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1. Details about the regularity hypothesis
In the classical setting the Optimized Certainty Equivalent is defined as

Su(Y) = sup {z + E(u(Y - z)) },

z

with u a concave function. Here we assume w is concave and k-lipschitzian (k — Lip). Let
us consider two random variables Y, and Y;,, then

[Su(Yz,) — Su(Ya,)| = ’ sgp {z + E(u(Ys, — Z))} - sgp {z + E(u(Ya, — z))}‘

< sup {‘E(U(le — z)) — IE(u(Yg,;2 — z))}}
z
Using the Kantorovich-Rubinstein representation one obtains

sup 9 |E(u(Yy, — 2)) — E(u(Y,, — z <kxW Yy —2,Y,, —z
p {[B(u(¥s, — 2)) ~ B(u(¥s, —2))| | (Ya, = 2,Ya, — 2)
=k x W (Yy,,Ya,)

with W the Wasserstein distance associated with p = 1. Thus if g = 5, then a sufficient
condition to satisfied (1) is Wi (Yau, Ya) < 2]ja* — 2|7, for all z € X.

min(z,0)

To treat the case of the CVaR;, we use the fact that if u(z) = then we have

the equality S, = — CVaR,,.
In the case of the conditional expectation the same kind of condition can be sufficient.
Indeed we have

E(Vo) ~B(Ya) < s (B (%) = B (Va) |} = W1 (Yar, i),

1—71
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2. Proofs related to the generic analysis of StoROO

Proof of Proposition 2
Let us define Py j« the partition containing x*. Assume that the partition P}, ; has been

selected, thus
i e
Uy’ () = Uy 7 ().

By definition U,};*’j*(t) > g*, thus U/f’j(t) > g*. Conditionally on A,, Lg’j(t)) < g(xn;(t))
that implies

9" — g(zny) SUM(E) — LI (t) S UM (t) + BS(h)T — LI (t) < 288(h)7.

Note that the last inequality is obtained because the partition is expanded, which implies
that

Ulny) () — Liwn)(t) < Bo(h)7.
Finally:

9" < glany) +2B6(h)7,

thus xp, ; belongs to Jj. |

Proof of Proposition 3

T = Z Ny ;(t) < Z ny,n  because Np ;(t) < nyp
h,j€TT h,j€Tr
depth(77)—1
< Z K|Tr 0 Jp|ng w41 StoROO has not expanded all the sampled nodes
h'=0
depth(77)—1
< Y Kl nlngwt1 = Saepth(7r)—1-
h'=0

Thus Su, < Saepth(77)—1 < Sdeptn(77) 50 Hy < depth(77). There is at least an expanded
node of depth Hy > H,, after a budget T" was used. |

Proof of Proposition 4

Proposition 2 implies that the center of an expanded partition is in J,. Proposition
3 implies that a partition of depth at least Hj has been expanded. Thus StoROO has
expanded a node in Jgx. At the end of the budget StoROO returns the node having the
highest LCB among the nodes that have been expanded and not the deepest node among
those that have been expanded. But

9" = 9(xns) < Upz(ryy = Lng < Unzory.g0 = L ory. g0 < 286(Hp(T))7,

That ensure the node having the highest LCB has the same theoretical regret as the node
of maximal depth among those that have been expanded. |
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Proof of Proposition 6
According to the assumption 2, each cell P, ; contains a ball of radius vd(h) centered in
p,; that is a £ . -ball of radius B(vé(h))Y centered in xy, ;. If d is the 7 /2 near optimality

dimension then there is at most C[2 3 8(h)7]~¢ disjoint € - balls of radius B(v(h))7 inside

