Ching-An Cheng”, Jonathan Lee*, Ken Goldberg, Byron Boots

A Complete Proofs of Section 4

A.1 Proof of Theorem 1

A.1.1 Highlight

The key idea to proving Theorem 1 is that the gap function p(x) = f,(z) — mingex f.(z’) can be used as a
residual function for the above EP/VI/FP in Theorem 1. That is, p(x) is non-negative, computable in polynomial
time (it is a convex program), and p(z) = 0 if and only if x € X* (because f,(-) is convex Vz € X). Therefore,
to show Theorem 1, we only need to prove that solving one of these problems is equivalent to achieving sublinear
dynamic regret.

First, suppose an algorithm generates a sequence {x,, € X'} such that lim,,_,. x, = «*, for some z* € X*. To
show this implies {z,, € X'} has sublinear dynamic regret, we first show lim,_,,«cx+ p(x) = 0. Then define
pn = p(xy,). Because lim,,_, o pp, = 0, we have Regret?\, = 25:1 pn = o(N).

Next, we prove the opposite direction. Suppose an algorithm generates a sequence {z, € X} with sublin-
ear dynamic regret. This implies that py = min, p, < %25:1 pn is in o(1) and non-increasing. Thus,
limy_00o pyv = 0. As p is a proper residual, the algorithm solves the EP/VI/FP problem by returning the
decision associated with py.

The proof of PPAD-completeness is based on converting the residual of a Brouwer’s fixed-point problem to a
bifunction, and use the solution along with pn above as the approximate solution.

Note that the gap function p, despite motivated by dynamic regret here, corresponds to a natural gap function
Tep(2) = maxy cx —F(x,2’) used in the EP literature, showing again a close connection between the dynamic
regret and the EP in Theorem 1. Nonetheless, p(x) is not conventional for VIs and FPs. Below we relate p(x)
to some standard residuals of VIs and FPs under a stronger assumption on f.

Proposition 11. For € > 0, consider some x. € X such that p(x.) < e. If f..(-) is a-strongly convezx, then
limeo (VS (ze),x — ) >0, Vo € X, and lim_o ||z — T'(zc)|| = 0.

A.1.2 Full proof

Now we give the details of the steps above.

We first show the solutions sets of the EP, the VI, and the FP are identical.

e 2. — 3.
Let 231 € X be a solution to VI(X, F') where F(z) = V f;(z). That is, for all z € X, (Vfuy (231), 7 —
23y1) > 0. The sufficient first-order condition for optimality implies that x3; is optimal for f,; . Therefore,
fer, (@y1) < fop,(x) for all x € X, meaning that z3; is also a solution to EP(X,®) where ®(z,2') =

fo(@') = fu(2).

3. = 4.
Let rip € & be a solution to EP(X, ®). By definition, it satisfies fix (2gp) < fur, (x) for all z € X,
which implies 2fp = argmin, ¢y for (z) = T(2gp). Therefore, zp is a also solution to FP(X,T), where

T(a') = argmin,cy for ().

o 4 = 2.
If 2%p is a solution to FP(X,T), then zfp = argmin, ¢y fu (2). By the necessary first-order condition for
optimality, we have (V fo« (2%p)r — 2fp) > 0 for all x € X. Therefore zfp is also a solution to VI(X, F')
where F(z) = V f,(z).

Let X™ denote their common solution sets. To finish the proof of equivalence in Theorem 1, we only need to
show that converging to X* is equivalent to achieving sublinear dynamic regret.

e Suppose there is an algorithm that generates a sequence {z, € X'} such that lim, ,. z, = 2*, for some
x* € X*. To show this implies {x,, € X'} has sublinear dynamic regret, we need a continuity lemma.
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Lemma 1. lim,_,,+cx+ p(x) = 0.

Proof. Let & € T(z). Using convexity, we can derive that

p(x) = fu(z) = fo(Z) < (Vfa(z), 2 —T)

(Vfwr (@), 2 =) + [V far (¢7) = Ve (@)l ]|z — 2|

(Vi er (%), 2" = 2) + IV for (@) ||z = 2" + IV for (27) = V(@) [[]J2 — 2]
IV far (@) 1+ |l2 = ™[ + [V far (27) = V fa (@) ]|« ]|z — 2|

where the second and the third inequalities are due to Cauchy-Schwarz inequality, and the last inequality is
due to that z* solves VI(X, V f). By continuity of Vf, the above upper bound vanishes as © — x*. O

For short hand, let us define p,, = p(x,,); we can then write Regret? N = 227:1 Pn- By Lemma 1, lim,,_,, x =

x* implies that lim, . p, = 0. Finally, we show by contradiction that lim,,_,, p, = 0 implies Regret?\, =
o(N ). Suppose the dynamic regret is linear. Then ¢ > 0 exists such that there is a subsequence {p,,}
satisfying p,, > c for all n,. However, this contradicts with lim,,_, pn, = 0.

e We can also prove the opposite direction. Suppose an algorithm generates a sequence {z,, € X'} with sub-
linear dynamic regret. This implies that py := min,, p, < % 2521 Pn is in o(N) and non-increasing. Thus,
limy 00 pv = 0 and the algorithm solves the VI/EP/FP problem because p is a residual. Alternatively, we
may view p as a Lyapunov-like function. The sequence of minimizers #x = argmin, p(z,) are confined to
the level sets of p, which converge to the zero-level set. Since X’ is compact, £y converges to this set.

Finally, we show the PPAD-completeness by proving that achieving sublinear dynamic regret with polynomial
dependency on d implies solving a Brouwer’s problem (finding a fixed point of a continuous point-to-point map
on a convex compact set). Because Brouwer’s problem is known to be PPAD-complete Daskalakis et al. (2009),
we can use this algorithm to solve all PPAD problems.

Given a Brouwer’s problem on X with some continuous map T. We can define the bifunction fas fo(x) =
|z — T(z')||3, where || - ||2 is Euclidean. Obviously, this f satisfies Definition 1, and its gap function is zero at

* if and only z* is a solution to the Brouwer’s problem. Suppose we have an algorithm that achieves sublinear
dynamic regret for continuous online learning. We can use the definition py in the proof above to return a
solution whose gap function is less than %62, which implies an e-approximate solution to Brouwer’s problem (i.e.

|z —T'(x)|| < €). If the dynamic regret depends polynomially on d, we have such an N in poly(d), which implies
solving any Brouwer’s problem in polynomial time.

