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Abstract

We consider coherent choice functions under the recent
axiomatisation proposed by De Bock and De Cooman
that guarantees a representation in terms of binary pref-
erences, and we discuss how to define conditioning in
this framework. In a multivariate context, we propose
a notion of marginalisation, and its inverse operation
called weak (cylindrical) extension. We combine this
with our definition of conditioning to define a notion
of irrelevance, and we obtain the irrelevant natural ex-
tension in this framework: the least informative choice
function that satisfies a given irrelevance assessment.
Keywords: Choice functions, coherence, sets of de-
sirable gambles, natural extension, conditioning, epi-
stemic irrelevance.

1. Introduction

Consider two random variables X; and X5, a belief model
about X5, and an assessment that X is irrelevant to X,—
meaning that learning about the value of X; does not in-
fluence our beliefs about X,. What is the least informative
joint belief model about X; and X, that satisfies this irrelev-
ance assessment and that marginalises to the given belief
model about X5? This belief model is called the “irrelevant
natural extension”. Having an expression for the irrelevant
natural extension is important for inference purposes, as
such extensions appear frequently in the context of credal
networks [5, 6, 8].

In the framework of sets of desirable gambles, an ex-
pression for the natural extension was established by
de Cooman and Miranda [11]. In this paper, we extend
their result to choice functions.

Choice functions are related to the fundamental problem
in decision theory: how to make a choice from within a set
of available (uncertain) options. In their seminal book, von
Neumann and Morgenstern [22] provided an axiomatisation
of choice based on a pairwise comparisons between options,
which has since received much attention, for instance by
Rubin [16] who generalised this idea and proposed a theory
of choice functions based on choices between more than
two elements. One of the aspects of Rubin’s theory [16] is
that, between any pair of options, the subject either prefers
one of them or is indifferent between them, so two op-
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tions are never incomparable. However, for instance when
the available information does not allow for a complete
comparison of the options, the subject may be undecided
between two options without being indifferent between
them; this will for instance typically be the case when there
is little relevant information available. This is one of the
motivations for a theory of imprecise probabilities [23],
where incomparability and indifference are distinguished.
With this idea, Kadane et al. [13] and Seidenfeld et al. [18]
generalised Rubin’s axioms to allow for incomparability.

In this paper, we consider choice functions under the
axiomatisation of De Bock and de Cooman [9], which
generalises the one by Seidenfeld et al. [18]’s theory in
that it does not have an Archimedean axiom. One of the
main advantages of the axiomatisation in De Bock and de
Cooman [9] above the earlier work by Van Camp in [19]
is that it guarantees a representation in terms of pairwise
choice.

In Section 2, we recall the axiomatisation of coherent
choice functions in [9] and the connection with pairwise
choice. Next, in Section 3, we introduce our conditioning
rule for choice functions, and show how it relates with the
existing conditioning rule for sets of desirable gambles.
We use this definition to define a notion of irrelevance in
Section 4, from which we derive a formula for the irrelevant
natural extension. Some additional comments are gathered
in Section 5. Due to the space limitations, proofs have been
omitted.

2. Sets of Desirable Gamble Sets & Sets of
Desirable Gambles

Consider a finite possibility space 2" in which a random
variable X takes values. We denote by £ (Z") the set of all
gambles—real-valued functions—on 2", often denoted by
Z when the it is clear from the context what the possibility
space is. We attach the following interpretation to gambles.
f(X) is an uncertain reward: if the actual outcome turns
out to be x in 2, then the subject’s capital changes by
f(x). For any two gambles f and g, we write f < g when
f(x) < g(x) for all x in £, and we write f < g when
f <gand f # g. We identify a real constant o with the
(constant) gamble that maps every element of 2" to o@. We
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collect all the non-negative gambles—the gambles f for
which f > 0—in the set £ (.2") > (often denoted by .%%)
and the positive ones—the gambles f for which f > 0—
in (%)~ (often denoted by Z.¢). Similarly, we write
f £ g when f(x) > g(x) for some x in 2", and collect all
the gambles f for which f £ 0 in the set £ (2") 40 (often
denoted by Z%).

We denote by 2(.Z(2")) the set of all finite subsets
of £ (% )—also denoted by 2 when the set of gambles
Z(Z) is clear from the context. Elements of 2 are the
gamble sets. We define two special subsets of 2: the col-
lection Z5 := 2\ {0} of non-empty gamble sets, and the
collection 2y :={A € 2: 0 € A} C Z5 of gamble sets
that include the status quo O.

2.1. Sets of Desirable Gamble Sets

A subject can state his preferences by specifying his rejec-
ted gambles from within every gamble set:

Definition 1 (Rejection function) A rejection function R
onZL(Z)isamapR: 25(L (X)) = 2(L(X)): A
R(A) with the property that R(A) C A.

Equivalent to the notion of a rejection function R is that of a
choice function C, which identifies the set C(A) := A\ R(A)
of non-rejected or chosen options from every gamble set A.

We focus our attention to the special subclass of coherent
rejection functions, that describe the beliefs of a rational
subject:

Definition 2 (Coherent rejection function) We call a re-
Jection function R coherent if for all A, A\ and A in 2,
all {Ap g, lpq: fEAI,E €A} CR andall fand g in L :

Ro.
R;.
R>.
Rj.

R(A)#A;

if £ < g then f € R({/,});

if At CR(Ay) and Ay C A then A} CR(A);

if 0€ER(A1)and 0 € R(Ay) and if, forall finA; and g
in Ay, (Apg,lrg) >0, then

0 R({Arof+Ureg: fEALEEA});

Ry. fER(A)ifandonlyif f+g € R(A+{g}).

In this definition, we let A; + A = {f+g: f €Al,g €As}
be the Minkowski addition of two gamble sets A; and A,
and we define (A41,...,4,) >0 (Vi {l,...,n})A; >
Oand (Jie{1,...,n})A; > 0).

These rationality requirements were introduced by De
Bock and De Cooman [9] as a modification of the one con-
sidered in Van Camp’s PhD dissertation [19] in order to
guarantee a representation of coherent rejection functions
in terms of sets of desirable gambles. In turn, Van Camp’s
representation is based on—after a necessary translation
from horse lotteries to options that are represented by ele-
ments of a real linear space, such as gambles—Seidenfeld
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et al’s [18]. The work of Seidenfeld et al is particularly
important because they were the first to introduce impre-
cise choice functions—that distinguish between indiffer-
ence and incomparability—in Reference [13] and proved
a representation result in terms of probabilities in Refer-
ence [18].

