T. Note thatT does not execute the input program
but simply parses it to enable identification. Thligs not
a universal Turing machine. As we mentioned previously,
the minimum length program (and hence the complexity) that
encodes the level 1 density function may be infinite. Thus the
size of the set of symbols on the input tapdbfen(x), may
be infinite, andl” may not halt. But this is a contradiction.
Thus,p; » is a partial recursive function.

The argument may be extended inductively to further lev-
els of nesting. 11

As multiply-nested beliefs in their general form are par-
tial recursive functions that are not defined for every fdussi
lower level belief in their domains, restrictions on the eom
plexity of nested beliefs are needed to allow for computabil
ity and so that they are well-defined. One sufficient way is to
focus our attention on a limited set of other’s models.

3.2 Absolute Continuity Condition

Let ©,, be afinite set of j's computable level 0 mod-
els.  Then, definels,; S x ©;, and agent
7's belief, BM € A(fSM). As we mentioned be-
fore, i's level 1 belief may be rewritten asé,-,l(fs) =

pitl(s)pi)l(ém\s). Therefore,i's level 1 belief is a vector:
bi 1 e ((Pi,1(51)pi1(0j0]51)), i1 (52)pi,1(Oj0[52)).- - -,

(pi,1(s)5)):0:,1(©j0l515))) ). Here, the discrete distribution,
(pi,1(51), pia(s2),. - pi1(s)5)) ) satisfies the simplex con-
straint. Additionally, eacmi,l(éjmsl) is also a discrete dis-
tribution that satisfies the simplex constraint. We getliegal
to levell in a straightforward manner: Léjﬁl,l be a finite

set ofj’s computable level— 1 models. Then, definéS’iyl =

®Note that the complexity(,, is within a constant of the Kol-
mogorov complexity (Li & Vitanyi 1997) of the density function,

Pja.

p1 is absolutely continuous with,, denoted a®; < po, if
p2(E) = 0impliesp, (E) = 0, for any measurable sét.

In order to formally define the condition, Ig§ be the true
distribution over the possible observation paths inducged b
perfectly knowing the true models ofind;. Let p,, , be the
distribution over the observation paths inducediByinitial

belief,b; ;. Then,

Definition 2 (Absolute Continuity Condition (ACC))ACC
holds for an agent, say if py < py, , .

Of course, a sufficient but not necessary way to satisfy the
ACC is for agent; to include each possible model ¢fin
the support of its belief. However, as Proposition 1 preetud
this, we select a finite set gfs candidate models with the
partial (domain) knowledge that the true modelja$ one of
them.

4 Interactive PBVI

Because I-POMDPs include possible models of other agents
that are solved, their solution complexity additionallyf-su
fers from the curse of history that afflicts the modeled agient
This curse manifests itself in thel ; ||V 141 alpha vectors
that are generated at timéEq. 5) and the subsequent appli-
cation of LPs to select the optimal vectors, to solve the mod-
els of ageny. Point based approaches (for e.g., see (Pineau,
Gordon, & Thrun 2006; Spaan & Vlassis 2005) for POMDPs,
and (Szer & Charpillet 2006) for DEC-POMDPS) utilize a fi-
nite set of belief points to decide which alpha vectors to re-
tain, and thereby do not utilize the LPs.

4.1 Bounded!S and Initial Beliefs

As we mentioned in Section 3, we limit the space j&f
candidate initial models to a finite se@j_,l_l. However,
because the models gfmay grow as it acts and observes,
agenti must track these models over time in order to act
rationally. LetReach(éjJ,l,H) be the set of level — 1



models that; could have in the course dff steps. Note beliefs inBZ-}l, we may simplify the cross-sum computations
that Reach(©;, 1,0) = ©,; ;. In computingReach(-), shown in Eq. 6. In particular, we need not consider all the
we repeatedly updatgs beliefs in the models contained in  vectors in a set, salyf"f‘»“} , but only those that are optimal at
©;,-1 using Eq. 1. We define a bounded interactive state some belief pointh; ; € B; ;. Formally,
space as follows:
fSw = S, éjyo
INSi’l =5 x Reach((:)j,o,H), éjyl

{(B] 0 éj> | Bj 0 € A(I~SJ 0)}f‘al — f‘a“* GEBQ argmax (aai’Oi . I;i,l) vEi,l S Bi,l (9)
230, 77 = 0; i fa;,0;
{(bi1, 05) | Bin € A(TS;,)} oo