A.1.3 Proof of Proposition 11

For the VI problem, let «* = T'(x.) and notice that

Sloe =il < fou(@) = fu(aD) < e (5)

for some « > 0. Therefore, for any = € X,

(Vie(e),w —we) 2 (Vo (20), 0 = xe) = [V (@) = Vo (x| «]|lz — 2]
> (Ve @), x —a0) = [V (@) |ellze = ]| = [V fa (20) = Vo, () |[ll2 — 2|
> |V e (@) lllwe — il = IV fo (28) = V fa (z) [[]l2 — 2]

Since ||z — z7]|? < 2, by continuity of V f,, it satisfies that lime_o (V fy, (zc),2 — ) > 0, Vz € X.
For the fixed-point problem, similarly by (5), we see that lim._¢ ||z — T(z)|| =0
A.2 Proofs of Proposition 4

Proof of Proposition 4. Let xy, € X,y It holds that Vo € X, 0 > ®(x, z,) = fo(xy) — fu(z) > (Ve(x), 20 — ),
which implies z, € X,. The condition for the converse case is obvious. O
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A.3 Proof of Proposition 5

Because V f, is a-strongly monotone, we can derive

(Vie(z) = Vi) —y) = (Vfe(@) = Valy),x —y) + (Vfaly) = VIy(¥),z —y)
> allz =yl = IV faly) = VI, )l llz — vl
> (= B)llz -yl
Va,y € X, where the last step is due to S-regularity.

A.4 Proof of Proposition 6

The result follows immediately from the following lemma.
Lemma 2. Suppose [ is (a, 8)-regular with o > 0. Then F in Theorem 1 is point-valued and g—Lz’pschitz.

Proof. Let z* = F(x) and y* = F(y) for some x,y € X. By strong convexity, z* and y* are unique, and V f,(-)
is a-strongly monotone; therefore it holds that
(VIaly )oy" —2%) 2 (Vala®),y" = 2") +allz” — y*||?
> aflz* —y*?
Since y* satisfies (V f,(y*), 2" — y*) > 0, the above inequality implies that

alla” =y I < (Viely™)y" — %)
< (VEe(y") = Vi), y" —a7)
< IVfa(y®) = VI ()l lly™ — 27
< Bllz = yllly* — =7

Rearranging the inequality gives the statement. O

B Dual Solution and Strongly Convex Sets

We show when the strong convexity property of X' implies the existence of dual solution for VIs. We first recall
the definition of strongly convex sets.

Definition 4. Let axy > 0. A set X is called ax-strongly convez if, for any z,2’ € X and A € [0, 1], it holds
that, for all unit vector v, Ax + (1 — \)z’ + Wﬂx —2'||Pv e X.

When ay = 0, the definition reduces to usual convexity. Also, we see that this definition implies ay < D47' In
other words, larger sets are less strongly convex. This can also be seen from the lemma below.

Lemma 3. (Journée et al., 2010, Theorem 12) Let f be non-negative, a-strongly convex, and [-smooth on a
Euclidean space. Then the set {z|f(x) < r} is ﬁ—stmngly convez.

Here we present the existence result.

Proposition 12. Let z* € X*. If X is ax-strongly convex Vo € X, it holds that (F(x*),x —x*) > S|z —

a*|2|F(x*)||«. If further F is L-Lipschitz, this implies (F(x),x — 2*) > (2| F(2*)||« — L)z — 2*[|?, i.e. when
2L *

ay > TFGom & € X,.

Proof of Proposition 12. Let g = F(x*). Let y = Az 4+ (1 — A)a* and d = —A\(1 — X\)2& ||z — y[|*v, for some
A € [0,1] and some unit vector v to be decided later. By ax-strongly convexity of X', we have y +d € X. We
can derive

(g, —2") = (9,2 —y—d) + (g, y +d — %)
> (g, —y) —(g,d)
=1 =X (g,z—2") —(9,d)
> ={9.d)

which implies (g,z — 2*) > —§% = (1 — )&% |z — 2*||* (9, v). Since we are free to choose A and v, we can set
A =0 and v = argmax,, < (9, v), which yields the inequality in the statement. O
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C Complete Proofs of Section 5

In this section, we describe a general strategy to reduce monotone equilibrium problems (EPs) to continuous
online learning (COL) problems. This reduction can be viewed as refinement and generalization of the classic
reduction from convex optimization to adversarial online learning and that from saddle-point problem to two-
player adversarial online learning. In comparison, our reduction

1. results in a single-player online learning problem, which allows for unified algorithm design

2. considers potential continuous relationship of the losses between different rounds through the setup of COL,
which leads to a predictable online problem amenable to acceleration techniques, such as (Rakhlin and
Sridharan, 2013; Juditsky et al., 2011; Cheng et al., 2019a).

3. and extends the concept to general convex problems, namely, monotone EPs, which includes of course convex
optimization and convex-concave saddle-point problems but also fixed-point problems (FPs), variational
inequalities (VIs), etc.

The results here are summarized as Theorem 2 and Theorem 3.

Here we further suppose ®(x,z) = 0 in the definition of EP. This is not a strong condition. First all the common
source problems in introduced below in Appendix C.1.1 satisfy this condition. Generally, suppose we have some
EP problem with ®'(z,z) > 0 for some x. We can define ®(z,z) = &'(z,2') — ®'(x,2’). Then the solution
of EP(X,®) are subset of the solution EP(X,®’). In other words, allowing ®(z,x) > 0 only makes problem
easier. We note that the below reduction and discussion can easily be extended to work directly with EPs with
®(x,2z) > 0 by defining instead f,(z') = ®(x,z’) — ®(x, ), but this will make the presentation less clean.

C.1 Background: Equilibrium Problems (EPs)

Let X be a compact and convex set in a finite dimensional space. Let F : x x 2’ — ®(x,2’) be a bifunction”
that is continuous in the first argument, convex in the second argument, and satisfies ®(z,x) = 0.8 The problem
EP(X, F) aims to find 2* € X such that

O(x*, ) >0, Ve e X
Its dual problem DEP (X, F) finds x, € X such that

O(z, x4x) <0, Ve € X

Based on the problem’s definition, a natural residual (or gap function) of EP(X, F') is

rep(x) = — 31612/ P(x,z")

which says the degree that the inequality in the EP definition is violated. A residual for DEP(X, F) can be
defined similarly as

Taep(z') = max b (x,2")

Sometimes EPs are called maxInf (or minSup) problems (Jofré and Wets, 2014), because

r* € argminre,(z) = arg max min ®(z,z’)
zEX TeEX z'eX

In a special case, when ®(-, z) is concave. It reduces to a saddle-point problem.
We say a bifunction F' is monotone if it satisfies
(v, 2') + B, 2) <0,

"We impose convexity and continuity to simplify the setup; similar results hold for subdifferentials and Lipschitz
continuity defined based on hemi-continuity.
8 As discussed, we concern only EP with ®(z,z) = 0 here
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and we say F' is skew-symmetric if
(I)(x7 xl) = —(I)(.I’ Z‘/),
which implies F' is monotone. Finally, we say the problem EP (X, F') is monotone, if its bifunction F' is monotone.

C.1.1 Examples

We review some source problems of EPs. Please refer to e.g. (Jofré and Wets, 2014; Konnov and Schaible, 2000)
for a more complete survey.

Convex Optimization Consider min,cx h(x) where h is convex. We can simply define
®(z,2') = h(z') — h(z)

which is a skew-symmetric (and therefore monotone) bifunction.