The rationality requirements of Definition 2 are very sim-
ilar to those of Seidenfeld et al [18]. There are, however,
some differences: (i) [18] considers a strictly weaker ver-
sion of Axiom Ry; (ii) they use an additional Archimedean
axiom that ensures representation in terms of probabilit-
ies rather than non-Archimedean structures such as sets of
desirable gambles; and (iii) they impose a mixing axiom
that rules out maximality as a decision rule. Note that both
Seidenfeld et al’s [18] and our coherent choice functions
obey Aizerman’s condition, commonly written as

ifA; C R(Az) and A CA; thenA; \A QR(AQ\A),

for all A,A|,A> in 2. In our setting this is a consequence
of Axioms R, and R3.

De Bock and De Cooman [9] established a useful equi-
valent representation to rejection functions, namely that of
a set of desirable gamble sets:

Definition 3 (Set of desirable gamble sets) A set of de-
sirable gamble sets K on L (Z") is a subset of 2(L(%Z)).

We collect all the sets of desirable gamble sets in K :=

The idea is that the set of desirable gamble sets K collects
all the gamble sets that contain at least one gamble that our
subject strictly prefers over the status quo represented by 0,
the gamble that will leave your capital unchanged whatever
the outcome. A set of desirable gamble sets K is linked
with a rejection function R as follows:

MAe2)Vfe L)feRAU{f}) eA—{f}€K. (1)

De Bock and De Cooman [9] gave an axiomatisation of
coherent sets of desirable gamble sets—sets of desirable
gamble sets of rational subjects. We refer to their article for
a justification of their axioms:

Definition 4 (Coherent set of desirable gamble sets) A
set of desirable gamble sets K C 2 is called coherent if for
allA,Avand Arin 2, all {Ar g, lre: fEAIL,§ €A} CR,
and all fin Z.

0D¢K;

AeK=A\{0} eKk;

{f} €K, forall fin %0,

if A1,A2 € K and if, for all f in A; and g in A,
(Arg>Mrg) >0, then

{Afef+lreg: fEAILE EA}EK;

if Ay e Kand A| C Ay then Ay € K, forall A and A,
in 2.

Ko.
K.
Ko.
Kj;.
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We collect all the coherent sets of desirable gamble sets in
the collection K(Z"), often simply denoted by K when it is
clear from the context what the possibility space Z" is.

Given any rejection function R and any set of desirable
gamble sets K that are linked through Equation (1), we
have that R is coherent if and only if K is.

Given two sets of desirable gamble sets K| and K5, we
follow De Bock and De Cooman [9] in calling K| at most
as informative as K, if K; C K,. The resulting partially
ordered set (K, C) is a complete lattice where intersection
serves the role of infimum, and union that of supremum.
Furthermore De Bock and De Cooman [9, Theorem 8] show
that the partially ordered set (K, C) of coherent sets of
desirable gamble sets is a complete meet-semilattice: given
an arbitrary family {K;: i € I} C K, its infimum inf{K;: i €
I} =Njer Ki is a coherent set of desirable gamble sets. This
allows for conservative reasoning: it makes it possible to
extend a partially specified set of desirable gamble sets to
the most conservative—least informative—coherent one
that includes it. This procedure is called natural extension:

Definition 5 ([9, Definition 9]) For any assessment o/ C
2, we let K(o/) = {K € K: o CK}. We call the as-
sessment o/ consistent if K(27) # 0, and we then call
clg(«7) := NK() the natural extension of 7.

One of the main results of De Bock and De Cooman [9]
is their expression for the natural extension:

Theorem 6 ([9, Theorem 10]) Consider any assessment
o/ C 2. Then o is consistent if and only if 0 ¢ </ and
{0} ¢ Posi(Z% Uo7 ). Moreover, if </ is consistent, then
clg(e/) = Rs(Posi( £, U )).

Here we used the set Z%(2)so = {{f}: f €
ZL(Z")>0}—often denoted simply by .Z% ) when it is clear
from the context what the possibility space 2~ is—and the
following two operations on K defined by

Rs(K) = {A € 2: (3B € K)B\ Loy C A}

posi(k) = { { k>"<1Ak}; neN,

n
A, A €K, (vflzn € XAk)lﬂ;" >0
k=1

n

Z A’]{l:nfk: Jin €

k=1

|

for all K in K. As usual, we use the short-hand notation
Sin = (f1,...,fn) for any sequence (f1,...,fn)-

For arbitrary sets of desirable gamble sets K, we
have K C Rs(K),' and K C Posi(K),? and therefore K C
Rs(Posi(K)). For coherent sets of desirable gamble sets K
however, Theorem 6 implies that K = Rs(K) = Posi(K) =
Rs(Posi(K)).

1. To see this, note that B \,ZSO C B forevery B in K.
2. To see this, it suffices to choose n:=1,A; := A € K, and Ait‘f‘ =1

1
for all f1.1 in )X e A1 = A in the definition of the Posi operator.
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In our earlier work [21, Theorem 1], we have found
expressions for the characterisation of consistency and
the natural extension of rejection functions. The previ-
ous result was obtained in a slightly more general setting:
instead of requiring Axiom R3, we required two strictly
weaker axioms. For any given assessment <7, the result-
ing natural extension is therefore a less informative—more
conservative—rejection function that the one determined
by clg(2/). However, this setting was too general to ob-
tain a representation in terms of binary preferences, as our
counterexample in [21, Section 5.1] shows. As proved by
De Bock and De Cooman [9, Theorem 7], the current axio-
matisation does guarantee representation in terms of sets
of desirable gambles.

In order to illustrate Theorem 6, consider the follow-
ing example, which we will also use in Section 2.3 as an
example of a non-binary set of desirable gamble sets.