X2B§(h)&' Thus if |J,| = |zp; € X2B§(h)ﬁ| >AC[B §(h)?]~¢ this implies there is more than
C[236(h)¥]~¢ disjoint {3 balls of radius B(vé(h))Y with center in X, go(nyr» that is a
contradiction.
|
Proof of Therorem 7
H*
T< Z K| Jp|ny bt by definition of H*
h=0
H* ) R
< Z KC[285(h)) "y nt1 using Proposition 6
h=0
H* A R
= Z KC[2B(cp™) ™y pin using the exponential decay of the diameter of the cells
h=0
Q- A0 s log(7?/n)
< Z KC[2B(ep™)7 x maﬁ using Definition 1
=0 (B(ep™)7)"
= log(T?/7) KCre2B] iph(—dﬁ—ﬁa)
pere h=0
KCr&2 314 (H*+1)(=dy—%a) _q
= log(T?/7) CHA[ ABC ] x P — rewriting the sum
Bc'yoz p—d’}’—"fa—l
log(T?/n) KCw*2B]" H (3 =7 )
- (1—pd’Y+70¢) BC’ya
_ IOg(TZ/n) KCEQBB]_d % 5(H*)fd’yffyoz
(]_ — pd’?/Jr’Aya) A '
Finally
A~ 1 1
AKC&“[QA/B]jd a7 +7a [log(T?/n)] 3 +7= > 5(H"),
B piatia) T
Using Proposition 4 we obtain
log (T2 PR
< cl[ g(T /n)} 2
|
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3. Optimizing quantiles

—— Empirical CDF
—— CDF

A

T t+e Flaw

N
Q.. Ao
Figure 1: Illustration of the equivalence (4).

Proof of Proposition 8
Let us consider the event

& = {Vh>20V0<j<K'WI1<t<T,
F,’i,j (q;w-(T)) >4+ €7Vh,j(t) or Fii,j (qh,j(7)> <7 6717Vh,j(t)}'

P(&,) = < Vh>0,Y0<j<K'"V1<t<T, Ff; (qh,j(r)) >7+ e%hyj(t) or,

Ffi,j (Qh,j<7')) <T7T- 6717Vh,j(t))
< ]P<Vh <OVO<j<KhVi<i<T, F};’j (qh,j(T)) > 7+ e’]Vh,j(t))>
. h ~
+ P(Vh >0,V0<j< K" V1<t<T, F/i,j (qh’j(7)> < T - 67]7\/h7]-(t)>

Define m < T the number of nodes expanded throughout the algorithm, define for 1 < w <
m, (3 as the time when the cell w has been selected for the s-th time and define Y,,({) the
reward obtained at that time at the point z,,. Then one can write

Nh] )
A T 1
]P<Fi,j (‘Jh,j(T)) > T+67vh,j(t)> = IP(N;” > Ly, (¢ )<an(n) 2 T+67vh,j(t>>-

s=1

Using this notation, we have:

IP(Vh >0V0<j<K'"VI<t<T, Ff. (qh,j(r)) > 74 67\rh,]-(t>>
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1 u
P(31<w<T I1<usT, =3 Iy <o =7 +€l)
u wi=
s=1

IN

u

T T
ZZ ( Z]lmw )<dw (T>>T+f")

IN

By Hoeffding’s inequality, if

log (212 /n)
2u ’

@)
3

we obtain

IN

. h - n
]P<Vh <OVO<j< K" V1<t<T, F,l;j <qh7]~(7')> > 74 E?Vh,j(t)> 5

Now using Equation (4) we can express this inequality directly in terms of quantiles:

IP(Vh <OV0<j<KMVI<t<T, g (1) > U,’Z’j(t)> <

1\3\3

Using the same scheme of proof with Inequality (5), we obtain:
IP<Vh >0,¥0<j< KM VI<t<T, qu(r) < ng(t)> < g

and hence P(A4,) =1-P(&,) > 1—1. [ |

Proof of Proposition 9
Without loss of generality let us assume 7 > 0.5. Assume the node zj,_ ; has been sampled
Ny ; > M, = max(n,,ni—r) times, with

21og(27? 21og(272
. 0g (277 /n) and np_ > 0g(277/n)
T2 (1—7)2
thus
log (27 /1) log (272 /n)
o T and r— 24/ =222 LT S
2N e 2N

That implies

log (277 /n)
) 9, ==\ [ d . 9,/ /1
dh,j (7‘ + 2Nh,j < 4ooand gp | T 2Nh,j

and in particular
Uy ; < +oo and LZJ. > —00.