We can also define (following the VI given by its optimality condition)
O(x,2') = (Vh(z),2" — ).
We can easily verify that this construction is also monotone
O(z,2') + ®(2',2) = (Vh(z),2" — z) + (Vh(2"),z — 2') = (Vh(z) — Vh(z"),2" — z) < 0.

Suppose h is p-strongly convex. We can also consider

/

(@,a') = (Vh(w),a’ —2) + S |la’ — al)
where p/ < u. Such F is still monotone:

B(a,a) + B(a’,2) = (Vh(x) — Vh('),o — ) + |2’ — al]” < 0.

Saddle-Point Problem Let ¢/ and V to convex and compact sets in a finite dimensional space. Consider a
convex-concave saddle point problem

i 6
g 0(0. ) )

in which ¢ is continuous, ¢(-,y) is convex, and ¢(z, ) is concave. It is well known that in this case

. - . o
min max ¢(u, v) = max min ¢(u, v) = ¢".

We can define a EP by the bifunction
O (z,2') = —p(u,v") + p(u', v). (7)
By definition we have the skew symmetry property, which implies monotonicity.
Variational Inequality A VI with a vector-valued map F' finds 2* € X’ such that
(F(z*),x —a*) >0, Ve e X.
To turn that into a EP, we can simply define

O(z,2') = (F(x), 2’ —x).
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Mixed Variational Inequality (MVI) MVI considers problems that finds * € X such that
h(z) — h(z*) + (F(z*),x —a*) >0, Ve e X.
Following the previous idea, we can define its equivalent EP through the bifunction

®(z,2') = h(2') — h(z) + (F(z),2 — )

C.2 DMore insights into residuals of primal and dual EPs

We derive further relationships between primal and dual EPs. These properties will be useful for understanding
the reduction introduced in the next section.

C.2.1 Monotonicity

By the definition of monotonicity, ®(z,z’) + ®(z',2) < 0, we can relate the primal and the dual residuals: for
TeX,

Y o) < & (n _ .
Tdep(Z) I&a%{@(x,x)_rmneag D(&,2) =Tep(T)

Let X* and X,, be the solution sets of the EP and DEP, respectively. In other words, for monotone EPs,
X" C Xy

C.2.2 Continuity

When ®(-, x) is continuous, it can be shown that X* C X,, (Konnov and Schaible, 2000) (this can be relaxed to
hemi-continuity). Below we relate the primal and the dual residuals in this case. It implies that the convergence
rate of the primal residual is slower than the dual residual.

Proposition 13. Suppose ®(-,x) is L-Lipschitz continuous for any x € X and max, pcx ||z — 2’| < D. If

Tdep(x) < 2LD, the rep(x) < 2v2LD\/Tep ().

Suppose in addition ®(x,-) is p-strongly convexr with (> 0. If rgep(x) < %2, we can remove the dependency on
D and show rep(x) < 2.8(%2)1/3rd6p(x)2/3,

Proof. Let y € X be arbitrary. Define z = 72 4+ (1 — )y, where 7 € [0,1]. Suppose z is an e-approximate dual
solution, i.e.,

Tdep(T) = max bz, x)=¢€

By convexity and ®(z,2) = 0, we can write
€>®(z,z) = D(z,2) — V(z, 2)
>0(z,2) —7P(z,2) — (1 — 7)P(2,y) = (1 — 7)(P(2,2) — D(2,y))
Using this, we can then show
—®(z,y) = =P(z,y) + (2,9) + (P(2,2) — (2,y)) — (2, 2) + B(z, 7)

< [@(zy) — (2, y)| + |2(2, 2) — @(2,2)| + (2, 2) — D(z,9)
<21 =7)L||lz —y|| + ®(2,2) — (z,y) (" Lipschitz condition)

<2(1—7)Lllz —yll + % (".- The inequality above)
-7

€

<2(1-7)LD +

-7

Assume € < 2LD and let (1 —7) = /575, which satisfies 7 € [0, 1]. Then

—®(z,y) < 2vV2LDe
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When we have p-strong convexity, we have a tighter bound

e>0(z,z) = D(z,2) — B(2,2) > P(z,2) —7P(z,2) — (1 — 7)P(z,y) + wwj —y?

= (1—7)(®(z,2) — B(2,y)) + W\Ix —yl?

Using this, we can instead show (following similar steps as above)

—0(z,y) <2(1 - 7)Lllz — y[ + @(z,2) — (2,9)
2

<201 -n)Lle —y|+ 17— - E e —y|?
€ 2L2(1 — 7)?
= + ( ™)
1—71 uT

where the last inequality is simply bz — %2 < % for a > 0. Assume € < %2 = & andlet (1-7) = (%)1/3 € [0,1].
We have the following inequality, where the last step uses € < %

201 _ )2

)<+ AT g (1 L) cpgmgns
1—7 uT 1— ()13

C.2.3 Equivalence between primal and dual EPs.

An interesting special case of EP is those with skew-symmetric bifunctions, i.e.
P(x,2") = —®(a', x)
In this case, the EP and the DEP become identical
(DEP) ®(z,74) <0 — —P(Lys,x) <0 = D(x4s,2) >0 (EP)
and we have X* = X,, and naturally matching residuals

Taep(E) = Tep(E).

Recall from the results of the previous two subsections, generally, when ®(-, ) is Lipschitz and F' is monotone
(but not skew-symmetric), we have X* = X,, (as known before) but only (®(z,-) is convex)

Tdep(2) < Tep(x) < V2LD /T gep(x) (8)

or (®(z,-) is p-strongly convex)
L% 13 2/3
Tdep(®) < rep(w) < 2.8( ? ) Tdep()

C.2.4 Relationship with VIs

We can reduce a EP into a VI problem. We observe that if a point z* € X satisfies
d(x*,2) >0, Ve e X
if only if

Vod(z*,2*) " (z — 2*) > 0, Ve e X
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(i.e. x* is a global minimum of the function ®(z*,-)), where Vs denotes the partial derivative with respect to
the second argument. Therefore, EP(X, ®) is equivalent to VI(X, F')

find 2* € X s.t. (F(z),2" —z) >0, V' € X
if we define F' as
F:zeXw— F(z) =Va®(x,2) (9)

In a sense, this VI problem is a linearization of the EP problem. In other words, VIs are EPs whose bifunction
satisfies that ®(z,-) is linear.

By the definition in (9), we can show that
Tawi (&) < Taep () and Tep(Z) < 74i(2)

And if ® is monotone, then F = Vy®(z, z) is monotone (though the opposite is not true), because

(F(z),2’ —z) = (Va®(z,2),2" —2) < ®(z,2) (.- Convexity)
< —®(a2',x) (*.- Monotonicity)
< (Vo®(2',2'), 2" — ) = (F(2'), 2" — z) (.- Convexity)

Note the converse is not true, unless ®(z, -) is linear.