Example 1 Consider the situation where you have a coin
with two identical sides of unknown type: either both sides
are heads (H) or tails (T). The random variable X that
represents the outcome of a coin flip assumes a value in the
finite possibility space & = {H,T}. This assessment is im-
portant for inference purposes: for instance, in a sequence
of outcomes of successive flips from this coin, observing
one of the outcomes immediately fixes all the other out-
comes. As we will see in the follow-up of this example in
Section 2.3, this situation cannot be modelled using sets of
desirable gambles in a satisfactory way: we need to use a
set of desirable gamble sets instead.

How do we translate this situation into an assessment
o/ ? Since either both sides are heads or tails, we take
this to mean that at least one of the gambles —Iy, + € or
=y + 0, are preferred to 0, for any real € > 0 and 6 > 0.
Therefore, we let the assessment that reflects this situation
be given by’

o = {{7}1{}[} +8,*H{T} +6} 8,6 S R>()}. (2)

To show that this assessment is consistent, we first find an
expression for Posi(.Z%,U o/):

Lemma 7 For the assessment <7 of Equation (2), we have

Posi(Z5,U o)

={A € 2: ((3h,hy € A)(h(T) > 0 and hy(H) > 0))
orANZE, #+ 0}

= RS({{hl,hz}: hi,hy € fﬁo and (hl(T),/’lz(H)) > 0})

To show that our assessment is consistent, by Theorem 6
we need to show that 0 ¢ o/ —which is clearly true—
and {0} ¢ Posi(.Z3,U o7 ). So we focus on showing that
{0} ¢ Posi(Z5 U 7). Using Lemma 7 we know that
Posi(Z5, U o) consists of the supersets of gamble sets

3. We denote by R+ the set of (strictly) positive real numbers.
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{h1,h2} where none of hy and hy are equal to 0, so we
find immediately that indeed {0} ¢ Posi(.Z%,U </). There-
fore <f is a consistent assessment, and by Theorem 6
its natural extension is given by the coherent set of de-
sirable gamble sets Rs(Posi(.Z3, U o7)). What is this
Rs(Posi(.Z2,U 7)) ? Thanks to Lemma 7, this can be eas-
ily found: since Rs(Rs(K)) = Rs(K) for any gamble set
K, we immediately find that the natural extension of </
is RS({{/’ll,hz}: hi,hy € gﬁo and (h] (T),hz(H)) > O});
this is thus the smallest coherent set of desirable gamble
sets that corresponds to our belief that the coin has two
identical sides of unknown type. 4

2.2. Sets of Desirable Gambles

Since we have taken to mean “A € K that A contains at
least one gamble that is desirable, the singleton elements of
K play an important role: if { f} € K, then the gamble fis
desirable. Given a set of desirable gamble sets, we collect
in

Dg:={feZ:{ft K} ©)

the gambles that are considered desirable, and call it the set
of desirable gambles based on K.

Sets of desirable gambles can therefore be seen as special
sets of desirable gamble sets. In the recent years, there has
been much interest in sets of desirable gambles on its own,
without reference to sets of desirable gamble sets or choice
functions (see for instance [1, Chapter 1] or [3, 14, 17]).
A set of desirable gambles D is simply a subset of .Z’; we
collect in D := Z2(.Z) all the sets of desirable gambles. We
focus on the special subclass of coherent sets of desirable
gambles:

Definition 8 (Coherent set of desirable gambles) A set
of desirable gambles D is called coherent if for all f and g
in%, and A and | in R:

Dl. 0¢D,‘
Dy. 2.0 CD;
Ds. if f,g €D and (A1) >0, then Af+ ug € D.

We collect all the coherent sets of desirable gambles in

D(Z"), often simply denoted by D when it is clear from the
context what the possibility space 2 is.

Just as we did for sets of desirable gamble sets, we call
the set of desirable gambles D at most as informative as set
of desirable gambles D, if D1 C D,. The partially ordered
set (D, C) is a complete meet-semilattice. The natural ex-
tension is defined in a similar way as for sets of desirable
gamble sets: an assessment A C .7 is called consistent if
D(A) = {D € D: A C D} is non-empty. If this is the case,
clp(A) :== ND(A) is called the natural extension of A. The
expression for the natural extension is remarkably similar
to the one in Theorem 6:
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Theorem 9 ([12, Theorem 1]) Consider any assessment
A C %. Then A is consistent if and only if 0 ¢ posi(ZLsoU
A). Moreover, in that case clg(A) = posi(-Z5oUA).

In this theorem, we used the operation posi on D:
n
posi(A) == {Z?kak: neN, fi,...,fn €A AL, > 0},
k=1
forallA C .Z.

2.3. Connection Between Sets of Desirable Gamble
Sets and Sets of Desirable Gambles

Given a set of desirable gamble sets K, its corresponding set
of desirable gambles D is uniquely given by Equation (3),
and it is coherent if K is [9, Proposition 6]. On the other
hand, a coherent set of desirable gambles D may have
multiple sets of desirable gamble sets corresponding to it
by Equation (3), in the sense that the collection

Kp = {Ke€K: Dg =D}

may have more than one element. However, there is always
a unique least informative one:

Proposition 10 Given a coherent set of desirable gambles
D, the infimum infKp of its compatible coherent sets of de-
sirable gamble sets is the coherent set of desirable gamble
sets Kp ={A € 2: AND #0}.

The coherent sets of desirable gamble sets of the form
Kp with D € D, are particularly important. Since they are
completely determined by pairwise comparison (of gambles
in D with 0), they are called binary. De Bock and De
Cooman [9] established a representation result of coherent
sets of desirable gamble sets, in terms of binary ones:

Theorem 11 ([9, Theorem 7]) Every coherent set of de-
sirable gamble sets K is dominated by at least one binary
set of desirable gamble sets: D(K) :={D ¢ D: K C Kp}
is non-empty. Moreover, K = N{Kp: D € D(K)}.

This theorem generalises the important representation result
of Seidenfeld et al. [18, Theorem 4] to a non-Archimedean
setting, where the atoms that fulfil the representation
are now coherent sets of desirable gambles, rather than
(Archimedean) probability mass functions. In order to ob-
tain their result, Seidenfeld et al. needed two additional
axioms: an Archimedean one, guaranteeing an appropri-
ate level of continuity, and a mixing axiom, which renders
Walley—Sen maximality incompatible with coherent choice
functions. De Bock and De Cooman [9] let go of these two
axioms, and were able to prove the general representation
Theorem 11. Additionally, they also considered the effect
of adding Seidenfeld et al. [13, 18]’s mixing axiom, while
still abstaining from Archimedeanity. With this additional



IRRELEVANT NATURAL EXTENSION FOR CHOICE FUNCTIONS

axiom, they have established a more specialised represent-
ation in terms of lexicographic sets of desirable gambles,
which are exactly [2, 20] the sets of desirable gambles that
correspond to lexicographic probability systems (with no
non-trivial Savage-null events).

