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A Proofs of simple regret for the uniform
strategies

Results in the deterministic and stochastic cases with
known smoothness parameters were also reported in [Hren
and Munos|(2008) and |Bubeck and Munos| (2010).

A.1 Deterministic case

Deterministic feedback Let us consider the uniform ex-
ploration that evaluates all the cells at the deepest possible
depth H with a budget of n and recommends x(n) the x
with the highest observed f(z). We have H the largest
value such that K7 < n. Therefore H = |logx(n)].
Because of Assumption E] we have r,, < vp®. Therefore

= O((K/n) #5K").

Proof. Consider one global optimum z*. For all i € [K*],
let z ; be the element selected for evaluation by the uni-
form exploration in Pg ;. Then,

@ ®» i
f(x(n)) 2 fxaa,) = f@") —vp™.
where (a) is because uniform has opened all the cells at
depth H and z(n) = argmaxp, €T f(x;“) and (b) is
by AssumptlonF> Therefore r,, = f(z*) — f(z(n)) <
VpH — l/pUO%K I = VpUOgK n/K)+1] < l/plogK(n/K =

” ((K/n) TR ) _

/\

O

A.2 Stochastic case without knowledge of the
smoothness parameters v, p

Proof. Consider one global optimum z*. For all i € [K ],
let us fix xj, ; be the element selected for evaluation by the
uniform exploration in Py ; each of the | 7% | times this
cell is selected. We define and consider event 5 and prove
it holds with high probability.

Let &5 be the event under which all average estimates in
the cells receiving at least one evaluation from uniform are
within their classical confidence interval, then P(&s) > 1—
d, where

5 2 {w e [K"], \fH — flzi)| <b W}

We have P(§5) > 1 — 4, using Chernoff-Hoeffding’s in-
equality taking a union bound on all opened cells. On &5

we have,
flatm) 2 Fla(m) - by [
: n/KH
O e s
¢ log2n/0)

z*) —vpf —2b /KT

where (a) is because &£ holds and (b) is because uni-
form has opened all the cells at depth H and xﬁ) =

argmaxp, o1 f(gch,i), and (c) is by Assumption |1} We

1
have vy < (()) and /G <
TRk
o () B ).

Therefore 7, = f(2*) — f(z(n)) < vpf — 2b1/1°5(/2%.

Tn = 6<log(1/5)u<<7f;2) $+2>> 0

A.3 The non-stochastic case

Theorem 1 (Upper bounds for ROBUNI). Consider any se-
quence of functions f1,..., fn such that |fi(z)| < frmaa
forallz € X andt € [n). Let f = 23" | fi, and x* be
one of the global optima of f with associated (v, p). Then
after n rounds, the simple regret of ROBUNI is bounded as:

Efr] = O <1og(n/5) (nKpQ) %)

Proof. Let us fix some depth H and consider a collection
of functions f1,..., f,. Given fi,..., f,, after n rounds
the random variables fy ;(t) are conditionally independent
from each other for all ¢ at depth H and for all ¢ € [n] as
we have P(z; € Py;Nh > 0) =Pz, € Py,) > 1/KH
are fixed for all ¢ at depth H and ¢ € [n].

The variance of fHZ(t) is the variance of a scaled
Bernoulli random variable with parameter P(z; € Pg ;) >
1/KH and range [0, K" E, y(p, )[f:(2)]], therefore
we have |fri(t) — Ernv(p,olfe(2)]] < K, and
= o2 < H(p —
Ot Bonv(py o lfe(@)] o LK

fuai(t) —
V/KH)KHf2 (1) < K1 f2,

axr"*

We define and consider event {5 and prove it holds with
high probability. Let s be the event under which all av-
erage estimates in all the cells at depth H are within their
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classical confidence interval, then P({5) > 1 — ¢, where

&s é{VPH,i, ﬁHz(”) — Fri(n)

