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Abstract

We study the convergence of a class
of gradient-based Model-Agnostic Meta-
Learning (MAML) methods and character-
ize their overall complexity as well as their
best achievable accuracy in terms of gradi-
ent norm for nonconvex loss functions. We
start with the MAML method and its first-
order approximation (FO-MAML) and high-
light the challenges that emerge in their anal-
ysis. By overcoming these challenges not
only we provide the first theoretical guaran-
tees for MAML and FO-MAML in noncon-
vex settings, but also we answer some of the
unanswered questions for the implementation
of these algorithms including how to choose
their learning rate and the batch size for both
tasks and datasets corresponding to tasks.
In particular, we show that MAML can find
an e-first-order stationary point (e-FOSP) for
any positive e after at most O(1/€?) iter-
ations at the expense of requiring second-
order information. We also show that FO-
MAML which ignores the second-order infor-
mation required in the update of MAML can-
not achieve any small desired level of accu-
racy, i.e., FO-MAML cannot find an e-FOSP
for any € > 0. We further propose a new vari-
ant of the MAML algorithm called Hessian-
free MAML which preserves all theoretical
guarantees of MAML, without requiring ac-
cess to second-order information.

1 Introduction

In several artificial intelligence problems, ranging from
robotics to image classification and pattern recogni-
tion, the goal is to design systems that use prior experi-
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ence and knowledge to learn new skills more efficiently.
Meta-learning or learning to learn formalizes this goal
by using data from previous tasks to learn update rules
or model parameters that can be fine-tuned to perform
well on new tasks with small amount of data [Thrun
and Pratt, 1998]. Recent works have integrated this
paradigm with neural networks including learning the
initial weights of a neural network [Finn et al., 2017;
Nichol et al., 2018|, updating its architecture [Baker
et al., 2017; Zoph and Le, 2017; Zoph et al., 2018§],
or learning the parameters of optimization algorithms
using recurrent neural networks [Andrychowicz et al.,
2016; Ravi and Larochelle, 2017].

A particularly effective approach, proposed in [Finn
et al., 2017], is the gradient-based meta-learning in
which the parameters of the model are explicitly
trained such that a small number of gradient steps
with a small amount of training data from a new task
will produce good generalization performance on that
task. This method is referred to as model-agnostic
meta learning (MAML) since it can be applied to any
learning problem that is trained with gradient descent.
Several papers have studied the empirical performance
of MAML for nonconvex settings [Al-Shedivat et al.,
2018; Antoniou et al., 2019; Behl et al., 2019; Grant
et al., 2018; Li et al., 2017; Nichol et al., 2018; Zintgraf
et al., 2019]. However, to the best of our knowledge,
its convergence properties have not been established
for general non-convex functions.

In this paper, we study the convergence of variants of
MAML methods for nonconvex loss functions and es-
tablish their computational complexity as well as their
best achievable level of accuracy in terms of gradient
norm. More formally, let 7 = {7;}icz denote the set
of all tasks and let p be the probability distribution
over tasks T, i.e., task 7; is drawn with probability
p; = p(T;). We represent the loss function correspond-
ing to task 7; by f;(w) : R — R which is parameter-
ized by the same w € R for all tasks. Here, the loss
function f; measures how well an action w performs
on task 7;. The goal of expected risk minimization is
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to minimize the expected loss over all tasks, i.e.,

min f(w) 1= Eiwp[fi(w)]. (1)

In most learning applications, the loss function f; cor-
responding to task 7; is defined as an expected loss
with respect to the probability distribution which gen-
erates data for task 7;, i.e., fi(w) = Eq[fi(w,8)].
In this case, the gradient and Hessian of f; can be
approximated by V f;(w, D) ﬁ > oep VSi(w,0)
and V2f;(w,D) := ﬁ > 0eD V2 fi(w, 0), respectively,
where D is a batch chosen from the dataset of task 7;.

In traditional statistical learning, we solve Problem (1)
as we expect its solution to be a proper approximation
for the optimal solution of a new unseen task 7;. How-
ever, in model-agnostic meta-learning, we aim to find
the best point that performs well as an initial point
for learning a new task 7; when we have budget for
running a few steps of gradient descent |Finn et al.,
2017]. For simplicity, we focus on finding an initializa-
tion w such that, after observing a new task 7;, one
gradient step would lead to a good approximation for
the minimizer of f;(w). We can formulate this goal as

min F(w) := E;up, [Fi(w)] := Eip [fi(w — aV fi(w))],

(2)
where a > 0 is the stepsize for the update of gradient
descent method and F;(w) denotes f;(w — aV f;i(w)).