Example 2 We continue our previous Example 1, where
we derived the coherent set of desirable gamble sets K =
RS({{h],hz}: hi,hy € gﬁo and (h] (T),hz(H)) > 0}) that
corresponds to our belief that the coin has two identical
sides of unknown type. In this example we wonder whether
this can be retrieved using binary comparisons: is K a
binary set of desirable gamble sets? If K was a binary set of
desirable gamble sets, then K = Kp for the set of desirable
gambles D = Dk, as is shown in [9, Proposition 5].
So let us first find Dg. Using Equation (3), we find that

Dx={feZ: {f} €K}
={feZ: (3h,me{f})
hi,hy € Lz, (h1(H), ha(T)) > 0}
={feZ: fe Ly [>0} =L,

so Dx = L5 is the least informative coherent set of de-
sirable gambles, also called the vacuous set of desirable
gambles: using pairwise comparisons only, we cannot dis-
tinguish the current situation with a vacuous belief. This
shows why sets of desirable gambles cannot model this in
a satisfactory way. Since Kp, ={A € 2: AN.ZL5o # 0}
does not contain the gamble set {—Iyy + %, Iy + %}
while K does, this also shows that K is a non-binary set of
desirable gamble sets.

How can we represent this K? In other words, what
is the representing set D(K) of desirable gambles from
Theorem 11? To find this set, consider first the two special
coherent sets of desirable gambles

Dy = {fE Z: f(H) >0}U$>0
Dr={feZ: f(T)>0}U%y

which correspond to (practical) certainty about H and T,
respectively. Indeed, if the subject is certain about H, then
any gamble that yields a positive gain when H occurs,
however small, will be desirable. Actually, in very much the
same way as in Example 1, Dy and Dt can be retrieved as
the natural extensions of the consistent assessment Ay =
{_H{T} +E: €€ R>0} and At = {_]I{H} +6:0¢ R>0},
respectively.

To find D(K), we need to find all the coherent sets of
desirable gambles D such that K C Kp. So consider any A
in K. This implies that there is a subset {hy,h,} C A such
that hy,hy € gﬁo and (hl(T),hz(H)) > 0. Then ANDy #
0 and ANDt # 0, so A € Kp, and A € Kp,. Therefore
Dy, Dt € D(K). But Dy and Dt are the only elements of
D(K).* So we find by Theorem 11 that K = Kp, NKp,.

4. To see this, assume ex absurdo that another coherent set of desirable
gambles D belongs to D(K), so K C Kp. This would imply that
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This is therefore an example of a conceptually easy
type of belief that cannot be modelled by sets of desirable
gambles—and therefore also not by credal sets or lower
previsions—in a satisfactory way, but can if non-binary sets
of desirable gamble sets are used instead. 4

3. Conditioning

Consider a variable X that assumes values in a non-empty
possibility space 2. Suppose that we have a belief model
about X, be it a coherent set of desirable gamble sets on
& or a coherent set of desirable gambles on Z~, or—less
general—just a single probability mass function on X, or a
set of them. When new information becomes available, in
the form of ‘X assumes a value in some (non-empty) subset
E of X, we can take this into account by conditioning our
belief model on E.

For some of these belief models, such as (sets of) prob-
ability mass functions, conditioning on events of probab-
ility zero can be problematic, because, roughly speaking,
Bayes’s Rule typically requires to divide by zero in these
situations. However, working with sets of desirable gambles
is one way of overcoming this problem. In this section, we
will see why, and explain that sets of desirable gamble sets
do not suffer from this problem either.

We will let any event, except for the (trivially) impossible
event ), serve as a conditioning event. We collect the al-
lowed conditioning events in

PyX) ={EC X E+0}.

We will first review how conditioning is done using sets
of desirable gambles (see [12] for more details). After that,
we will introduce conditional sets of desirable gamble sets,
and study the connection between both cases. Given the
discussion in Section 2.3, this immediately translates to
rejection functions and choice functions as well.

There are multiple equivalent definitions for conditional
sets of desirable gambles. Most of them, for instance those
in [4, 15, 23, 24] result in a conditional set of desirable
gambles on 2 . However, we find it more useful and con-
venient that a conditional model is defined on gambles on
E, rather than on 2", because, after getting to know that £
occurs, the possibility space becomes effectively E.

Definition 12 ([12, Equation (17)]) Consider any set of
desirable gambles D C £ (Z") and any conditioning event
E in Z§(X), we define the conditional set of desirable
gambles D |E C Z(E) as

D|E={feZ(E): Igf € D}.

Iy +€,—Ifry 46 ¢ D for some € and § in R¢. But the gamble
set {—Iiyy +&,—Ij1) + 8} belongs to K, a contradiction.
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In this definition, we let for any E in Z5(2") and any
gamble f on E its multiplication Ig f/ denote the gamble on
2 defined by

ifxeE
ifx¢ E

f(x)

0 “

(Ief)(x) = {
for all x in 2. Note that, for any gambles f and g on
E, we have f # g < Igf # Igg, and, as a consequence,
f<gelpf <lgg.

It was proved by De Cooman and Quaghebeur [12, Pro-
position 8] that conditioning preserves coherence: if D is a
coherent set of desirable gambles, then so is D | E, for any
E in Z5(Z"). This explains why sets of desirable gambles
do not suffer from conditioning on events of probability
zero: D |E is well-defined and coherent for every condi-
tioning event E in Z75(Z"), even if E has probability zero
according to some, or all, of the probabilities induced by
D.

For sets of desirable gamble sets, conditioning can be
defined using the same simple underlying ideas:

Definition 13 (Conditioning) Given any set of desirable
gamble sets K and any conditioning event E in P5( "),
we define the conditional set of desirable gamble sets K| E
on Z(E) as

K|E:={Ac 2(ZL(E)): IzA € K},

where for any A in 2(Z(E)) and E in Z5(Z), we let
IgA :={lgg: g € A} be a set of gambles on Z .

