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Abstract

Online active learning (AL) algorithms of-
ten assume immediate access to a label once
a query has been made. However, due
to practical constraints, the labels of these
queried examples are generally only available
in “batches”. In this work, we present an
analysis for a generic class of batch online AL
algorithms, which reveals that the effects of
batching are in fact mild and only result in an
additional label complexity term that is quasi-
linear in the batch size. To our knowledge,
this provides the first theoretical justification
for such algorithms and we show how they can
be applied to batch variants of three canoni-
cal online AL algorithms: IWAL, ORIWAL, and
DHM. Finally, we also present empirical re-
sults across several benchmark datasets that
corroborate these theoretical insights.

1 Introduction

Large labeled datasets are often used to train models in
supervised learning. However, in some domains, such
as those that require domain experts, labeling is a very
costly. Active learning directly tackles the important
task of training accurate models while at the same time
minimizing the number of labeled points.

Previous work in active learning often analyzes the
online, or streaming, setting where a learner observes a
single unlabeled example at a time and decides whether
or not to request the label of the example, receiving the
label immediately if queried, and typically updating
the learner with the additional label before receiving
the next sample point. Generally, obtaining the label
of just a single point is entirely impractical due to, for
example, the overhead of assembling a pool of qualified
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raters and assigning enough work to each rater in order
for their time to be well spent. Additionally, there is a
considerable overhead in updating an active learner, e.g.
computing a new version space, with one additional in-
stance at a time. Thus, in practice, labels are requested
only once a large enough batch of requests has been
queued. As an example, consider remote sensors with
a finite buffer that process a stream of unlabeled data,
a subset of which may be useful for training a machine
learning model. Due to the practical reasons discussed
above, as well as potential communication costs, the
sensor only sends batches of points to a labeling service
once the buffer is full.

Motivated by these practical constraints, we analyze
the batch online active learning setting. A common
approach is to convert off-the-shelf online active learn-
ing algorithms to operate in the batch setting. This
can be accomplished by delaying label feedback to the
algorithm until a sufficiently large number of label re-
quests are made. However, the effect of batching on
the active learning algorithm’s generalization and label
complexity guarantees is not well understood. Since
the batch framework is a substantially more restric-
tive setting, the main questions we seek to answer are:
in what ways will batching impact known theoretical
guarantees? How strongly do label complexity and
generalization guarantees depend on the batch size?

To that end, we present a label complexity analysis,
that is a bound on the number of requested labels, for
a generic batch online active meta-algorithm that is
assumed to satisfy a mild time-decreasing labeling rate
condition. This condition states that the probability
of requesting the label of point decreases as a function
of time, which is a natural property for any active
learning algorithm that admits non-trivial bounds on
label complexity. Crucially, our theoretical analysis
shows that the label complexity of such batch active
learning algorithms, ignoring logarithmic terms, admit
a linear dependence on the batch size. This reveals
that the effects of batching are minimal as long as
the batch size is a constant independent of the total
number of observations. We show that this result can
be applied to batch variants of three well studied online
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active learning algorithms: IWAL, ORIWAL, and DHM
[Beygelzimer et al., 2009, Cortes et al., 2019a, Dasgupta
et al., 2008]. Moreover, we prove that the theoretical
guarantees of these algorithms are not affected by batch
size and empirically verify the insights provided by both
the label complexity and generalization bounds. To
our knowledge, this is the first work proving theoretical
guarantees for batch online active learning.

Below, we review related work. In Section 2, we present
our generic batch online active learning framework and
in Section 3, we provide a novel theoretical analysis
of its label complexity. Then, we show applications of
this generic batch online AL framework along with the
derivations of the generalization guarantees in Sections
4 and an empirical verification in Section 5. Most of
the proofs of our analysis are found in the appendix.

Related Work: Most theoretical work in (non-batch)
active learning considers the online setting with a focus
on proving generalization guarantees for the hypothesis
returned by an active learning algorithm and bounds
on the active learner’s label complexity. In the case of
separable data, Cohn et al. [1994] derived an algorithm
that exhibits an exponential decrease in label complex-
ity when compared to passive learning. The main idea
of this algorithm is to trim the hypothesis set of all clas-
sifiers that are inconsistent with the currently labeled
data and to only ask for the labels of points the hypothe-
ses in this set disagree on. The amount of disagreement
among a set of hypothesis can be characterized by the
disagreement coefficient, which was first introduced by
Hanneke [2007]. These ideas on disagreement are the
core of many active learning algorithms and the label
complexity guarantees of these algorithms are often
in terms of the disagreement coefficient [Balcan et al.,
2006, Dasgupta et al., 2008, Beygelzimer et al., 2009,
2010, Cortes et al., 2019a,b]. Similar quantities will
appear in the bounds we present, although we arrive at
them in a significantly different fashion. Another line
of work has focused on algorithms based on requesting
labels along the margin of a linear separator, which
only under certain distributional assumptions admit
theoretical guarantees [Dasgupta et al., 2005, Balcan
et al., 2007, Balcan and Long, 2013, Awasthi et al.,
2014, 2015, Zhang, 2018).

Active learning has also been analyzed in pool-based
setting where the entire pool of unlabeled data is avail-
able and the algorithm must choose subsets of this pool
to be sent to raters for labeling. Unlike the batch online
active learning setting, the algorithms in the pool based
setting do not have limited memory and thus are qual-
itatively very different than the algorithms analyzed
in this paper. Several authors have studied the pool-
based setting, but the focus was primarily on finding
solutions for specific tasks. For example, Kurihara and

Sugiyama [2012] derives sampling objectives tailored
to linear regression for choosing a single batch of exam-
ples to be labeled, Bach [2007] presents an asymptotic
analysis for misspecified generalized linear models, and
McCallum and Nigam [1998], Hoi et al. [2006a,b, 2008]
focus on text and image classification tasks. Other
work has focused on incorporating different definitions
of diversity and informativeness, but without deriv-
ing any generalization and label complexity guarantees
[Brinker, 2003, Xu et al., 2007, Guo and Schuurmans,
2008]. Dasgupta and Hsu [2008] develops an active
learning algorithm with theoretical guarantees under
specific assumptions on the ability to cluster the data.

Chen and Krause [2013] analyze the batch active learn-
ing problem, albeit in the pool based setting, and show
that a greedy batch construction strategy is competi-
tive with an optimal batch selection when the problem
exhibits an adaptive submodularity condition. Our
work is significantly different, in that we consider the
online setting and make no submodularity assumption.

Online learning with delayed feedback has been studied
in the general partial-monitoring setting. Joulani et al.
[2013] demonstrate that in non-adversarial settings the
price of delayed feedback is an additive regret term that
is linear (ignoring log factors) in the length of the feed-
back delay. This strongly mirrors the label-complexity
result we achieve in our setting as we bound the num-
ber of additional label requests made by an amount
that is also linear (ignoring log factors) in the length
of feedback delay. However, we emphasize that one
setting does not subsume the other. In online learning
with delayed feedback, the learner eventually receives
feedback for every decision, while in active learning,
there are some rounds where the learner never receives
feedback at all (i.e., when a label is not requested).
Moreover, in contrast to online learning, where there is
a single objective (minimizing regret), active learning
admits a bicriterion of bounding label complexity and
generalization error.

2 Batch Active Learning Framework

Let Z = X x Y denote an example space and Z, =
X x (YU {L}) denote the same example space except
where examples can be label-free (denoted by L). We
assume that the data is drawn stochastically, that
is the data points are drawn i.i.d. from an unknown
distribution D over Z and define a hypothesis set H
where each function h € H maps from X to W C R.
The quality of a hypothesis function is measured by
a loss function, £: W x Y — [0, 1], and we denote by
L(h) = E[¢(h(z),y)] the expected loss of hypothesis h.

Let A denote an online active learning algorithm. At
each time step ¢t € [T] = {1,...,T}, algorithm A
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maintains an internal state w; € 2, where ) denotes a
universe of possible internal states. Given an example
z¢ € X, the algorithm first decides whether or not to
receive the true label of z;. We denote by g € YU{ L}
either the true revealed label y; or the decision not
to request the label, 1, at time ¢t. Given this new
information, the algorithm then updates its state to
wy+1. Both the decision of requesting the label and the
update of its state may be a probabilistic process.

An online active learning algorithm can be fully char-
acterized by its state, a function that decides whether
to request for a label, and a function that updates the
state of the algorithm. More formally, we define two
functions Labeler: 2 x X — [0, 1] which maps a state
w; and an example x; to the probability of requesting
a label and Updater: 2 x Z; — A() which maps the
feedback received during a timestep to a distribution
over next states, where A(2) denotes the probability
simplex over 2. Given an initial state w;, an online ac-
tive learning algorithm is then defined by the following
triplet: A = (w;,Labeler, Updater).

In order to convert such an online active learning al-
gorithm A into an algorithm Apg for the batch setting,
we “freeze” the state of A until B labels have been
requested. That is, the algorithm makes decisions on
a sequence of points without updating its state until
B labels have been requested. We call a sequence of
timesteps where the state remains unchanged a round.
At the end of the round, the algorithm receives the B
labels of the requested points and it updates its state
accordingly.! This continues until the time horizon T is
met, at which point the algorithm selects a hypothesis
using information from the final state. Note that in
the sequel, during the execution of the algorithm, we
denote the current round index using the variable r.
Algorithm 1 defines the batch algorithm in detail.