C.3 Reduction from Equilibrium Problems to Continuous Online Learning

Now we present the general reduction strategy. Given a EP (X, ®), we propose to define a COL problem by
identifying

fuo(2') = ®(z,2)
We can see that this definition is consistent with Theorem 1: due to ®(x,x) = 0, it satisfies

fo(@') = fo(z) = ®(2,2") — ®(2,2) = O(x,2)
Therefore, we can say a COL is normalized if f,(x) = 0. In this case, f and ® are interchangeable.

Below we relate the dynamic regret Regret%, = ZT]:/:I fa, (Tn) —mingex fz, () and the static regret Regrety =

2521 fo, (Xn) — mingex Z _1 Jz, (z) of this problem to the convergence to the EP’s solution; note that the
above definitions use the fact that in COL 1,,(z) = f,, (2).

C.3.1 Dynamic Regret and Primal Residual

We first observe that each instant term in the dynamic regret of this COL problem is exactly the residual
function:

fan (Tn) — gél)r(l fu, (x) = *Egg}@(xmx) = Tep(Tn)

Therefore, the average dynamic regret describes the rate the gap function converges to zero:

N
Zrep(xn men Zn) mln fo., (x) = Regret?;
n=1

Note that the above relationship holds also for weighted dynamic regret. In general, it means that if the average
dynamic regret converges, then the last iterate must converge to the solution set of the EP (since the residual is
non-negative.)
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C.3.2 Static Regret and Dual Residual of Monotone EPs

Next we relate the

weighted static regret to the dual residual of the EP. Let {w,} be such that w, > 0. Let

~ 1 N N o N .
In =5 Y neq Wny, for some {z, € X'},_,, where we define wi.n =3, _; w,. We can derive

Taep(ETn) = I;lea))((q)(:c ZN)
< ma; wn,®(x, *.» Convexit,
- E/%( wW1:N Z TL n ( vex Y)
| X
< —w,® *. Monot it
< max o Z:l wpP(xy, x) ( onotonocity)
- 7;%1561 W1:N an l‘n,
— w1Nan Ty Ty ;Iél;{lwlNan T, T (. @(zp,z,) =0)
= o (Z Wn fr(n) gél;(lz wnfn(x)>
n=1 n=1
_ Regret}y (w)
. Wi1:N

Note that the inequality rge,(2n) < Reg%”(w) holds for any sequence {z,} and {w,}. Interestingly, by (8), we
see that by the definition of regrets and the property of monotonicity and local Lipschitz continuity, it holds that

rep(ﬁN)Q

N
< raep(in) < Regretyy (w) < Regret? (w) _ S WaTep(Tn)
2LD dep\ PN/ = W1:N - W1 N ’ wi.N

where L is the Lipschitz constant of ®(-,z) and D is the size of X.

C.4 Summary

Let us summarize the insights gained from the above discussions.

1. We can reduce

EP(X, ®) with monotone ® to the COL problem with I, (z) = ®(z,,, x)

2. In this COL, the convergence in (weighted) average dynamic regret implies the convergence of the last iterate

to the primal solution set. The convergence in (weighted) average static regret implies the convergence of
the (weighted) average decision to the dual solution set.

. Because any dual solution is a primal solution when ®(-, x) is continuous, this implies the (weighted) average
solution above also converges to the primal solution set. Particularly, if the problem is Lipschitz, we can
show 7, < O(,/Tdep) and therefore we can also quantify the exact quality of &y in terms of the primal EP
(though it results in a slower rate).

. When the problem is skew-symmetric (as in the case of common reductions from optimization and saddle-
point problems), we have exactly 7e, = 7¢ep. This means the average static regret rate directly implies the
quality of Zx in terms of the primal residual, without rate degradation.

D Complete Proofs of Section 6

D.1 Proof of Theorem 4

The main idea is based on the decomposition that

Regrety = S0 fo, (n) = fo, (%) + S0y fo, (@%) = fo, (23) (10)
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For the first term, 25:1 fo, (@n) — fo,(@*) = Regrety(z*) < Regrety and f. () — fo, (2*) <
(Ve (xn),2n —x*) < GA,,. For the second term, we derive

Ja (@) = fo, (23)

< (Vi @), —a3) = S lla* =
< Vo, (@) = Ve fla), 2" = 3) = Slla* = ;P

* o *
< Ve, (@) = Var F@)ll2” = 23 = S lla* =3

* @ *
< Bllen - a*llle* - 3]l - S lle* — 2
2

< min{BDxlle, — a*||, ol — 2*?}

in which the second inequality is due to that x* € X* and the fourth inequality is due to S-regularity. Combining
the two terms gives the upper bound. For the lower bound, we notice that when x, € X,, we have f, (x,) —
fa, (xx) > 0. Since by Proposition 1 z, € X* is also true, we can use (10) and the fact that f; (x.)— fz, (x}) >
&||@, — 27| to derive the lower bound.

D.2 Proof of Corollary 1

By Proposition 5, Vf is (a — )-strongly monotone, implying (V f,, (), 2, — 2*) > (o — 3)A2, where we recall

that A, = ||z, — 2*|| and =* € X*. Because 25:1 (Vfe, (n),xn —x*) = Regrety (z*) < Regretyy, we have
by Theorem 4 the inequality in the statement.

D.3 Proof of Proposition 7

In this case, by Proposition 6, T' is non-expansive. We know that, e.g., Mann iteration (Mann, 1953), i.e., for
M € (0,1) we set

Tn4+1 = NMnTn + (1 - nn)$;a (11)

converges to some z* € X*; in view of (11), the greedy is update is equivalent to Mann iteration with 7, = 1.
As Mann iteration converges in general Hilbert space, by Theorem 1, it has sublinear dynamic regret with some
constant that is polynomial in d.

D.4 Proof of Proposition 8

We first establish a simple lemma related to the smoothness of V f;(z) and then a result on the convergence of
the Bregman divergence Bg(z,||z*). The purpose of the second lemma is to establish essentially a contraction
showing that the distance between the equilibrium point 2* and z,, strictly decreases.