Proposition 14 Consider any set of desirable gamble sets
K on Z(Z") and any conditioning event E in Z. If K is
coherent, then so is K | E.

Is Definition 13 a suitable definition of conditioning?
One of the useful properties our definition has, is that it
preserves coherence, as shown in Proposition 14, and there-
fore sets of desirable gamble sets also do not suffer from
conditioning on events of probability zero. But does it also
generalise the Definition 12 of conditional sets of desirable
gambles, or in other words, does Definition 13 reduce to
the Definition 12 of conditioning sets of desirable gambles
when only considering binary choice? Of course, to invest-
igate this, we must keep in mind the connection between
sets of desirable gamble sets and sets of desirable gambles,
explained in Section 2.3.

For our two conditioning rules—the one in Definition 12
for sets of desirable gambles and the one in Definition 13
for sets of desirable gamble sets—to be a match, we must
prove that: (i) the conditioning rule for sets of desirable
gamble sets reverts to the known conditioning rule for the
corresponding sets of desirable gambles, and (ii) in the
special case of purely binary choice, the conditioning for
sets of desirable gamble sets coincides with the condition-
ing rule for desirability. Mathematically, (i) means that
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Dk | E = D for any coherent set of desirable gamble sets
K and conditioning event E in &7;(Z"), and (ii) means that
Kp |E = Kp g, for any coherent set of desirable gambles
D, and any conditioning event E in &%;(.2"). The next pro-
position guarantees that both these conditions are satisfied:

Proposition 15 Consider any coherent set of desirable
gamble sets K, any coherent set of desirable gambles
D, and any conditioning event E in PFZ). Then
Dk |E = Dg|g and Kp |E = Kp |g. Furthermore, K|E =

m{KDJE: D e ﬁ(K)}

The last statement of Proposition 15 guarantees that the
conditional set of desirable gamble sets K|E can be re-
trieved by conditioning every element of K’s representing
set D(K) from Theorem 11.

4. Multivariate Sets of Desirable Gamble
Sets

In this section, we will generalise the concepts of marginal-
isation, weak (cylindrical) extension and irrelevant natural
extension introduced by De Cooman and Miranda for sets
of desirable gambles [11] to choice models. We will provide
the linear space of gambles, on which we define our sets of
desirable gamble sets, with a more complex structure: we
will consider the vector space of all gambles whose domain
is a Cartesian product of a finite number of finite possibility
spaces. More specifically, consider n in N variables Xj, ...,
X, that assume values in the finite possibility spaces 27,

.., %, respectively. Belief models about these variables
X1, ..., X, will be defined on gambles on 27, ..., Z,.
We may also consider gambles on the Cartesian product
XZ:] Zk. giving rise to the [T}_, | Zk|-dimensional linear
space £ (X, _, Z%).

4.1. Basic Notation & Cylindrical Extension

For every non-empty subset / C {1,...,n} of indices,
we let X; be the tuple of variables that takes values in
Zr=X, - Zr. We will denote generic elements of .27 as
x; or z;, whose components are x; := x;(i) and z; := z; (i), for
all iin I. As we did before, when I = {k, ..., ¢} for some k, ¢
in {1,...,n} with k < ¢, we will use as a short-hand nota-
tion Xy := Xy, ¢)» taking values in 2.0 == Zy; . ¢y and

whose generic elements are denoted by Xy = x ¢} =
(xk, . ,.X[).

We assume that the variables X, ..., X, are logically
independent, meaning that for each non-empty subset / of
{1,...,n}, x; may assume every value in 27.

It will be useful for any gamble f on Z27.,, any non-
empty proper subset I of {1,...,n} and any x; in 2], to
interpret the partial map f(x;, «) as a gamble on Zjc, where
I°:={1,...,n}\ I Likewise, for any set A of gambles on
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P, welet A(xg, o) = {f(xs,+): f €A} be a correspond-
ing set of gambles on 2.

We will need a way to relate gambles on different do-
mains:

Definition 16 (Cylindrical extension) Given two dis-
Jjoint and non-empty subsets [ and I' of {1,...,n} and any
gamble f on Zj, we let its cylindrical extension f* to 27 p
be defined by

S (xr,xp) = f(xp) for all x; in X7 and xp in Zp.

Similarly, given any set of gambles A C L (Z}), we let its
cylindrical extension A* C £ (Zr) be defined as A* =

{f*: feA}l

Formally, f* belongs to .Z (% r) while f belongs to
Z(Z1). However, f* is completely determined by f and
vice versa: they clearly only depend on the value of X;, and
as such, they contain the same information and correspond
to the same transaction. They are therefore indistinguish-
able from a behavioural point of view.

Remark 17 Asin [10, 11], we will frequently use the sim-
plifying device of identifying a gamble f on £ (27) with
its cylindrical extension f* on £ (Z.r), for any disjoint
and non-empty subsets I and I' of the index set {1,...,n}.
This convention allows us for instance to identify £ (21)
with a subset of £ (Z1:n), and, as another example, for any
set A C L( X)), to regard AN L (Z1) as those gambles
in A that depend on the value of 27 only. Therefore, for
any event E in Z5( Z1) we can identify the gamble 1 with
Igx 2;., and hence also the event E with E x Zre. This
device for instance also allows us to write, for any f on 27
and g on Zy oy, that f < g = (Vx; € X1, xp € Zp)f(xr) <
g (xr,xp). ¢

4.2. Marginalisation and Weak Extension

Suppose we have a set of desirable gamble sets K on
Z(Z1:n) modelling a subject’s beliefs about the vari-
able X|.,. What is the information that K contains about
Xo, where O is some non-empty subset of the index set
{1,...,n}? Finding this information can be done through
marginalisation.

Definition 18 (Marginalisation) Given any non-empty
subset O of {1,...,n} and any set of desirable gamble
sets K on £( %), its marginal set of desirable gamble
sets marg, K on £ (Z0) is defined as

marg,K ={A € 2(L(Z0)): A €K}
=KN2(L(20)).