< 20300 K og(n28) + 222

We have P(¢5) > 1 — ¢, using Bennett’s inequality
from Theorem 3 in [Maurer and Pontil| (2009) and from
taking a union bound on all opened cells. We denote
By, = /2nK"log(n2/6) + bK"log(n?/5) and we de-
note by h(n) the depth of z(n). On & we have, for any
H € [[logg(n)]],

b

Bl )] 2 L (Flan) ~ Bu) 2 - (Firse — B
(g) %(FH,i* — 2Bpg)
S Fa*) ~ v — 2B fn. )

where (a) is because &5 holds (b) is by definition of 2 (n) as

x(n) < argmax Fy, ;(n)— By, and (c) is by Assumption
Th,i

In order to maximize the lower bound in [ we

set H = log g /,2 (n)J We have vpfl <

V((,f;z)légll/f’”> and log(n?/6)KH /n <
log(n?/0) ((,f;) T and bKH /nlog(n?/6) =
(9( log n2/6( logl/p ))
Therefore Ky, [rn] = E[f(z(n))] < vp"*t —
2B/n. r, = O(log(n/&)(nKpQ) i
m

B Proofs of simple regret for VROOM
The non-stochastic feedback case

Proof. Letus fix some depth H and consider a collection of
functions fi,..., f,. Given f1,..., fy, after n rounds the
random variables fp ;(t) can be dependent of each other
forall h > 0andi € [K”] and t € [n] as py.;; depends
on previous observations at previous rounds. Therefore,
we use the Bernstein inequality for martingale differences
by [Freedman| (1975).

The variance of va,Z-(t) is the variance of a
scaled Bernoulli random variable with parame-
ter P(z; € Pu,;) > 1/K7log%(n) and range
0, KFE, vp, »[fe(x)) log?(n)],

2
+ dmar g 160 (2 /5)} :

A

therefore we have |fH1() — Eyump,plfi(@)]] <

K" log%(n) fmaz » and % 10— Eanver, plh@)]

2 () = I/KH(I - 1/KH)K2HfH ( ) < KHfmax‘

Then, following the same reasoning as in the proof of
Theorem [I| but replacing the Bernstein inequality by the
Bernstein inequality for martingale differences of |[Freed-
man|(1975)) applied to the martingale differences fk’t —ka’t,
we obtain the claimed result for the adversarial case. [

The i.i.d. stochastic feedback case

Proof. Note that as the regret guaranties proved in the non-
stochastic case also hold in the stochastic case. So we are

poasuaie o
left to prove E[r,] = O(l) R

n

We place ourselves in the i.i.d. stochastic setting described
in Section|[I] Let us consider a fixed depth H which value
will be chosen towards the end of the proof in order to min-
imize the simple regret with respect to this H.

We consider one global optimum z* of f with associ-
ated (v,p), C > 1, and near-optimality dimension d =

d(v,C, p).

We define n,, € [n] and will analyze how VROOM explore
the depth h < |logk (n4) .

First, we define the rounds used for comparisons.

%gh' (;lh; for h €
|logx (ne)| and where 5 > 1 is a constant that we will
fix later such that n;, < n. To ease the notation and with-
out loss of generality, for each depth h, we assume that the
cells are sorted by their means so that cell 1 is the best,
fh1i=fh2= o2 frgn

We define and consider event £; and prove it holds with
high probability.

We define the times np, = [fng

Let &5 be the event under which all average estimates in all
the cells at depth H are within their classical confidence
interval, then P(£s) > 1 — 4, where &5 is decomposed in
three sub-events &5 = £} N &2 N &3 where

219P.i, h < [logg(n)] :

|Fhi(n) = o < Bie(n)

and |Fii(n) = Fui(n)| < Byt (m)
2{VPpi,h < UogK( )], vt € [n],

[Foi®) = Fus| < B}

é{Vh < LlogK (na)J 5

Vt > 8ng log®(n), Ty i (t) > E[ThQ(t)} }

We have P(£}) > 1 — 6/2. Indeed to bound
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‘13 hi(n) — nf,”’ we use the Bernstein inequality for mar-
tingale differences of [Freedman|(1975) applied to the mar-
tingale differences fj, ; — fr. and from taking a union
bound on all cells at depth h < |logg(n)|. We have
P(&}) > 1—6/2. Indeed, to bound |y, ; (t) — fh.i| weuse
the Chernoff-Hoeffding inequality and take a union bound
on all cells at depth h < |logy(n)]|. Finally we have
P(&2) > 1 —log(n)/n. Indeed, using a Chernoff bound
we have for VA < |log g (n4) ], ¥t > 8ng log®(n),

where (a) is

hitt = e =

Ph.i h(i*),, Jogxc (n) l0g ¢ o K*log c (n)
1 1 1

log i nanalogg(n) — Na log? (n) = nqlog?(n) -

because P(x; €  Pni)
1 1

)

