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Abstract

Nowadays, the top-k accuracy is a major performance criterion when benchmarking multi-
class classifier using datasets with a large number of categories. Top-k multiclass SVM has
been designed with the aim to minimize the empirical risk based on the top-k accuracy.
There already exist two SDCA-based algorithms to learn the top-k SVM, enjoying several
preferable properties for optimization, although both the algorithms suffer from two disad-
vantages. A weak point is that, since the design of the algorithms are specialized only to the
top-k hinge, their applicability to other variants is limited. The other disadvantage is that
both the two algorithms cannot attain the optimal solution in most cases due to their the-
oritical imperfections. In this study, a weighted extension of top-k SVM is considered, and
novel learning algorithms based on the Frank-Wolfe algorithm is devised. The new learning
algorithms possess all the favorable properties of SDCA as well as the applicability not only
to the original top-k SVM but also to the weighted extension. Geometrical convergence
is achieved by smoothing the loss functions. Numerical simulations demonstrate that only
the proposed Frank-Wolfe algorithms can converge to the optimum, in contrast with the
failure of the two existing SDCA-based algorithms. Finally, our analytical results for these
two studies are presented to shed light on the meaning of the solutions produced from their
algorithms.

Keywords: Top-k SVM, Empirical risk minimization, Convex optimization, Frank-Wolfe
algorithm, SDCA.

1. Introduction

Lapin et al. (2015) have devised a new loss function, named the top-k hinge loss, for multi-
category classification. They focus on the recent multi-category classification task in which
the number of categories is increasing. Top-k error ratio is often used as the performance
measure of such classifiers for the task with a large number of categories. The performance
measure is supposed to be used for the top-k outputs of a classifier. The top-k outputs
are k category labels with the k largest prediction scores for a testing example. The top-k
hinge loss is designed to be suitable to the top-k error ratio. Nevertheless, another loss or
the top-k’ hinge loss with k¥ # k often yields a smaller top-k error ratio than the top-k
hinge loss, as reported by Lapin et al. (2015). This suggests that the top-k hinge loss is not
always the optimal choice for the top-k error, which motivates us to explore variants of the
top-k hinge loss.
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In most of modern machine learning methods, the values of model parameters are de-
termined by empirical risk minimization (ERM). A shortcoming that many algorithms for
ERM suffer is that optimization often fails without careful manual tuning of parameters
for optimization. For example, the number of epochs and a step size are chosen carefully
by monitoring the learning curve in training deep neural networks. Meanwhile, the frame-
work of stochastic dual coordinate ascent (SDCA) algorithm (Shalev-Shwartz and Zhang,
2013) does not entail any manual tuning. At each iteration of SDCA, an upper bound of
the objective gap, which is the difference between the current primal objective value and
the minimum, can be computed, meaning that the accuracy of the solution is guaranteed
by stopping iterations when the upper bound is small enough. Furthermore, SDCA works
without a step size. In SDCA, a set of the model parameters is divided into many blocks. At
each iteration, one of the blocks is chosen randomly, the rest of the blocks are fixed whereas
the chosen block is optimized. Lapin et al. (2015) have employed SDCA to train the top-k
SVM. They have attempted to develop a projection algorithm to solve the sub-problem
for optimization of a block of variables in each iteration of SDCA. Chu et al. (2018) have
developed a Newton-based method for SDCA update, and demonstrated that their algo-
rithm was faster than the projection algorithm in their numerical experiments. Both the
algorithms are specialized to the top-k hinge loss, meaning that the applicability to variants
of top-k hinge is limited. This is one of reasons to develop a new optimization algorithm
that can also be applied to a wide class of extensions of the top-k hinge loss function.

Another motivation to devise a new algorithm for top-k SVM is due to another serious
limitation of the two existing algorithms. The feasible regions derived in the two studies
are narrower than the correct one. Lapin et al. (2015) have discovered a property of the
convex conjugate of a particular class of convex functions which they call compatible, and
attempted to use the property to derive the convex conjugate of the top-k£ hinge loss func-
tion. However, in this study, we have found that the top-k hinge loss does not belong to a
class of the compatible functions. From the incorrectness, it turns out that the effective do-
main (Bertsekas, 1999) used by Lapin et al is just a subset of the true effective domain(See
the HTML file in supplementary zip file.).Chu et al. (2018) have developed another opti-
mization algorithm which directly utilizes the dual problem discussed by Shalev-Shwartz
and Zhang (2016). In Chu et al. (2018)’s paper, it is asserted that a particular subset of
the dual variables can be frozen to zero, although there is no guarantee that, at least, one
of the optimal solutions satisfies the added constraints (See Figure 1). Hence, neither of
the two algorithms can attain the optimum in cases where the wrongly narrower feasible
regions do not intersect with the set of the optimal solutions.