We use the simplifying device of Remark 17 of identify-
ing A with a subset of .Z(.Z}.,). Without resorting to this
convention, we can characterise marg, K as:

(VA € 2(%(Z0))) A € margyK < A" € K.
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It follows at once from Definition 18 that marginalisation
preserves the order: if K; C K>, then marg, K C marg, K>,
for all sets of desirable gamble sets K; and K, on £ (Z7:)-
Marginalisation also preserves coherence:

Proposition 19 Consider any set of desirable gamble sets
K on £(Z\.n) and any non-empty subset O of {1,...,n}.
If K is coherent, then so is marg, K.

Let us compare with sets of desirable gambles. De
Cooman and Miranda [11] defined, for any non-empty sub-
set O of {1,...,n} and any set of desirable gambles D, its
marginal set of desirable gambles marg,D on . (%) as

marg,D = {fe€ Z(Z0): feD}=DN.ZL(Zo).

Let us ascertain that the definition of marginalisation
reduces, in the case of binary choice, to the one for sets of
desirable gambles:

Proposition 20 Consider any non-empty subset O of
{1,...,n}, any set of desirable gamble sets K on £ (Z1.),
and any set of desirable gambles D C £ (Z1.,). Then

marg, Dk = Dmarg, k and marg,Kp = Kmarg,D-

Furthermore, marg, K = {Kmarg,p0 : D € D(K)}.

The last statement of this proposition guarantees that the
marginal set of desirable gamble sets marg, K can be re-
trieved by marginalising every element of K’s representing
set D(K).

Now that marginalisation is in place, and that we know
that it coincides with the eponymous concept for sets of
desirable gambles in the case of pairwise choice, we are
ready to look for some kind of inverse operation to it. Sup-
pose we have a coherent set of desirable gamble sets Ko on
Z(Zo) modelling a subject’s belief about Xy, where O
is a non-empty subset of {1,...,n}. We want to extend Ko
to a coherent set of desirable gamble sets on £ (.%2}.,) that
represents the same beliefs. So we are looking for a coher-
ent set of desirable gamble sets K on £ (Z].,) such that
marg,K = Ko and that is as least informative as possible.
It it exists, then we call K the weak extension of K.

We study this notion of weak extension in more detail.
Given a non-empty subset O of {1,...,n} and a coherent
set of desirable gamble sets Ko on £ (20 ), an assessment
based on it that is important for the weak extension, is

dl(lén ={A": A€Kop} C2(Z(Zin)).

To make clear that .Qflg(;” is a collection of sets of gambles
on Z1.,, we made the cylindrical extension explicit by
writing A*. Using our simplifying device of Remark 17
however, we can equivalently write 424(:)" Ko—and we
will do this throughout—and interpret it as a collection of
sets of gambles on 2., and therefore as an assessment for
sets of desirable gamble sets on £ (Z7.).
It turns out that the weak extension always exists:
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Proposition 21 (Weak extension) Consider any non-
empty subset O of {1,...,n} and any coherent set of desir-
able gamble sets Ko on £ (Z0o). Then the least informat-
ive coherent set of desirable gamble sets on £ (%) that
marginalises to Ko is given by

extizn(Ko) i= Rs(Posi(L* (L) >0 U ),
and it satisfies marg,, (ext;:,(Ko)) = Ko.

How is this result connected with the weak extension for
sets of desirable gambles? De Cooman and Miranda [11,
Proposition 7] show that, given any non-empty subset O of
{1,...,n} and any coherent set of desirable gambles Dy C
ZL(Zo), its weak extension extRn(Do) C Z(Z\:n)—the
least informative coherent set of desirable gambles on
Z1., that marginalises to Dp—exists and is given by
ext? (Do) = posi(L(Z1:n)>0UDo). We show that the
weak extension ext;.,(Kp) of a coherent set of desirable
gamble sets Kp on £ (Zp) can also be retrieved by taking
the weak extension of every element of Kp’s representing
set D(Kp ) from Theorem 11:

Proposition 22  Consider any non-empty subset O of
{1,...,n} and any coherent set of desirable gamble sets Ko
on L(Zo). Then

eth;”(Ko) = m{KeXt]ﬂn(Do) :Dp € ﬁ(Ko)}

4.3. Conditioning on Variables

In Section 3 we have seen how we can condition sets of
desirable gamble sets on events. Here, we take a closer look
at conditioning in a multivariate context.

Suppose we have a set of desirable gamble sets K, on
Z(%Z1.,), representing a subject’s beliefs about the value
of Xj.,. Assume now that we obtain the information that the
I-tuple of variables X;—where I is a non-empty subset of
{1,...,n}—assumes a value in a certain non-empty subset
E; of Zj—so Ej belongs to #75(Z). There is no new
information about the other variables X;c. How can we
condition K,, using this new information?

This is a particular instance of Definition 13, with the
following specifications: 2" = Z1., and E = E; X Ze.
The indicator Ir of the conditioning event E satisfies
Ig (x1.n) =1, (x7) for all xy., in 27y, and taking Remark 17
into account, therefore I = Ig,. Equation (4) defines the
multiplication of a gamble f on E; x Zjc with Ig, to be a
gamble Ig, f on Z7.,, given by, for all x1., in 2.4

ifx; € Ef
if)CI ¢ E[

f(xl:n)

0 &)

]IE,f(xl:n) = {

and the multiplication of Iz, with a set A of gambles on Ej x
Zie is the set Ig,A = {Ig, f: f € A} of gambles on Z7.,.
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Now that we have instantiated all the relevant aspects of
Definition 13, we are ready to find the conditional set of
desirable gamble sets K, | Ej, given a joint set of desirable
gamble sets K, on L (Z1.):

KnJE] = {A S Q(f(E[ X %c)) ]IEIA S Kn}

The conditional set of desirable gamble sets K, |E; is
defined on gambles on E; x Z. However, usually—see,
for instance, [6, 11]—conditioning on information about
X; results in a model on X;c. We therefore consider

marg; (K, |Ej) = {A € 2(ZL(Zi)): Ig,A € Ky}

as the set of desirable gamble sets that represents the condi-
tional beliefs about Xe, given that X; € Ej. In this context,
the multiplication I, f of Iz, and a gamble f'in A is defined
through Equation (5):

ifx; € E
% M " for all X1 I 2.
1fx1 ¢ E]

HE]f(xlzn) = {f(XIC)
0

Note that, in the particular case of conditioning on a
singleton—say, E; = {x;} for some x; in Z;—the set K,, | x;
of desirable gamble sets® is on .Z({x;} x Zj). Every
gamble fon {x;} x £} can be uniquely identified with a
gamble f(x;, +) on Zje, and therefore {x;} x 2} can be
identified with Zjc. Therefore the resulting set of desir-
able gamble sets K, |x; can be identified with its marginal
margye (K |xp).