Problem (2) is defined in a way that its optimal solu-
tion would perform well in expectation when we ob-
serve a task and look at the output after running a
single step of gradient descent.! However, in most ap-
plications, computing the exact gradient for each task
is costly and we can only run steps of the stochastic
gradient descent (SGD) method. In this case, our goal
is to find a point w such that when a task 7; is chosen,
after running one step of SGD, the resulting solution
performs well in expectation. In particular, we assume
we have access to the stochastic gradient V f;(w, D, ;)
which is an unbiased estimator of V f;(w) evaluated us-
ing the batch Di_,, with size Dyes:. In this formulation,
our goal would change to solving the problem

min F(w) := E;, []Em-cst [ filw — aV fi(w, D;m))H ,

(3)
where the expectation is taken with respect to selec-
tion of task i as well as selection of random set Dj,, for
computing stochastic gradient. Throughout the paper,
we will clarify the connection between F' and F, and
we report our results for both of these functions.

We only consider the case that one step of gradient
is performed for a new task, but, indeed, a more general
case is when we perform multiple steps of gradient descent
(GD). However, running more steps of GD comes at the
cost of computing multiple Hessians and for simplicity of
our analysis we only focus on a single iteration of GD.
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Figure 1: Comparing problems (1) and (2)

To better highlight the difference between the solu-
tions of the statistical learning problem in (1) and the
meta-learning problem in (2), we consider an exam-
ple where we have access to three equally likely tasks
Ti, T2, and T3 with the optimal solutions w7, w!?,
w3, respectively; see Figure 1. Here, w is the solution
of Problem (1) and @ is the solution of Problem (2).
In this example, task 77 is the easiest task as we can
make a lot of progress with only two steps of GD and
task 7> is the hardest task as we approach the opti-
mal solution slowly by taking gradient steps. As we
observe in Figure 1, for task 73, if we start from w
the outcome after running two steps of GD is almost
the same as starting from w. For task 77, however, w
is a better initial point compared to w, but the error
of their resulting solution after two steps of GD are
not significantly different. This is due to the fact that
71 is easy and for both cases we get very close to the
optimal solution even after two steps of GD. The dif-
ference between starting from w and w is substantial
when we aim to solve task 75 which is the hardest task.
Because of this difference, the updated variable after
running two steps of GD has a lower expected error
when we start from w comparing to the case that we
start from w. This simple example illustrates the fact
that if we know a-priori that after choosing an model
we are allowed to run a single (or more) iteration of
GD to learn a new task, then it is better to start from
the minimizer of (2) rather than the minimizer of (1).

1.1 Owur contributions

In this paper, we provide the first theoretical guar-
antees for the convergence of MAML algorithms to
first order stationarity for non-convexr functions. We
build our analysis upon interpreting MAML as a SGD
method that solves Problem (2) while we show the
analysis of MAML is significantly more challenging
due to various reasons, including unbounded smooth-
ness parameter and the biased estimator of gradient
used in the update rule of MAML.Overcoming these
challenges, we characterize the iteration and sample
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Table 1: Summary of our results

Having access to sufficient samples K-shot Learning
Algorithm Best accuracy Iteration # samples/ | Runtime/ Best accuracy
possible complexity iteration iteration possible
MAML IVF@w)| < e 0(1/¢) o/ | o) | |VFw)|<06E/VE)
FO-MAML | |VF(w)| € O(aa) | O(1/(?0?)) | O1/(a*c?)) 0O(d) IVFE(w)| < O(o +6/VK)
HF-MAML | [VF(w)| <« 0(1/¢?) o(1/e) 0(d) IVF(w)]| < 0@ /VE)

complexity of MAML method and shed light on the
relation of batch sizes and parameters of MAML with
its convergence rate and accuracy. Using these results,
we provide an explicit approach for tuning the hyper-
parameters of MAML and also the required amount of
data to reach a first-order stationary point of (2). A
summary of the results? and the specific case of K-shot
learning, where for each task in the inner loop we have
access to K samples, is provided in Table 1. Note that
in these results, o is a bound on the standard devia-
tion of V f;(w) from its mean V f(w), and & is a bound
on the standard deviation of V f;(w.0) from its mean
V fi(w), for every 4. For formal definitions of o and &
please check Assumptions 4.5 and 4.6, respectively.