IV IV

We can therefore decompose the regret 7, as

Efr,] = (5 + bgﬁ)ﬁ[rngg] + (1 -

< (o4
4b

As we will set 6 = JA—— the first term of Inequality@is
already smaller than the claimed result of the Theorem so
we now focus on bounding the second term.

n

logrrgn) ) fmax + E[Tn|§5] (6)

For any x% we write

—

1, = {h’ >0V > np, (Pran),, , < Cp—(”“}

h't —

that contains all the depth & such that for all time ¢ > ny, the
cell containing z* at depth h is ranked with a smaller index
than Cp~ %" by VROOM. As explained above we are trying
here to introduce tools that will help us to upper bound the
ranking of the best arm to be able then to upper bound the
variance of its estimates.

On &5 we have, for all H € [|logg(n)]]

E[f(z(n))] (Za) %(ﬁh(n),i(n) - Bh(n),i(n)(n)>

™1/~
Z E (FLH,l - BL]{,l(”))
@1, —

> E(nfLH,l - QBLHJ(W’))

(c) _
> f(a*) —vpt® —2By, a(n)/n. (D)

where (a) is because &s holds (b) is by definition of z(n)

as x(n) « argmax Fy, ;(n) — By i(n), and (c) is by As-
Th,i

sumption [T}

We now need to bound _L i and bound B, ,, 1(n) for some

H € [|logg(nq)]]- To obtain a tight bound we try to have

vptH and B, 1(n) of the same order.

We use for that Lemma 2] that provide sufficient condition
in Equation |I'7] to lower bound L. We now define the

quantity h that verify this condition. / is so that the vptH
and Bﬂm (n) are equal. We denote h the real number sat-
isfying
N1/ 2h =
_ el P —Ccph, 8)
Khb?log”(2n2/5)

Our approach is to solve Equation [§|and then verify that it
gives a valid indication of the behavior of our algorithm in
term of its optimal h. We have

7 1 (Vzna(d+2)log(l/p)>
(d+2)log(1/p) KCb2log*(2n2/6)

log(n) where standard W is the Lambert W function.
—— |E[rn|&]

Using standard properties of the |- | function, we have

nev?p?lP] N2 p%h
— >
1| R]b2 108 (202 /) KD log® (202 /o)

_ Cpfdﬁ > CpdeTLJ.

From the previous inequality we also have, as d <
log(K)/log(1/p),
Na 2
2 2|h] - -
_nap > cpilA] > glA).
K M b2 log?(2n2/9)

which leads to WJ < |logg(ne)]. Having EJ €
[[logk (na)]] and using Lemma 2| we have that if g
8log®(n)|log ()] then J_ULJ > VLJ

v

To bound By ,, 1(n) we use Lemmal[l] Therefore, choosing
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H = {hJ , We get to rewrite Equation as

Elf(2(n))] = F(a*) —vp ") =2B1 ; 1(n)/n
> F(a*) - vpl")

9 —dL 5]
~ 4funan log<n2/6>(” +Cpn>

€))

Moreover, as proved by Hoorfar and Hassani| (2008), the
Lambert W (z) function verifies for z > e, W(x) >

log(logz) Therefore, if %ﬁ%)") > e we have,

we have the first term in Equation 9]

~ 1 v2ng (d+2) log(1/p)
pLhJ <p(d+2)log<1/p)w( KCb2 log2(2n2/5) -1

v2ng (d+2) log(1/p)
1 lo KCOb2log2(2n2/s)
@ eatize 108 | - log? ( 2ng (d12) log(l/p))

< p KCb2 log2(2n2/96)
v2ne (d+2) log(1/p) (djrlz)
_ KCb2? log?(2n2/6)
N v2nq (d+2) log(1/p)
elog( KCb? log2(2n?/6) )
Then we have, from Equation 3]

\/Cp—dLLE,J B \/Cp—d% nav2p?h

n B n\ nKhb?log? (2n2/6)

v

\F Kblog?(2n2/6)’

which is bounded above.
Then in Equation@, using that \/a’ + ' < va' + V' for
two non negatlve numbers (a b"), we have three terms of

the shape: ng e +nq/ n+n§+2 As explamed in the sketch

of proof we need to have n,, of order n T in order to min-
imize the previous sum.

More precisely we set g, = s /(81log*(n)) and set 3 =
8log*(n) and § = Lf and obtain the claimed result.

