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A Weak version of Birkhoff-von Neumann Theo-
rem (Theorem 11)

Theorem 1 (Weak Birkhoff-von Neumann theorem). Let k,l € N and k > . For
any v: k — Prob(l), there are y1,72,...,ynv: k =1 and 0 < aj,az,...,ay <1
such that Zan:l am =1 and v(i) = N amd,, iy for any 1 <i <k.

m=1

The cardinal k& can be relaxed to countable infinite cardinal w, and then the
families {7;}; and {a;}; may be countable infinite.

Proof. Consider the following matrix representation f of :

fin - fin

f1.7k fz:k

where f; ; = v(i)(j) and Z;\le fij=1forany 1 <i <L
For any h: k — [, the matrix representation g of ({x — d,} o h) is

g1 - gia

g1k " 9Lk

satisfying that for any 1 <4 <[, there is exactly 1 < j < k such that g; ; = 1 and
gi,s = 0 for s # j. Conversely, any matrix g satisfying this condition corresponds
to some function h: k — [. Consider the family G of matrix representations of
maps of the form ({z — d,} o h). We give an algorithm decomposing f to a
convex sum of g:

1. Let 7o = 1 and fo = f. We have Zj(fo)i,j =rgforalll <i<I.

2. For given 0 < r,,, <1 and f,, satisfying Zj(fm)i,j =7, forall 1 <i<I,



we define g, 41 € G, a1 € [0, 1], me and r,11 € [0,1] as follows:
QAm41 = msin mtax(fm)s,h Tm+1 = Tm — Om41,

1 j = argmax(fim)is . N
(gm-l-l)i,j = s , f77L+1 = fm — Am41 * Gm+1-
0 (otherwise)

3. If rs41 = 0 then we terminate. Otherwise, we repeat the previous step.
In each step, we obtain the following conditions:

e We have g1 € G because g, 1 can be written as g,,41 = {7+ d,} o
(Ni. argmax(fm)i,s)-
S

e We have 0 < a;,4+1 whenever 0 < r, because

QA1 = 0 < . max(fm)iyj =0 = di. Tm = Z(‘fm)l’] =0.

J -
J

e We have 0 < (fm+1)i7j <1 for any (4, ) from the following equation:

~ (fm)i,j — miny maXs(fm)t,s lf] = argmax(fm)Ls
(fm+1)ij =19 . s
Jm)ij otherwise .

When i = argmin maxt(fm)syt and j = argmax(fm)iys, we obtain (ferl)iJ' =
S S

0 while 0 < (fm+1)i’j. This implies that the number of 0 in fm increases
in this operation.

e We also have Zj(fm_l,_l)i,j = 1y for all 1 <4 < k because

Z(fm+1)z’,j = Z(fm)z] — Q1 Z(§m+1)i,j =Tm = Qmg1 - 1 = g

J J J

Therefore the construction of g, € G, a; € [0,1], f; and r; € [0,1] terminates
within k& - [ steps. When the construction terminates at the step N (ry = 0

also holds), we have a convex decomposition of f by f = 22:1 QU+ gm Where
Zan:l ap, = 1. This implies By taking ~v1,72,...,vn: k — [ such that g, is a
matrix representation of ({x — d;} o 7,), we obtain (i) = Zﬁzl amd,, () for
any1§z’§kwith0§a1,a2,...,a1\zSlandzzzlamzl. O

B Omitted Proofs

B.1 Compositions of probabilistic processes

For simplicity, we introduce the composition operator of probabilistic processes
(inspired from [Giry, 1982]). For any 7;: X — Prob(Z) and v: Z — Prob(Y),
we define their composition (ye~;): X — Prob(Z) by (ye~1)(z) def ¥y ().
It is easy to check that the composition (7 e 1) satisfies (v ® v1)(u) = (71 (1))
for every p € Prob(X).



e The composititon operator e is associative: v e (y; @ v2) = (ye 1) @ ¥
holds for all y5: W — Prob(X), v1: X — Prob(Z), and v: Z — Prob(Y).

e The function 7x: X — Prob(X) defined by nx = {z — dx} is the unit of
operator e: we have yenx = and 1y ey = for all v: X — Prob(Y")

Thanks to the unit law and associativity of e as an abuse of notations, we define
e (yevy1): X — Prob(Z) fory;: X — Z and y: Z — Prob(Y) by ye(nzov1).
e (yevy1): X — Prob(Z) for v1: X — Prob(Z) andy: Z — Y by (nyoy)e:.

o (yov1): X = Prob(Z) fory1: X - Zand~v: Z — Y by (nyovy)e(nzom),
which is equal to ny o (y o).

Notice that, v(u) € Prob(Y) defined under v: X — Y and u € Prob(X) is
exactly (ny o) (u).

B.2 Proof of the data-processing inequality of k-cuts

Lemma 2. For any divergence A, every k-cut A~ satisfies data-processing
imequality.