As described in [Finn et al., 2017], the implementa-
tion of MAML is costly® as it requires Hessian-vector
product computation. To resolve this issue, Finn et al.
[2017] suggest ignoring the second-order term in the
update of MAML and show that the first-order ap-
proximation does not affect the performance of MAML
in practice. In our work, we formally characterize the
convergence results for this first-order approximation
of MAML (FO-MAML) and show that if the learn-
ing rate o used for updating each task is small or the
tasks are statistically close to each other, then the error
induced by the first-order approximation is negligible
(see Table 1). Nevertheless, in general, in contrast to
MAML which can find an e-first order stationary point
for any € > 0, FO-MAML is limited to € > O(ao).

To address this issue, we introduce a new method,
Hessian-free MAML (HF-MAML), which recovers
the complexity bounds of MAML without access to
second-order information and has a computational
complexity of O(d) per iteration (see Table 1). In
fact, we show that, for any positive e, HF-MAML finds
an e-FOSP while keeping the computational cost O(d)
at each iteration. Hence, HF-MAML has the best of
both worlds: it has the low computational complexity
of FO-MAML and it achieves any arbitrary accuracy
for first-order stationarity as in MAML.

2We assume o and & are small for the results in this
section. The general result can be found in Section 4.

3The cost per iteration is O(d?) in general. However, it
is worth noting that this cost reduces to O(d) for the case
of neural network classifiers using back propagation.

1.2 Related Work

The problem of learning from prior experiences to
learn new tasks efficiently has been formulated in vari-
ous ways. One of the main approaches is designing al-
gorithms for updating the parameters of the optimiza-
tion methods used for training models [Bengio et al.,
1992, 1990]. Recently, many papers have followed this
approach [Bergstra and Bengio, 2012; Bergstra et al.,
2011; Li and Malik, 2017; Ravi and Larochelle, 2017]
(see Table 1 in [Metz et al., 2019] for a summary of
different approaches and also [Vanschoren, 2019] for
a detailed survey). In one of the first theoretical for-
malizations, Baxter [2000] study the problem of bias
learning where the goal is to find an automatic way for
choosing the inductive bias in learning problems. Also,
Franceschi et al. [2018] provide a framework for tuning
the hyper-parameters of learning algorithms, such as
the initialization or the regularization parameter.

In this paper, we focus on the theoretical analysis
of gradient-based model-agnostic meta-learning meth-
ods. This setting was first introduced by Finn et al.
[2017], and was followed by several works proposing
various algorithms [Antoniou et al., 2019; Behl et al.,
2019; Grant et al., 2018; Li et al., 2017; Nichol et al.,
2018; Zintgraf et al., 2019]. In particular, Grant et al.
[2018] introduce an adaptation of MAML for learning
the parameters of a prior distribution in a hierarchi-
cal Bayesian model. However, none of these works
provide convergence guarantees for these MAML-type
methods which is the main contribution of our paper.
Finn et al. [2019] study MAML and its extension to
online setting for strongly convex functions. In a re-
cent independent work, Rajeswaran et al. [2019] pro-
pose iMAML which implements an approximation of
one step of proximal point method in the inner loop.
They show when the regularized inner loop loss func-
tion is strongly convex, iMAML converges to a first-
order stationary point with exact gradient information
(no stochasticity due to approximation by a batch of
data) and under bounded gradient assumption. These
assumptions remove the difficulties associated with un-
bounded smoothness parameter and biased gradient
estimation featured in our analysis (Section 4).

The online version of meta learning has also gained at-
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Algorithm 1: MAML Algorithm

while not done do

Choose a batch of i.i.d. tasks By C Z with

distribution p and with size B = |By|;

for all T; with i € By, do
Compute V f; (wy, D},) using dataset D}, ;
Set w}Hl = wy — aV f;(wy, DL,);

end

Compute w1 according to the update (5);

k+—k+1;

end

tention. In particular, Khodak et al. [2019] study this
problem for convex functions and propose a framework
using tools from online convex optimization literature.
In a similar line of work, Denevi et al. [2019, 2018]
propose an algorithm which incrementally updates the
bias regularization parameter using a sequence of ob-
served tasks. Also, Finn et al. [2019] consider the
model-agnostic setting and propose follow the meta
leader that achieves a sublinear regret.