In Section 3 we will provide a sufficient condition in
order to analyze the label complexity of Algorithm 1.
Then in Section 4, we argue that this condition holds for
batch variants of many existing online active learning
algorithms and therefore our label complexity bounds
can be applied directly. In Section 4, we also show that
for these same algorithms, generalization guarantees
are completely unaffected by batching.

3 Label Complexity

In this section, we show that converting an online
active algorithm to a batch online active algorithm
results in a label complexity bound that contains only

!The only exception is the last round, which allows for a
batch of fewer than B labels. One could instead ignore the
requests made in the last round. This does not materially
change the results, but would complicate the presentation.

Algorithm 1 Batch Online AL Algorithm Apg.
Inputs: A = (w;,Labeler,Updater), batch size
B > 1, time horizon T > 1.

Set : current round r = 1, number labels requested
in round C7 = 0, previous round boundary 7y = 0.
fort=1,2,...,T do
Receive x;.
Draw @Q; ~ Bernoulli(Labeler(w,.,z)).
Update C, = C,. + Q.
#B requests or final timestep, end round.
if C, = B or t =T then
#Receive batched labels.
fort! =7._1+1,...,tdo
if Q¢ =1 then
Receive yy.
Set g = yp.
else
Set yt’ =1.
#Perform batched state updates.
Initialize W’ = w,.
fort!=7._1+1,...,tdo
Draw w’ ~ Updater(w’, zy, §+)
Update : round r = r 4+ 1, previous round
boundary 7,_1 = t, frozen state w, = w’.
Reset label count C. = 0.
return hr hypothesis learned with state w,..

a mild dependence on batch size. More specifically,
the additional label complexity cost over the online
active learning algorithm is an additive O(B) term in
the batch size B. Ignoring log factors, this is the best
one can hope for, since a batch active algorithm must
request 2(B) labels in order to receive any labels at
all. In order for this general result to hold, the active
learning algorithm must satisfy a natural condition,
which we called time-decreasing labeling rate.

3.1 Time-Decreasing Labeling Rate

Let r(t) be a random variable denoting the round corre-
sponding to timestep ¢, that is 7(¢) = min{s | 75 > t},
and let F; denote the sigma algebra containing all
random variables up to time ¢. A batch active learn-
ing algorithm has time-decreasing labeling rate if the
probability of requesting a label can be upper bounded
by a decreasing function pgr that depends only on the
timesteps required for the previous round to elapse,
Trt)—1 and a failure parameter . Note that 7,.4)_; is
known at time ¢ — 1, meaning it is F;_j-measurable
(see the appendix for proof of this statement).

Definition 1 (Time-Decreasing Labeling Rate)
For any 6 > 0, we say Ap has time-decreasing labeling
rate if there exists a mon-negative strictly decreasing
function pf (t): N — [0, 1] such that for all t > 1 with
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probability 1 — 6,
P(Qt = 1| Fi1) < pf (Triy—1)-

In the following, we will elide the dependence on ¢ and
write pT, unless we wish to make the dependence ex-
plicit. The requesting probability of the active learning
algorithm could be non-monotonic at each iteration,
but the condition implies there is a monotonic de-
creasing upper bound, which is natural for any active
learning algorithm with nontrivial label complexity.

3.2 Theoretical Analysis

In this section, we conduct a label complexity analy-
sis for algorithm Apg that admits the time-decreasing
labeling rate property and which was derived from an
arbitrary online active algorithm A via Algorithm 1. As
we will see, the label complexity analysis of batch algo-
rithms departs significantly from the standard analysis
for online active learning algorithms since the length of
a round is itself a random variable with a particularly
intricate dependence on all previous rounds.

Given a horizon T' > 1, the number of labels requested
by algorithm Ap will be bounded by r(7T")B since Ap
requests exactly B labels every time a round elapses and
the algorithms halts after round r(T") (except the last
round, which may request fewer than B labels). Thus,
the goal of this analysis is to prove a high probability
upper bound on r(T).

Understanding 7(7T'), depends on analyzing the bound-
aries 79, 71, T2, ... of the subsequent rounds. If this se-
quence grows quickly, it takes relatively few rounds (and
therefore few labels) to reach T timesteps. We hence-
forth focus on the length-of-round, W,. = 7. — 7._1,
where W, is a random variable denoting the waiting
time for the rth round to elapse. The crux of the proof
focuses on showing a lower bound on W,. that holds
with high probability. Equivalently, we argue that the
lengths of rounds become increasingly longer.

Concretely, the argument proceeds in three stages. We
first relate the length-of-round, W,., to a simpler conser-
vative random process, W,., that can be directly defined
as a sequence of dependent negative binomial variables.
The process is conservative in the sense that the round
lengths will, with high probability, be smaller compared
to the W, necessitating additional rounds and therefore
more labels before seeing T examples. We then relate
this conservative process to an idealized deterministic
sequence, which loosely corresponds to the mean of the
stochastic conservative process. Finally, we analyze the
behavior of this deterministic sequence. At a high level,
this analysis reduces the problem of lower bounding
W, to the problem of lower bounding the growth of a
deterministic process.

Step 1: Relating W,. to conservative process W,
First recall N/q is the expected value of a negative bino-
mial distribution NB(gq, N) which counts the number of
independent Bernoulli trials with success parameter p
until exactly B successes occur. Now, note that for any
round r, if we condition on the value of 7,._1, then Def-
inition 1 implies with high probability that for any ¢
occurring in round r, P(Q; = 1 | 7.—1) < py (7r—1)-
Since the length of the round W, is equal to the
number of Bernoulli trials (with success parameter
at most pj(r,_1)) before B labels are queried, its
conditional expectation is lower bounded as follows
E[Wr ‘ Tr—l] > B/p;;’_<7—r—1)~

We construct a new process W, defined explicitly in
terms of a negative binomial distribution with parame-
ter p;(%r), specifically

Wl = B 7~'r - Z Ws W’r‘+1 ~ NB(p;SF(%T)V B) ?
s=1

and relate it to W;.. The subsequent lemma proves that
the conservative process W,. is upper bounded by the
length-of-round W,..

Lemma 1 Fiz § > 0, and suppose that Ag has time-
decreasing labeling rate. Then with probability at least
1 =46, for all v, it holds that W, < W, where W, has
a dependence on 0 via the parameter pj{(i}).

The lemma is proven via a coupling argument along
with the fact that Ap has time-decreasing labeling rate.

Step 2: Relating W, to deterministic seq. w,

Although the distribution of W, conditioned on a fixed
Tr—1 can be directly related to a negative binomial
distribution, the unconditioned distribution does not
have this direct relationship. To help with this, we
consider the trajectory of the process Wi, Wo, ... that
occurs if every variable W, is equal to its mean condi-
tioned on the past. In particular define the following
deterministic sequence,

g B
wy =B wlzszzlws wr+1:ma (1)

then letting B = B recovers the trajectory just de-
scribed. We stress that even the expectation of the
stochastic process W, does not follow the particular
deterministic trajectory of wy, i.e. E[W,] # w, in gen-
eral.? However, if we let B= B/4, we can show that
with high probability the deterministic process w,. lower

bounds the stochastic process W...

First, we define a collection of independent
non-identical negative binomial random variables

21{1 particular, even after two rounds, we have E[Ws] =
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N(1),...,N(T), where N(t) ~ NB(p™(t),B) and
where pu(t) = E[N(t)] = B/p™(t) is the expected value
of N(t) and also define #(T)) = min{r | 7. > T'}. Then
by definition we have Wy = B, and W, = N(7,—1) for
up to round 7(T).

Given that {W,.} can be defined in terms of this collec-
tion of independent negative binomials N(-), we argue
that the growth of W, is well-behaved as long as N (-) is
well-behaved, specifically each N(t) is not much smaller
than its mean. To this end, let T},q count the number of
negative binomials that are significantly smaller than
their means, that is, Thag = Zg‘rzl 1IN (t) < u(D)].
Moreover, consider the deterministic sequence w, de-
fined in equation (1) with B = B/4. As long as the
process N (-) is well-behaved, W, grows faster than w,..
The next lemma states for a horizon R, in the worst
case, W, grows like w, for the first R — T}aq rounds,
and then like B for the final T},q rounds (since the
outcome of any N(-) is at least B).

Lemma 2 Fiz a horizon T > 1. Let w, be the se-
quence defined in equation 1 with B = B/4. On
any outcome of N(1),...,N(T), and any R satisfy-
ing Toaa < R < #(T), wi=To4 4 T 4B < 7r, which
implies wﬁ_T""“’ < Tg.

Next, we bound T},q with high probability. Specifically,
we apply a Chernoff argument to bound the probability
than an individual N (¢) takes a value of less than 1/4 of
its mean and then use Bernstein’s inequality to bound
the number of times that this can occur.

Lemma 3 For any § < /1/e, and B > 2log(T), it
follows that P(Tpaa > 1+ 3log(1/d)) < 6.

We now state a main theorem, which relates the total
number of labels requested by a batch active learner
Ap with time decreasing labeling rate p* to the de-
terministic process w, generated by p*. In particular,
we relate the label complexity to R*, the number of
rounds sufficient for the deterministic process to satisfy
w{%* > T, which we analyze in the final step.