Lemma 4. If, Vx € X, Vf.(x) is B-Lipschitz continuous and f.(-) is y-smooth, then, for any x,y € X,
IVfa(@) = VI« < (v + B)llz =yl
Proof. For any x,y € X, it holds that

IV fu(x) = V)l <V fe(z) = Viy(2) + Vy(z) = Vi)
<V fe(@) = V@)« + IV fy(z) = V()]
<Blz =yl +7llz -yl

The last inequality uses S-regularity and y-smoothness of Vf.(z) and f,(-), respectively. O

Lemma 5. If f is («, 8)-regular, f.(-) is y-smooth for all x € X, and R is 1-strongly convex and L-smooth,
then for the online mirror descent algorithm it holds that

Br(a*||zn) < (1= 2n(a— B)L™" + (v + £)?)" " Bg(a*||z1).
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Proof. By the mirror descent update rule in (4), (nV fy, (zrn) + VR(znt1) — VR(zp),2* — zp41) > 0. Since
x* € Xy NV for (%), 241 — 2*) > 0. Combining these inequalities yields 9(V fz, (25,) — V for (%), Xpp1 — 2*) <
(VR(2n+1) — VR(xy),2* — xpy1). Then by the three-point equality of the Bregman divergence, we have

Br(2"||2n+1) < Br(z™||zn) — Br(znt1lzn) — 0V fa, (0) = V for (7), Tpi1 — 7).
Because of the (o — f§)-strong monotonicity of V f;(z), the above inequality implies

Br(2"||zn41) < Br(@*||lzn) — Br(@n+1l|zn) — 0V fo, (2n) = V for (27), 2ng1 — 20)
- 7]<vfwn (Tn) = Vfor (%), 2p — 27)
< Br(a*|@n) — Br(zniallzn) = n(V fo, (@n) = V for (2%), 2ng1 — 0) — nla = B) |2 —

2 2
x v +8)7, . x
< Ba(a* o) + TOFPE o a2 (=)o — 2

< (140 (v+8)* = 2n(a = B)L™Y) Br(a™||zy).

The third inequality results from the Cauchy-Scwharz inequality followed by maximizing over ||z,t+1 — @, | and
then applying Lemma 4. The last inequality uses the fact that R is 1-strongly convex and L-smooth. O

2(a—p)
L(v+B8)*>
linear convergence of Bg(z*||x,) to zero with rate (1 —2n(a— B)L~t +n*(yv+8)?) € (0,1). By strong convexity,

we have,

If @ > p and 7 is chosen such that n < we can see that the online mirror descent algorithm guarantees

Ay = |27 — 2| < /2BRr(a*||7,)

<V2(1L+7* (v + 8)* = 2n(a = B)L™') * Br(a*||lzo)"/>.
The proposition follows immediately from combining this result and Theorem 4.

D.5 Proof of Proposition 9

Recall that g, = Vi, (x,) + €, + &, As discussed previously, we assume there exist constants 0 < o, k < 0o such
that E [||e,]|2] < 02 and [|&,]|2 < k2 for all n. The mirror descent update rule is given by

Tn+l1 = argmin<77ngna'r> + BR(xHxn) (12)
reX

We use Corollary 1 along with known results for the static regret to bound the dynamic regret in the stochastic
case. The main idea of the proof is to show the result for the linearized losses. By convexity, this can be used to
bound both terms in Corollary 1.

Let u be any fixed vector in X', chosen independent of the learner’s decisions x1, . .., z,. The first-order condition
for optimality of (12) yields (n,9n, Tn+1 —u) < (u—2Zpt1, VR(2nt1) — VR(x,,)). We use this condition to bound
the linearized losses as in the proof of Proposition 8. We can bound the linearized losses by the magnitude of
the stochastic gradients and Bregman divergences between u and the learner’s decisions:

1

Mn
1

(Gn,xn —u) < —(u—Tpy1, VR(Znt1) — VR(x0)) + (Gn, Tn — Tnt1)

1 1
Br(ul|z,) — ;BR(UH%H) - n*BR(anvan) + (Gn, Tn — Tnt1)

n n

IN

1 1
—B n) —B n 5 n - 4n 2 n||* n - 4n
o r(ul|zn) o r(ul|lzni1) 2%Hﬂv o1 "+ gnll<llzn — 2nga

1 1 M
< —Br(ul|zn) — ;BR(uerﬁl) + ?”gn”i'

n n

The first inequality follows from adding (g,,z, — Z,+1) to both sides of the inequality from the first-order
condition for optimality. The equality uses the three-point equality of the Bregman divergence. The second
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inequality follows from the Cauchy-Schwarz inequality and the fact that ||z, — zy41[|> < Br(zn41l/z,) due to
the 1-strong convexity of R. The last inequality maximizes over ||z, — Zp41]-

Define R = sup,,, ,,cx Br(wi|lwz), which is bounded. Note that E [[|gn]|2] < 3(G® + 0 + k?). Therefore,
summing from n =1 to IV, it holds for any u € X selected before learning,

N
n=1

N

Z<gnaxn - u>

n=1

E <E

n Mn—1

After rearrangement, we have

N
3
D> _(Vin(@n) + €nszn )| < lﬁ:(n . )R+2«?+o”+ﬁmn+Dxmu4.
ne—1 1 n n—1
Choosing 1, = ﬁ, Nn = M, and u = x* (because z* is fixed for a fixed f selected before learning) yields

E [Zgil(Vln(xn) + €n, Ty — x*)} = O(VN + E). Because of the law of total expectation and that ,, does not
depend on €,, we have E[Regrety (z*)] = E [Efj:l(Vln(xn) +en, Ty — x*)} Further, by convexity, it follows

E[Regrety (z*)] < E[Regrety (z*)]. Then, we may apply Corollary 1 to obtain the result. Note that there is no
requirement that R is smooth.

E Complete Proofs of Section 7

E.1 Proof of Proposition 10

Because Vi, (+) is a-strongly monotone, it holds

<Vln(f62_1),x*_1 —ap) > alla;_y o

n

Since y* satisfies (Vi,,—1(2}_), 2} —

n

> 0, the above inequality implies that
allzy, — a4 < (VI = Vin-a(z) ), 251 — a7)
< (ﬁllfcn Tn— 1|| +an)|lz, 1 — 2l

Rearranging the inequality gives the statement.

E.2 Proof of Theorem 5

For convenience, define \ := g Recall that, by the mirror descent update rule, the first-order conditions for
optimality of both z,4; and x}, yield, for all x € &,

n

MVl (20),2 = Tny1) 2 (VR(2n) = VR(Zp41), T — Tpga)
(Vi (at) 2 — a5) > 0.

The proof requires many intermediate steps, which we arrange in a series of lemmas that typically follow from
each other in order. Ultimately, we aim to achieve a result that resembles a contraction as done in Proposition 8
but with additional terms due to the adversarial component of the predictable problem. We begin with general
bounds on the Bregman divergence beteween the learner’s decisions and the optimal decisions.

Lemma 6. At round n, for an («, 8)-predictable problem under the mirror descent algorithm, if l,, is y-smooth
and R is 1-strongly convex and L-smooth, then it holds that

Br(@pi1llent1) < Br(zy 41 ll7n) + Br(zy[[2nt1)
. an .
FAM|znsr = 2alllVR(2L) = VR(@n41) [« + IVER(@n) = VR(@nt1)lls

and, in the next round,

Br (@ llznt1) < Br(aylon) — Brzatilzn) — onllzn — 23 )1* +nyllzn — 25 lenss — zall-
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Proof. The first result uses the basic three-point equality of the Bregman divergence followed by the Cauchy-
Schwarz inequality and Proposition 10. Note that this first part of the lemma does not require that xz, is
generated from a mirror descent algorithm:

Br(zy 1 llwns1) = Bray 1 lley) + Br(@y [2ni1) + (25,40 — 25, VR(27,) = VR(Zn11))
Br(wy11ll27) + Br@, [2nt1) + 25,01 — 2o [[[[VR(27) — VR(2n1)]]«
Br(y11ll27) + Br(z, [2nt1)

(07 *
FAnts = 2all[VR(23) = VR@ni1)ll + IIVR() = VR(@ng) s

<
<

For the second part of the lemma, we require using the first-order conditions of optimality of both x,,; for the
mirror descent update and x, for [,:

Br(z,|len+1) = BR( “lzn) = Br(znsillzn) + () — ny1, VR(2,) — VR(2541))
R( wllzn) = B(znyillzn) + (Vi (27,) — Vig(zn), 20 — 23,)
< ( ) - VZn($n), Tn+1 — xn)
(z

< Br(z}llzn) — Br(znaillzn) — anllen — a2 + myllen — o ll|2n4n — anll.