2 MAML Algorithm

The MAML algorithm was proposed in [Finn et al.,
2017] for solving the stochastic optimization problem
in (2). In MAML, at each step k, we choose a subset
Bj. of the tasks, with each task drawn independently
from distribution p. For simplicity assume that the
size of By is fixed and equal to B. Then, the update
of MAML is implemented at two levels: (i) inner step
and (ii) outer step (meta-step).

In the inner step, for each task 7;, we use a subset
of the dataset D!, corresponding to task 7; to com-
pute the stochastic gradient V f;(wy, D: ) which is an
an unbiased estimator of the gradient V f;(wy). The
stochastic gradient V f;(wg, D},) is then used to com-
pute a model wj, ; corresponding to each task 7; by a
single iteration of stochastic gradient descent, i.e.,

Wi = wi — aV fi(wg, Diy). (4)

To simplify the notation, we assume the size of dataset
D;,, for all tasks i are equal to D;,,.

In the outer loop, once we have the updated models
{wi }2, for all tasks in By, we compute the revised
meta-model w1 by performing the update

Wpt1 = (5)

wg — 51@% Z (I - av2fi(wk»IDZ)) V fi(wiy1, D),
i€By,

where the stochastic gradient V f;(wi_,, D) corre-

sponding to task 7; is evaluated using the data set

D; and the models {w]_,}Z, computed in the inner

loop, and the stochastic Hessian V2 fi(wy, Di) for each

task 7; is computed using the data set D! . Note that

Algorithm 2: First-Order MAML (FO-MAML)
while not done do
Choose a batch of i.i.d. tasks By C Z with
distribution p and with size B = |By|;
for all T; with i € By, do
Compute V fi(wg, Di,) using dataset Di
Set wj,, = wg — aV fi(wy, D},);
end
wit1 < Wi — (Br/B) Yiep, Viilwiy 1, Dy);
k+—k+1;
end

the data sets D¢, used for the inner update are differ-
ent from the data sets D! and D} used for the outer
update. It is also possible to assume that D! = DZ,
but in this paper we assume that D! and ’Dfl are inde-
pendent from each other that allows us to use a smaller
batch for the stochastic Hessian computation which is
more costly. Here also we assume that the sizes of D
and D;L are fixed and equal to D, and Dy, respectively.
The steps of MAML are outlined in Algorithm 1.

MADML as an approximation of SGD. To better
highlight the fact that MAML runs SGD over F in (2),
consider the update of GD for minimizing the objective
function F' with step size Sy which can be written as

Wit1 = w — BV F(wy) = (6)
wi — BiEiny [(I = aV fi(wi)) V fi(wy, — aV fi(wy))]

As the underlying probability distribution of tasks p
is unknown, evaluation of the expectation in the right
hand side of (6) is often computationally prohibitive.
Therefore, one can use SGD for minimizing the func-
tion F' with a batch B; which contains B tasks that
are independently drawn. Then, the update is

Wg+1 = (7)

wy — % (I — aV?fi(wg)) V fi(wr — aV fi(wg)) .
1€ By

If we simply replace V f; and V2 f; with their stochastic

approximations over a batch of data points we obtain

the update of MAML in (5).

Smaller batch selection for Hessian approxima-
tion. The use of first-order methods for solving prob-
lem (2) requires computing the gradient of F' which
needs evaluating the Hessian of the loss f;. Indeed,
computation of the Hessians V2f; for all the chosen
tasks at each iteration is costly. One approach to lower
this cost is to reduce the batch size D), used for Hes-
sian approximation. Later in our analysis, we show
that one can perform the update in (5) and have an ex-
actly convergent method, while setting the batch size
Dy, significantly smaller than batch sizes D;, and B.

First-order MAML (FO-MAML). To reduce the
cost of implementing the update of MAML one might
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suggest ignoring the second-order term that appears
in the update of MAML. In this approach, which is
also known as first-order MAML (FO-MAML) [Finn
et al., 2017], we update wy by following the update

Wh i1 = Wk — 5k% > Vii(wiy, DY), (8)
1€By,

where the points w}, ,; are evaluated based on (4). In-
deed, this approximation reduces the computational
complexity of implementing MAML, but it comes at
the cost of inducing an extra error in computation
of the stochastic gradient of F. We formally char-
acterize this error in our theoretical results and show
under what conditions the error induced by ignoring

the second-order term does not impact its convergence.
The steps of FO-MAML are outlined in Algorithm 2.