Theorem 1 Fix § > 0, and time horizon T > 1. Let
Ap be a batch active sampling algorithm with time
decreasing labeling rate p+, and batch size B > 21log(T).
Let w, be the deterministic sequence defined in equation
1 with B = B/4. Let R* be a number large enough such
that w{%* > T, then with probability at least 1 — 26, the
total labels requested by Ap is bounded by:

Br(T) < BR* + 3Blog(1/6) + 2B.

Proof. We want to show an upper bound on r(7") that
depends on R* and that holds with high probability.
We first relate #(T') to (T") by considering the event &’
that W,. < W, for all . This event implies that 7. < 7,

since 7, and 7 equal the sum of the length-of-rounds
W,» and W, for ' € [r], respectively. This in turn
implies that (T') < #(T) by definition. Next, we focus
on proving an upper bound on 7(7).

Define the event & as Thaq < Z and consider outcomes
where it holds. For the sake of contradiction, suppose
that R* + Z < #(T) — 1 where Z =1+ 3log(1/§). By
definition of R*, we have T < w!'". Combining this
with the fact that w7 is monotonic and that T.q < Z,
it then follows that T < wi" < w T(Z=To) (call this
Fact-1). Again by the event £ and the contradiction
assumption, it holds Tyag < Z < R* 4+ Z < 7(T) —
1 < #(T'). Then, we can apply Lemma 2 by taking
r = R* + Z to conclude that wf*+Z_Tbad < Treiz
(call this Fact-2). Combining Fact-1, Fact-2 and the
contradiction assumption, respectively, we have T <
wf’*jLZ*Tbad < Tre+z < Ti(r)—1- The inequality T' <
Tr(1)—1 contradicts the definition of 7(T") = min{r |
7, > T} and thus, on the event &, it holds that 7#(T") <
R*+Z+1.

Taking a union bound and using Lemmas 1 and 3, with
probability at least 1 — 2§, both £ and £’ hold, and
therefore r(T) < #(T) < R*+Z+1 = R*+3log(1/d)+2.
Observing that the label complexity of Ag is at most
Br(T) completes the proof. O

Next, we show that BR* is on the same order as stan-
dard active learning bounds; therefore, the above the-
orem shows that the effects of batching only costs an
additional 3Blog(1/d) 4+ 2B in label complexity.

Step 3: Behavior of deterministic seq. w,

First, let us recall the label complexity bounds of stan-
dard online active learning algorithms, which can be
written in the form of a*T + f(T). Here, f(T)/T is
o(1) and a* € [0,1] is a problem-specific constant that
typically contains quantities such as the disagreement
coefficient and/or the loss L* of the best hypothe-
sis. Most active learning algorithms admit a time-
decreasing labeling rate either of p*(t) = O(1/V/T) or
pt(t) = O(1/T) resulting in label complexity bounds
of a*T + O(VT) and a*T + O(log T), respectively. In
our analysis, we study these two labeling rates and
show that the cost of batching on labeling is at most a
single additive O(B) on top of the standard rate.

Specifically, we consider p*(t) = a + bt™%, where
a € {1/2,1}, a € [0,1] and b > 0. Returning to
the deterministic sequence defined in equation (1), re-
call that wy begins at B and then converges to B/a as
t — oo. In the appendix, we give a general theorem for
studying deterministic sequences that asymptote, but
exhibit non-trivial growth before convergence. Utiliz-
ing this theorem, we can bound the number of rounds
R* before w{%* > T, thus allowing us to apply Theorem
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1 when the functional form of p* is known.

Theorem 2 Fix 6 < \/1/76, time horizon T > 1, and
B > max{16b, 16,21og(T)}. Let w; be the determinis-
tic sequence defined in equation (1) by taking B= B/4,
and pj (t) = a+ bt~ for values a € [0,1], b > 0 and
a > 0, where a,b may depend on 6, B,T (but not t).
Then, for a =1 and

. SaTl
Ry = B + log, (T),

it holds that wfr > T. Furthermore, for a = %, and
b = max{b, 1}:

1
12 = 5 (8aT+820'VT + 4?) + loglog(B/4) + 2.

R*
it holds that w, V2>,

The theorem shows that BR] and BR] /2 are, indeed,
of the same order as standard active learning bounds.
This implies that in the batch setting we pay only an
additive O(B) cost over the standard non-batch label
complexity. Using this theorem in combination with
Theorem 1, we attain the label complexity for several
canonical algorithms in the following section.

4 Applications

We analyze the TWAL, ORIWAL, and DHM algorithms
where for each algorithm, we show how to extend it
to the batch setting via Algorithm 1. For these batch
variants, we prove that their generalization guarantees
are of the same order as the original non-batch versions
and that the theorems of the previous section can be
leveraged to bound the label complexity with only a
modest dependence on the batch size. In the next
subsection, we provide a full description of the batch
variant of the IWAL algorithm, generalization guarantee,
bound on time-decreasing labeling rate, and resulting
label complexity bound. Due to space constraints, we
only provide the label complexity for the batch variants
of the ORIWAL, and DHM algorithms in the body of the
paper, but still provide the full algorithm description
and corresponding guarantees in the appendix.

4.1 The IWAL algorithm

We start by recalling the TWAL algorithm of [Beygelz-
imer et al., 2009]. At each time ¢t € [T], the ITWAL
algorithm observes a single point z; and to determine
whether to request its label, the algorithm flips a coin
Q¢ € {0, 1} with bias py = P(Q; = 1). If Q; = 1, then
the algorithm requests the label of the point x; while,
if Q; = 0, it passes on this request. The bias probabil-
ity is defined as p; = maxy gem, maxyey [0(f(x),y) —

Algorithm 2 Labeler(H,,z;) for B-IWAL
T — 14 ) 4 ’
pr(we) = max max [((f(xr), y) — £g(xt) y)|

return p,.(x;)

Algorithm 3 Updater(H,, Z7) for B-IWAL
: < mi !
Hyy1 +{h€H.: L, (h) < i L. (M)+A:}

return H,

£(g(z¢),y)| where Hy C H is the version space at time
t maintained by the algorithm. At each time ¢, the
algorithm reduces the version space by removing any
hypothesis far from the empirical best-in-class: H; =
{he€Hi_1: Li_1(h) < minpep, , Li—1 (W) + A1},
where L;(f) = %Zt Qs p(f(zs),7s) is the weighted

s=1 pg
empirical loss and A; is a slack term.

The B-IWAL algorithm extends the IWAL algorithm to
our setting by freezing the version space for the length-
of-round. More concretely, by recalling Algorithm 1,
the state for the B-IWAL algorithm is defined in terms
of the version space, that is w, = H,. for round r and
initially, we set H; = H. The Labeler, which returns
the probability of requesting a point, and Updater,
which updates the state, are defined in Pseudocode 2
and Pseudocode 3. Due to a technicality, the slack
term used in the version space is defined as A; =
\/8log(2T2(T + 1)|H|2/5)/t, which deviates slightly
from slack term of IWAL as it contains T2 instead
of T. The following theorem provides generalization
guarantees for the B-IWAL algorithm.

Theorem 3 Let ET denote the hypothesis returned
by B-IWAL after T time steps and let h* =
argming ¢ L(h). For any 6 > 0, with probability at

least 1 — 6, L(hy) < L(h*) + O( W) ]

The theorem states that the expected loss of the best-
in-class h* is close to that of the hypothesis returned
by the algorithm. As T grows, the difference in the
expected loss of these two hypotheses decreases at
the typical rate of O(1/y/T). Thus, despite the fact
that the version space is updated less frequently, the
generalization bound of the B-IWAL algorithm is of
the same order as that of the IWAL algorithm. At a
high level, this follows from the fact that, although
the version space is updated less frequently, when it
is updated it will still “catch up” to the analogous
hypothesis class that is updated immediately after each
time step. However, the algorithm may request more
labels due to maintaining a frozen state.

The label complexity of the active learning algorithm
will depend on the disagreement coefficient 6(Dy, H),
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which is defined as the infimum value of § > 0 such
that for all A > 0:

max max |{(h(x),y) — Z(h*(x)7y)|} < 6A,

2€Dx LheB(h*,A) yeY

where B(h/,A) ={h € H: p(h,h') < A} is the ball of
radius A > 0 and p(h, h') = E[|(h(z),y) — L(W (), y)]]
is the distance between two functions in h,h’ € H.
Note, this definition of p is taken from Cortes et al.
[2019b] which allows for a tighter label complexity. For
simplicity, we use 0 instead of 8(Dx, H) in this section.
The next lemma bounds the probability of the B-TWAL
algorithm requesting a point and thereby implies that
the time-decreasing labeling rate property is satisfied.

Lemma 4 For § > 0, with probability at least 1 — 6,
at any round r, By [p,(z)|1.21] < 40(L(h*) + A, ).

Now, to attain the label complexity bound, we ap-
ply the general theory from Section 3. Lemma 4
implies an upper bound on the sampling probabil-
ity of the form pJ(t) = a + bt~* with a = 46L(h"),
b = 460./81og(2T2(T + 1)|H|?/6), and a = 1/2. We
then apply Theorem 2 with R} /2 and Theorem 1 along
with simplifying terms to prove the following corollary.

Corollary 1 Fiz 6 < m, time horizon T > 1, and
batch size B > max{16b,16,2log(T)}. Then with prob-
ability at least 1—24, the total labels requested by B-TWAL
is bounded by: O(OL(h*)T + 0v/T + B) , where O(:) is
hiding absolute constants, log(T|H|) and log(1/4).