In this paper, we consider a weighted variant of the top-k hinge loss, and refer to the
learning machine as the weighted top-k support vector machine. The weighted variant is a
special case of the robust top-k hinge loss presented by Chang et al. (2017) who have pro-
vided a difference of convex algorithm for learning the robust top-k SVM. Their algorithm
requires careful adjustment of step size and sometimes fails to converge to the optimum.
The new optimization algorithm developed in this study is based on the Frank-Wolfe algo-
rithm (Frank and Wolfe, 1956) that requires no step size, enjoys the clear stopping criterion,
and is never solicitous for computational instability. Frank-Wolfe algorithm repeats the di-
rection finding step and the line search step. One of the discoveries in this study is that
both the steps can be given in a closed form, which shall be presented in Section 5. The
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Set of Optimal Solutions Set of Optimal Solutions

Figure 1: Sketch describing what happens if trying to find an optimal solution over a subset
of the feasible region. In both panels, the true feasible region and its subset are
depicted with solid and broken ellipses, respectively. (a) An optimal solution
can be found if the subset has an intersection with the set of optimal solutions,
whereas (b) it is impossible to attain the optimum if no intersection exists. See
also the HTML file in the supplementary zip file.

proposed algorithm can be applied not only to the original top-k SVM but also to the
weighted variant, in spite of a much more complicated effective domain than that for the
original top-k hinge loss (Section 4). By smoothing the loss function, the algorithm can
converge geometrically (Lacoste-Julien and Jaggi, 2015). The proposed algorithm can be
applied even when smoothing the weighted top-k hinge, which is described in Section 6.
Numerical simulations demonstrate that the proposed algorithm successfully converges to
the optimum, although the two existing SDCA algorithms (Lapin et al., 2015; Chu et al.,
2018) fail due to the aforementioned theoretical faults (Section 7). In Section 8, we shed
light on what the theories developed in the two existing studies bring in the world, followed
by the last section concluding this paper.

Notation We shall use the notation w(j; s) € [m] which is the index of the j-th largest
component in a vector s € R”. When using this notation, the vector s is omitted if there
is no danger of confusion. Namely, for a vector s € R™, we can write s;(1) > Spo) = -+ >
Sx(m)- Let us define m(s) := [r(1; s),...,m(m; s)]" and introduce a notation for a vector
. T

with permutated components as sy(,) 1= [sw(l), ey sﬁ(m)]

We use e; to denote a unit vector where i-th entry is one. The n-dimensional vector all
of whose entries are one is denoted by 1,,. We use an operator ||-||r to denote the Frobenius
norm.

2. Empirical Risk Minimization

The linear multi-class classifier discussed in this paper has a parameter W := [wy, ..., wy] €
R¥*™ where the number of categories is m, to predict the category label of an unknown
input € R? by choosing the largest one from m prediction scores (w1, ), ..., (W, ).
In order to determine the value of the parameter W, suppose that we are given n training
examples, (€1,%1), ..., (n,yn) € REx [m]. Typical approach is the empirical risk minimiza-
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tion (ERM), in which the parameter W is set to the value that minimizes the regularized
empirical risk defined as

P(W) ’WHF Z(I) wlu yz (1)

where A\ > 0 is a regularization constant and ®(-; y) : R™ — R is a convex loss function
for a true class y € [m].

Dual methods have been adopted by several studies to find the minimizer of the regu-
larized empirical risk (Shalev-Shwartz and Zhang, 2013; Hsieh et al., 2008; Lacoste-Julien
et al., 2013; Lapin et al., 2015; Chu et al., 2018). The dual methods attempt to find the
maximizer of the Fenchel dual function (Bertsekas, 1999) given by

D(A) := —% |W(A ”F - Z(I) -5 i) (2)

where «; is the i-th column in the m x n matrix A which is the dual variable; function
®*(-; ;) : R™ — R is the convex conjugate of the loss function ®(-;7;) where R :=
R U {+00}; function W(-) is defined as W(A) := =X AT where X = [zy,...,@,].
One of strong advantages of dual methods is that, during the iterations, the duality gap
P(W(A)) — D(A) can be monitored (In the literature of optimization, the term, duality
gap, is defined by the minimal gap between the primal and dual objective values, although
the gap at any possible primal and dual feasible solutions is referred to as the duality gap
in many of machine learning literature.). The duality gap vanishes at an optimum for most
of loss functions. When the duality gap is below a small positive threshold e, the recovered
primal variable W (A) ensures the e-accuracy, i.e. P(W') — minyycgaxm P(W') <, which
allows us to decide when to stop the iterations.