The first line again applies the three-point equality of the Bregman divergence. The second line combines both
first-order optimality conditions to bound the inner product. The last inequality uses the strong convexity of [,
to bound n(Vi,(z}) — Vi (xy), xn — x3) < —an||z, — 25 ||* and the Cauchy-Schwarz inequality along with the
smoothness of [,, to bound the other inner product. O

The second result also leads to a natural corollary that will be useful later in the full proof.

Corollary 2. Under the same conditions as Lemma 6, it holds that
Br(zy|lzas1) = (1= 2anL™" +1°7°) Bg(a; [[2,).

Proof. We start with the first inequality of Lemma 6 and then maximize over ||z, 11 —2,||?>. Finally, we applying
the strong convexity and smoothness of R to achieve the result:

Br(@}|@ns1) < Br(@}llen) = Br(wnsi|za) — anlle, — 252 + e, — 25 [@ns1 — 2]
— * 1 *
< (1= 2anL ) Br(@ lea) = 5 l2ns1 = 2l + mllen — 25 2nss — 2l
< (1 - 2anL ) Br(e}llen) + *Br(e;len) = (1 - 2000~ +7°7%) Br(a}len). O

We can combine both results of Lemma 6 in order to show

* * * * a *
Br(wys1ll@nt1) < Br(@yallzh) + Manis — enl|[VR(23) = VR(@n)|ls + = VR@E) = VR(@41)]]

+ Br(zpllen) = B@ntillen) — anllan — 21 + nyllan — 23 [@nss — 2all-

Some of the terms in the above inequality can be grouped and bounded above. By L—sm2oothness of R, we have
Br(walle) < Slan - al? < & (Mlow — znal +%)° = § (Wlon - ensa |2 + 2 + 292z, — zaa]).
Because, R is 1-strongly convex, L > 1; therefore, the previous inequality can be bounded from above using L?
instead of L. While this artificially worsens the bound, it will be useful for simplifying the conditions sufficient
for sublinear dynamic regret. 1-strong convexity of R also gives us —Br(Zn41,Zn) < —% |Zns1 —2nl|?. Applying
these upper bounds and then aggregating terms yields

(1—L2)\?)

5 70 = zapa|* + AIVR() = VR(@ar1) [« + millzn = 23]]) 20 = 2l

all i an L
202

Br(zyql|Tns1) < —

+ Br(alln) — anllzn — 252 + 2 SIVR@) = VR@n )]+

(1—L2)\?)
2

[Zn — Tnial

<- l2n = @nsal” + (MVR(23) = VR(@ns) s + 07|20 — 23] |2 — 24 |
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* * anL G%L anLA
+ Bl an) — anllan — 252 + 2E Dy 4 Gl @nlAp
(o} 2¢ a

22 VR(z%) — VR(2y, 3_,_ 2’)’25%—:5;’;2 ) )

< PUVR) = TR B P =il
1— L2\

AQLQ x:;,_xn 2+ 22$n—-73;;2 * *
< H JlrlJ L2/\772 ol | + BR(%H%) — ||z, — anQ ¢

2N L2 Bp(a} | wn 1) + 20%9 Br(w} | n ) )
< R( || 1+_1)L2)\277 Y R( H ) +BR(1'nH$n) o an”xn _anz +Cn;

2
where ¢, = 22EDx (14 )) 4 ‘;gﬁ The third inequality follows from maximizing over |z, — ,41|| and then
applying (a + b)? < 2a® + 2b* for any a,b € R. For this operation, we require that L2\?> < 1. The fourth
inequality uses L-smoothness of R. The last inequality uses the fact that R is 1-strongly convex to bound the

squared normed differences by the Bregman divergence.

We then use Corollary 2 to bound this result on Br(x},,||zns1) in terms of only Br(x};||2,) and the appropriate
constants:

2L* N Br(a}||2n11) + 20*y* Br(a} || 2,)

Br(wy 11 [|Tn41) < + Br(ayllen) — anllan — 23| + G

1—L2)\2
< 2 (1= 200L 7 ) Bl ) + o Bl )
+ Br(;lzn) — 2anL™ ' Br(ay [24) + ¢a
= (1 —2anL~ " + 1 27772722)\2 + 127L2)2\i\2 — 145)\220[;\72 21[/2/\;727122> Br(z,||lzn) + o
= (iﬁziz) (1 —2amL~t + 277272) Br(x) |xn) + Ca-

Thus, we have arrived at an inequality that resembles a contraction. However, the stepsize n > 0 may be chosen
such that it minimizes the factor in front of the Bregman divergence. This can be achieved, but it requires that
additional constraints are put on the value of .

Lemma 7. If A < and n = ﬁ, then
14 L2X2
1—L2)2

_a
202y
) (1—2anL™" +2n*y%) < 1

Proof. By optimizing over choices of 7, it can be seen that
2

-1 2,2 -

where 7 is chosen to be ﬁ Therefore, in order to realize a contraction, we must have
1+ L2X\2 a?
1> ——= 1———— .
1— L2)\2 212~2

o? A2a?
2L2~2 B 292

Alternatively,
0>2L%\% —

The quantity on the right hand size of the above inequality is in fact smaller than 2L2\? — %, meaning that
it is sufficient to have the condition for a contraction be: ﬁ > A O

Note that ﬁ < 1since L > 1 and v > « by the definitions of smoothness of R and [,,, respectively. Thus, this
condition required to guarantee the contraction is stricter than requiring that A < 1. If this condition is satisfied
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and if we set n = ﬁ, then we can further examine the contraction in terms of constants that depend only on
the properties of [,, and R:

% 1+ L2 1 2.2 X
Br(zy i l|Tns1) < 1-712x (1 —2amL™" + 2n°y ) Br(zy||lzn) + G

2
1+ 4;22> a?
<t (1 - ) Br(et o) + o
(1 T 1172 2L%y

Oé4
44
_ (1 - < 8L ";72 >BR(xZ||JUn) + Cn-
- 772

ir?
It is easily verified that the factor in front of the Bregman divergence on the right side is less than 1 and greater
than %.
By applying the above inequality recursively, we can derive the inequality below

n—1

1 . . B . o
§||$n —a}||? < Br(a}|za) < p" ' Br(z}llz1) + Z R
k=1

where p = (i‘fgii) (1 —2anL~' + 2n?4?) < 1. Therefore the dynamic regret can be bounded as

N
Regret, = Z frulxn) — fu(a)) < GZ |xn — a

n=1
1/2
< V2GBg(a}||21) 1/22,0 2 +\[GZ<ZP7L " 10«)
- N n—1 e
< VEGB(ate) 23 +VEG S S
n=1 n=2 k=1

where both inequalities use the fact that for a,b > 0, a +b < a + b+ 2vab = (v/a + vb)?. The left-hand term
is clearly bounded above by a constant since ,/p < 1. Analysis of the right-hand term is not as obvious, so we
establish the following lemma independently.