Notice that an additive Q(B) term is necessary since
the algorithm must request at least B points to see any
labels. Thus, for practical label batch sizes, the bound
is nearly optimal except for constants and log terms.

4.2 The ORIWAL algorithm

At a high level, the ORIWAL algorithm of Cortes et al.
[2019a] works by partitioning the space into regions and
running a separate active learning algorithm in each
region while carefully allocating the labeling resources
across regions. Specifically, in each region, the ORIWAL
runs the algorithm EIWAL, which is an enhanced version
of TWAL with stronger theoretical guarantees.

We first present some needed notation and recall the
algorithm. We denote by X} for k € [n] the regions
that partition in the input X and by Hj, the hypothesis
used in each region. The ORIWAL algorithm returns a
hypothesis from the following region-based hypothesis
set: Hpp = {> p_1 Loex, hr(z): hy € Hy}. We define
Ly = minpem, E[l(h(z),y)|z € A)] be the regional
best-in-class and 0 = 6(Dy, , H) to be the regional
disagreement coefficient where Dy, is the conditional
distribution of x given region k.

At each time ¢ € [T], ORIWAL receives the points z,
finds the region k; it belongs to, and decides whether
to pass this point to the sub-routine EIWAL in region
k: by flipping a coin A; € {0,1} with bias ay,. This
bias probability carefully chosen to minimize the label

(cn/pp)"/?
maxpen) (ck /Pr)/3

where ¢, = 1og[w] and where py, = P[A%].
If A; = 1, then the point x; is passed to the EIWAL
instance in region k;, which decides whether to request
the label y;, and updates its internal state.

complexity across the regions: aj =

In the appendix, we present the pseudo-code used to
convert ORIWAL to its batch version, B-ORIWAL, and
show that it exhibits a time-decreasing labeling rate of
the order O(1/T) in the case that Lj = 0 for all k£ and
O(1/+/T) otherwise. This results in the following label
complexity guarantee for B-ORIWAL.

Corollary 2 Fiz § < +/1/e, time horizon T > 1,
and batch size B > max{16b, 16, 2log(T), 1is2n/0)y

? Minge(n] A

Then with probability at least 1 — 20, the total labels
requested by B-ORIWAL is bounded as follows:

when L}, =0 for all k € [n],
O(Blog,(T) + Blog(1/6) + B)
and when 3k € [n] such that L}, > 0,

O(Xh_, arbu LiT + 0T + B)

where Qi = Prou/ D 11 Pk s -

The above label complexity matches that of ORIWAL
modulo additive O(B) terms. Crucially, as in the case
of B-IWAL, the generalization guarantee is unaffected
by batching, which is proven in the appendix.

4.3 The DHM algorithm

We extend the DHM algorithm [Dasgupta et al., 2008]
to the batch setting. Given a point z;, the DHM algo-
rithm decides to either request the label or assigns it a
carefully chosen pseudolabel. Specifically, it constructs
two sets, S; and T}, such that S; contains examples
with pseudolabels consistent with the best-in-class h*
and T; contains examples with requested labels. The
union of these two sets is thus an i.i.d. sample from the
underlying marginal distribution on the input space.
To decide whether pseudo-label or request the label for
given a point x, the algorithm checks if the difference
of the empirical error on (S;_1,T;—1) of two hypoth-
esis learned via hy = LEARNH(gt,l UA{z, 3}, Ti-1)
for y € {£1} is large enough. The LEARNy (A, B)
denotes a learning algorithm that either returns hy-
pothesis h € H consistent with A and with minumum
error on B.
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Figure 1: Each column displays the behavior of a different online active learning algorithm on the phishing
dataset under various batch size constraints. A batch size of 1 (blue curve) corresponds to the setting where the
active learner receives a label as soon as it is requested. The top row shows the mean number of points labeled
by the respective algorithm, while the bottom row measures the mean test accuracy of the selected model, and

error bars indicate the standard error.

The pseudocode for the batch version of DHM, called
B-DHM, and the proof that this algorithm satisfies the
time-decreasing labeling rate of O(1/T) is in the ap-
pendix. Then, the following label complexity bound
holds where 6’ is given by Definition 2 in Dasgupta
et al. [2008].

Corollary 3 Fizd < \/m, constant ¢ > 0, time hori-
zon T > 1, and batch size B > max{16b, 16, 2log(T)}.
Then with probability at least 1 — 26, the total labels
requested by B-DHM is bounded by: O(cQ’L(h*)T +
Blogy(T) + Blog(1/6) + B) .

Once again, the label complexity of this batch algorithm
admits, ignoring logarithmic terms, an additive linear
dependence on the batch size B. In the appendix, we
prove that the generalization guarantee of B-DHM is of
the same order as DHM.

5 Empirical Verification

We empirically measure the effect of batching on online
active learning algorithms, in the particular case of
IWAL, ORIWAL, and DHM algorithms discussed in the
previous section. We conduct the evaluation using six
different publicly available benchmark datasets: a9a,
cod-rna, covtype, HIGGS, mnist, and phishing.? For
each dataset, the features are normalized to have zero
mean and unit variance and subsequently scaled to
ensure the maximum feature vector has unit norm.
Furthermore, for each dataset, a finite hypothesis set of
logistic regression models is generated to serve as the
hypothesis set H. Each evaluation averages 10 trials,
each with a random unlabeled pool and test set split.

For details on the size of unlabeled pool and test fold,
the number of features, the numbers of hypotheses,
and hyperparameter settings used for each dataset,
please refer to Appendix C. Details regarding plotting
methodology are also found in the same appendix.

Figure 1 displays performance on the phishing dataset.
Ignoring lower-order dependencies on 1" and logarith-
mic factors, Corollaries 1, 2 and 3 predict that the
cumulative number of labels requested should appear
as a1 + B for some problem-dependant constant a.
Indeed, for each algorithm, the number of labels re-
quested increases with at most an additive dependence
on the label query batch size, as is suggested by the
additive dependence found in their respective label
complexity bounds. Furthermore, we also observe that
the test accuracy is essentially unaffected by the batch
size, as suggested by the corresponding generalization
guarantees. Due to space constraints, results for the re-
mainder of the datasets for all three algorithms, which
show similar behavior, are presented in Appendix C.
Overall, we find that the empirical results corroborate
the theoretical results of the previous sections.

6 Conclusion

We presented an analysis of the batch online active
learning setting, which is directly motivated by prac-
tical constraints. We bound the label complexity of a
generic batch online active learning algorithm, showed
that the result can be applied to several well-studied
online active learning algorithms, and verified the find-
ings empirically. Future directions include analyzing
batching effects in pool-based settings. In such settings,
additional requirements, such as enforcing diversity of

3 https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/ examples within a batch, may be necessary.
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A Label Complexity of Batch Active Learning Algorithms

A.1 Time-Decreasing Labeling Rate
Lemma 5 7,;)_; is Fy_1-measurable (i.e., known at timet —1).

Proof. By definition of r(t), 7,(;)—1 < t, and therefore 7,;)_; is known at time ¢ — 1 as long as () is known at
time ¢t — 1. Note that the event {75 <t — 1} is F;_;-measurable for any s, and therefore so is its complement
{7s > t}. This implies that r(t) is F;_1-measurable by its definition. OJ

A.2 A Negative Binomial Coupling

In this section we relate the random variable W, to a different random variable that is defined concisely in terms
of the negative binomial distribution and, thus, will be more easily analyzed. More concretely, we analyze the
process Wy, Ws, ... by constructing a new process Wi, Wa, ... where W, < W, for all r with high probability,
and each W, has the negative binomial distribution when conditioned on the past. Define the analog of 7,
= W. Since there are many conventions for defining the negative binomial, NB(p, B), we emphasize
that here we count the total number of trials (not failures), each with success probability p, until B successes are
observed. Under this definition, E[N]| = B/p and P(N < B) =0 if N ~ NB(p, B).

We now describe the construction. Let Wi = B. Fix an r > 1, and suppose we have defined Wi,...,W,_1. We
define W, as a function of the execution of round r of Ap, and 7,_;. Let p = P[Q =1 | wy], where the probability
is taken over the example x and @ ~ Bernoulli(Labeler(w,,x)). This denotes the probability that Ap requests
a label on round r (before seeing the unlabeled example). Let z = pf (7._1) — p denote the difference between
this probability and p; (as defined in 1) applied to the new process. Note, unless specifically referring to the
dependence on §, we write pT in order to simplify notation throughout the remainder of this section.

Reindex the label requests made by Ap in round r, Q¢ for t' € {7, 1 +1,..., 7.} as Q; for i € {1,...,W,.}. We
now construct Q; as follows:

1. If p > pt(F_1), we draw Q; ~ Bernoulli(p*(7,_1)).

2. It p< pt(Ff_1) and Q; = 1, we set Q; = 1.

3. If p < pt(7_1) and Q; = 0, we draw Q; ~ Bernoulli(z/(1 — 7).

Given the above, we can now define W, = min{j : >.7_, Q; = B}.

Lemma 1 Fiz § > 0, and suppose that Ap has time-decreasing labeling rate. Then with probabzlzty at least 1 — 4,
for all v, it holds that W, < W,, where W, has a dependence on 6 via the parameter py (7).

Proof. Let € be the event that P(Q; =1 | w,(y)) = P(Qr = 1| Fe—1) < pT(7,1)—1) for all timesteps t. We know
from definition 1 that £ occurs with probability at least 1 — 4.