3. Unweighted Top-k Hinge

The learning algorithm for top-k SVM developed by Lapin et al. (2015) attempts to minimize
the regularized empirical risk where the empirical risk is evaluated with the average of the
top-k hinge losses for training examples. The top-k hinge loss suffered for the prediction
score s = W 'z is defined as

k
1
Pyik(s; y) == % Z —€y+8— Sylm)w(j) (3)

where W is a matrix of the model parameters. Then, how can we minimize the regularized
empirical risk? Lapin et al. (2015) have employed the stochastic dual coordinate ascent
(SDCA) algorithm to find the minimizer in an iterative fashion. One column in A is selected
at random, and updated at each iteration of SDCA. Lapin et al. (2015) have developed an
algorithm for updating a column and plugged in it to the framework of SDCA.

To express the convex conjugate of the top-k loss function, Lapin et al. (2015) introduce
the following convex polytope

Alh,r) = {5 CRT|(1B)<r B< ,111%} 1)
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and they call it the top-k simpler. Using the convex polytope, the top-k loss function can
be re-expressed as

Pun(s;y) = max (B, 1n —ey+s—sylm). (5)

From the equation (5), the convex conjugate can be derived as
Ph(vi y) = vy (6)
provided that the value of v satisfies

(v,1) =0, by eR, v+ (b, —vy)e, € A(k,1); (7)

*

otherwise, ®¥,, (v; y) goes infinity.

4. Weighted Top-k Hinge

In this section, an extension of the top-k hinge loss function is described. We use m pre-
defined weights p := [p1,...,pm]  such that py > --- > p,, > 0. With these weights, we
introduce the following loss function:

m
Pyik(s; y) == max q 0, Z (L — ey +8— Sylm)ﬁ(j) Pj (8)
j=1

This function is referred to as the weighted top-k hinge loss. This definition is a special
case of Chang et al. (2017)’s extensions. They use an upperbound of the loss value, say 7.
Their loss function is no more convex unless 7 = +00.

To exploit the duality gap for a stopping criterion, the convex conjugate of the weighted
top-k hinge loss is required. To derive the convex conjugate, we use the following lemma:

Lemma 1 Let y € [m] and 6 € R™ such that 6, = 0. With a non-empty convex
polyhedron B C R™, define a function ® : R™ — R as

O(s) = %121);( (B,0 +5—1ps,). 9)

The convexr conjugate of ® is then expressed as

—{(v,6 ' dom(d*
400 otherwise,
where dom(®*) is the effective domain of ®* which is given by
dom(®*) = {v cR™ ‘ (v,1) =0,
(11)

A8y, €R, v+ (By —vy)ey € B}.
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See the supplement for the proof of Lemma 1. In the case of the unweighted top-k hinge
loss (3), the convex conjugate (6) and its effective domain (7) are indeed derived by setting
B:=A(k,1) and 6 =1 — ey.

The convex conjugate of the weighted top-k hinge loss can also be derived with use of
Lemma 1 as follows. Preliminary to application of the lemma, we shall first observe that
the weighted top-k hinge loss can be re-expressed in the form of (9). There exist an index

&
set K := {ki,...,kjc;} C [m] and a transformed weights p’ := [p’l, e ,p",q} such that

Xl

Dyix(s: y) =max 0, ) phge(s) (12)
/=1

(See the supplement for the derivation of (12). )where

k¢

VeE K], gu(s) = (lm —ey+8—sylm) - (13)
Jj=1

If defining a convex polyhedron By as

By = {5 c R™ ( 3¢ ER, VL€ K], IAe € Alkg, plke),

1, (14)
¢ = <k />, ,6':)\1+"'+>\|/q}7
Py
the loss function can be re-written as
q)wtk(s; y) = Inax <167 1m — €y +s— Sy]-m> . (15)
ﬁe wtk

See the supplement for the derivation of (15). Thusly, it has been confirmed that the
weighted top-k hinge loss satisfies the assumption of Lemma 1, which leads to the following
result.