Proof. We consider the k-cut of A with respect to a set Y satisfying |Y| = k

——k def
Ax (p1llp2) = sup Ay (y(p)] v (u2)).
v: X—Prob(Y)

For every pair 1, o € Prob(X), and any function v;: X — Prob(Z), we obtain
the data-processing inequality

Emmlne) = e ArGnm)lhn )

B ~: Z—S>1P1’Ir)ob(Y) Ay ((y o) ()| @ 1) (p2))

—k
< sup Ay (Y (p)1Y (12)) = Ax (pallp2)-
v": X—=Prob(Y)

The inequality is obtained by the inclusion

{(ye71): X = ProbY | v: Z = Prob(Y)} C {+: X — Prob(Y) }.

B.3 Proof of Lemma 10

Lemma 3 (Lemma 10). If a divergence A has the data-processing inequality,
we have the inequality A" < A and the equality ZI;/ = Ay for any set Y with
Y| =k.

Proof. We consider the k-cut of A with respect to a set W satisfying |W| =k

—k def
Ay (pallpe2) = sup A (v(pa)[ 7 (p2))-
v: X—Prob(W)



Thanks to the data-processing inequality of A, we have A" < A: for every pair
p1, po € Prob(X), we obtain

—k
Ay (pllp2) = sup Aw (v(p)[l7v(2) < Ax (g1, p2)-
~v: X—Prob(W)

Now, we consider a set Y with |Y| = k. We already have ZI;} < Ay. We
want to prove Ay < ZI;/ Since |Y| = |W| = k, there is a bijection f: Y — W.
We then obtain for every pair vq, 2 € Prob(Y),

Ay (nvs) = Ay (S @) IS @) < Aw (F )] f (v2)) < By (0] |12)

The first and second inequalities are obtained by the dataprocessing inequality
and the definition of k-cut respectively. O

B.4 Proof of Lemma 13

Lemma 4 (Lemma 13). If A = {Ax}x. set @ k-generated, for any set |Y| with
Y| =k, we have

Ax(mllpe) = sup Ay (y(p)|lv(p2))-
v: X—Prob(Y)

Proof. Suppose that A is equal to the k-cut of A with respect to a set W
satisfying |W| = k.

—k
Ax(pmllpe) = Ax(llp2) = sup  Aw (y(m)lly(p2))-
v: X—Prob(W)

Since A" always satisfies data-processing inequality, the divergence A itself do
so. We fix an arbitrary set |Y| with |Y| = k. Since |Y| = |W| = k, there is a
bijection f: Y — W. For every pair u, us € Prob(X), we obtain

Ax(pllp2) = sup Aw (y(pa)l17(p2))
v: X—Prob(W)

= sup Aw (OO (1))

v: X—Prob(W)

< sup Ay () (v ()

v: X—Prob(W)

= sup Ay (e n)(e)ll(f e ) (1))

v: X—Prob(W)

sup Ay (y(u)|[v(p2)) < Ax(uallpe).
v: X—Prob(Y)

IN

Here, the first and last inequalities are obtained from the data-processing in-
equality of A. The second inequality is proved from the inclusion

{(fey): X = Prob(Y) | y: X = Prob(W) } C {~: X — Prob(Y) }.



B.5 Proof of Basic Properties of k-generatedness (Lemma
14)

Lemma 5 (Lemma 14 (1)). If A is 1-generated, then A is constant, i.e. there
exists ¢ € [0,00] such that for every X and every pi,ps € Prob(X), we have

Ax (pllpe) = c.

Proof. When A is 1-generated, there is a singleton set {a} such that, for every
pair i1, o € Prob(X),

Ax(pllp2) = sup Agay (v(pn) ||y (p2))-
v: X—Prob({a})

Now, the set Prob({a}) is a singleton set {d, }, and therefore both (1) and (1)
are equal to d, for every v: X — Prob({a}) and every pair u, uo € Prob(X).
Hence, Ax (u1]|p2) = ¢ where ¢ = Ay (da||dy). O

Lemma 6 (Lemma 14 (2)). If A is k-generated, then it is also k + 1-generated.
Proof. Suppose that A is equal to the k-cut of A with respect to a set W
satisfying |W| = k.

—k
Ax(pallp2) = Ax (pallpe) = sup Aw (y(pa)] v (p2))-
v: X—Prob(W)

Let V be an arbitrary set with |V| =k + 1. We define the k + 1-cut of A" with
respect to the set V.