Lemma 8. Ifp <1 and ¢, = “LPx (14 )) + Zig, then it holds that

N n-—1

V2SN "GP = 0(A +V/NAY).
n=2 k=1
Proof.
N -l n—k—1 1/2 1/2 N—-1—n
pE ZC (1+pt+o 40 ) <5 G
n=2 k=1

The last inequality upper bounds the finite geometric series with the value of the infinite geometric series since
again /p < 1 for each k. Recall that ¢, was defined as

an LDy a’L
n=———(1+2A (C
¢ « (1+ )+ 202

Therefore, the over the square roots can be bounded:

N-1 LD LN—l
INEENEIER Z@M ﬁz

While the right-hand summation is simply the definition of Ay _1, the left-hand summation yields Z \ /an <
(N-1)AN_1.

Then the total dynamic regret has order Regrety, = O(1 + Ay + VNAy).
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E.3 Proof of Theorem 6

E.3.1 Euclidean Space with g =1

The proof first requires a result from analysis on the convergence of sequences that are nearly monotonic.

Lemma 9. Let (an)nen C R and (by)nen C R be two sequences satisfying by, > 0 and Y ;_; ai < co Vn € N. If
bnt1 < by + ayp, then the sequence b, converges.

Proof. Define u; := by and u,, := b, 22711 ar. Note that u; = by > by — a3 = us. Recursively, b, — an_1 <

bp—1 = b, — Zz;ll ar < bp_1— k 1 Therefore, u,, < u,41. Note that (u,)nen) is bounded below because
b, > 0and >_;_, ar < co. This implies that (un)neN converges. Because (3, _, a’k)nEN’ also converges, (b, )nen
must converge. O

The majority of the proof follows a similar line of reasoning as a standard result in the field of discrete-time
pursuit-evasion games Alexander et al. (2006). Let || - || denote the Euclidean norm. We aim to show that if
the distance between the learner’s decision x,, and the optimal decision x;, does not converge to zero, then they
travel unbounded in a straight line, which is a contradiction.

Consider the following update rule which essentially amounts to a constrained greedy update:

Ty + T,
Tn41 = 9
Zn+1 18 well defined at each round because X is convex. Define ¢,, := ||z, — z}||. Then we have

0 <enpr = [|Znsr — 25
<#npr — 2ol + lzne — 23l

1
= glzn =23l + llon s — 23

IN

1 a . .

§||1'n —zr || + | Tnt1 — Tall + En (.- Proposition 10)
a

= lzn =23l + = =cn+ —
a «

Because it is assumed that Y -, a, < 0o, the sequences (c,)nen and (ay,)nen satisfy the sufficient conditions
of Lemma 9. Thus the sequence (¢,)nen converges, so there exists a limit point C := lim,,_, ¢, > 0. Towards
a contradiction, consider the case where C' > 0. We will prove that this leads the points to follow a straight line
in the following lemma.

Lemma 10. Let 0, denote the angle between the vectors from xy, to xy, 1 and from xy, to Tpqq. Iflim, o0 ¢y >0,
then lim,,_, -, cosf,, = —1.

Proof. At round n+ 1 we can write the distance between the learner’s decision and the optimal decision in terms
of the previous round:

C? = T [lan i1 — 24|
= tim (Jensn = 22+ [0he = 2512 = 2lanin — whlllan sy — 2l cosdy)
< lim *len =2 |? + e = zp|® + j 1 2 [0 — 2np1ll = 2lznir — 2y [z 00 — 27 cos On
n—o00 Oé [0}

. 2 2a
= im (”xn —ap? toat - o e = niall = 2llents — allllzhg — 2| COse”)
n—oo
1
=,};m Sl — 23l — 2 lim s — apllh s, — 23] cosé,

2 .
= 207 2 1 [lani a5y — 3 cos,
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The first inequality follows because ||z,11 — @] = ||z, — 25| and ||z}, — 2}l < |1 — 2ol + 2 due
to Proposition 10. The next equality again uses ||z,4+1 — 25| = 3|lzn — 2. The second to last line follows from
passing the limit through the sum, where we have lim,, ,o, a, = 0 because A, < co. That is, the inequality
above implies

C2

2 . [#nt1 =z [l2n41 — 27 cos O = -5 < 0

which in turn implies lim,,_, o, cosf, < 0. This leads to an upper bound

=2 i e s — a3y — b cosfy = (=2 lim cosy) lim [l =l o]

1 a
< (—2 lim cos 9n> lim —|x, — )| <||xn+1 — x| + —")
n—00 n—o00 2 o
2
= lim cos#,,
n—roo
Combining these two inequalities, we can then conclude C? < %2 — %2 cosf < C2. A necessary condition in
order for the bounds to be satisfied is cos§ = —1. O

When C > 0, Lemma 10 therefore implies the points x,, ©,41, 2}, z;,; are colinear in the limit. Thus, |z, —
Zptm|| grows unbounded in m, which contradicts the compactness of X'. The alternative case must then be true:
C =1limy, 00 ||zn — 2% || = 0. The dynamic regret can then be bounded as:

N N
Regretd, = Z Ln(xn) — ln(2)) < GZ |xn — 2|
n=1

n=1

Since [|[zn — 2| = 0, we know limy o Zﬁ;l |z, — 2% || = 0. Therefore, the dynamic regret is sublinear.

*|| converges to zero, which is

Note that this result does not reveal a rate of convergence, only that ||z, —
enough for sublinear dynamic regret.

E.3.2 One-dimensional Space with arbitrary g

In the case where d = 1, we aim to prove sublinear dynamic regret regardless of o and 8 by showing that x,,
essentially traps z; by taking conservative steps as before. Rather than the constraint being |z, — Zp41] <
|@, — 2|, we choose 41 in the direction of @} subject to |z, — zp11| < H%bcn — x}|. Specifically, we will
use the following update rule:

AT, + )

14+ A (13)

Tn41 =
Recall that sublinear dynamic regret is implied by ¢, := |z, — x| converging to zero as n — oo. Therefore,
below we will prove the above update rule results in lim,, ., ¢, = 0. Like our discussions above, this implies
achieving sublinear dynamic regret but not directly its rate.