3 Hessian-free MAML (HF-MAML)

To reduce the cost of implementing MAML we propose
an approximate variant of MAML that is Hessian-
free, i.e., only requires evaluation of gradients, and
has a computational cost of O(d). The idea behind
our method is that for any function ¢, the product of
Hessian V2¢(w) by a vector v can be approximated by

_[Vé(w + 6v) — Vo(w — dv)
~ 5 9)

with an error of at most pé||v||?, where p is the pa-
rameter for Lipschitz continuity of the Hessian of ¢.
Based on this approximation, we propose a computa-
tionally efficient approach for minimizing the expected
loss F' defined in (2) which we refer to it as Hessian-
free MAML (HF-MAML). As the name suggests the
HF-MAML is an approximation of the MAML that
does not require evaluation of any Hessian, while it
provides an accurate approximation of MAML. To be
more precise, the update of HF-MAML is defined as

V2p(w)v

W1 = (10)

Wi — % Z [?fi (wk — a?fi(wk,Dﬁn),Df,) - adﬂ

1€By,

where « is the step size for each task, By is the stepsize
for the meta update, and the vectors dj, are defined as

_ L
20

_ﬁfz (wk_(s}lg@fl(wk _aﬁfi(wkz Dgn): D(i))z D;L)) . (11)

di (@fi (wk‘f‘é}i@fi(wk_aﬁfi(wmD’?n)>Dz)>Dfl)

Note that al?€ is an approximation for the term
V2 fi(wi, DLV fi(wy, — aV f; (wr, D}, ), Dy) which ap-
pears in VF. In addition, 6;, > 0 indicates the ac-
curacy of the Hessian-vector product approximation.
As depicted in Algorithm 3, this update can be im-
plemented efficiently in two stages similar to MAML.

Algorithm 3: Hessian-free MAML (HF-MAML)
while not done do
Choose a batch of i.i.d. tasks By C Z with
distribution p and with size B = |By|;
for all T; with i € By, do
Compute V f; (wy, Di,) using dataset D, ;
Set wj_ , = wp — oV fi(wy, DL,);
end
Compute wgy1 according to the update (10);
k+—k+1;
end

4 Theoretical Results

In this section, we characterize the overall complexity
of MAML, FO-MAML, and HF-MAML for finding a
first-order stationary point of F' when the loss func-
tions f; are nonconvex but smooth.

Definition 4.1. A random vector w. € R? is called
an e-approzimate first order stationary point (FOSP)
for problem (2) if it satisfies E[||VF(w,)||] < e.

Our goal in this section is to answer two fundamen-
tal questions for each of the three considered meth-
ods. Can they find an e-FOSP for arbitrary ¢ > 07 If
yes, how many iterations is needed for achieving such
point? Before answering these questions, we first for-
mally state our assumptions.

Assumption 4.2. F is bounded below, min F'(w) >
—o00 and A:=(F(wp)—min,cps F(w)) is bounded.

Assumption 4.3. For everyi € Z, f; is twice contin-
uously differentiable and L;-smooth, i.c., ||V fi(w) —
Vii(u)l < Liflw — ul].

For the simplicity of analysis, in the rest of the paper,
we mostly work with L := max; L; which can be con-
sidered as a parameter for the Lipschitz continuity of
the gradients V f; for all i € 7.

Assumption 4.4. For everyi € I, the Hessian V2 f;
is p;i-Lipschitz continuous, i.e., for every w,u € R?,

i, [IV2fi(w) = V2 fi(u)| < piflw —ul.

To simplify our notation we use p := maxp; as the
Hessians Lipschitz continuity parameter for all ¢ € 7.
Note that we do not assume any smoothness conditions
for the global loss F' and all the required conditions are
for the individual loss functions f;. In fact, later we
show that under the conditions in Assumption 4.3, the
global loss F' may not be gradient-Lipschitz in general.