Then define the event

TQ>17> QT {th T 2677’ Na,j(t ))) = U;ZJ (t) = ani(7) = szj(t) > an (T = QE%hT,j(t))}’
h,j
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with
T log (272 /n)
ENny(t) — 2N}, (1) )

Using equivalences (4) and (5), one can write:
T T
ang (74265, () 2 U i(0) = an(7) = L () > ang (7 — 23, ()
; T T 7
< Fqn, (T + 267]7\,h7j(t))) > 7+ 6717Vh,j(t) > F(qn(1) > 7 — N > F(th(T + 26 ](t))).

Thus

v

P(C) = 1-Ph20Y0<j<K"VI<t<T, swp  |Fhly) = Fh )l =<l )

Y=4qr,q n,T
TN, ()

> 1-P(Vh>0,¥0<j < K"VI<t<T, sup |Fp;(y)— Fi(y) > eNhj(t) ).
y€(0,1]

Using the same notation as in the proof of Proposition 8, one can write

> I—ZZIP ( sup |Fu(y _*Z]le 5 )<qu (T |_eZ’T).

w=lu=1 Y€0,1]

Now by applying the Massart’s inequality to bound

P( sup |Fo(y Z]lyw (€5)<qu(r)| = € nTy

one obtain P(C,) > 1 —n. Thus with probability 1 — 7, we have:

T T
Ul?,j(t) — LZJ(t) < qn,j <7‘ + 267\,}“(0) — qh; <7‘ — 2€7Vh,]-(t)>‘ (1)

Assuming that gy, ; is differentiable in 7, by the mean value theorem, we deduce

log(2T?/n),  ~ _, [log(2T%/n), _  [log(2T*/n) 1

qn,j(T+2 h, < X —
’ 2N ’ 2N, j 2Nn;  refr—2aiT r12ehT 7 fon, © Fayy (1)

Next, using (1) it is possible to write that with probability 1 —n

log(27%/n) 1 _  [log(2T*/n) i
2Npj  fan, — 2Np;  mingey f(x)

n n
U hj — L
We define n;? 5, as the smallest n such that

log(27%/n) 1

4 - = <
2n infex f(z)

=
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that is

/ 2\/5 2
Ny p = log(2T2/?7) <B 5(;1)'? mingcy f($)> '

A proper n, j, has to verify

2v/2 2
nyn > My and n, j, > log(27%/n) (Bé(h)& > f(x)) .
TEX

To satisfy this constraint we define

8min(1 — 7,7)2 + 4( B diam (X)¥ minge x f(:x))2>2
nyn = log(27? \/ - .
h 8(217/m) < B(h)Y mingey f(x) min(l — 7,7)

> log(27% /1) << Goh)y iﬁeX f(x))Z * <mm(12—w)>2>

/
= nnyh =+ M‘I‘~

To conclude the whole proof, since C,, C A,y N B,;, we obtain P(A, NB,) >1—1. [ |

Proposition 1 Foranyn >0, forall1 <t <T,1<h<tandl1<j< Kh, define

. - . T
Un (1) = { min {q, F;;j(q) > T—I—EN’L]( )} ZfT—I—G?VhJ_(t) <1

400 otherwise,
and .
y _ m,
L7 (t) = max {q, £} ;(q) > Nhj(t>} i Nis(t) = 0
J —00 otherwise,
with

log (212 /) 18Ny, ;i (t)T(1 —7)
n, T _ g n 1 1 h,j
N T BN N\ T g2y )

If g is the conditional quantile of order T then the event A, has probability at least 1 — 1.
Proof

Let Y1,---,Y, be n i.i.d. random variables bounded by the interval [0,1]. Define
Fr(g(r) =150, Ly,<4(r)- For > 7 the Bernstein’s inequality gives

A n62
P(|F"(q(r)) = 7| > €) < 2exp <2T<1 - 26/3>'

Let us consider the event
& = {(Vh>0VO0<j<K'V1<t<T,

~ T ~ T
Fif,j <Qh,j(7)> >T7+ eyvh,j(t) or Fif,j <Qh,j(7)> <T- €7vh,j(t)}-

7
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Using the same lines as in the proof of Proposition 8 we have

T T Lo
Z Z IP<|& Z Ly, (cs)<qu(r) — T| > EZ’T>
s=1

w=1u=1

P(&y)

IN

then applying the Bernstein’s inequality we obtain
nT 2

T
w=1u=1 - 7-) + 267\[}%].(75)/3

IN

By now the goal is to find en’T_ > ( such that
Nh,j (t)

nT 2
Nhp,; ()

T
2r(1—71)+ QG?Vh,j(t)/S

ue

= log(2T?/n).