We will argue that on the event &, VVT < W, for all r > 1. The base case is immediate since Wl = B, and
W1 > B. Assume Wr/ < W, for all v < r. This implies that 7._; < 7,_1. Fix an arbitrary timestep ¢ during the
execution of round r of Ag. On the event £, P(Q; =1 | w,) < p*(7_1) < pT(F-_1), where the second inequality
follows since p* is a decreasing function. By construction, when p =P(Q; = 1| w,) < p*(7_1), we know that
Q; < Q., and therefore W, < W, by definition of W, completing the inductive step. [

Lemma 6 Fiz any r > 1, and condition on 7._1, W, has the negative binomial distribution N(p*(7._1), B).
Proof. Fix r > 1, Let i be an arbitrary timestep during the execution of round r of Ag. On the event p > p™(7-_1),

(Q2 =1]wp,7-1) = p"(7r—1). On the other hand, if p < p*(7,._1), P(QZ =1|wr,7-1) =PQ;=1|
wr)+P(Qi=0]|w)z/(1 = p(rr—1)) =p+ 2z =p"(Fr_1). Thus, P(Q; =1 | w,,Tr—1) = p(7r—1), as desired. O

A.3 Step 2: Relating process W, to deterministic sequence w,

The first lemma proven below relies on a technical lemma (Lemma 12) which is provided in Section A.7.1.
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Lemma 2 Fiz a horizon T > 1. Let w, be the sequence defined in equation 1 with B= B/4. On any outcome of
N(1),...,N(T), and any R satisfying Thaqa < R < 7#(T), wi~ T4 4 T, ,aB < g, which implies wi T < 7p.

Proof. For any s < r(T), W, =N (Ts—1). By definition of Tyaq there are at Tpaq of the negative binomimals
N(1),...,N(T) that take values much smaller than their mean, and therefore at most T.q rounds where
W, < $1(7s—1). For the remaining rounds s, 7s > 7 u(7s—1). Since p is monotone increasing, Lemma 12 completes
the proof as long as Thag < R. O

The key lemma of this section bounds Ti,,q with high probability. We will rely on a tail bound (Lemma 7) which
can be derived using a Chernoff bound.

Lemma 7 (Janson [2018]) If N ~ NB(p, B), then for any A <1, P(N < AE[N]) <exp(—B(A—1—1n\)).
Lemma 3 For any 6 < \/1/e, and B > 2log(T), it follows that P(Tvaa > 1 + 3log(1/0)) < 4.

Proof. When A = 1/4, A — 1 —In X = 0.636, and so Lemma 7 guarantees that for any N(¢) we have that
P(N(t) < fu(t)) < exp(=B/2). Suppose B > 21og(T). E[Thua] = Y1y P(N(t) < $u(t)) < Texp(—B/2) <1,
which in turn implies that P(Thag — 1 > v) < P(Tbad — E[Thad] > 7y) for any v. Since the random variables
Xy =1[N(t) < 1pu(t)] are in {0,1} and independent, Bernstein’s inequality guarantees that

7?/2 )

P(Thaa — E[Tvaa] > ) < exp ( S TUR[(X, — E[X])?] + /3

exp

2/2
<o (= Srrmpar o)
_ 2/2
= exp ( - tTBl I;[Xt} + ’7/3)
- 72 /2 )

<_ Texp(—B/2) +v/3

If B> 2log(T), and v > 1, then T exp(—B/2) < ~, and:

2 2 3
P(Thaa — E[Thaa] > ) < exp (_ 744 ) <exp (—87> )
3

Taking v = 5 log(§), and recalling E[T},aq] < 1 proves the lemma under the condition that B > 2log(T), and
~v > 1. Note that v > 1 if § < exp(—3/8), which is satisfied if § < y/1/e. O

A.4 General Deterministic Bound

Given an increasing sequence of positive numbers wy, ws, ..., where w] = Y. _, w,, and a fixed T' > 0, we are
interested in characterizing the number of rounds r before wi > T'. In particular, we will be interested in cases
where the w, asymptote to some constant, but have some non-trivial growth before reaching this asymptote. Let
us suppose that we have lower bounded this growth. So there exists a strictly increasing function h and constant
Z, such that w, > min{Z, h(r)}. We think of Z as being a constant factor of the sequence’s asymptote, and h as
characterizing the growth of w, otherwise. We state the following theorem:

Theorem 4 Let wy,ws,... be an increasing sequence of positive numbers, h be an strictly increasing function
with h(0) = 0, and Z > 0 a constant such that w, > min{Z, h(r)}. Let H(r) < >"_, h(s), and define H=1 as its
inverse. Then for any T > 0:

Ifr > Z7'T + HY(T), then w} > T.

Proof. Since h is strictly increasing and Z is constant, there is some finite 7o + 1 where h(rg + 1) > Z. Define
ro =max{s > 0| h(s) < Z} Ar+1 as the last round where h(s) < Z (or 0 or r + 1 if this occurs outside of [1,7]).
We can then express:
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wi > min{Z,h(r)} => his)+ > Z (2)
s=1 s=1 s=ro+1

> H(ro) + (r —10)Z (3)

If for the chosen r, ro > H~(T) then the first term in the above inequality lets us conclude that w} > T and the
proof is complete. It therefore suffices to prove the theorem under the condition that ro < H~1(T).

In that case, by taking r > Z~'T + H~1(T), we can conclude that r > Z~1T + r( or equivalently r —rq > Z 'T.
Equation (3) implies that w] > (r — r9)Z. Combining these facts yields w} > T as desired. O

In the remainder of the analysis, we will bound sequences of specific interest to us.

A.5 Bounds for Specific Sequences

We now apply the general theorem from the previous section to specific sequences w,. that occur in the active
learning literature. Fix a constant B > 0. When applying these results to batch active learning, B will be a
constant fraction of the batch-size. For the purposes of the analysis here, it is just a number. We will be interested

in the growth of the sequence wy = B, w, = for some strictly decreasing function p*. pT corresponds

B
P+ (i) ws)
to a bound on the probability of requesting a label. For algorithms in the literature p™(¢) is typically either
O(ﬁ) or O(%) In the non-batch setting, the first type of bound yields algorithms whose total label complexity

over T rounds is O(nT + +/T), and the second type of bound yields algorithms whose total label complexity over
T rounds is O(nT + log(T')), where n > 0 is a problem-specific constant.

Thus, we will be interested in p*(¢) = min{l,a + bt~*}, where a € [0,1], b > 0, and « € {1/2,1}. Note the role
that a plays in this definition. If a = 0, the sequence w, generated by p* grows unboundedly. When a > 0, the
terms w;, in this sequence eventually asymptote to B/a.

Our proofs will reduce the a > 0 case to the a = 0 case. Therefore, it is useful to also define py(t) = bt~<. And
we will study the sequences:

r—1 B
wy = B, w Tt = Wy, Wy = — —
! ; 3 " min{1,a + po(w}] 1)}

r—1 B
v, = B, ol = Vs, Uy = _
1 1 82:; ) " min{L,po(v; )}

A.6 O(37) Time Decreasing Labeling Rate

In this section we analyze the case when o = 1.
Lemma 8 When a =1, w, > min{%,vr/T}.

Proof. Define sg = min{r > 0 | v, # BV w, =+ B}, to be the first round when either v or ws is not equal to
B. We will also be interested in another round s; = min{r > 0 | po(w} ') < a}, the first round where po(w] ')
drops below a.

By definition of sy, for any r < sg, we have v, = w, = B , and therefore w, > v,./2°, and the lemma is satisfied
on these rounds.

By definition of sy, for any r > sq,

B B B
5 < r—1 < . r—1 = Wr.
2 a+po(wi™") ~ min{l,a+ po(wi~ ")}
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We next show the bound holds for rounds sg < r < s1, if any such rounds exist.

First we show that for rounds r > s, po(vfl) < 1, and therefore v, = . Since vf is strictly increasing in

_B
po(v] )
r and po(-) is strictly decreasing, it suffices to show that p(v;°~') < 1. To prove this note that by definition of

50, either vy, # B or w,, # B, which means either po(v{°™') <1 or a + po(wi®~*) < 1. Since on rounds r < s,

v, = w, = B, v°7t = wi* ! = (50 — 1)B, and the claim a 4 po(w° ') < 1 is equivalent to a + po(vi®™') < 1,

3071

which implies po(vi®~ ") < 1, since a > 0.

For sg < r < s1, we will now argue that for all s < r, ws > vs/2° by induction. This holds at r = sg, since
Wg = vs/20 > v, /2% for preceding rounds s. Assume that w, > v,/2° for all s < r. Now we can conclude that:

B 2" B 2B i
r—1y — 1, =1\ r—1y — r—1 < 2w,
po(vr ") — po(2rtwiT)  2po(wiTY) T a+po(wyT)

Uy =

The first equality uses the fact that po(vfl) < 1. The next inequality uses the induction hypothesis and the
monotonicity of pg. The next equality uses the definition of py when o = 1. The final inequality uses the fact
that r < s; and so po(w] ™) > a. This completes the induction and the proof. []

Lemma 8 seems incredibly loose, exponentially decaying with r. However, as we will see, the sequence v, grows
exponentially as a function of r, and so this does not harm our ultimate bounds. We have reduced the analysis of
the sequence w, to the (simpler) sequence v,.. The following theorems derive lower bounds for the growth of v, in
specific instances that correspond to active learning labeling rates.