—la def -+
Ay (mllp2) = sup Ay (v(p)[lv(p2))-
~v: X—Prob(V)
We then have
—h+1 .
Ay (mllp2) = sup Ay (v(p)[lv(p2))
v: X—Prob(V)
= sup sup Aw (v (v() [y (v(12)))
v: X—Prob(V) ~i: V—Prob(W)
= sup sup Aw ((v1 0 7)(L)[[(v1 @ 7)(p2))

v: X—=Prob(V) v1: V—=Prob(W)

*) —k
= sup Aw (Y (p)I1 (12)) = Ax (11 |p2)
~v': X—Prob(W)

—~

The equality is obtained by the equality

~v: X — Prob(V),

{ (71 07): X — Prob(W) i V =5 Prob(W)

} ={9": X — Prob(W) }

The inclusion C is obvious. We show the reverse inclusion 2. Since |V| > |W]|,
there is a pair of function f: W — V and ¢g: V — W such that go f = idw.
Then, every 7': X — Prob(W) can be decomposed into 74/ = ~; e v where
7= (fey)and 7 = g (strictly, y = ((nv o f) #7) and v =nw o g ). 0



Lemma 7 (Lemma 14 (3)). If A has the data-processing inequality, then it is
at least co-generated.

Proof. We fix a pair u1,us € Prob(X). The set Y = supp(p1) U supp(p1) is
at most countable. Hence there are two functions f: X — N and g: N — X
such that (g o f)(z) = z for every € Y. We then have uy = (go f)(11) and

p2 = (go f)(p2). Thus,

Ax (pallpz) = Ax((go f)(u1)ll(g o f)(pe2))
AN ()| f(12))

sup  An(y(pa)[[v(p2))
~v: X—Prob(N)

< Ax(pallp2)-

<
<

The last part is an oco-cut. The first and last inequality is obtained by the
data-processing inequality. The second one is obvious (f: X — N is regarded as
{z = dj@z)}: X = Prob(N)). O

Lemma 8 (Lemma 14 (4)). Every k-cut of a divergence A is always k-generated.

—k
Proof. We can prove A" = A" in a almost the same way as Lemma 14 (2). O

Continuity of divergence (Lemma 14(3) in general setting) We can
extend the results on divergences in the discrete setting to general measurable
setting using the continuity of divergences. We say that a divergence A is
continuous if for any pair us, ue € Prob(X),

Ax (p|[p2) = sup sup Ago,1,2,...ny (Y ()| y(p2))-
neN~y: X—{0,1,2,...,n}

If A is continuous and satisfies data-processing inequality we have co-generatedness
(moreover we show the “countable”™generatedness) as follows:

Ax(pllp2)

= sup sup A{0,1,2,...,n—1}(’7(ul)|\7(#2))
neN~y: X—{0,1,2,...,n—1}

= sup sup A{O,l,Q,...,n—l}((gn © fn)('y(/‘l))H(gn o fn)(’Y(;“Q)))
neN~: X—{0,1,2,....,n—1}

= sup sup Ag0,1,2,...,n-13 (9 ((fr @ V) (L)) |gn ((fr ® ¥)(111)))
neN~: X—{0,1,2,...,n}

< sup sup AN((fr @) (p)[I(fr @ 7) (1))

neN~y: X—{0,1,2,...,n—1}

< sup An(y()l|v(p2)) < AX (pa, p2)
~v: X—N

< Ax(p1, p2).

Here f,:{0,1,2,...,n — 1} — N is the inclusion mapping, and g,: N —
{0,1,2,...,n — 1} is defined by g,(k) = k if (k < n) and g,(k) = n —1
otherwise. We have (g, o f,) =1id0,1,2,....n—1}-

The first and last inequalities are obtained from data-processing inequality.
The second inequality is obvious.



B.6 Proof of Lemma 15
Lemma 9 (Lemma 15). Consider a divergence A and a k-generated divergence
A’. For any k-cut A" of A,

AN <A = AN <A

Also, if A has the data-processing inequality, the k-cut is the greatest k-generated
divergence below A:

A <A = AN<A <A
Proof. Since A’ is k-generated, for any choice of Y with |Y| = k, we have
AN<A = Ay <Ay = AN <A — A <A

The second statement is proved as follows: From the first statement of this
lemma and Lemma 3 (Lemma 10 in the paper), We have

—k

AN<A = AN<A <A
The converse direction is obvious. O
An extended version. We can extend this theorem to more suitable for

conversion laws of differential privacy.

Lemma 10 (Lemma 15, extended). Consider a divergence A satisfying data-
processing inequality and a k-generated divergence A'.

VX1, pi2 € Prob(X).(Ax (ulp2) <6 = Ay (ullp2) < p)
—k
== VXV, pia € Prob(X).(Ax (u1lp2) <0 = Ay (pullp2) < p)

Proof. (<= ) Obvious from Lemma 3 (Lemma 10 in the paper). (=) From
the assumption, we obtain

VX .Yy, po € Prob(X).Vy: X — Prob(Y).
Ay ()l (p2)) <6 = Ay (y(u1)lly(p2)) < p-

This implies
—k —k
VX V1, iz € Prob(X). (R (ullua <3 = Ny (ullu) < p)

Thanks to the k-generatedness of A’, we conclude the statement of this lemma.
O

B.7 Proof of 2-generatedness of e-divergence
Theorem 11. The e-divergence A® is 2-generated for all .