We again utilizeB,; ; to finally select the alpha vectors that

. N - S __form the set!:
1S;; =S xReach(©;,-1,H), ©;;={(bj1,0;)|bji € A(IS;.)} . ¢ x - -
V' — argmax (a'-b;y) Vb € Byy

For each level of the nesting, we select an initial set of atel), T
beliefs for the corresponding agent randomly. We show the “
procedure for performing this selection in Fig. 1. Notice that in Eq. 9, we generate at méXt A, ||V 1]!%1)
alpha vectors, typically less, and do not require a LP tocsele
RANDOM-SELECT(Strategy level: > 0, IS, ;, # beliefsiV) the optimal ones. The s&t contains unique alpha vectors
that are optimal for at least one of the belief pointsAyy,.
1: if I = 0 then Hence,)* contains at mos{B; ;| many alpha vectors, typi-
2 for n from 1 toN do cally less in practice. Because the number of alpha vectors
3: Select a distributiorf}k,[) € A(S), randomly depends on .the set of belief points, we may limit the latter to
4 B’zﬁvo b a constant size.

3 ’ What remains is how we compute the teftn(a;|6; ;1)

in Egs. 7 and 8. We may solve agei'g I-POMDP of level

[ — 1 or POMDP of level 0 in an analogous manner using
a finite set of belief points of. Consequently, we recurse
through the levels of nesting, utilizing a pre-computeddini
set of belief points at each level to generate the alpha r&cto
that are optimal at those points.

5
6: else ~
7 Call RANDOM-SELECT(l — 1, IS_j ;—1, N)

8: for nfrom1ltoN do

9 Select a distributiornpy, ;(S) € A(S), randomly
0 forall s € Sdo ~

1 Select a distribution, pi (©_k;—1]|s) €

A(©_g, 1), randomly 4.3 Top Down Expansion of Belief Points

10:
11:

12: end for - - We point out three issues that may guide the expansions of
13: forall s € 5,0_1-1 € O_pg-1do_ finite sets of belief points for the agents. First, rathentha
14: br,i(8,0—k,1-1) < Pr(8) X Pri(O—,1-1]5) being distributed over the entire space, an agent's bedfefs

15: endfor ten follows certain trajectories. Thus, selecting belieints

16: Normalizeby, ;, BY, < bk that lie on the trajectories may result in solutions thaeoff
17:  end for good performance quality. Second, selecting a belief point
18: end if ~ . that is in close spatial proximity to another may not result i
19: Return the belief sets3,, . .., By, a new alpha vector, thereby making the belief point redun-

dant. Finally, in comparison to single agent settings, gane
Figure 1. A recursive algorithm for randomly selecting an ing beliefs in a setting populated by other agents may requir
initial set of N beliefs at all levels of the nesting. Herk, predicting their actions as well.

(and—Fk) assumes agenti(and;) or j (andi) as appropriate. In the context of POMDPs, Spaan and Vlassis (Spaan &
Vlassis 2005) utilize a fixed set of beliefs obtained by ran-

domly exploring the environment. During the back projec-

4.2 Point Based Back Projections tions, they progressively filter out the belief points colesi
Given the bounded interactive state space defined preyjousl g only those for which the previously back projected alpha
Egs. 4 and 5 may be rewrittera; € A; ando; € Q;: vectors are not a better policy. In (James, Samples, & Dolgov
B - ~ 2007), James et al. incrementally introduce belief poimas t
[e* — o *(is) = Z R(s,ai,a;)Pr(a;|0;,-1) (7) have the potential of providing the largest gain, where g&in
ajEA; the difference between the current value of the policy at tha
C U gegn - , point as obtained from previously selected alpha vectads an
[0t = afi(is) = WZ;ZPT(%WJ}IA)TK&az‘vajvs ) a minimal upper bound. However, as the authors conclude,
is @ ~ finding the minimal upper bound is computationally expen-
Oi(s', ai, aj, Oi);Oj(Slvai’ ajs 0.7)5D(5E§j (bj1-1,a5,0;) sive and for large belief spaces (as is the case in multiagent
~ -7 settings) may offset the runtime savings provided by point
=bi, ) atti(is) Valtt eyt based approaches.
o, ~ ~ (8) We utilize two approaches to expand the sets of belief
whereis,is € I.S;; andis = (s,0;,;_1). points over time that are used to select the alpha vectors:

Let Bi’l be a finite set of level belief points at some time ° Stoch@stic trajectory simulation For each belief in a be-
t. As we seek alpha vectors of agénhat are optimal at the lief set, B; ;, we sample a physical state and the other agent’s



model. We then uniformly samplés action,a;, and in com-
bination with the sampled physical state ajil action ob-
tained from solvingj’s model, we sample the next physical
state using the transition function. Given the updated phys
ical state and joint actions, we sample an observatiof) of
o0;, from the observation function. Agefi$ belief is then up-
dated given its action;, and observationy;, using the belief
update (Eq. 1).

e Error minimization The approximation error in point
based approaches, in part, depends on the density of the set 0
belief points. We prefer to generate a new belief pdjﬁ;},
such that the optimal alpha vector at that point is furthest i
value from the alpha vector at an existing belief that is the
closest to the generated belief. This is because in the ebsen
of such a point, a large error would be incurred at that point.
As the optimal alpha vector a.jl is not known, we may

utilize the maximum (or minimum) valué?j# for eachis,
in its place. Consequently, we first select a belief pdim,

from the setB; ;, which when updated will result ibﬁl.

Similar approaches were used in (Pineau, Gordon, &
Thrun 2006) for expanding beliefs in point based approaches
in the context of single agent POMDPs, where they demon-
strated good resulté. For each of the expansion techniques,
beliefs at all strategy levels are recursively generatednin
analogous manner.

5 Algorithm

We show the main procedure for performing the interactive
PBVI (I-PBVI) in Fig. 2. We generate the initial belief pogmt
(BRYy, BN, 11 By, using the RNDOM-SELECT al-
gorithm in Fig. 1, though other ways, for example utilizing
prior knowledge about probable beliefs, may be used. Ifthe |
POMDP is not strategically nested, we back project the time
t + 1 vectors using a standard backup technique for single
agent POMDPs, as given in, say (Pineau, Gordon, & Thrun
2006). However, if the I-POMDP is nested, a more sophisti-
cated approach is needed for the backup (lines 2-7). The al-
pha vectors at timé/ (horizon 1) are initialized to their lower
bounds,% (line 1). This is sufficient to ensure that the
repeated back projections will gradually improve the value
function. Though in Fig. 2, we recursively expand the set
of beliefs,( BY;, BY, ,_,.....By, ), after each backup, we
may reduce our computational overhead by performing the
expansions more sparsely. Here, we utilize the techniques i
Section 4.3 for carrying out the expansions (lines 8-9).

We show the procedure for back projecting the vectors for
the case where the I-POMDP is nested to a lével 0, in
Fig. 3. In a nutshell, we utilize the steps outlined in Sec-
tion 4.2 to identify the projected alpha vectors that are-opt
mal at the belief points in the s&B, ; (lines 2-17). However,
in doing so we need to predict the other agent’s actions as
well which is obtained by solving its models. Therefore, in
performing the backup, we descend through the nesting solv-
ing the models at each level by recursively performing the

“For POMDPs, the error minimization showed the best perfor-
mance (Pineau, Gordon, & Thrun 2006), improving on (Spaan &
Vlassis 2005) as well.

I-PBVI (Initial beliefs: (BY,, B, ,,...,B},), Hori
zons:H > 0, Strategy leveli > 0)

1: TH# — INITIAL -ALPHAVECTORS()
2: fort«— H—1to0do

3: ifl=0then o
4: It — PBVI BACKUP(B{Q{O, I+ H—t)
5. else B L
6 I — I-PBVI BACKUP(BY,, ..., Byo, '™, H
t, 1)
7:  endif
8: Expand the previous set of beliefs at all levels Using
techniques from Section 4.3
9:  Add the expanded beliefs to the existing sets

10: end for _
11: return I°

Figure 2: The interactive PBVI procedure for generating the

alpha vectors at horizott{. Note that wher = 0, the vector

projection is analogous to that for POMDPs. Hergand
—k) assumes agent(andj) or j (andi:) as appropriate.

PBVI (note the recursive invocation of I-PBVI in line 1).

I-PBVI BACKUP ({By.1, .- ., Bro), Tt h, 1)

1:
2:
3:

Tt «—1-PBVI((B_i 1, -, Bro) byl — 1)
forall a, € A, do ~
Computea;™ (Eq. 7) wherePr(a_x|0_j,;-1) —
GETACTION (f_,;—1, T'h') and addhy'* to T%:>*
for all o, € Q. do ~
Computenr;”” (Eq. 8), wherePr(a_x|0_j,1—1) <
GETACTION (f_,;—1, T™H1), addag % to [0
end for
end for _
forall b, ; € By, do
Computeny’ (Eq. 9) and addy;’ to I'*
10: end for
11: Tt — Ua,; Tai
:forall by, € By, do

13:  af <« argmax ag - by
ap€el'™

14:  if af ¢ 'L then

15: Add o to T

16: endif

17: end for _

18: return It

Figure 3: Procedure for backing up the alpha vectors when
strategy level > 0. Note the recursive call to I-PBVI on
line 1 for solving the models of the other agent.