Finding such e?VhT (1) can be easily done because it is a square of a second order polynomial.
3J

The result is
log(272/n) 18ur(1 — 1)
n,T _ g n 1 1
N (#) 3u + + log(2T?%/n) )

Plugging the value of eg}hT.( y inside (2) concludes the proof. [ |
»J

Proof of Proposition 11

Step 1: bounds on F"(¢(r)) for a i.i.d sample

Let Y1, - -+, Y, be ni.i.d. random variables bounded by the interval [0, 1]. Define F™(q) =
%Z?:l ly,<4. For x > 7 the Chernoft’s inequality gives

P(E™(q(7)) > z) < exp(—nkl(z,7)).

Let 71 > 7 be the value such that kl(7",7) = W, then for all z > 771:
. . log(2
P(E"(q()) > 2) < P(F"(q(r)) > %) < exp(n 2210y — 1,
n

Now let us define the candidate for the UCB of a i.i.d sample:
U(n) = min {q, F”(q) > 1 and nkl(ﬁ’”(q)ﬂ') > 10g(2/17)},

and let us remark that

F"(U(n)) < F™(q(r)) & 7 < F'(q(r)) and K(F"(q(r)),7) = log(2/n), (3)

- n

thus
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<P(F"(q(r)) > 7) <

N3

For x < 7 let us introduce
L(n) =max{q, F"(q) <7 and nkl(F"(q),7) > log(2/n)},
one proves in the same way

P(F"(L(n)) > F"(q(7))) <

>
>
N3

Step 2: Double union bound
Let us consider the event

& = {vnzo,vogjgf(h,mgtgﬂ

Ey j(ang(1) = Fp (U} 5) or By j(ang(7) < Fﬁ,j(LZ,j)}'

P(¢,) < ]P(Vh <OVO<j<K'"V1<t<T, Ff (qnj(r)) > Ais,j(U;Z,j)>
+ IP(Vh, >0V0<j<K'"V1<t<T, F} (qn;(r)) < F;;J(LZJ)>
Following the notation of the proof of Proposition 8 we have

]P<Vh >0,Y0<j<K"V1<t<T, Ff (qn (7)) > Fﬁ’j(U,?’j)>

< <31<w<T I1<u<T, Z]lywcw \<qu(r >Z]1Yw <o) <Uw)
T T u o

= ZZIP<Z Yu(¢5)<qu(t) = ZﬂYw(CS)<Un)
w=1u=1 s=1

Using the equivalence (3), the probability can be reformulated as

log (212 /n) )

u

T T
Z Z (7 < F(a(r)) and KI(F"(q(r)),7) >
Now using Chernoff’s inequality we obtain

IP(Vh >0,¥0<j < K"V1<t<T, F} ;(qn (7)) > A;;j(U,’Z,j)>

T T 5 0
PR (- BET0 gy
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By equivalence (4) this implies that, Vi > 0,V0 < j < K" V1 <t < T, with probability at
least 1/2, U,?j(t) < qp,;(7). Using the same lines one can show

IP(Vh >0V0<j<K'"V1<t<T, Ff; (qh,j(7)> < F,i,j(L)> <n/2,

By equivalence (5) this implies that, VA > 0,¥0 < j < K"Vl <t < T, sz(t) > qp;(7)
with probability at least 1/2. Putting this two probabilities together prove the result. W

Proof of Proposition 12
Define

S;L-,j(n) = Z ]IY}L,J'(Z')S%,]'(T)'
=1

Step 1: Martingale For every A € R, let ¢, (A) = log E[exp(ALy, (1)<q, ;(r))]- Let Wy =1
and for n > 1, B
W, = exp(AS] ;(n) — ngr(N)).