Proof. We recall that the e-divergence A® is quasi-convex (moreover, jointly
convex) and satisfies data-processing inequality. We choose a set Y = {Acc,Rej},
and take the 2-cut of A® by

—2
Ay (pallp2) = sup AS (v(p)[[v(p2))
v: X—Prob({Acc,Rej})



We show this is equal to the original A5 (u1||p2). Without loss of generality we
may assume X is at most countable. If X is an arbitrary set, we can restrict it
to countable set in a similar way as the proof of Lemma 7 (Lemma 14(3) in the
paper).

By the weak Birkhoff-von Neumann Theorem (Theorem 1 in the appendix),
each v: X — Prob({Acc,Rej}) can be decomposed into a convex combination
Y(x) = > ,c;idy, (g of functions v;: X — {Acc,Rej} (i € I) where I is a
countable set and ), ; o; = 1. By combining this and quasi-convexity and
data-processing inequality of A¢, we obtain

A% (y(p)[[v(p2)) = A% (X ier cavi(p)l1D e ivi(p)
= sup AT (i ()i ()

< swp Ay (m)l[y(p2))-
~v: X—{Acc,Rej}

This implies

—2
Ay (pllp2) = sup A (y(pn) || (p2))
~v: X—Prob({Acc,Rej})

= sup  AfAcc,Rej}t(y(u1)||v(p2))
v: X—{Acc,Rej}

= sup sup  (Pr[y(u1) € A] — e*Pr[y(u2) € A])
~v: X—{Acc,Rej} AC{Acc,Rej}
= sup sup  (Prlus € 77'(A)] - e*Pr[uz € v(A)))

v: X—{Acc,Rej} AC{Acc,Rej}

© sup (Pr[uy € S] — e®Prlus € S])
SCX

= A% (pallp2)

We have the 2-generatedness: A= = A®. The equality () is proved as follows: for
given v and A, we take S = v1. Conversely, for any S C X we take A = {Acc}
and v = xg, which is the indicator function of S defined by xyg(z) =1if z € S
and xs(x) = 0 otherwise. O

General version We can extend this result to general measurable setting by
using the continuity of A® (see also [Liese and Vajda, 2006]), which is obtained
by f-divergence characterization of A® [Barthe and Olmedo, 2013|. For general
measurable sapce X and every pair p1, g € Prob(X) we have

A% (p|lp2) = s AR (v (1) [1v(p2))

= sup sup Afacerej} (Y @M (1)[|( 0 7)(12))
v: X—=N~’: N—=Prob({Acc,Rej})

= s Al ey (V) (k2)
~v: X—{Acc,Rej}

Functions are assumed to be measurable.



B.8 Counterexample: Rényi-divergence is not 2-generated

Theorem 12. There are p11, 2 € Prob({a,b, c}) such that

—2
Da{a,b,c} (IU/1||M2) < D?a}b,c} (Ml | |M2)

Proof. Let p = (1/2)%/(e=Y) and a + 1 < 3 and define

1 1 1
= 7da -d 7dc7
251 3 + 3% + 3

P’ P dp + L
pPP4+p+1° pP4p+1 pP4+p+1

M2 =

Since Rényi divergence is quasi-convex and satisfies data-processing inequality, it
suffices to show the proper inequality Dy pooy (V(11)[[7(12)) < DY, 4 oy (1allp2)
holds for any deterministic decision rule v: {a,b,c} — {Acc,Rej}. There
are 8 cases of v: {a,b,c} — {Acc,Rej}, but thanks to the data-processing
inequality and reflexivity of Rényi divergence, it suffices to consider 3 cases:
(v(a),v(b),v(c)) = (Acc, Acc,Rej), (Acc,Rej, Acc), (Rej, Acc, Acc). Hence,

exp((a = 1)Dg, ; 4 (pallp2))
exp((or = 1) DY, pogy (V1) [[7(112)
p2=e) ppl-a 1 p2-a) 4 ploa g p?=a) ppl- 4]
( PP Hp)iTe 417 20(p? F 1)ie - ploa’ 20(p 4 1)1me 4 p2(i- a>>
( 2B+2 1 28 4276 11 264 92°F 41 )
> min

20(p41)l-a 42787 20-B(p2 + 1)1-> + 1720 4 20 F(p+ 1)1
2642841 264278 41 )
2o+l 7 2B 4

Hence,

204927841 284270 41
2a+1 7 28 41

)

1 .
D?Acc,Rej}(V(Mlﬂl’Y(:uQ)) + a—1 log Hlll’l(

< D({la,b,c} (/1“1 | |:u’2)

holds for any «: {a,b,c} — {Acc,Rej}. By the data-processing inequality of
Rényi divergence, this discussion does not depend on the choice of {Acc,Rej}. By
weak Birkhoff-von Neumann theorem, and the quasi-convexity Rényi divergence,
we conclude

28427841 26427841

2a+1 ’ 2ﬁ+1 ) SD%(Ml‘HJ’?)