Propositions 14 and 19, guarantee the coherence of
marg,. (K, | Er), for any coherent Kj,.

As is the case for desirability ([11, Proposition 9]), the
order of marginalisation and conditioning can be reversed,
under some conditions:

Proposition 23 Consider any coherent set of desirable
gamble sets K, on £ (Z1.n), any disjoint and non-empty
subsets I and O of {1,...,n}, and any Ey in Z5(27). Then

margq (K, |Ey) = marg, ((margy o Ky ) | Er).

4.4. Irrelevant Natural Extension

Now that the basic operations of multivariate sets of de-
sirable gamble sets—marginalisation, weak extension and
conditioning—are in place, we are ready to look at a simple
type of structural assessment. The assessment that we will
consider, is that of epistemic irrelevance.

Definition 24 (Epistemic (subset)-irrelevance)
Consider any disjoint and non-empty subsets I and
O of {1,...,n}. A set of desirable gamble sets K, on

5. Actually, since the conditioning event is {x;}, we should write
K, |{x;} rather than K, |x;, but since no confusion can arise, and
for notational simplicity, we will use the latter notation. A similar
choice has been made by De Cooman and Miranda in [11].
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L(Z1.) is said to satisfy epistemic irrelevance of Xy to
Xo when

marg, (K, | E;) = marg, K, for all Ey in g 27).

The idea behind this definition is that observing that X;
belongs to Ej turns K, into the conditioned set of desirable
gamble sets K, |E; on L (E; x Zic) 2 Z(Z0), so requir-
ing that learning that X; belongs to E; does not affect the
subject’s beliefs about X, amounts to requiring that the
marginal models of K, and K,, | E; should be equal.

Epistemic irrelevance can be reformulated in an interest-
ing and slightly different manner:

Proposition 25 Consider any coherent set of desirable
gamble sets K, on £(%Z1.n), and any disjoint and non-
empty subsets I and O of {1,...,n}. Then the following
statements are equivalent:
(i) marg, (K, |Er) = marg,K, for all Ej in Z§(Z7);
(i) AeK, < IgA €K, forall A in 2(L (%)) and
E[ in (@6(%)

Epistemic irrelevance assessments are useful in con-
structing sets of desirable gamble sets on larger domains
from other ones on smaller domains. Suppose we have a
set of desirable gamble sets Ko on £ (Zp), and an as-
sessment that X; is epistemically irrelevant to X, where
I and O are disjoint and non-empty subsets of {1,...,n}.
How can we combine K and this irrelevance assessment
into a coherent set of desirable gamble sets on .2 (Z7u0),
or more generally, on £ (Z71.,)? We want this new set of
desirable gamble sets furthermore to be as least informative
as possible.

The following set will play a crucial role:

"%IigO = {]IEIAO :Ap €Kp and Ej € gz@(e%)}

which we will interpret as an assessment on .Z(Zu0)-

Theorem 26 (Irrelevant natural extension) Consider
any disjoint and non-empty subsets I and O of {1,...,n},
and any coherent set of desirable gamble sets Ko on
ZL(Zo)- The least informative coherent set of desirable
gamble sets on L (Z1.n) that marginalises to Ko and
that satisfies epistemic irrelevance of Xy to Xo is given by
ext]” (Ko) = exti., (K}, where
10 = Rs(Posi(Z*(21u0)=0 U %0)).

Furthermore,

ethll:rn (KO) = ﬂ{Kextll):n(D) :De ﬁ(K;{JrO)}

The final statement of this theorem guarantees that the
irrelevant natural extension that marginalises to a set of
desirable gamble sets Kp can be retrieved by extending
every element of K}SO’S representing set ﬁ(K}gO) from
Theorem 11.
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5. Conclusions

We have studied the irrelevant natural extension in the
framework of choice functions. To define this, we intro-
duced conditioning and marginalisation in this framework.
We related our definitions and results with the existing
definitions and results in the framework of sets of desir-
able gambles, and showed that they match with each other.
The results in this paper are important because they are
a first step for establishing a theory of credal networks
with choice functions. Besides their generality, such credal
networks would have the advantage that the local models
are easy to elicit: choice functions can be assessed directly
from a subject, simply by collecting the gambles she rejects
from within any given set of gambles.

However, one important issue in this respect is the lack
of an expression for the independent natural extension for
choice functions. The independent natural extension is a
symmetric version of the irrelevant natural extension: if Xy
is independent to Xp, then both Xj is irrelevant to X, and
vice versa. A possible future goal is to investigate the inde-
pendent natural extension in this framework. We expect the
representation result of De Bock and De Cooman [9, The-
orem 7] to be crucial for this. A first step in this direction,
would be to establish the following representation of the
irrelevant natural extension:

X (K0) = (WK g, Do € DKo )

where extll):;;rr (Do) is the irrelevant natural extension for
sets of desirable gambles, established in [11]. This is a
conjecture of us, based on some preliminary insight, but
we have no proof as of yet.

In addition, it would also be interesting to consider other,
intermediate notions of irrelevance and independence, such
as the notion of subset irrelevance considered in [7], and
more generally, the compatibility of choice functions with
other structural assessments, such as weak and strong in-
variance.

Acknowledgments

This work has been partially funded by projects
GRUPIN/IDI/2018/000176, PGC2018-098623-B-100 and
by the Université de Technologie de Compiegne. The au-
thors also wish to thank Teddy Seidenfeld, Gert de Cooman
and Jasper De Bock for stimulating discussion. The authors
would also like to thank three anonymous reviewers, for
their generous constructive comments.

References

[1] Thomas Augustin, Frank P. A. Coolen, Gert de
Cooman, and Matthias C. M. Troffaes, editors. In-



(2]

(5]

[6]

[10]

[11]

IRRELEVANT NATURAL EXTENSION FOR CHOICE FUNCTIONS

troduction to Imprecise Probabilities. John Wiley &
Sons, 2014.