Theorem 2 The convex conjugate of the weighted top-k hinge loss is expressed as

Uy @f <U7 1> =0, Elby eR, v+ (by - 'Uy)ey € Bwtk;

+0o0 0.w (16)

Duu(v;y) = {

Our goal is development of optimization algorithms for ERM based on the weighted top-
k hinge loss, in which no step size is required and the clear stopping criterion is provided
like SDCA. Lapin et al. (2015) and Chu et al. (2018) have tried to develop a key ingredient
of SDCA which optimizes a chosen column of the dual variable A for the unweighted top-
k hinge loss. For the weighted extension of the top-k hinge, a serious obstacle against
development of such an algorithm is a much more complicated effective domain of the dual
variables, —dom(®¥,, (-; ¥;)). In the next section, we present a new optimization algorithm
to avoid facing the rather complicated problem directly for updating a column of A.
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5. Learning Algorithm

In this section, a new optimization algorithm for learning weighted top-k SVM is presented.
The algorithm developed in this study is based on Frank-Wolfe framework (Frank and
Wolfe, 1956) which iteratively maximizes a function over a convex polyhedron. In the dual
problem for ERM, the polyhedron is the effective domain of the negative dual objective

dom(—D) = (—dom®*(;y1)) X - -+ X (—dom®P*(+;yy,)). (17)

Each iteration of Frank-Wolfe framework consists of two steps: direction finding step and
line search step.

In the direction finding step, the optimal solution that maximizes the linearized objective
function over the polyhedron is searched, where the linearized objective function is given
by

(VD(AU),U — Al 4 D(AIY) (18)

which is the first-order Taylor expansion of the dual objective D(-) around the previous
solution A=) If denoting the solution of this linear programming (LP) problem by U (-1,
the new direction is determined as AA¢—1) .= yt-1) — A(-1),

In the line search step, the optimal point is searched on the line segment between Al=D)
and A1) 1+ AAUC=D_ The optimal point is expressed as A®) = At~ 4 A{E=DA A1)
where

v(t_l) := argmax D (A(t_l) + WAA(t_l)) . (19)
'76[071]

The line search step can be expressed in a closed form so long as the convex conjugates
of the loss functions are an affine or quadratic function. For the weighted top-k SVM, this

step can be written as 4~ := max(0, min(1,5*~)), where
A(t—l) o )\n <AA(t_1)7 Ey - Z(A(t_l))> K - XTX
v : t—1 t—1 ’ : '
<AA( JK, AA( )> (20)
and  Z(A):= %KAT, E,:=[e,,...,e,].

This step requires O(mnmin(d,n)) computation.

Then, how to compute the LP solution required in the direction finding step? Does
the LP problem for this step entail use of a general-purpose solver in every iteration? The
answer is no. This study has discovered that the direction finding step can be given in a
closed form and takes only O(nmlogm) computation. Below we shall derive the algorithm.
From the expressions of the linearization approximation and the effective domain of the dual
objective, it is seen that the linear programming problem can be divided into n independent
and smaller LP problems: for i =1,...,n,

D(A®=D
max <8(<%Oé)aw> wrt  w; € —dom(Py (i) (21)

The LP solution for the direction finding step U®~1) is obtained by solving each of n
smaller LP problems and concatenating these n optimal solutions ugtfl) as UtD .=
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[u&til), o ,ugf U, The gradient with respect to the i-th column in A is expressed as
WA _ L) ey (22)
da;  n " Yi

where z;(A) is the i-th column of Z(A).

A naive way to finding the optimal solution ul(t_l) to each of n LPs is use of a general-
purpose LP solvers. The variables to be determined in each LP problem are u; € R™ as
well as By, € Rand Aq,..., A € R™ in its LP form. The computational time for solving
each LP with a general-purpose solver is prohibitive if the number of classes is large. In
this study, the following lemma has been found, which brings an O(mlogm) algorithm for
solving each LP.

Lemma 3 Let ¢ : R™ — R be a convex function whose convexr conjugate ¢y is given
by —p(—a) = (f, ) for a € —domo., where f € R™ is a constant vector. Then, it
holds that
Vn€Ry,  argmaz (g, a) = —0¢(f —ng) (23)
ac—dom(p«)

where O¢(x) is the sub-differential of ¢ at x € R™.

See the supplementfor the proof of Lemma 3. By substituting f := ey, g := (ey, —
2;(A®D))/n and 7 := n into the result of Lemma 3, a solution optimal to the LP (21) can
be expressed in a closed form as

uz('tfl) 1= V(2 (AT)) (24)

where V@ (2i(A¢~1)) is a sub-gradient of the weighted top-k hinge at z;(A*~1). The-

ories are established even if any of sub-gradient in the sub-differential is taken. On
computing Z(A®1), it takes O(mlogm) time to compute ugtfl). These results can be

summarized in the following theorem.