—2
Do (pallp2) +

— log min(

B.9 Proof of co-generatedness of Rényi-divergence

f-divergences is a class of divergences that are characterized by convex functions.
For a given convex function f: [0,00) — R satisfying lim;_,o4 tf(0/t) = 0 (this



function is called weight function), we define an f-divergence Af corresponding
the function f,
x)
A ullia) 3 o) (1)),
X mezx p2 ()

The a-Rényi divergence D® can also be characterized using f-divergence as
follows:

1 A @ 1 o
D) = 1o 3 pale) (28] = L tog A )

rzeX LL’)

Remark that every f-divergence is quasi-convex (moreover jointly convex) and
continuous, and satisfies data-processing inequality (see also [Liese and Vajda, 2006],
Theorems 14-16]).

Since the mapping t — ﬁ logt is monotone, every a-Rényi divergence
D¢ is also quasi-convex and satisfies data-processing inequality. Thanks to the
data-processing inequality, every a-Rényi divergence D is at least co-generated.
We need to prove that for every finite k, every a-Rényi divergence D% is not
k-generated. To prove this, we use that the mapping t — t® is strictly convex.

Lemma 13. If a weight function is strictly convez, its f-divergence Af is not
k-generated for every finite k.

Proof. Without loss of generality, we may assume k > 1.
Consider a pair u1, e € Prob({0, 1,2, ..., k}) satisfying supp(u1) = supp(uz) =
{Oa 1727 BRI k} and ;Ufl(Z)/N’Q(Z) # ,11/1(])/#2(]) where 1 < Zv] <k-+1landi 7é ]

We can give such distributions. Then we obtain,
7fk
A {0,1,2,...,k}(ﬂ1”#2)

= sup Af07172,_“7k_1}(7(/$1)||’Y(M2))
~v:{0,1,2,....,k}—Prob({0,1,2,...,k—1})

{Weak Birkhoff-von Neumann theorem and the joint convexity of Af}
I e S (v(p)llv(p2))

— (=g ()

= max Z =

70120 {0,120 k= 1} 4 Z,Y(i):j (i)

{Jensen’s inequality with the strict convexity of the weight function f}

k .
1(1)
< E f K -

pa(

) (22 ()= H2(i))

)b = A7)

Since k + 1 > k, by Dirichlet’s pigeonhole principle, for any v: {0,1,2,...,k} —
{0,1,2,...,k — 1}, for some j € {0,1,2,...,k}, there are at least two different
i1,i2 € {0,1,2,...,k—1} such that (i) = j and vy(i2) = j. From the assumption
on 1 and pg, we have (pq(41)/p2(i1)) # (11 (i2)/12(i2)) Since the function f is
strictly convex, by the condition for equality of Jensen’s inequality, we have the
strict inequality

)+l )Y ()Y

10



Therefore, for any v: {0,1,2,...,k} = {0,1,2,...,k — 1}, we have
k Z . « k+1 «
v (D)= m(z)) 5 . ( ) .
S TV (5 e < ali).
j; (Zw(i)—j 112 (7) 0= ;

Since there only finite case of v: {0,1,2,...,k} — {0,1,2,...,k—1}, we conclude

H1
M2

(1)
(4)

7" . . .
Af{0,1,2,‘..,k}(/$1||ﬂ2) < A{O,Lz,...,k}(l“l”“?)' Since every f-divergence satisfies
data-processing inequality, this discussion does not depend on the choice of set Y

—k
with |Y'| = k in the construction of the k-cut A/". Thus, A/ is not k-generated
for any finite k. O

Since the mapping t — —5 logt is strict, we conclude,

Corollary 14. For any alpha > 1, the a-Rényi divergence D is not k-generated
for every finite k.

B.10 Proof of Theorem 18

Theorem 15 (Theorem 18). Let 1, o € Prob(X). Z?X(/,HH/J/Q) < p holds if
and only if for any v: X — Prob({Acc,Rej}),

(Pr[y(p1) = Rejl, Priy(uz) = Acc]) € R2(p).

Proof. We fix a 2-cut A of a divergence A. Suppose that it is defined with a
set W satisfying |W| = 2.

—2
Ay (p1llp2) = sup Aw (y(pa)] 7 (p2))-
v: X—Prob(W)

We recall the definition of privacy region
-2
RA(/)) = { (x’y) ‘ A{Acc,Rej}((1 - x)dAcc + wdReijdAcc + (1 - y)dRej> < P } .