(W)ns>0 is a martingale relative to (F,),>0. In fact,

E[exp (A{S‘g](n +1) — 5’,%(71)}) ]fn} :E[exp(/\XnH)\]:n]
=exp (log E[exp(AXﬂ)
—exp ({(n+1) = n}ou(N)
That is equivalent to
E[exp (A{S‘,;j(n +1)— S,;j(n)}) |fn} = exp ()\Sn - nng(A)).
Step 2: Peeling Let us devide the interval {1,---,T} into slices {tx—1 + 1, -+ ,tx} of

geometric increasing size. We may assume that 6 > 1, since otherwise the bound is trivial.
Take £ = 1/(1 — 6,(T)), let to = 0 and for all k € IN*, let t;, = [(1 + &)¥].

P(tho,vogng",v1§t§T, Uy ;(t) Sqm(f))
< P(ahzo,aogjgf(h, I1<t<T, U,’jj(t)th,j(r)).

Define m < T the number of nodes expanded throughout the algorithm, thus for 1 < w < m,
it is possible to rewrite the last probability as

IP(ngng, J1<n<T, U;],(n)ng(f))

T
log(T
< Y P(31<k<D i <n <t and UYn) < qu(r))  with D—m
w=1

10
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Mq

> e(a).

w=1

with
A = { Jtp—1 <n<tp and Ul(n) < qu,(T

b

1 -
Observe that Uy (n) < g, (7) if and only if = >0 Ty, (csy<pm < —S7(n) and
n w/="w

| N

— . < o< 2wl > 1
n ZﬂYw(cw)gUa s, TS and  kI( p ,T) > 6,(T) + -

Define § = 6,(T) +1/n, let s be the smallest integer such that §/(s+1) <kl(1,7); if n < s,

then nkl(sizn(n),T) < skl(S;T(n),T) < skl(1,7) < 6 thus P(U(n) < ¢(7)) = 0. Thus for all £

such that t; > s, we obtain P(A;, = 0). For k such that t; > s, let {;,_1 = max{t;_1,s}. Let

x €]7,1] be such that kl(z,7) = §/n and let A\(z) = log(x(1—7)) —log(r(1—x)) > 0, so that

kl(z,7) = AMz)z— (1 —7+7exp(A(z))). Consider z such that z > 7 and kl(z,7) = §/(1+&)F.
Observe that

e if n > {,_q, then

0 )
kl(z,7) = > ;
S (e (e
e if n <t then as R
ST(n) 0 0
kl (—% — kl
( n ’T)>n>(1+§)k (z,7)
it holds that: ~ _ ~
T < Su(n) and kl(Sw(n),T) > ° = Su() >z
n n n n
Hence on the event {f,_1 <n < tz}N{r <2 } N {k]( (n) 7) > 2} it holds that
S (n) )
> — &, =Kl(z,7) > .
AP > A(2)z - 6 (M2) = M) > g
Step 3: Putting everything together
Sz Sz 5
i <n<tnr< 2y 0 gl )5 0

S (n) )
AN — oG 2 Tt
0y(T)
CM)Su(n) = ndr(A(=) 2 7o)

5,(T)
(ER

c{WMN2) > exp(

11
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As (W)n>0 is a martingale, E[Wﬁ\(z)] < E[WO)‘(Z)] = 1. Thus the Doob’s inequality for
martingales provides:

on(T)
P sup WQ(” > exp | <exp|( —
(fk_1<n<tk < 1 +§) (

=9

n(T)>

1+¢

Finally

ZT:ZD:IP<EH, <n <ty and Ul(n) < (T)) < TDexp(— 577(T))
w=1 k=1 o - Wi e B Prare”

_ { log(T)
log(1 4 1/(6,(T) + 1))

log(1 + 1/(5,(T) — 1)) = 1/5,(T),

But as £ =1/(6,(T) — 1), D

—‘ and as long as

we obtain:

P(A) <T| Log(T) | exp(=8,(T)+1) < Te[8,(T) log(T)] exp(~6,(T)) < /2
= Nog(141/(0y(T) +1)) ! - s

Using the same lines for the LCB concludes the proof. |

4. Optimizing CVaR

Proof of Proposition 13
Let us consider the event

& = {vhzovo<j<K'Vi1<t<T,

—t . —t
CVaR, (Y, ,) > CVaR.(Va, ) + &, ) or CVaR, (Y, ) < CVaR,(Ys, ) — €k (t)}.