Theorem 4 Consider the Frank-Wolfe algorithm for maximizing D(A) with ®*(-;y;) =
*a(iyi) for i =1,...,n. BEvery iteration consisting of the direction finding step and

the line search step can be done in O(nm(min(d,n) + logm)) computational time.

The techniques presented in this section make efficient every iteration not only of the
classical Frank-Wolfe but also of its variants such as away-step Frank-Wolfe (AFW) and
pairwise Frank-Wolfe (PFW) algorithms. Recently Lacoste-Julien and Jaggi (2015) have
proved the global linear convergence for the standard Frank-Wolfe algorithm and these
variants. When employing the standard Frank-Wolfe algorithm, the upper bound of the
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objective gap dgap(A) := minw P(W) — D(A) is guaranteed to geometrically decrease
as dgap(A®) < exp (—(t) where ¢ is a constant dependent on the optimization problem
(Lacoste-Julien and Jaggi, 2015). Their theories are based on an assumption that the
objective function must be smooth and strongly convex (Nesterov, 2014), although —D(-)
does not possess the strongly convex property in the setting discussed so far. In the next
section, we introduce the technique of Moreau envelope (Rockafellar, 1970) to the weighted
top-k hinge, which endows the objective with the strong convexity.

6. Optimization for Smoothed Top-£ Hinge

The two aforementioned top-k hinge losses, (3) and (8), suffer from the discontinuity in the
derivatives. Several studies (Rennie and Srebro, 2005; Shalev-Shwartz and Zhang, 2013;
Lapin et al., 2016) have considered smoothing loss functions to obtain a better property
for optimization. Following Lapin et al. (2016), the Moreau envelope, which is a typical
approach to smoothing, is introduced for the weighted top-k hinge loss in this study. The
smoothed weighted top-k hinge loss is given by

zeR™

. 1
Do(s: y) = min (cbwtmz; D+ 5l - zH?) (25)

where v > 0 is a smoothing constant. Here we discuss how to find W € R?*™ that minimizes
the regularized empirical risk based on the smoothed loss, denoted by Py : R*™ — R,
which is given in (1) with ®(-;y;) = Pgk(-; v;) for ¢ = 1,...,n. To use dual methods for
learning with this smoothed loss function, the dual objective, denoted by Dgy : R™*™ —
—R, must be maximized with respect to the dual variables A € R™*™. It can be seen that
the dual objective —Dgy is strongly convex with coefficient v/n which is proportional to
the constant (. It is not straightforward to develop an efficient Frank-Wolfe iteration again
to solve this dual problem, because the convex conjugate of the smoothed loss is no longer
a linear function which violates the assumption of Lemma 3. Nonetheless, Frank-Wolfe
framework is re-used in this study, with the help of the following proposition.

Proposition 5 Let &; = [xiT,\/WeﬂT € R for i = 1,...,n. Then, the opti-
mization problem for mazimizing Dgi(A) is not only dual to the minimization problem
with the primal objective Pgy, : R¥>™ 5 R but also dual to the minimization problem
with the objective function Py, : RATM*m s R defind as

o
Pwtk(W) =

2 1< -
W — g Dk (W T &5 y5).
2H HF+ni_1 wik(W B35 93) (26)

See the supplement for the proof of Proposition 5. This proposition suggests that the
learning problem for the smoothed loss can be transformed back to that for the non-
smoothed loss. This enables us to re-use the algorithm presented in Section 5 — the
trick for direction finding step, in particular — with the kernel matrix K replaced to
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K=X'X +~AnlI. The iterations can be stopped when the following duality gap is small
enough:

Gapstk(A) = pwtk(W(A)) - Dstk(A)
C Yyanz s 1 1< (27)
= A[f + 5 (AK = \nEy, A) + ~ ; Dyne(2i(A) + o).
The above observations suggest that neither the (d + n)-dimensional vectors xi,..., &,

nor the model parameters W € R(@+)*m do not have to be unfolded in the computational

memory to implement the Frank-Wolfe algorithm for minimizing ﬁ’utk(VV) and to monitor
the duality gap.