Since every probability distribution v € Prob({Acc,Rej}) can be rewritten as
v = Prlv = Acc|dycc + Pr[v = Rej|dpej, we obtain

—2
A{Acc,Rej}(’\/(:u’l)H’V(:u’Q)) <p
= (Prly(m) = Rej], Prly(u2) = Acc]) € R®(p).
Hence, it suffices to show

(A% (all2) < p)
= Vy: X — Prob({Acc,Re3 }).(Breenes) (V) (12)) < p)

( =) Obvious by the data-processing inequality of the 2-cut A
( <) The assumption is equivalent to

Vv: X — Prob({Acc,Rej}).Vy': {Acc,Rej} — Prob(W).
(Aw (V' (V)Y (v(12))) < p)

11



Since |W| = |{Acc,Rej}| = 2, this is equivalent to
7"+ X = Prob(W).Aw (v" (1) 17" (k2)) < p.

For any v: X — Prob({Acc,Rej}). and +': {Acc,Rej} — Prob(W). we take
~" = ~" e ~. Conversely for any v": X — Prob(W) we take v = f e +” and
v = f where f: {Acc,Rej} — W is a bijection. O

B.11 Detailed Proof of Theorem 20

Theorem 16 (Theorem 20). If a mechanism M is (a, p)-RDP then it is (p +
log((a —1)/a) — (logd + log @) /(e — 1),6)-DP for any 0 < § < 1.

Proof. The privacy region of Rényi divergence is given by
RDa (p) = { (x,y) ’ xa(l - y)l_o‘ + (1 _ x)o‘yl_o‘ < 6”(0‘_1) }

Here we assume 0'~% = 0.
By Lemma 10 (an extension of Lemma 15 in the paper), to find e satisfying

VXV, pz € Prob(X). DX (uillpe) < p = Ak (mallp2) <6,

it is necessary and sufficient to find e satisfying

—2
VX V1, p2 € Prob(X). D¥x (mlp2) < p = Ak (1llp2) < 6.

By Thorem 14 (Theorem 18 in the paper), this is equivalent to find ¢ satisfying
RP®(p) € RA"(§). Inspired from Mironov’s proof of conversion law from RDP
to DP [Mironov, 2017, Propisition 3|: we obtain,
xa(l - y)lfa + (1 o x)aylfa < ep(afl)
— (1 _x)ayl—a < ep(a—l)
a—1
= (1-x) <(ey) = (t)
— (ePy> 051 = (1—x) < erlosd/laml)y)
AlePy <551 = (1—x) <9)

— (1—z) <erTlosd/la=by 45

The last part of (1—2) < eP~1984/(@=1)y 1§ derives Mironov’s result [Mironov, 2017}

Propisition 3]. Now, starting from (), we have a better bound for DP as follows:
consider a curve C' given by the equation

a—1
o

l—arz(epy)aT_1 — x=1—(ey)

. We have the derivative of x as follows:

dx a—1 o3, 21
—_—= — eo( y «@
dy «

We can take the tangent of the curve C by

7= g =D+ (1=t

12



We will find parameters that a tangent of C' meets (1 — ) = ey + 6. = =
—efy — § + 1 We first solve

d —1 a- -1 -1 1
‘= z(t):_a e T PTE = azlog(L)—i—a

_d7y @ @ a " a

logt.

Next we solve

d o — _1 o — o —
1-6= —tdj(t)Jrl— ()T = 1-0=2" " TP at 41— (eft) T
Yy
We then have
a—1 a—1 a1, 1 1 a=1 _a=1l . _oa
0= (et) = — e PtTat=—(elt) @ <= t=(0ae = P)a-1
« «

Simple computations give the following;:

a—1 log é§ + log o
SZIOg(T) +p— ﬁ

By the symmetry of RP”(p) and R*"(6), we have
R”"(p) C R* ().
As we mentioned, it is equivalent to
VXV, pa € Prob(X). DX (uillpe) < p = Ak (allp2) < 6.
This completes the proof. O

As a conjecture, if we calculate tangents of the boundary of the privacy region
RP(p), we have optimal conversion law from (a, p)-RDP to DP. The boundary
of RP"(p) is given by the equation

.Ta(]. _ y)l—a + (1 _ (E)ayl_a — ep(a—l).

B.12 Proof of Theorem 22

Theorem 17 (Theorem 22). Let F': [0,1]2% — [0, 00| be a quasi-convex function.
Then the divergence AT defined below is k-generated and quasi-conver.