Alessio Benavoli, Alessandro Facchini, Marco Zaf-
falon, and José Vicente-Pérez. A polarity theory for
sets of desirable gambles. In Alessandro Antonucci,
Giorgio Corani, Inés Couso, and Sébastien Destercke,
editors, Proceedings of ISIPTA 2017, volume 62 of
Proceedings of Machine Learning Research, pages
37-48. PMLR, 10-14 Jul 2017.

Inés Couso and Serafin Moral. Sets of desirable
gambles: conditioning, representation, and precise
probabilities. International Journal of Approximate
Reasoning, 52(7):1034-1055, 2011.

Ines Couso and Serafin Moral. Sets of de-
sirable  gambles:  Conditioning,  representa-
tion, and precise probabilities. International

Journal Of Approximate Reasoning, 52(7), 2011.
doi:10.1016/}.ijar.2011.08.001.

Fabio G. Cozman. Credal networks. Artificial Intelli-
gence, 120:199-233, 2000.

Jasper De Bock. Credal Networks under Epistemic Ir-
relevance: Theory and algorithms. PhD thesis, Ghent
University, 2015.

Jasper De Bock. Independent natural extension for
infinite spaces. International Journal of Approximate
Reasoning, 104:84-107, 2019.

Jasper De Bock and Gert de Cooman. Credal net-
works under epistemic irrelevance: the sets of desir-
able gambles approach. International Journal of Ap-
proximate Reasoning, 56(B):178-207, 2015. ISSN
0888-613X. doi:10.1016/].ijar.2014.07.002.

Jasper De Bock and Gert de Cooman. A desirability-
based axiomatisation for coherent choice functions.
In S. Destercke, T. Denoeux, M.A. Gil, P. Grzer-
gorzewski, and O. Hryniewicz, editors, Uncertainty
Modelling in Data Science: Proceedings of SMPS
2018, pages 46-53, 2018.

Jasper De Bock, Arthur Van Camp, Marcio Alves
Diniz, and Gert de Cooman. Representation
theorems for partially exchangeable random vari-
ables. Fuzzy Sets and Systems, 284:1-30, 2016.
doi:10.1016/j.£s5.2014.10.027.

Gert de Cooman and Enrique Miranda. Irrelevant and
independent natural extension for sets of desirable
gambles. Journal of Artificial Intelligence Research,
45:601-640, 2012.

423

[12]

[13]

[14]

[15]

(16]

[17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

Gert de Cooman and Erik Quaeghebeur. Exchange-
ability and sets of desirable gambles. International
Journal of Approximate Reasoning, 53(3):363-395,
2012. Special issue in honour of Henry E. Kyburg, Jr.

Joseph B. Kadane, Mark J. Schervish, and Teddy
Seidenfeld. A Rubinesque theory of decision. In-
stitute of Mathematical Statistics Lecture Notes-
Monograph Series, 45:45-55, 2004.

Enrique Miranda and Marco Zaffalon. Notes on de-
sirability and conditional lower previsions. Annals
Of Mathematics And Artificial Intelligence, 60(3-4):
251-309, 2011.

Serafin Moral. Epistemic irrelevance on sets of desir-
able gambles. Annals of Mathematics and Artificial
Intelligence, 45:197-214, 2005. doi:10.1007/s10472-
005-9011-0.

Herman Rubin. A weak system of axioms for “ra-
tional" behavior and the nonseparability of utility
from prior. Statistics & Risk Modeling, 5(1-2):47—
58, 1987. doi:10.1524/strm.1987.5.12.47.

Teddy Seidenfeld, Mark J. Schervish, and Jay B.
Kadane. Decisions without ordering. In W. Sieg,
editor, Acting and reflecting, volume 211 of Synthese
Library, pages 143—170. Kluwer, Dordrecht, 1990.

Teddy Seidenfeld, Mark J. Schervish, and Joseph B.
Kadane. Coherent choice functions under uncertainty.
Synthese, 172(1):157-176, 2010. doi:10.1007/s11229-
009-9470-7.

Arthur Van Camp. Choice functions as a tool to model
uncertainty. PhD thesis, Universiteit Gent, 2018.

Arthur Van Camp, Gert de Cooman, and Enrique Mir-
anda. Lexicographic choice functions. International
Journal of Approximate Reasoning, 92:97-119, 2018.

Arthur Van Camp, Enrique Miranda, and Gert de
Cooman. Natural extension of choice functions. In
J. Medina, M. Ojeda-Aciego, J.L. Verdegay, 1. Per-
filieva, B. Bouchon-Meunier, and R. Yager, editors,
Proceedings of the 17th International Conference
IPMU’2018, volume 854, pages 201-213, 2018.

John von Neumann and Oskar Morgenstern. Theory
of Games and Economic Behaviour. Princeton Uni-
versity Press, 3rd edition, 1972. ISBN 0691041830.

Peter Walley. Statistical Reasoning with Imprecise
Probabilities. Chapman and Hall, London, 1991.

Peter Walley. Towards a unified theory of imprecise
probability. International Journal of Approximate
Reasoning, 24:125-148, 2000.


http://dx.doi.org/10.1016/j.ijar.2011.08.001
http://dx.doi.org/10.1016/j.ijar.2014.07.002
http://dx.doi.org/10.1016/j.fss.2014.10.027
http://dx.doi.org/10.1007/s10472-005-9011-0
http://dx.doi.org/10.1007/s10472-005-9011-0
http://dx.doi.org/10.1524/strm.1987.5.12.47
http://dx.doi.org/10.1007/s11229-009-9470-7
http://dx.doi.org/10.1007/s11229-009-9470-7

	1 Introduction
	2 Sets of Desirable Gamble Sets & Sets of Desirable Gambles
	2.1 Sets of Desirable Gamble Sets
	2.2 Sets of Desirable Gambles
	2.3 Connection Between Sets of Desirable Gamble Sets and Sets of Desirable Gambles

	3 Conditioning
	4 Multivariate Sets of Desirable Gamble Sets
	4.1 Basic Notation & Cylindrical Extension
	4.2 Marginalisation and Weak Extension
	4.3 Conditioning on Variables
	4.4 Irrelevant Natural Extension

	5 Conclusions