The next lemma characterizes the growth of v,, when o = 1.

Lemma 9 Suppose B > max{4b,4}. When a =1, for anyr >0, v, > 4".

Proof. When r = 1, v, = B > 4, as desired. Moreover for any r > 1, po(v}) < po(v1) = b/B < 1/4. And so
min{1, po(v1)} = po(vy)-

Proceeding by induction, we suppose that v, > 4". And conclude:

. B B B B
4T+1§4T(B/b>= < < - < - = = Up41-
po(4") = po(vr) ~ po(vy) — min{1, po(vi)}

O

We now have a bound of the form required by Theorem 4. And can state the following corollary.

Corollary 4 Let a = 1. Suppose B > max{4b,4}. For any0<a <1, and T >0,

2
Ifr> EGT + logy(T), then w} > T.

y+1

Proof. Combining Lemma 8 and Lemma 9 we can bound w, > min{%, 2"} (allowing % = o0 if a = 0). Applying
Theorem 4 with h(r) = 27, gives us H(r) = 27! — 1, and H'(y) = log,(¥3+). Since w] is strictly increasing in

r, the corollary follows by observing that log2(%1) <logy(y), when y > 1. O

AT O(%) Time Decreasing Labeling Rate

We next characterize the growth of v, when oo = 1/2. As in the previous analysis, we first relate the growth of w;
to v,.

Lemma 10 When o = 1/2, for allr > 1, w, > min{%7 ivr}.

Proof. Define sy and s; as in the proof of Lemma 8. For rounds r < sg, w, = v, and for rounds r > s1, w, > %.
This follows by identical arguments to Lemma 8, and so we omit them here. Moreover, just as in that lemma we

B forall r > s.

have that v, = o)
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We therefore proceed to prove that ivr < w, for sp < r < s; by induction, where the base case (s < sg) is

established in the preceding. For the inductive step, we assume ivs < ws for all s < r. The inductive hypothesis

implies that %v{_l < wi™t. Therefore: po(w] ™) < po(ivI_l) = 2po(v] ™) when o = 1/2, which implies:

The first equality follows v, = ﬁ?‘l) when r > so. The next inequality follows because 2po(w]™") < po(vi ™).

The next inequality follows from the definition of s; (so p(w]~!) > a). And the final inequality follows by taking

the min in the definition of w,. This completes the induction and the proof. [J

Lemma 11 Suppose B > b. For any € > 0, define r. = [log,(1/€)], and ro = [%1 Then for any r > 1,

B 2—e
T
1 (i) < Vrgtretr

Proof. We first characterize a round 7y after which the min in the definition of v, no longer takes effect. Taking
2 N
ro = [%], we know that v]® > Brg > b®. Since o] is increasing in r and py is decreasing in its argument, for any

r > 79, we have the po(v] 1) < po(v]°) < po(b?) = 1, by definition of py when o = 1/2.

Next we claim that for any integer x > 0:

We proceed by induction. If z = 1, then % < % v® = o) = Urotls where the first inequality follows because
1
. ) 2—-1/2%71

ro > 1 by definition. Now assume the inequality (% < Vpy+o holds for some z. Then:

which completes the inductive step for (4).

We now prove the lemma by using an additional induction. For an arbitrary € > 0, let r. = [logy(1/e)].

N 2—e
Since B > b, (4) implies that (%) < Upg4r.4r for all » > 1. This also establishes the base case for the

1/2
proof of the Lemma. Finally assume that the lemma holds for any s < r. Note that % = (%) =
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1/2 1/2
(T(Tli'gl) + “{2”) < (%) when r > 0. Therefore:

(g ()
o

r+1

w0
Il bl
A
o
\

Ny
v
/_\

@“ Uj)
~__—
m
m
~
o

D“‘m>

yon (5

<

G“‘m>

1/2
Z To+re+s>

B 7"0Jr7‘E r
b = Urgtretr+l-

The second inequality follows because B /b > 1. The third inequality follows from the induction hypothesis. And

the final inequality follows because v1°*"<™" is a positive sum with more terms than >_\_, vygr.1s. 0

<5
g
-(7)
ol
(3

Corollary 5 Suppose « =1/2, a € [0,1] and B > b in the definition of w,. For any e >0 and T >0, if

9 b 1—e/2
P> T4 4V2 <A> VT +logy(1/€) + —
B B
then w] > T.

Proof. Fix € > 0. Lemmas 10 and 11 let us conclude that w4y 4r > mm{2 , = (8 B )27¢} for any r > 1. Define a

new sequence W, = wr0+r€+r consisting of Just this suffix of the sequence {w,}. We can apply Theorem 4 to this
sequence with Z = £ h(r) = cr with ¢ = (5(£)*™ H(r) = §r2 < cer(r+1)/2=3._, h(s); and H~!(y) = 4/ ZCy.

This implies that @} > T when r > Z~'T + H~(T). The corollary follows from the fact that w]™"°%"e > ]
and by removing the ceilings in the definitions of rg and r.. OJ

Corollary 6 Suppose a = 1/2, a € [0,1] and B > b in the definition of w,. Define b = max{b,1}. For any
>0,
2a 2

b
r>—T+8 VT +1og, 1o + —=+1
= (B) 2108 (B) +

then w] > T.

Proof. Corollary 5 has a free parameter € > 0. Taking b’ = max{b, 1}, we will now select an ¢ which makes the
following two equations simultaneously true:

1—€/2 /
2 A
<b> < v2b and log,(1/€) < logylog,(B).

B B

Substituting these back into Corollary 5 completes the proof. Selecting e = log(2) implies:

1—e€/2 N R
(2) = %Bf/%l*f/2 < %Be/zb’l*e/2 < . The first inequality follows because b < ¥, and the

B
second because b’ > 1.

1 pe/2p _ /20
5B =
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At the same time logz(2) = lt)ggz(;)) = 1/log,(B), and so log,(1/€) = log, logy(B) as desired. O

Combining Corollaries 4 and 6 gives us Theorem 2.
A.7.1 Technical Tools

We state a useful rearrangement Lemma needed in Lemma 2. In the context of our label complexity bounds, it
states that we are worst-off when the T},,q rounds which are significantly smaller than their mean occur at the
end of time.

Let g be a monotone increasing function on the reals. Consider the following optimization problem where K < R.

R
minimize E T,
xT
r=1

s.t. Vr, x> 0, {r|z, =0} =K (5)
r—1
vre{r|z >0}, z, > g(ZxS)
s=1

Lemma 12 Setting tp—x+s = 0, for 1 < s < K, x1 = ¢g(0) and z, = g(zz;% zs) for2 <r < R-K is an
optimal solution to (5).

Proof. Any solution where |{r | z, = 0}| < K is suboptimal. Modifying an arbitrary z,- to 0 improves the
objective and is still a feasible solution since g is monotone increasing. Now consider an arbitrary solution with
|{r | z» = 0}| = K. Reindex the variables as z,...,2_x, so that they appear in the same order as z1,...,Zg,
but zero variables are skipped. In other words, . is the rth non-zero variable in the solution. Notice that the
feasibility constraints on each of the non-zero variables can be written as z. > g(3>.._ i xl).

Any solution that does not set x]. = g(zg;} x%) is suboptimal. Modifying . to g(zs;} x’) improves the objective

and is still a feasible solution. Again, because g is monotone increasing, modifying z to g(>_._ } x%) only relaxes

the constraint zj, > g(3 = }x ) for ¢ > r. Thus any optimal solution must set z} = g(0), and /. = g(>."_; z")

for r > 1. This is equivalent to the solution in the statement of the Lemma. [J

B Applications

B.1 B-IWAL Supplement
We write the proofs of B-IWAL algorithm’s generalization guarantee and the bound on its requesting probability.

Lemma 13 For all § > 0 with probability at least 1 — 6, for all v > 1, and for all f,g € H,,
|L7, (f) — Lz, (9) = L(f) + L(9)| < A,.

Proof. For any f,g € H,, define

Zi = L), ) — () ) — (L) — L()),

4

for i € [1,7,]. The sequence Z; is a martingale difference since E[Z;|Z1, ... Z;—1] = E[g (C(f(xs),y;)—(g(xi),y:) —
(L(f) = L(9))|Z1, ... Zi—a] = 0 and since | Z;] < J-(f(x:)) — £g(@:))| + [L(f) — Lg)| < 2 as p; > [0(f (i), 1) —

U(g(xi), yi)| for f,g € H,.

We then take a union bound over 7. and apply Azuma’s inequality.

Pl Lz, (f) = L. (9) = L(f) + L(9)| = Ar,]

T
< P[En € [T]: [Ln(f) — Lu(g) — L(f) + L(g)| = Ax] Z T+ DH? ~ T(T +61>|H|2'
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Since H, is a random subset of H, we take the union bound over f,g € H and r. We then take another union
bound over T to conclude the proof. [J

Theorem 3 Let hr denote the hypothesis returned by B-IWAL after T time steps and let h* = argmin, . L(h).
For any 6 > 0, with probability at least 1 — 6, L(/h\,T) < L(h*) + O(\/ W) .