7. Experiments

We shall demonstrate the convergence behaviors of the proposed Frank-Wolfe algorithms for
the top-k SVM learning, followed by reporting the pattern recognition performances with
top-k accuracies on several datasets for benchmarking multi-class classifiers. The proposed
Frank-Wolfe algorithms were implemented in Python. The Python code will be available
at https://github.com/hirohashi/wtopk

7.1. Convergence Behavior for Non-Smooth Unweighted Top-£k SVM

The proposed Frank-Wolfe algorithms were compared with three existing SDCA-based al-
gorithms for learning the unweighted top-k SVM. Two of the three existing algorithms,
denoted by Chu I and Chu II, were proposed by Chu et al. (2018). Chu I always uses
a Newton method for SDCA update, whereas Chu II switches the SDCA update method
from the Newton method to the variable fixing method (Kiwiel, 2007) under some condi-
tion. The remaining one, denoted by Lapin, was Lapin et al. (2015)’s SDCA algorithm.
Implementations published in the authors’ GitHub repositories !
three existing SDCA algorithms. In their codes, different loss functions, which shall be
shown in (31), were implemented. In our experiments, the corresponding code was replaced
to the correct one for comparison.

Panels (a) and (b) in Figure 2 show the duality gap P(W(A)) — D(A) against the
CPU times on two datasets, FMD and News20. Each algorithm was terminated at 1,000th
epoch. FMD contains n = 1,000 training examples divided into m = 10 categories and each
feature vector x; is d = 4,096 dimensional; for News20, n = 15,935, d = 1,024, and m = 20.
In this experiment, £ = 3 and A = 1/n. On the two datasets, the standard Frank-Wolfe
algorithm, denoted by Std FW attained the duality gap of 1073 for the shortest times
compared to the two variants, AFW and PFW. The running times were 5.23 and 62.17
seconds, respectively, to make the duality gap below 1072 on FMD and News20, and those
were 53.42 and 1102.35 seconds to get 10~ -accurate solutions. PFW took 172.56 seconds
for News20 to obtain 107 3-accurate solutions, but AFW could not attain 10~ 3-accurate
solutions within 1,000 iterations.

were utilized to run the

1. https://github.com/djchu/topkmsvm with 8d17418 and https://github.com/mlapin/libsdca with
fdbc1f1l
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The three algorithms, Chu I, Chu II, and Lapin, converge to the almost same value.
Therefore, the curves of Chu I and Chu II look overlapped with Lapin’s. = The three
existing SDCA methods could reduce the duality gap to 5.12- 1072 and 1.34 - 10~2 quickly
on FMD and News20 (0.44 and 156.99 seconds, at minimum), respectively. However, the
duality gaps could not be decreased further, and eventually remain over 1072 at 1,000th
epoch. If comparing the values of the primal objective, the regularized empirical risk, at
1,000th epoch, the differences from that of Std FW, P(W (A(1000))) — P(W(A%l\?\?g))), —

where A(Fl%) 9 Wwas the solution generated with Std FW at 1,000th epoch — were seriously
large (Minimums among three SDCA were 4.51 - 1072 and 4.17 - 1073 for the two datasets,
respectively), indicating that any of existing SDCA algorithms could not reach accurate
solutions for the two datasets. In the next section, what prevents the existing methods
from converging to the optimum shall be analyzed.

10° 5 — StdFw 10° 4 — StdFw
| AFW AFW
Q Q
S 1071 — PFW S 101 — PFW
> —— Chul > —— Chul
T 102 — cChull R —— Chull
©° —— Lapin ° —— Lapin
1073 4 10-3
0 20 40 60 80 100 0 50 100 150 200 250 300
time (s) time (s)
(a) FMD (b) News20

Figure 2: Convergence behavior for the unweighted top-£ hinge loss. In (a) and (b), the con-
vergences of the proposed Frank-Wolfe algorithms, Std FW, AFW, and PFW, are
compared to those of the three SDCA-based algorithms, Chu I, Chu II, and Lapin
for learning the unweighted top-k SVM with two datasets, FMD and News20.
The horizontal and vertical axes, respectively, indicate the CPU time and the
duality gap which vanishes at the optimum. The classical Frank-Wolfe algorithm
quickly converged to the optimum on both the datasets, in contradistinction to
the failures of the existing SDCA-based algorithms.

7.2. How Does Smoothing Affect Convergence?

We next investigated how the smoothing technique affected the convergence. In Section 6,
the smoothed weighted top-k SVM can be trained again with the Frank-Wolfe algorithm for
non-smooth weighted top-k SVM presented in Section 5. Theoretically, a faster convergence
rate can be achieved if the coefficient of strong convexity is larger, and the larger coefficient
can be generated with a larger smoothing coefficient «. In the experiments presented here,
the smoothing coefficient v is varied with 0, 1072, 1072, and 10!, where the value v = 0
does not change the non-smooth loss function. The dataset used here is News20. When using
v = 1071, the duality gap felt below 10~3 within only eight iterations. For v = 1073 and
v = 1072, the dual gaps are decreased quickly for the first several iterations, although the
convergence speeds slowed down suddenly. This might be the zigzag phenomena discussed
in Lacoste-Julien and Jaggi (2015). Meanwhile, such slowdown was not observed when
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using AFW and PFW with v = 1072, The duality gaps for v = 10~3 were decreased almost
linearly on the log-log plots, although, due to the mild slopes, the number of iterations to
attain 1073 of the duality gap was did not differ largely from the ones of non-smooth loss.

