
VARIATIONAL INFERENCE FROM RANKED SAMPLES WITH FEATURES

Appendix A. Proof of Lemma 1

We first use the standard quadratic bound (Jaakkola and Jordan, 1997; Bishop, 2006): for any y ∈ R
and ξ ∈ R,

log(1 + e−y) 6 λ(ξ)(y2 − ξ2) + (−y + ξ)/2 + log(1 + e−ξ), (29)

which implies:
σ(y) > σ(ξ)e(y−ξ)/2−λ(ξ)(y2−ξ2). (30)

When A = {cl, cl}, we have:

p(c = cl|A)
(3)
=

scl
scl + scl

(9)
=

1

1 + e−θ
T (xcl−xcl )

= σ(xTcl,clθ)

(30)
> σ(ξ) exp

(
(xTcl,clθ − ξ)/2− λ(ξ)((xTcl,clθ)2 − ξ2)

)
.

(31)

To prove Eq. (13), we use Bouchard’s inequality (Bouchard, 2007), which states that for all y =
[yi]i ∈ RK and all α ∈ R:

log(
K∑
k=1

eyk) 6α+
K∑
k=1

log(1 + eyk−α). (32)

Combining Eq. (32) with Eq. (29), for every ξ = [ξi]i=1,··· ,K ∈ RK+ we get

K∑
k=1

eyk 6eα
K∏
k=1

(
(1 + e−ξk)e(yk−α+ξk)/2+λ(ξk)((yk−α)2−ξ2k)

)
. (33)

Hence, the top query probability under the Plackett Luce model satisfies:

p(c = cl|A) =
exp(xTclθ)∑
j∈Al exp(xTj θ)

(3)(33)
>

exp(xTclθ)

eα
∏
j∈A

(
(1 + e−ξj )e(xTj θ−α+ξj)/2+λ(ξj)((xTj θ−α)2−ξ2j )

)
= exp(xTclθ − α)

∏
j∈A

(
σ(ξj)e

(−xTj θ+α−ξj)/2−λ(ξj)((x
T
j θ−α)2−ξ2j )

)
(34)

�

Appendix B. Proof of Lemma 2

The posterior q(θ) has the Gaussian form, i.e.:

q(θ) =
1

Bq
e−

1
2

(θ−µ)TS−1(θ−µ) (35)
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GUO DY ERDOĞMUŞ KALPATHY-CRAMER OSTMO CAMPBELL CHIANG IOANNIDIS

where Bq = (2π)d/2|S|1/2,µ ∈ Rd and S ∈ Rd×d and the ELBO L(q) satisfies:

L(q)
(11)
= Eq(θ)

[
log

p0(θ)

q(θ)

]
+ Eq(θ)

[∑
l∈L

log
exp(θTxcl)∑
j∈Al exp(θTxj)

]

=Eq(θ)

[
(θ − µ)TS−1(θ − µ)

2
− (θ − µ0)TS−1

0 (θ − µ0)

2

]
+

1

2
log
|S|
|S0|

+ Eq(θ)

[∑
l∈L

log
exp(θTxcl)∑
j∈Al exp(θTxj)

]
.

(36)

By Lemma 1, exp(θTxcl)/
∑

j∈Al exp(θTxj) is bounded by Ql, and Lemma 2 follows. �

Appendix C. Proof of Lemma 3

The variational lower bound (14) is an expectation of a quadratic function of θ, and we can obtain
the corresponding variational parameters S,µ by identifying the linear and quadratic terms in θ. To
maximize the lower bound in Eq. (14), the quadratic term satisfies:

θTS−1θ = θTS−1
0 θ + θT

(
2
∑
l∈L2

λ(ζ
(k)
l )xcl,clx

T
cl,cl

+ 2
∑
l∈L>2

∑
j∈Al

λ(ξ
(k)
lj )xjx

T
j

)
θ, (37)

and the linear term satisfies:

θTS−1µ = θTS−1
0 µ0 + θT

(∑
l∈L2

xcl,cl
2

+
∑
l∈L>2

(
xcl +

∑
j∈Al

(
2λ(ξ

(k)
lj )α

(k)
l xj −

xj
2

)))
. (38)

As the Eq. (37) and Eq. (38) hold for any θ, Lemma 3 follows.
�

Appendix D. Proof of Lemma 4

From (14), objective of (16b) is separable w.r.t. ζ and ξ,α, and

ζ
(k+1)
l = argmax

ζl

Eq[Ql], l ∈ L2, (39)

where Ql is given by (15). Hence, the optimal ζl is a stationary point:

∂L(ζ, ξ,α,µ(k),S(k))

∂ζl
=− λ′(ζl)

(
Eq(θ)

[
(θTxcl,cl)

2
]
− ζ2

l

)
= 0, l ∈ L2, (40)

As λ′(ζl) > 0, stationary points satisfy Eq(θ)

[
(θTxcl,cl)

2
]

= ζ2
l , which yields (19) for ζl ≥ 0. �

Appendix E. Proof of Lemma 5

By (15), we have that:

fl(ξl, αl) = −αl +
∑
j∈Al

(
log σ(ξlj) +

αl − ξlj
2

− λ(ξlj)
(
Eq(θ)[(x

T
j θ-αl)

2]− ξ2
lj

))
. (41)
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This is a quadratic function with respect to αl. The solution for Eq. (21a) is a stationary point, so we
have:

∂fl
∂αl

=
(ml − 2)

2
− 2

∑
j∈Al

λ(ξ
(n)
lj )αl + 2

∑
j∈Al

λ(ξlj)Eq(θ)[x
T
j θ] = 0, l ∈ L>2, (42)

which implies Eq. (22). For ξl, the solution for Eq. (21b) should also be a stationary point:

∂fl
∂ξlj

=− λ′(ξlj)
(
Eq(θ)

[
(θTxj − α(n+1)

l )2
]
− ξ2

lj

)
= 0, l ∈ L>2, j ∈ Al, (43)

As λ′(ξlj) > 0, stationary points satisfy Eq(θ)

[
(θTxlj − α

(n+1)
l )2

]
= ξ2

lj , which implies (23) for
ξlj ≥ 0. �

Appendix F. Proof of Lemma 6

The derivation follows the same argument as in Jaakkola and Jordan (1997). Briefly, to see why
Eq. (25) holds, note that in step (16a), covariance S and mean µ are updated. Subsequently, L
defined as in Eq. (14) is the sum of two terms: the KL divergence between two Gaussian distributions
and a normalization factor. The optimum in step (16a) therefore occurs when the two Gaussian
distributions are identical. Because of this, we can omit all quadratic and linear terms from (14)
when computing (25): we only need to calculate the normalization factor by adding the constant
items in Eq. (14).

In more details, quantity Ql defined in Eq. (15) can be written as:

Ql = Q
′
l +Q

′′
l +Ql (44)

where Q
′
l, Q

′′
l and Ql are defined as:

Q
′
l =

x
T
cl
θ +

∑
j∈Al

[
− xTj θ/2 + 2αlλ(ξlj)

(
xTj θ

)]
, l ∈ L>2,

xTcl,clθ/2, l ∈ L2,
(45a)

Q
′′
l =

−
∑
j∈Al

λ(ξlj)
(
xTj θ

)2
, l ∈ L>2,

−λ(ζl)(x
T
cl,cl
θ)2, l ∈ L2,

(45b)

Ql =

−αl +
∑
j∈Al

[
log σ(ξlj) +

αl−ξlj
2 − λ(ξlj)

(
α2
l − ξ2

lj

)]
, l ∈ L>2,

log σ(ζl)− ζl/2 + λ(ζl)ζ
2
l , l ∈ L2.

(45c)

After step (16a), the following equations hold:

Eq(θ)

[∑
l∈L

Q
′
l

]
+ Eq(θ)

[
− θTS−1µ+ θTS−1

0 µ0

]
= 0, (46a)

Eq(θ)

[∑
l∈L

Q
′′
l

]
+ Eq(θ)

[
θTS−1θ/2− θTS−1

0 θ0/2

]
= 0, (46b)

19
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which are equivalent to Eq. (38) and Eq. (37). Thus, Eq. (14) can be written as:

L(ζ, ξ,α,µ,S) =Eq(θ)

[∑
l∈L

Ql

]
+

1

2
log
|S|
|S0|

+ Eq(θ)

[
µTS−1µ

2
− µ

T
0 S
−1
0 µ0

2

]

=
∑
l∈L

Ql +
1

2
log
|S|
|S0|

+
µTS−1µ

2
− µ

T
0 S
−1
0 µ0

2
.

(47)

This is equivalent to Eq. (25). �
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