Proof. We show that h* € H,. by induction. The base case holds as h* € H; = H. Now assuming that h* € H,_
holds, we show that h* € H,.. Let h' = argmin;cy | L, _,(f). By Lemma 13,

Ly, (0) = Ly, (W) < L(h*) = L(W) + A, < A,

Tr—1
since L(h*) — L(h') < 0. Thus, L, (h*) < L,,_,(h') + A,,_, which means that h* € H, by definition of H,..
Since H,. C H,_1, Lemma 13 implies that for any f,g € H,,

L(f)—L(g) < Ls,_,(f) = Lr_,(9) + A,
< LTr—l(h/) + ATr—l - LTT—] (h/) + ATT71 < 2ATT71'

Thus, for any r > 1,

1. h* € H,

2. L(f) — L(g) <2A,,_, forany f,g € H,

We can then complete the proof by using the fact that at time 7', 7, = T and that ET is defined with respect to
Hpryp. O

Lemma 4 For § > 0, with probability at least 1 — 6, at any round v, B [p.(x)|7.—1] < 40(L(h*) + A, _,).

Proof. For all h € H,
p(h, h*) = E[[t(h(z),y) — €(h*(x),y)[] < L(h) + L(h").

From the proof of Theorem 3, with probability at least 1 — 6, H, C {h € H: L(h) < L(h*) +2A,, _,} and thus,
forall h € H,,
p(h,h*) <2L(h*) +2A, _,.

Then, we can chose A = (2L(h*) 4+ 2A,, _,) such that H, C B(h*, A). Thus,

Elp, | 7p-1] = E[fsg% sup 1(f(x),y) — Lg(x), )| | 7—1]

< 2E[hseug Sup [e(h(x),y) — £(h* (), y)| | 7—1]

<2E[ sup sup |[(h(x),y) — £(h"(2),y)| | Tr-1]
heB(h*,A) ¥

<2E[ sup supl|l(h(z),y) — ((h"(2),y)| | Tr-1]
heB(h*,A) Y

< 20N =49(L* + A,,_),

which completes the proof. [J

B.2 B-ORIWAL Supplement

Here, we reproduce the full argument for the derivation and analysis of B-ORIWAL.

At a high level, the ORIWAL algorithm of Cortes et al. [2019a] works by partitioning the space into regions and
running a separate active learning algorithm in each region while carefully allocating the labeling resources across
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regions. Specifically, in each region, the ORIWAL runs the algorithm EIWAL, which is an enhanced version of TWAL
with stronger theoretical guarantees. 4

We first present some needed notation and recall the algorithm. We denote by X for k& € [n] the regions
that partition in the input X and by Hj the hypothesis used in each region. The ORIWAL algorithm returns
a hypothesis from the following region-based hypothesis set: Hp,) = {3 _; loex, hi(x): hi € Hy}. We define
Ly = minpep, E[¢(h(z),y)|lz € Xj] be the regional best-in-class and 0, = 6(Dx,, Hy) to be the regional
disagreement coefficient where Dy, is the conditional distribution of x given region k.

At each time t € [T], ORIWAL receives the points xy, finds the region k; it belongs to, and decides whether to
pass this point to the sub-routine EIWAL in region k; by flipping a coin A; € {0,1} with bias «aj,. This bias

1/3
probability is carefully chosen to minimize the label complexity across the regions: aj = % where
€ln

cp = log[w] and where p, = P[AX%]. If A; = 1, then the point x; is passed to the EIWAL instance in

region k;, which decides whether to request the label y;, and updates its internal state.

The B-ORIWAL extends the ORIWAL algorithm to the fixed batch setting by freezing the version spaces in each
region for the length-of-round in the same way as was done in B-IWAL. Each regional EIWAL will request a number
of points to get labeled and only when the total number of points requested by all regional algorithms equals B, we
unfreeze the version in each region. We define B-ORIWAL in terms of Algorithm 1, where the state of the algorithm
is defined by the set w, = {Hi,...H, ,} which is initialized as w; = {H11,..., Hy 1} where Hy1 = H,Vk € [n].
The Labeler and Updater are defined in Pseudocode 4 and Pseudocode 5. In these pseudocodes, the empirical
weighted loss and slack term® in region k are defined with respect to the points passed to EIWAL;. More concretely,
they are defined with respect to the sequence of points, {(zs, Js, Qs,Ds): Ts € Xk, As = 1} for s € [1,], as follows:

Lo () = 25 S0 S L(f () and Ary, = 2 (/X7 pe + 6y/log (B2 s \fiog (L)

Tk,r

where 7, , =[{s€[r]: € Xy, As = 1}].

The next theorem shows the generalization guarantee of B-ORIWAL.

Theorem 5 For any B > 3, let ET denote the hypothesis returned by B-ORIWAL after T time steps and let
h* = argminheH[n] L(h). For any § > 0, with probability at least 1 — 0,

~ u 0L T\H, 1

k=1

2? (;?é?,ﬁﬂHHn/é)) .

where Ty, is the number of queries made to EIWALy.

Proof Sketch. At each round r > 0 and B > 3, we prove that in each region k, for all § > 0, and for all f, g, € Hy ,,
with probability at least 1 — 24, the following holds.

Ly, (h) = Lry,  (9) = LE(h) + L*(g)| < Ar,, (6)

where L*(h) = E[{(h(z),y)|z € X] is the expected loss of h given region k and recalling that L.,  (h) is the
empirical loss estimate of h.

To prove the above, we first use Lemma 4 [Cortes et al. [2019a]] and apply a union bound over T}, 7 ., pair (f, g).
Then, via the same reasoning as in Lemma 5 [Cortes et al. [2019a]], the Inequality 6 holds and specifically,

. oyor (70 ) foa (D)

where ps is the probability of requesting 7, the sth point passed on ETWAL.

The bound in Lemma 6 [Cortes et al. [2019a]] implies that for the sequence of =, passed to EIWALy, in region k,

4The main difference between TWAL and ORIWAL is the definition of the slack term, A;.
5We need a slightly different slack term than the original ORIWAL algorithm in that there is an extra T in the log terms.
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Algorithm 4 Labeler(H,.,x;) for B-ORIWAL

ki < k such that z; € X},
A¢ ~ Bernoulli(ag, )
if A, =1 then

pr(we) < max maxf(f(ze),y) = Hg(@e), y)l

else
pr(zt) <0
return p,(z:)

Algorithm 5 Updater(H,, Z7) for B-ORIWAL

for k € [n] do
Hk,r+1<_{h€Hk,r: LTk r(h) Sh m}iln LT’C 7‘(h/)+A"'k r}
s = ko g ’
return {Hi,r11,...,Hory1}

the following holds:

ips < \/zwk (L;;Tk +0(/LiT; 1og<T|Hk/5>>) +O(log? (T|Hy/5))
s=1

< /30, LTy, + O(log? (T|Hy|/6)) + O(log? (T| H|/6))

< /40, LTy, + O(log? (T| Hy|/5)).

By plugging in the above in Equation 7, taking a union bound over n, and multiplying by px, we attain the
bound of the theorem since L(hr) = Y} _, pLF(hgr) and L(h*) = >} _, prLj. O

=

The above theorem bounds the expected loss of the algorithm’s hypothesis by the expected loss of the best
in class and by a term that depends on the probability of each region, pi. Despite the fact that the regional
versions spaces are updated less frequently, the generalization of B-ORIWAL is of the same order as that of ORIWAL
algorithm.

Next, in order to apply the general theory analyzed in Section 3, we first prove that B-ORIWAL satisfies the
time-decreasing labeling rate property.

Lemma 14 For any B > M,
miNge(n] 9k
B-ORIWAL algorithm

“ 05 log?(T|Hy|n /8 L* log(T|Hy|n/é
IE[pru)m_l]sszqkekLz+o<k og (L1HsIn/ >+ek\/qk iLog(THiln/ )>,

Tr— Tr—
b—1 r—1 r—1

with probability at least 1 — 5 on any round r, the following bound holds for

Pk

where qf = R INT R

Proof Sketch. By same reasoning as in Lemma 6 [Cortes et al. [2019a]], the probability of requesting x; at

round 7 in region k is bounded by E[p,(z:)|x: € Xk, Ay = 1, 7721] < 40, L}, + O(6x+/1og(Tk|Hk|n/9)) L

Tk,r—1
O(6y log? (T |Hy|n /5
Tk,r—1

) after taking union bound over n.

We then multiply by qx and sum over the regions since qj is the probability that a point falls in region k£ and is
passed to EIWAL:

Ly +qk0(9k 10g2(Tk‘Hk|”/5)). (8)

Tk,r—1 Tk,r—1

Elp,(2)|7r—1] < > 4arbi Li + axO(0x\/1og(Tk | Hy[n/5))
k=1

Then by applying a standard Chernoff bound, with probability at least 1 — g, for all k € [n],

Thr—1 > 0 (1 B /2log(2n/5)>.
Tr—1 Tr—19k
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Thus, with probability at least 1 — 27 for all k € [n],

‘/Tkr 1 \/Tr 1\/ Tk7 1/7'7 1 \/7'7 1 2]og(2n/§)
Tr— lqk

When 7,_; > 2los(@n/0) (which holds since B > M) then M < 1. Since

— mingep] 9k — minge[p] 9k —19k

[q /210 (2n/6)
\/ﬁ Tr— 1 : ak )

_ \/>+ «/210g(2n/5)
Tr—1 Tr—1

<1+ 2z for

QH

any z < %, it follows that

Then, by plugging the above inequality into Equality 8, we attain the bound of the theorem. [

To give a bound on the total number of labels requested, we split into two cases when L; = 0 for all £ > 0 and
when 3k € [n] such that L} > 0. For the first case, we let a = 0, b= Y";_, 0 log®(T|Hy|n/8) and a = 1 while for
the second case, we let a = >, 4qx0, L, b= O(X;_, Ok/akL; log(T|Hy|n/d)) and o = 1/2. We then apply
Theorem 2 and Theorem 1 in each case to conclude the following bound.