7.3. Convergence Behavior for Weighted Top-k SVM

One advantage of the proposed algorithms is that dual variables can be optimized within

the feasible region that has a much more complicated shape by having weights for differ-

ences in the prediction scores, as defined in (8). In the experiments reported here, three

types of the weights, called flat, linear and exp, were examined. The flat, linear and
flat __

exp weights, respectively, were designed as p;* = 2, plinear = 2(k + 1 — 5)/((k + 1)k),

p; " = exp(—j/k)/ (Z?,:l exp(—j’/k)) for j < k, and the remaining weights were zero.
The f1lat recover the unweighted top-k hinge, whereas the linear and exp weights, respec-
tively, decrease the coefficient p; linearly and exponentially as j goes larger. No significant
differences amongst the three weight types were observed despite the effective domains
complicated by weighting.

7.4. Pattern Recognition Performance

Finally, the pattern recognition performances of the proposed learning methods were inves-
tigated. We used the top-k accuracy for the performance measure for multi-class classifiers,
where the top-k accuracy is the ratio of testing examples each of which the prediction score
of the correct category is in the top-k outputs. We chose k = 1, 3,5, 10. For weighted top-k
SVM, three types of weights, pflat, plinear and pe*P  were examined, denoted by UTk (ours),
WTk (linear), and WTk (exp), where UTk (ours) was equivalent to the unweighted top-k
SVM. These three multi-class SVMs were trained with the standard Frank-Wolfe algorithms
presented in Section 5. Each algorithm was terminated when the difference between the
primal and dual objective values reached 1073. The regularization parameter was chosen
by A = 1/nC where C' = 1073,1072,...,10%3. The smoothing parameter was chosen from
v =0,1073,1072,10"!. Three-fold cross-validation within training dataset was performed
to determine the values of these hyper-parameters. These proposed methods were compared
with Lapin et al. (2015)’s and Chu et al. (2018)’s methods for learning the unweighted top-k
SVM.

In the supplement, the top-k accuracies are reported on six benchmarking datasets,
ALOI (n = 10,800, d = 128, m = 1,000), Caltech101 (n = 6,339, d = 256, m = 101),
CUB (n = 6,033, d = 4,096, m = 200), Indoor67 (n = 15,607, d = 4,096, m = 67), Letter
(n = 15,000, d = 16, m = 26), and News20 (n = 15,935, d = 1,024, m = 20). For CUB
and Indoor67, feature vectors were extracted by the £c7 layer in the deep structure VGG16
trained on ImageNet. Our methods achieved the highest accuracies except Letter. The
differences in top-k accuracies might cause due to the success of convergence to the optimum.
As demonstrated in Subsection 7.1, the two existing methods always fail to minimize the
regularized empirical risk for top-k SVM. This is due to wrongly smaller feasible regions,
which shall be analyzed in the next section. These results empirically suggest that solutions
more accurate in optimality are of benefit to better pattern recognition performance.
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8. Discussions

In this section, we discuss why the existing methods fail to converge to the optimum. The
reason is due to their defective theories. The dual objective functions derived by Lapin
et al. (2015) and Chu et al. (2018) are correct, although their feasible regions are smaller
than the true ones. The results reported in Subsection 7.1, in which large duality gaps have
remained, suggest that the set of optimal solutions are out of the wrongly derived feasible
regions. It may not be simple to modify their algorithms with the correct feasible regions
because their theories are founded on the wrongly smaller feasible regions. In what follows,
we shall elucidate what the solutions derived from their theories mean.

Lapin et al. (2015) have introduced a new concept named y-compatible in Definition 2
of their paper for y € [m]. For simplicity, we here assume that y = m. Lapin et al. (2015)
have defined a convex function ¢(-; y) : R™ — R to be y-compatible if

T T
Vol eR™L, sup ((v\y,s\y> —¢ ([(sW,O} ;y>) = ¢ ([(v\y)T,O} ;y> .
s\ygRm~—1
(28)
where we have used the notation z\Y € R ! to denote the (m — 1)-dimensional vector

generated by excluding the y-th entry from a vector @ € R". In Proposition 3 in Lapin
et al. (2015)’s paper, it is stated that the function

k
Gutk(s; y) = m Y (L —ey+8).) (29)

J=1

AN\H

is y-compatible, and the convex conjugate of the unweighted top-k hinge loss has been
derived with dependence on their Proposition 3. However, in this study, we have found a
result that contradicts with Lapin et al. (2015)’s Proposition 3.