6 Computational Savings and
Error Bounds

If the strategy level is 0, the I-POMDQRollapses into a
POMDP and we generate in the worst cé&¥eA;|[Vi+|1€:1)



many alpha vectors at timein order to solve the POMDP  the pruned belief(};,l, and the closest belieﬁi,l, among the

exactly. LetM;, ; = Reach(©;, 1, H). We first consider selected pointsd; = maz, ., | By 16, — b
1 - y 1 il 1, N i, El ’
fﬂY'r;grggﬁ Irﬁgj'\gg ij?nﬂlee\s“ta;té'slgaeg:uv?/z \rgveeeg]((:)lg;ja?n Note thatd 5 reflects the density of the selected belief points
3,0 y pace, within the belief simplex. The derivation of the error foigh
case proceeds in a manner analogous to that of PBVI (Pineau,

|M; 0| alpha vectors assumings frame is known. These
are used in solving the 1-POMDP af which in the worst Gordon, & Thrun 2006). Subsequently, we get the following
worst-case error bound:

case generate@(| A;|[V+!|I%41) vectors.S Thus, a total of

O(|As|[VH |11 | M; o]) alpha vectors are obtained at level e

1. Generalizing to level and assuming, for the sake of sim- o b, —a- b, < R = R

plicity, that the same number of models of the other agent are " “h 1—nv

included at any leve| M|, we needD (| A; || Vi1 +| M)

alpha vectors to solve the I-POMDPexactly. In the context .5, ,

of the I-PBV/I, if at most\' belief points are used at any level, @' - 0i;» Of EQ. 11. This term represents the error due to the

the approximate solution of a level 0 I-POMDP generates approximate solution of the other agent's models obtairyed b

O(N) alpha vectors. For level 1, because solution$)df using PBVI recursively. We may write it as:

models are obtained approximately using belief points, oY o =T (@ — o)

we need obtain only)(N) vectors forj and anothe®(N) R , .

vectors to solve the I-POMDP dfat level 1 approximately. =bi, - (aq, - Pr(a;l) —ag, - Pr'(a;]))  (Using Eq. 10

Generalizing to level, we generate at mosB(N (I + 1)) =Y, (ag, - (Praj]) — Pr'(a;])))

many alpha vectors. For the case whate<< |M], signifi-

cant computational savings are obtained. Of course, foemor

mﬂewrvﬁﬂ%?tgf ;g(zrrlgr.nber of alpha vectors are exponential Consider the case wheter’(a;|-) prescribes an action,
The loss in optimality or error due to approximately solv-  different from that byPr(a;|-). Then the worst error is

ing the I-POMDP using I-PBVI is due to two reasoiié; The loosely bounded by;// — o/, < BT

alpha vectors that are optimal at selected belief pointsheay ! I 7

suboptimal at other points; ariéh) Models of the other agent

mmgi

dp

Next, we turn our attention to the first term;’ - b}, —

The inner dot product is over's actions. Pr’(a;|-) rep-
resents the suboptimal probability due to the approximatio

. Therefore,

max min max min
R% _RT R _R!

"oxr Y 7 _
o 'bi,l_a 'bi,lgbi,l' =

are solved approximately as well. We begin a characteriza- T— T—
tion of the error by noting that Eq. 3 may be rewritten as: Thus, although the error due to pruning the belief points
is bounded and depends on the density of the selected belief
al(is) =3, ca. Pr(ajl0,-1) x mazx {Ri(s, a;,a;)+ points, we are unable to usefully bound the error due to ap-
T @i €A; proximately solving other’s models.
DD { {Ti(s,ai,av,s’)Oi(s’,ai,al,oi) Yoo, 05(8, a4, )
oris €15, ! ! i 7 Performance Evaluation
1 0)0p(SEs (bi1-1,a;,0;) — b, t1 () We implemented the algorithm in Section 5 and evaluated
a7,01)90 (5B, (b1, 5,05) ”11)] }a (is )} its performance on the well known multiagetiger prob-
= Pr(a;|0ji-1) - oz‘;j lem (Gmytrasiewicz & Doshi 2005) and a multiagent version
(20) of the machine maintenance (MM) problem (Smallwood &