Corollary 2 Fiz § < /1/e, time horizon T > 1, and batch size B > max{16b, 16, 2log(T) M}. Then

? minge(n] 9k

with probability at least 1 — 26, the total labels requested by B-ORIWAL is bounded as follows:

when L}y =0 for all k € [n],
g I O(Blog,(T) + Blog(1/6) + B)

and when 3k € [n] such that L} > 0,
6( Sor_y akb LT + 0,VT + B) )

where Qi = prak/ ZZ,:I Pr/ Ogr «

In the case when L = 0 for all £ € [n], the bound is a very favorable logarithmic bound in the time horizon
T. In the second case, the bound admits an additive term in the batch size B and a term that depends on v/T'
scaled by the regional disagreement coefficient 0.

B.3 B-DHM Supplement

Here, we reproduce the full argument for the derivation and analysis of B-DHM.

We extend the DHM algorithm [Dasgupta et al., 2008] to the batch setting where we again start by recalling the
algorithm. Given a point z;, the DHM algorithm decides to either request the label or assigns it a carefully chosen
pseudolabel. Specifically, it constructs two sets, S; and T3, such that S; contains examples with pseudolabels
consistent with the best-in-class A* and T; contains examples with requested labels. The union of these two
sets is thus an i.i.d. sample from the underlying marginal distribution on the input space. To decide whether
pseudo-label or request the label for given a point z, the algorithm checks if the difference of the empirical error
on (St 1, Ti—1) of two hypothesis learned via hy = LEARNH(St 1U{a, 4}, Ty—1) for y € {£1} is large enough.
The LEARN g (A, B) denotes a learning algorlthm that either returns hypothesis h € H consistent with A and
with minumum error on B or raises a flag whenever there is no hypothesis consistent on A. Notabtly, [Dasgupta
et al., 2008] prove that whenever the gap between the error differences is large enough when using a zero-one loss,
the algorithm can infer how h* will label this point and thus, it is safe to use a pseudo-label that matches the
prediction of A* with high probability.

The B-DHM algorithm extends DHM algorithm by freezing the set (§T, T,) at each round r used by LEARN.
That is, the decision whether to label a point at time ¢ depends on learning hypothesis over the points in the
previous round. In terms of the general batch Algorithm 1, the state of the algorithm is given by w, = (S, T}.)
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Algorithm 6 Labeler((S,,7,),z:) for B-DHM
for all y € {£1} do
hg < LEARNg (Sr U {(z+,9)}, Tr)
if Qg€ {£1},h_ g+ Dor
L, (hfg) — L, (hg) > ATT) then
]
pr(xt) < 1
else
pr(zt) <0
return p, ()

Algorithm 7 Updater((:S'\T,TT),Zj_) for B-DHM

§7-+1 <— §7-
TT+1 <— TT
for s € [, 7r41] do
if yo = 1 then
§T+1 — §T+1 U (xs,7s) > ys defined in Labeler
else
Tr+1 fj Tr+1 U (xsvys)
return (Sr4+1,Tr+1)

where w1 = (0,0). In this section, since DHM holds only for the zero-one loss, we let L, (h) = % Yicz, ()2

where Z, = §r UT, and 7. = |Z,|. The Labeler and Updater are given in Pseudocode 6 and Pseudocode 7,
respectively.

The following theorems prove the generalization guarantees and label complexity bound for B-DHM.

Theorem 6 Let hy denote the hypothesis returned by B-DHM after T time steps, h* = argming, c g L(h) and let
d =VCDim(H). For a fivred constant ¢ > 0, with probability at least 1 — 9, L(hT) < L(h*) 4 ¢(#(dlog(T) +

log(1/5)) + /242 (d1og(T") + log(1/3)))..

Proof Sketch. First, we note that Lemma 2 of Dasgupta et al. [2008] is a general result that holds for i.i.d. samples.
Let S(H,t) is the tth shattering coefficient defined as the maximum number of ways a set of ¢ points can be
labeled by H. Then, in order to apply Corollary 1 of that same paper to (§T, T,.) at each round r, we need to apply
a union bound over 7, and thus also need a slightly different definition of 8; = \/(4/t) log(8t(t2 + t)S(H, 2t)2/J)
where we added an extra t in the log term.

Next, we show that for any general iteration where a batch of points S = §T — §T+1 is added to S';, h* still
consistent with §T us = §r+1. To see this, note that we can use Corollary 1 of Dasgupta et al. [2008] in
conjunction with A, as before, to show that with high probability, h* is consistent with S5, U {(z¢,9)} for all
(z4,7) € S. This is essentlally reusing the argument from the non-batch setting, imagining that we are adding
only a single point from S to the set St However, if h* is consistent for each individual point in S it is also
consistent with the union of the points and, thus, consistent for S US. Repeating this argument for every batch
S that is added to ST, we see that with high probability for all ¢, h* is consistent with Sr+1

The remainder of the proof, follows exactly as in the proof of Theorem 1 of Dasgupta et al. [2008]. O

The following lemma bounds the probability of requesting a label during a round. Note that, unlike in the
IWAL-based algorithms, the decision to draw a sample does not depend on a Bernoulli coin flip, but rather the
decision is made deterministically based on the value x; and the data observed to that point. Nonetheless, in
order to unify the presentation, we can still conceptually define a Bernoulli parameter p,.(z) as in the IwAL-based
algorithms, but that only take values in {0, 1}. Given a slightly different definition of disagreement coefficient 6’
given by Definition 2 in Dasgupta et al. [2008], the following bound on requesting probability holds.

Lemma 15 For a constant ¢ > 0, with probability at least 1 — § on any round r, the following bound holds for
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B-DHM algorithm

, . ~ rdlog(T,—
Bl ()] < o (£0) + O (TET=LY),
Proof Sketch. First note that
Ig[pr(x)‘ﬂ—l] = g[pr(z)zl‘ﬂ—l]

since p,(x) € {0,1} for bDHMand where the last expression is the probability that a label is requested by the DHM
algorithm in round r given a fixed history. This is precisely the quantity that is bounded with high probability in
Lemma 5 of Dasgupta et al. [2008] for the standard (non-batch) DHM algorithm. Using the same arguments,
which require with high probability concentration of the empirical error and that A* is consistent with §T, we can
show the bound of the theorem. OJ

Then, by letting a = c6'L(h*), b = O(blog(T)), and o = 1, we can apply Theorem 2 and Theorem 1 to attain a
bound on the total number of labels requested.

Corollary 3 Fiz 6 < +/1/e, constant ¢ > 0, time horizon T > 1, and batch size B > max{16b,16,2log(T)}.
Then with probability at least 1 — 20, the total labels requested by B-DHM is bounded by: O(c@’L(h*)T+Blog2 (T)+

Blog(1/6) + B).

Since the label requesting probability decreases at a faster rate than that of TWAL, the resulting label complexity
bound is much more favorable in that it admits a logarithmic dependency on time horizon T" while IWAL admitted
a /T dependency.

C Further Empirical Results

In this section we present the full empirical results for the remainder of the datasets mentioned in Section 5. For
completeness, we also again present the datasets found in the body of the paper.

The details for each dataset are presented below.

dataset | # features # “unlabeled” # test |H| 1/C
a9%a 123 20000 12,561 2048 21T
cod-rna 8 25000 34535 4096 2713
covtype 54 400000 181012 4096 2713
HIGGS 28 90000 10000 2048 2713
mnist 780 30000 30000 1024 2°10
phishing 68 0000 2055 2048 2-1

Additional Dataset Preprocessing: The HIGGS data was uniformly at random subsampled to 100,000 points
as a preprocessing step. The mnist dataset is converted to a binary classification problem by classifying odd vs.
even digits.

Finite Hypothesis Set Construction: In all cases, the finite hypothesis set consists of logistic regression
models trained using the scikit-learn library [Pedregosa et al., 2011] with solver=‘liblinear’’ and with L2
regularization parameter C' set as indicated in the table. The hypotheses are each trained using a small random
sample of data, with a size uniformly selected between 30 and 500 data points.

Details on Plotting Methodology All plots are shown as a function of the number of observed datapoints, T'.
Since the number of observations made before a batch label request is made is a random variable, the number
of observations needed before a first batch request is made is also random. Thus, the first datapoint for each
method displayed in the plots occurs at the smallest value T at which all 10 trials have already made a batch
label request.
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Figure 2: Here we plot the number of points labeled as well as the accuracy of the B-IWAL algorithm for different
label query batch sizes B € {1, 16,64,256}. Note in the case B = 1 the learner receives the label of an example
as soon as a request is made, i.e. no batching occurs.
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Figure 3: Here we plot the number of points labeled as well as the accuracy of the B-ORIWAL algorithm for
different label query batch sizes B € {1,16,64,256}. Note in the case B = 1 the learner receives the label of an
example as soon as a request is made, i.e. no batching occurs.
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Figure 4: Here we plot the number of points labeled as well as the accuracy of the B-DHM algorithm for different
label query batch sizes B € {1, 16,64,256}. Note in the case B = 1 the learner receives the label of an example
as soon as a request is made, i.e. no batching occurs.