AR(ullpe) € sup F(pi(Ar),--pua(Ar), pa(Ar), -, pa(Ar)) -

{AYE,
partition of X

Proof. The quasi-convexity is obvious from the quasi-convexity of F': [0, 1]%% —
[0,00]. We show the k-generatedness. We take the k-cut with respect to
the k-element set {1,2,...,k}. We may assume X is countable. For any

13



M1, ho € PI‘Ob(X),

—k
AF  (pa|p2)

= sup Aﬂ 9

,,,,,, k}(V(Ml)HW(M))
v: X—Prob({1,2,...,k})

I . (30m)) (A, (3(0))(An),
B v X—>Pr0b(§1,2 ..... k}) {Ai}lrl?:1 E ( (7(/“’2))(141), sy (7(#2))(Ak) )
partition of

{1,2,....k}

(v() (1)), - -, Ev(m))(p‘l(k)),)

= su -
~: X—)Prob(lilﬁ ..... k}) ( (7(/”’2))(1) 1(1))a Ty
p: {1,2,....k}—{1,2,....k}

)( 1)) (),
T XPrebtl2. ) F( (0 ®7)(12)) (1), , ((p o 7)(2)) (k) )

pi {12, k) {12, k}

_ sup F( E(v p1))

v: X—Prob({1,2,...,k})

Here by weak Birkhoff-von Neumann thorem (countable version), every function
v: X — Prob({1,2,..., k}) is decomposed into a (countable) convex combination
Yier @i(mi2,..ky 0 i) of vi: X — {1,2,...,k}. Hence,

—k
AF  (pa|p2)

_ i ((v(p)) (1), -, (v(pa)) (R),
T xopena k})F( ((a2)) (1), (v(p2) ) (R) ) M
((Zzezaz(n{m ,,,,, k}o%)( 1))(1),
_ sup F o (ier @iz, vy 0 %) (1)) (),
v: X—Prob({1,2,...,k}) (Zie[ ai<n{172 vvvvv k} © ’YZ)(M2))(1)
o (Zielai(n{lz ..... k}o%)( ))(k)
_ . F( (Sier @)1, - Siey ailrilm)) (k >)
v: X—=Prob({1,2,....k}) Doier @i(vilp2)) (1), > ey ai(vi(p2)) (k)

(
< sup SupF< ((72(#1;)(1)7... J( z(Ml))(k),)

v: X—Prob({1,2,....k}) i€l (vi(p2)) (1), - -+, (i (p2)) (k)
(1) (1), -, (v()) (R),
S F(( 2))(1), >><k>>
~ (1 (7(1)), --,ml( ),
Ty F( Y1), - 1<k>>)
(v(jm1) ><A1>, << >>< 0,
= F( (=) (A1), (7(122)) (A ))
it
= Af{(ﬂl”/@)-

We have AT (u1|p2) < AR (u1]|pe). Conversely, by equality (1), we also have
AT, x(u1|pu2) > AL (u1]|p2). This completes the proof. O
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General version If the quasi-convex function F': [0,1]?* — [0,00] is also

continuous, we can extend Theorem 22 to general measurable setting.
Theorem 18 (k-generatedness in general setting). Assume that F: [0,1]?* —
[0, 00] is quasi-convex and continuous. For any measurable space X, we have

Ax(p1, p2) = sup Ax (Y(p1),7(p2))-
v: X—Prob({1,2,...k})
measurable function

Proof. We easily calculate as follows (functions are assumed to be measurable):

Lk} }

Ax(p, p2)

=sup { F(p1(Ar), -, p1(Ar), p2(Ar), -, pa(A f {A;}5_, . m’ble partition of X }

=sup { F(u(f1(1)),-, 1(f_1(k))7ﬂz(f_1(1))a“' (TR | X = {12,

= sup { F((f(p1)) () (R), (f(p2)) (1), (F(p2))(R)) | f2 X —{1,2,... .k} }
< sup { F((y(11)) (), -+, (Y (1) (F), (v(p2)) (1), -+ (v(p2)) (k) [ v: X — Prob({1,2,...

VAN
®
=i
il
—N
B!

e iy
=
=
b
-
2
=
b
=

v: X = Prob({1,2,...,k}),
{A;}E_,: m’ble partition of X

)

77(/‘1’2))

= sup AL2,. .k} (y(a
v: X—Prob({1,2,...,k})

Note that we treat {1,2,...,k} as a finite discrete space. Consider the family
{Jn}52, of finite sets (discrete spaces) defined as follows:

Jn={ 01 vdr) | drs- gk €{0,1,...,2" =1},CF 5 #0}.

We fix a measurable function v: X — Prob(k) and treat Prob(k) as a subset
of [0, 1]*. For each n € N, we define a measurable partition {C7 i itsine {0,120 1)

of X by
n —1 n
Ch Jk (Bh ]k:)

where B! = Dj x---x Dj ((J1.--Jr) € Jn),
Dp = {0} and D}, = (/2" (z+1)/2"] (1=0,1,2,...,2" — 1).