The goal of Meta-learning is to train a model based
on a set of given tasks so that this model can be used
for learning a new unseen task. However, this is only
possible if the training tasks are somehow related to
unseen (test) tasks. In the following assumption, we
formalize this condition by assuming that the gradient
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V fi, which is an unbiased estimator of the gradient
Vf =E;.,[Vfi(w)], has a bounded variance.

Assumption 4.5. The variance of gradient V f;(w)
is bounded, i.e., for some o > 0 we have

EinplIVf(w) = Vfi(w)]*] < 0. (12)

Note that this assumption is less strict comparing to
the bounded gradient assumption in [Finn et al., 2019;
Rajeswaran et al., 2019|. In addition, for strongly con-
vex functions, this assumption is closely related to the
one in [Khodak et al., 2019] which states the optimal
point of loss functions of all tasks are within a ball
where its radius quantifies the similarity.

In the following assumption we formally state the con-
ditions required for the stochastic approximations of
the gradients V f;(w, #) and Hessians V2 f;(w, 6).

Assumption 4.6. For any i and any w € RY, the
stochastic gradients V f;(w,0) and Hessians V2 f;(w, )
have bounded variance, i.e.,

Eo[IIV fi(w,0) = V fi(w)||’] <
Eo[|[V? fi(w, 0) — V2 f;(w)]|?]

where 6 and og are non-negative constants.

Finally, to simplify the statement of our results for
MAML, FO-MAML, and HF-MAML, we make the
following assumption on the relation of parameters.
Later in the appendix, we drop this assumption and
state the general version of our results.

Assumption 4.7. We assume pa/L = O(1). Also,
we assume o2+ G2 = O(1), where o and & are defined
in Assumptions 4.5 and 4.6, respectively.

4.1 Challenges in analyzing MAML methods

Before stating our main results for MAML, FO-
MAML, and HF-MAML, in this subsection we briefly
highlight some of the challenges that emerge in ana-
lyzing these algorithms and prove some intermediate
lemmas that we will use in the following subsections.

(I) Unbounded smoothness parameter: The
global loss function F' that we are minimizing in the
MAML algorithm by following a stochastic gradient
descent step is not necessarily smooth over R%, and
its smoothness parameter could be unbounded. We
formally characterize the parameter for the Lipschitz
continuity of the gradients V F' in the following lemma.

Lemma 4.8. Consider the objective function F de-
fined in (2) for the case that o € [0,%]. Suppose
that the conditions in Assumptions 4.3-4.4 are satis-
fied. Then, for any w,u € R% we have

IVE(w) = VF(u)|| < min{L(w), L(u)}|lw—u]. (15)

where L(w) := 4L+2palE;,||V fi(w)]|.

The result in Lemma 4.8 shows that the objec-
tive function F is smooth with a parameter that
depends on the minimum of the expected norm
of gradients. In other words, when we measure
the smoothness of gradients between two points
w and wu, the smoothness parameter depends on
min{E; ||V fi(w) ||, Einp ||V fi(uw)[|}. Indeed, this term
could be unbounded or arbitrarily large as we have no
assumption on the gradients norm. Moreover, compu-
tation of min{E;, ||V fi(w)||, Einp ||V fi(w)||} could be
costly as it requires access to the gradients of all tasks.

(IT) Stochastic stepsize: For most optimization
methods, including SGD, the stepsize is selected pro-
portional to the inverse of the smoothness parameter.
However, in our setting, this parameter depends on
the norm of gradient of all tasks which is not compu-
tationally tractable. To resolve this issue, we propose a
method for choosing the stepsize §; by approximating
L(w) with an average over a batch of tasks. Specif-
ically, we approximate E;.,||V fi(w)| in the defini-
tion of L(w) using the estimator >, p/ |V £;(w, DJB)H
where ’Dé is a dataset corresponding to task j with
size Dg. Hence, we estimate L(w) by

2SIV D)I ()

JEB’

L(w) :=4L +

Using this estimate, our stepsize i is tuned to be a
constant times the inverse of i(w) which we denote by
B(w) = 1/L(w), i.e., Bx = cB(w) = ¢/L(w). This sim-
ple observation shows that the stepsize that we need
to use for MAML algorithms is stochastic as 1/L(w) is
a random parameter and depends on the choice of B'.
Therefore, we need to derive lower and upper bounds
on the expectations E[B)] and E[37], respectively, as
they appear in the convergence analysis of gradient-
based methods. Considering the defintion 85 = ¢3 (w),
we state these bounds for 3(w) in the following lemma.