U
Lemma 1. If 3 > 8log*(n)|logx (n4)], for any global
optimum x* with associated (v, p) from Assumption any

C > 1, forany 0 € (0,1), on event &5 defined above, for
any depth h € [|log (ny)]], we have that if
a2 2h (121 10g? (202 /8)) > Cp=2@Coh  (10)

that

By, 1(n) < 2fmax\/log3(2n2/5)(n§ + nCp—din).

Proof. The assumptions of Lemma [2] being verified we
have h € 1;,. Also we have,

BL;HI(n) (11)
= fmaxy | 2Ln(n)og (n) log2n%/8y (1), . (12)
— log 2n2/§
+ fmaxlogK(n)%/. (13)
We bound the first term by having
no__ [log (na)]—1 np P
Z <1>h,s = Z Z <1>h,s
s=1 h=0 s=np+1
+ Z <1>h,s
s=n LlOgK("C&)J +1
@ logk (na)l—1  ny
< Z KUOg("a)J
h=0 s=np+1
D
s=n llogk (na) ] +1
logg (na)]—=1  ny
o S

s=np+1
< ni + nC’p dLn
where (a) is because h € [|logx(ns)]] and Ly, > h.

Because in Equation[TT]the second term is smaller than the
first, we have

By, 1(n) (14)
= 22 08 (1) o () log(202/8) (12 + nCp—tLn)

(15)

< 22108 2023 (02 + o). (16)

O

Lemma 2. If 8 > 8log*(n)|logk (na)], For any global
optimum x* with associated (v, p) from Assumption any
C > 1, forany § € (0,1), on event &5 defined above, for
any depth h € [|log (ny)]], we have that if

v2p™" /(B hlog® (2n?/8)) > Cp~ W EA(17)

K
that h € L1y,

Proof. To simplify notation we write d(v,C, p) as d. We
place ourselves on event &5 defined above. We prove the
statement of the lemma, given that event &5 holds, by induc-
tion in the following sense. For a given h, we assume the
hypotheses of the lemma for that h are true and we prove
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by induction that b’ € Ly for b’ € [h].

1° For h/ = 0, we trivially have that 0 € L.
2° Now consider &’ > 0, and assume b’/ — 1 € 1},_1 with
the objective to prove that A’ € Lp/. Therefore, for all

t=np—1, (Pr—1 )14 < Cp~dh'=1),

For the purpose of contradiction, let us assume that their ex-
ists t > nj, such that <m>h/,t > Cp~9 This would
mean that there exist at least C’p*dhl cells from {Py ;},
distinct from Pp ;x, satisfying fh_,l(t) > fh_,’i;/ (t). This
means that, for these cells we have

— ) ~ (b) _ log(2n2/6)
v > f () > [ (8) > frrae (B) —2by | ———
Fuos 2 i) 2 By 0 2 Ty (0 -2 52200
© _ log(2n2/6
> fh',i;, (t) —2b (,3,10 /%)

h[log ¢ (na) ] CKp a7 1

> Fi, (1) - 2b\/ log(2n/0)

h {108 (ne) [CKp~ T

d) _ — ’
(>)f,—2yh>f.—2yh
= Jh i P Z Ihir, P

h!

where (b) is because &s; holds, (d) is because
by assumption (Equation [I7) of the lemma,
for ¥ € [h], %V2p2h//(b2hlog2(2n2/6)) >
nay2p?h /(B2 hlog? (2n%/8)) > Cp~h > Cp=d.
(¢) is because on &5, as 5 > 8log®(n)[logx (4] and h <
logge(na)] ¥t > ny = Bro EE=1EE > 8ng log®(n).
have

2
S=Nypr_q
Npt
(e) 1
=
S=Npr_1q

Ty

>
= G o (n) JCRp= =T

where (e) is because we have (Pp_1)p—14 <

Cp_d(h/—l) which giVeS P(:’Et € ,Ph,i) Z m as

fuiz, = fla*) = vph' by Assumption it follows that
j\/h/(3l/ph') > {C’p*dh/J. This leads to having a contra-
diction with the function f being of near-optimality dimen-
sion d as defined in Definition Indeed, the condition
N (3vp") < Cp~" in Definition is equivalent to the
condition A, (3vph') < {Cp’dh/J as Ny (3vp"') is an
integer. Reaching the contradiction proves the claim of the
lemma. O
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