We next define m}: X — J,, and my,: J, — X as follows: m} (x) is the unique
element (j1,... ,]k) € J, satisfying x € le)mﬂk and we choose my,(j1,...,Jk) is
an element of C7, . . Thanks to the measurability of each C7' ;. the function
m} is measurable, and the measurability of m,, follows from the discreteness
of J,. From the construction of {C? . jk}jl7~-~;jk€{0;1,~-72n*1}7 for any n € N,

r € X, and i € I, we have,

[y(@)(@) = (v 0 ma 0 my,) () ()] < 1/2"

This implies that the sequence {yom,om}}32 ; of measurable function converges
uniformly to . Hence, for any n € N and D C k, we have

[A@D) (o)~ [0 0 mi)@)(D) dinta)| < 172
Hence the sequence of probability measures {(y o m, o m})(p1)}22, converges

to the probability measure y(uy). Similarly, {(y o my o m})(u2)}22, converges
to y(p2).
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By the continuity of F', we obtain

P/ (A1), () (A), () (A, , (0 (12) (Av))
an<<<w<>mnom><u1>>< e (670 o ) ) (40, )
: (40)

oo ((yomn omy)(p2)) (A1), -+, ((y 0 M 0 my ) (p2))
i s <<<vomn><m . (0o ) ) )
oo ((y omn)(my, (42))) (A1), -+ 5 (v © mn) (M, (12))) (Ar)
<sup Aqa, k3 (((y 0 m ) (my, (1)), (( © m ) (M, (p2))))
{Since J,, is finite (countable and discrete), we can apply Theorem 22.}
<

sup Az, (my, (p1), my, (p2))
neN

_ Fm () (1), -, (Fmi () ><>

2258“"{”( (Fm (1)) (1), -, (f (m (n )‘f Tn {12, ’“}}
< sup{F((g()) (1), » (9())(k), (9(12)) (1), - << >>< Dlg: X {12,
= Ax(p1, p2).
This implies sup; x_,prob(x) Dk (Y(11),7(12)) < Ax(p1, p2). O

C Additional Results

C.1 Total variation distance is 2-generated

We recall the definition of the total variation distance

TVx (p1||p2) = sup |Prluy € ST — Prlug € S]]
SCX

In a similar way as e-divergence A®, we can prove 2-generatedness of the total
variation distance TV, but we can prove it easily by applying Theorems 16-17
(Theorems 20 and 22 in the paper).

Define F': [0,1]* — [0, 00] by F(x,2',y,y’) = |x — y|. It is easy to check that
the function is obviously quasi-convex, and that we have TV = AF.

C.2 An optimal conversion law from Hellinger to DP

We recall the definition of the Hellinger distance

HDx (pu[[p2) = 1= Y Vpa (@)pa ().

reX

Since it is the f-divergence of weight function w(t) = v/t — 1 (strict convex), the
Hellinger distance is exactly oo-generated, quasi-convex and continuous.

Here is the essense of an optimal conversion law from the Hellinger distance
to DP.
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Lemma 19. We have RP(p) C RA"(6(¢, p)) where

5(5,[))1755&) (1)
24— /14
L Py @

_ /e 21 —p)+1
(1=p)\/p(2=p)

f@)=(1-p)*1—2x)+z—2(1—p)/d?2—d)z(l —2)
0@) = L) = (1= (1 20) 2] — 201~ p) VA2~ (1 —7)

Proof. We may regard

R () = { (e,9) € .11 | 1= Vall—y) - VI -2l < p },
RAE(é) = { (z,y) € [0,1]? ’ max((1 —z) —e‘y,z —e*(1—y)) <0 }

We first calculate the boundary of R™P(p). Thus, we solve the following equation

for y:
1=Vl —y) = V(1 —2)y = p.

We first have

1—Va(l—y)—/(A-2)y=p

= (1-pP-2(1—y)—y(l—a)=2Vz(l—2)y(l —y)

= 1-p*+2’1-y)’+v*°Q1—2)? - 221 —y)(1—p)® —2y(1 —2)(1 - p)*

The degree of this equation is 2, so we can solve it. For given x € [0, 1], we have

y=(1-p>*1—-22)+z£2(1—p)Vz(l—2)p(2 - p).

Thanks to the Symmetry of RM"P(p) and RA"(§), we may consider the curve:

=(1-p)?(1—2z)+2—2(1-p)va(l —2)p2 - p) = f(2).

The tangent of the curve y = f(z) that passes the point (¢, f(¢)) is given by the

() where g(z) = x(ac) We next find ¢ and § that the

equation = — (t) =t— g(t)

lower boundary
(1—2z)—€y=0 < z+ey=1-90
_ @

FION
et = ﬁ on t about the slope as 1) Finally, we obtain 0 as 1} O

of R (8(e, p)) is the same as the line x — ﬁ = We solve the equation

We conclude an optimal conversion law from the Hellinger distance to DP.

Theorem 20. We always have HDx (d1,d2) < p = A%(d1,d2) < (e, p)
where (¢, p) is given by (1))
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Figure 1: Comparison of the privacy region for DP and the one for 2-cut of
Hellinger distance.
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