—
P(&,) = P(Vh >0,Y0 <j < K"vV1<t<T, CVaR, (Ya, ;) > CVaR (Y, ;) + é?vh’j(t or ,

)
¢
CVaR; (Yz, ;) < CVaR.(Yy, ;) — E?Vh,j(t)>

—t
< IP(Vh SO0 < j < K" V1<t<T CVaR, (Y;,,) > CVaR,(Ya, )+ &k

—
+ IP(Vh >0,¥0<j<K'"V1<t<T, CVaR; (Ys,,) < CVaR,(Yy, ) — €}

First let us consider (4):

—
IP(Vh >0,Y0<j<KMv1<t<T, CVaR, (Y, ;) = CVaR (Y, ;) + €’]Vh _(t))
’ ’ 3]

12
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u

> (VulGh) = )7} = CVaR.(Ys,) + 1)

s=1

g]P( 1<w<T,31<u<T, inf{z+—
ZER u(l—7)

u

T T
ZZIP(mf{z+(11_T)Z( w(C3) — 2)T} > CVaR( xw)‘i‘Gn)

=1 u=1 s=1

IN

g

Thus by Brown’s inequality

) < Z Zexp 2(7€1/(b — a))*u).

w=1u=1

Taking

o _ (b—a) [log(2T%/n)
v T 2u

provides the first part, i.e (4)< g

We use the same scheme of proof to bound (5), the only difference comes from the fact
that the inequality of deviation is different:

P(tho,vogngh,v1gth, CVaR, (Ya, ) < CVaR,(Yy, ) — b m)
»J

<u< i 5y )Tl < e
T, 31<u<T, inf{z+ > (YulG) = 2)7} < CVaR,(Ya,) — €l

1
u(l—17) port

< P(31s
T T . w S . n
g g ( inf {Z + w(i-1) Z(Yw(gw) —2)7} < CVaR,(zy) — eu).

By Brown’s inequality

) < Zzgexp( (52)%)

w=1u=1

Taking
51og(672 /1)

TU

& =(b—a)

u

provides (5) < g
Finally putting (4) and (5) together provides P(&,;) < n and hence P(&) = P(A;) =

1—n.
|

Proposition 2 Assume for all x € X, Y, is bounded by (a,b) € R%. For any n € (0,0.5],
foralll1 <t<T, 1§h§tand1§j§Kh, define

Ly (1) = % Z(Ym - Yé)(; - W N T>+ s
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and
n—1

1 ) i log (272 /77
U 5(0) = 7= 3 (¥igr — ¥i)(min {1, - -r)
) 1—ri:0( =Y (min {1 5
with Yy = a and Y11 =b. Then if g = — CVaR;, the event A, has probability at least 1 —n.

Proof If Y;---,Y, are i.i.d random variables bounded by (a,b) then Thomas-Learned-
Miller’s inequalities provide

n

1 i log(1/n) +
IP(_CV&RT<1—7—Z(Y’+1_YZ)(TL_ 27—7'> —Ypi1 | <7

; n
=1
and
n—1 .
1 i i log (272 /n
P( - CVaR, > —— 3" (Vs — ¥i) (min {1, —)— .
( CVaR >1_7'i:0( +1 )( min { n—i— 2N ( } ><77
Define
€1 = {vhzo,vogjgKh,v1gth,—CVaRT(Yh,j)<U;7Vh,(t)},
5]
and

&2 = (Yh>0V0<j<K"V1<t<T —CVaR,(Yij) > L% o}
sJ

To treat the sequential point of view, here we use a double union bound as it is done in the
proof of Proposition 13, then it can be shown that

P(&,1) ZZIP( CVaR, (V) < UJ).

w=1u=1

Thus by defining

1 i [lo 2T2
ngﬁ (Yi+1*Yi)<mm{176+ 5 /77 - )

1=0

we obtain

T,
P(&p1) < ZZ@ZQ

w=1u=1
Using the same scheme of proof with
1 «— i log (272 /1) +
L= ——Y Wi -¥) (5 -2 L2 1) -y,
provides
P(&2) < 3.
Finally
IP(gn,l U 577,1) < 1,
and hence IP((&M U &771)0) =P(A,) =1—n. [ |
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