Proposition 6 The function ¢yuu(-; y) : R™ — R defined in (29) is not y-compatible
for2 <k <m.

See the supplement for the proof of Proposition 6. Their imperfection leads to an
incorrect convex conjugate function <I>I*)tk('v; y) = vy with the effective domain

dom®p, (-|y) = {v € R"| (v,1) =0, v—vye, € A(k,1)} (30)

which is a subset of the correct one, dom®?,, (-; y), when 2 < k < m. An example is
illustrated in the HTML file of the supplementary materials. In fact, the above function
@;tk(-; y) is the convex conjugate of the following function (See the supplement for the
derivation):

Dpuic (55 y) = max

ORI

?r'\r—‘
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which is no more the unweighted top-k hinge loss function. We refer to ®p (-; y) as the
pseudo top-k hinge loss below. Let us denote by Py and Py, the regularized empirical risk
(1) with ®(;y5) = Ppek(-;95) and ®(+5y5) = Py (-3 3) for ¢ = 1,...,n, respectively. It can
be observed that, Vy € [m], Vs € R™, &, (s; y) < Py (85 y), implying that YW € R¥>X™,
Pyt (W) < Py (W). Therefore, the duality gap derived from the true top-% hinge loss can
remain positive even when the duality gap from the pseudo top-k hinge loss vanishes.

Chu et al. (2018) have employed another formulation for the Fenchel dual function of
the regularized empirical risk, which is given by

2 n

- % D G~ yi), (32)

=1

n

Z <HyTl ® wz) a;

=1

1

halA) =~ o5

where H, := I — 16; and the operator ® denotes the Kronecker product. This formulation
is similar to the one presented in Shalev-Shwartz and Zhang (2016). In maximizing dyx(A),
no feasibility condition but A € dom(—dyx) must be given to the dual variable A € R"™*".
Nonetheless, Chu et al. (2018) insist that the (y;,)-th entries in A, say vy, ;, for i € [n] can
be fixed to zero, and their algorithm has been developed on the basis of this fixation. Their
constraints inevitably make the feasible region narrower than the true one. Fixing these n
entries to zero would not be harmful only when the set of the optimal solutions contained a
matrix with ay, ; = 0 for Vi € [n], although unfortunately the empirical results in this study
suggest that such a case is very rare. The observation for their failure of the convergence
has prompted us to analyze their theories, which has brought the following proposition.

Proposition 7 The mazimization problem with objective dy(A) subject to a constraint
E, ® A = O, where ©® is the operator of the entrywise product, is dual to the ERM
problem for minimizing Ppy,(W).

See the supplement for the proof of Proposition 7. From the above discussions, this
study has unraveled a new fact that the two existing theories developed by Lapin et al.
(2015) and Chu et al. (2018) are not for learning the unweighted top-k SVM, but for ERM
with the pseudo top-k hinge (31).

9. Conclusions

In this paper, a novel approach to answering the question of how to solve the dual problem
for learning the top-k multiclass SVM was presented. Due to the theoretical incompleteness
in the previous studies (Lapin et al., 2015; Chu et al., 2018) tackling the same question, this
study turned out the first to provide a correct answer. The experimental results demon-
strated that the proposed algorithms work well even if the loss functions are weighted and
smoothed.

Besides the proposed Frank-Wolfe algorithm, there remain substantial choices for learn-
ing the weighted top-k SVM. One might employ the stochastic sub-gradient method, in
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which a sub-linear convergence is guaranteed (e.g. Shalev-Shwartz et al. (2011)). Several
variants such as SAG (Roux et al., 2012) and SVRG (Johnson and Zhang, 2013) converge
geometrically when smoothed loss is employed. Disadvantage of these approaches is lack
of clear stopping criterion. Another choice for learning the weighted top-k SVM may be
the block coordinate Frank-Wolfe (BCFW) algorithm (Lacoste-Julien et al., 2013; Osokin
et al., 2016). Interestingly, it can be shown that BCF'W applied to the dual problem for the
weighted top-k SVM is exactly same as ProxSDCA Option II (Shalev-Shwartz and Zhang,
2016) which updates the solution in the same direction, and performs the exact line search
in a closed form. Numerical comparison with these methods is left to future work.
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