Suppose at any time |z, — x| = 0. Then we are done since the learner can repeated play the same decision
without z} changing. Below we consider the case |z, — x| # 0. We prove this by contradiction. First we observe
that the update in (13) makes sure that, at any round, x; ,; cannot switch to the opposite side of z7; with respect
to 2,41 and x,; namely it is guaranteed that (z},; — 2ny1)(2), — Tpy1) > 0 and (2 — 2,)(2), — 2,) > 0.

Towards a contradiction, suppose that there is some C' > 0 such that |z, — 2%| > C for infinitely many n. Then
Z, at every round moves a distance of at least H% in the same direction infinitely since xj | always lies the
same side of x,,41 as x;. This contradicts the compactness of X. Therefore |z, — x| must converge to zero.

F New Insights into Imitation Learning

In this section, we investigate an application of the COL framework in the sequential decision problem of online
IL (Ross et al., 2011). We consider an episodic MDP with state space S, action space A, and finite horizon H.
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For any s,s’ € S and a € A, the transition dynamics P gives the conditional density, denoted by P(s'|s,a), of
transitioning to s’ starting from state s and applying action a. The reward of state s and action a is denoted as
r(s,a). A deterministic policy 7 is a mapping from S to a density over A. We suppose the MDP starts from
some fixed initial state distribution. We denote the probability of being in state s at time ¢ under policy 7 as
d7 (s), and we define the average state distribution under 7 as d™(s) = + Zthl dr(s).

In IL, we assume that P and r are unknown to the learner, but, during training time, the learner is given access
to an expert policy 7* and full knowledge of a supervised learning loss function ¢(s, m; 7*), defined for each state
s € §. The objective of IL is to solve

min Eove (s, 7)) (14)

where II is the set of allowable parametric policies, which will be assumed to be convex. Note that it is often
the case that 7* ¢ II.

As d™ is not known analytically, optimizing (14) directly leads to a reinforcement learning problem and therefore
can be sample inefficient. Online IL, such as the popular DAGGER algorithm Ross et al. (2011), bypasses this
difficulty by reducing (14) into a sequence of supervised learning problems. Below we describe a general construc-
tion of online IL: at the nth iteration (1) execute the learner’s current policy 7, in the MDP to collect state-action
samples; (2) update 7,1 with information of the stochastic approximation of ,,(7) = Eg=n [¢(s, 7; 7*)] based the
samples collected in the first step. Importantly, we remark that in these empirical risks, the states are sampled
according to d™ of the learner’s policy.

The use of online learning to analyze online IL is well established (Ross et al., 2011). As studied in Cheng
and Boots (2018); Lee et al. (2018), these online losses can be formulated as a bifunction, I, (7) = fr, (7) =
Egdrmn [c(s,7;7%)], and the policy class II can be viewed as the decision set X'. Naturally, this online learning
formulation results in many online IL algorithms resembling standard online learning algorithms, such as follow-
the-leader (FTL), which uses full information feedback i,,(-) = Eswgmn [c(s, -; 7*)] at each round (Ross et al., 2011),
and mirror descent (Sun et al., 2017), which uses the first-order feedback Vi, (7)) = Egrn [V, c(8, mp; 7*)]. This
feedback can also be approximated by unbiased samples. The original work by Ross et al. (2011) analyzed FTL
in the static regret case by immediate reductions to known static regret bounds of FTL. However, a crucial
objective is understanding when these algorithms converge to useful solutions in terms of policy performance,
which more recent work has attempted to address (Cheng and Boots, 2018; Lee et al., 2018; Cheng et al., 2019b).
According to these refined analyses, dynamic regret is a more appropriate solution concept to online IL when
7* ¢ I, which is the common case in practice.

Below we frame online IL in the proposed COL framework and study its properties based on the properties of
COL that we obtained in the previous sections. We have already shown that the per-round loss I, (-) can be
written as the evaluation of a bifunction f, (-). This COL problem is actually an («, 8)-regular COL problem
when the expected supervised learning loss Eg g [c(s, m;7*)] is strongly convex in 7 and the state distribution d™
is Lipschitz continuous (see Ross et al. (2011); Cheng and Boots (2018); Lee et al. (2018)). We can then leverage
our results in the COL framework to immediately answer an interesting question in the online IL problem.

Proposition 14. When a > (3, there exists a unique policy T that is optimal on its own distribution:

Esva, [c(s,T;7%)] = minEgvg, [c(s, m;7%)].
mell

This result is immediate from the fact that o« > 8 implies that V f(7) is a p-strongly monotone VI with = f—«
by Proposition 5. The VT is therefore guaranteed to have a unique solution (Facchinei and Pang, 2007).

Furthermore, we can improve upon the known conditions sufficient to find this policy through online gradient
descent and give a non-asymptotic convergence guarantee through a reduction to strongly monotone VIs. We
will additionally assume that f is y-smooth in =, satistying ||V fr/(m1) — V fr(m2)|| < 7|1 — 72| for any fixed
query argument 7.

We then apply our results from Section 6.1. Specifically, we consider mirror descent with Bg(w||7") = |7 —7'||3,
which is equivalent to online gradient descent studied in Sun et al. (2017); Lee et al. (2018). Note that R = %3,
which is 1-strongly convex and 1-smooth. Then, we apply Lemma 5.
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Corollary 3. If a > (B and the stepsize is chosen such that n = CETIEE then, under the online gradient descent
algorithm with deterministic feedback g, = Vi, (my,), it holds that

n—1
~112 a—f 2 ~12
-7t < (1= (555) ) Im-7

By Proposition 8, Regret?\, will therefore be sublinear (in fact, Regreth = O(1)) and the policy converges linearly
to the policy that is optimal on its own distribution, 7. The only condition required on the problem itself is
a > [ while the state-of-the-art sufficient condition of Lee et al. (2018) additionally requires % > % The result
also gives a new non-asymptotic convergence rate to 7.

The above result only considers the case when the feedback is deterministic; i.e., there is no sampling error due
to executing the policy on the MDP, and the risk Eg=n [¢(s,m;7%)] is known exactly at each round. While this
is a standard starting point in analysis of online IL algorithms (Ross et al., 2011), we are also interested in the
more realistic stochastic case, which has so far not been analyzed for the online gradient descent algorithm in
online IL. It turns out that the COL framework can be easily leveraged here too to provide a sublinear dynamic
regret bound.

At round n, we consider observing the empirical risk () = * Zthl c(sg,m; ) where s; ~ di™. Note that
E[l,,(7)|mn] = I, () and it is easy to show that the first-order feedback V1, (m,) can be modeled as the expected
gradient with an additive zero-mean noise: g, = Vi, (m,,) + €,. For simplicity, we assume E [||¢,[|?] < co.

1

T then, under online gradient descent with stochastic

Corollary 4. If a > B and the stepsize is chosen as n, =
feedback, it holds that E[Regrety] = O(V'N).

This corollary follows from Proposition 9, which in turn leverages the reduction to static regret in Corollary 1.