Let ], be the belief point where the maximum error occurs, Sondik 1973). _

anda” be the exact alpha vector that is optimal at this belief ~ Although the two problems have a small physical state
point. Leta be the approximate vector that is instead uti- SPace (tiger: 2 physical states, MM: 3 physical states), the
lized ath , for computing the policy. Note that in usingthe interactive state spacés; ;, is large because we include the

. . models of the other agent as well (for example, MM: approx.
spluﬂon suffers/frpm both the sources o/f error mentlorlt/ed P 60 interactive states). For both the problems, we provide th
viously, whilea” induces no error. Let’ be optimal at;

) . i , 5 time taken in reaching a particular performance in terms of
while still exhibiting an error due to the approximate swint the rewards gathered by ageint The time consumed is a
of j's models. We may define the worst case error as: function of the number of belief points used during I-PBVI,
& —o b i the horizons of the policy and the number;j&f models. We
i T i gradually increased the number of belief points, horizars a
«

= b —a b 4 (o by —a b)) (11) models and simulated the performance of the resulting poli-
=(a" by, —a' b))+ (o by, —a-b) cies over 10 trials with 50 runs each. In each trial, we setct
’ - N a different initial belief of agent, and sampled the starting
We first focus on the second term,- b; ; — - b ;. Here, state and belief of from this belief. In solving the -POMDP
the error is only due to the limited set of belief points, as of agenti, j's models must be solved as well. We compare
both o/ and« utilize the same approximate solution f$ the results across both the expansion strategies mentioned

models. Definelj as the largest of the distances between Section 4.3. .
We show the level 1 and 2 plots for the two problems in

®Note that these vectors are of siZe; ;| compared to sizS| Figs. 4a) and (b), respectively. Lower values on y-axis in-
of the vectors for POMDPs. dicate better performance. Notice that for level 1 the error
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Figure 4: Level 1 (j's models are POMDPSs) and level 2 (j's medee level 1 -POMDPS) plot of time consumed in achieving a
desired performance. Note that the y-axis is in log scale.[JPBVI significantly improves on the I-PF, a previous apjmation
technique for I-POMDPSs. All experiments are run on a Linwtfdrm with dual processor Xeon 3.4GHz with 4GB memory.

minimization expansion approach (denoted as IPBVI+Min)

impact of the curse of history that affects the solutionsathb

performs better than the approach of using the stochastic the agents’ decision processes. Furthermore, we wereainabl

trajectory (denoted as IPBVI+Stoch) to expand the belief
points, in both domains. Specifically, IPBVI+Min takes less
time in providing an identical performance as when the IP-
BVI+Stoch is used. However, the distinction is less evident

to run the I-PF beyond a few time horizons due to excessive
memory consumption.

8 Discussion

level 2 where the greater computations incurred in using the \ye presented a generalization of point based value iteratio
minimization approach assume significance. These observa-appnc(—j\me to interactive settings where agents model oth-

tions are analogous to the mixed performance of the differen

ers. The approximation technique asytimeand exhibits

expansion techniques in POMDPs (Pineau, Gordon, & Thrun jmproved performance and scalability in comparison to
2006). One way to assess the impact of deeper modeling is previous approximations of I-POMDPs. While it mitigates

to measure the average rewards obtained bgross levels
for the same number of belief points. Our experiments do
not reveal a significant overall improvement when agént
beliefs are doubly nested, although level 2 solutions aneco
putationally more intensive as evident from Fig. 4. However
there is evidence in the tiger problem that modeling at lével
results in better performance in comparison to naivelytirea
ing the other agent as noise (Gmytrasiewicz & Doshi 2005).
Due to an absence of other offline approximation tech-
nigues for I-POMDPs, we compare the performance of I-
PBVI with the interactive particle filter (I-PF) based appro
imation (Doshi & Gmytrasiewicz 2005). We generate policy
trees for as many initial beliefs afas the number of belief
points used in I-PBVI. Although the I-PF is able to mitigate
the curse of dimensionality, it must generate the full reach
bility tree to compute the policy and therefore it contintes
suffer from the curse of history that affects I-POMDPs. The
better performance of I-PBVI in comparison to I-PF demon-
strates that point based value iteration is able to mitijae

the impact of having to maintain the history of interaction,
nevertheless we maintain the set of reachable models of
the other agent that could quickly grow over time. Further
improvement is possible by carefully limiting the set of
candidate models of others that are considered.
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