Lemma 4.9. Consider the function F defined in (2)
for the case that « € [0, %] Suppose Assumptions 4.3-
4.6 hold. Further, consider the definition

~ 1 1
Bw):==—:= = : :
L(w)  4L+2pa};cp |V fi(w, Dy)|/ B’
(17)
where B’ is a batch of tasks with size B’ which are
independently drawn with distribution p, and for every
jen, DZ% is a dataset corresponding to task j with
size Dg. If the conditions
B' > [0.5(pac/L)*], Ds>[(2pa5/L)%] (18)

are satisfied, then we have
0.8 ~
E|Bw)?] <

where L(w) = 4L 4 2paE;, ||V f; (w)]|.

3.125
L(w)?

~ L(w)’ (19)
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Lemma 4.9 shows that if we set 8, = c@(wk), with
B(wy,) given in (17) and the batch-sizes B’ and Dp
satisfy the conditions (18), then the first moment of S
is bounded below by a factor of 1/L(wy) and its second

moment is upper bounded by a factor of 1/L(wy)?.

Throughout the paper, we assume at each iteration
k, the batches By, {Dé}jegk are independently drawn
from By and {D},,, D}, D} }icp, used in the updates of
MAML methods. Also, it is worth emphasizing that
the batch size for the random sets B and {D}}es;
are independent of the desired accuracy € and the extra
cost for the computation of these batches is of O(1).

(III) Biased estimator: The statement that MAML
performs an update of stochastic gradient descent at
each iteration on the objective function F' is not quite
accurate. To better highlight this point, recall the up-
date of MAML in (5). According to this update, the
descent direction g for MAML at step k is given by

1 O St iy pi
g = 3 D Aux Vi (wi — oV filwy, D). D} )
1€EB
with A; y := (I —aV?2f;(wy, D})), while the exact gra-
dient of F' at wy is given by

VE(w) =Eiup [(I—aV? fi(wi))V fi(wp —aV fi(wy))].

Given wg, gr is not an unbiased estimator of
the gradient VF(wg) as the stochastic gradi-
ent Vf;(wy,Di,) is within the stochastic gradient
Vfi(wy — aV fi(wyg, Di,), DE). Hence, the descent di-
rection that we use in the update of MAML for up-
dating models is a biased estimator of VF(wy). This
is another challenge that we face in analyzing MAML
and its variants. To overcome this challenge, we need
to characterize the first-order and second-order mo-
ments of the expression V f;(wy, — aV f;(wy, D%,), D?).

Lemma 4.10. Consider F in (2) for the case that
a € [0, %] Suppose Assumptions 4.3-4.6 hold. Then,

EDm-,Do [@fl(wk - a@fl(wkapzn)apz) | ]:k] (20)
15
= Vfi (wp—aV fi(wg)) + eir, where |e; k] < aDé .

Moreover, for arbitrary ¢ > 0 we have

Ep,,.p, IV fi(wi—a¥ fiw, Dj,), D) | F

§(1+;)HVﬁwm—aVﬁ&%DW

(1+¢)a?L?5? &2
- 4+ —. 21
* Dzn + Do ( )
The result in Lemma 4.10 clarifies the reason that
the descent direction of MAML denoted by gi is a
biased estimator of VF(wy). It shows that the bias
is bounded above by a constant which depends on

the variance of the stochastic gradients Vf; and the
stepsize « for the inner steps. By setting a = 0, the
vector V fi(wy —aV fi(wy, D!), D) becomes an unbi-
ased estimate of V f;(wy — aV fi(wy)) as our result in
(20) also suggests. Also, the result in (21) shows that
the second moment of Vf;(wy — oV fi(wy, D), Di)
is bounded above by the sum of a multiplicand of
|V fi(wg — aV fi(wg))]|? and a multiplicand of &2.

4.2 On the Connection of F and F'

In this subsection, we investigate the connection be-
tween F and F' defined in (2) and (3), respectively. In
particular, in the following theorem, we characterize
the difference between their gradients. Later, using
this result, we show all the methods that we study
achieve the same level of gradient norm with respect
to both F' and F, up to some constant.

Theorem 4.11. Consider the functions F and F de-
fined in (2) and (3), respectively, for the case that
a € (0, %] Suppose Assumptions 4.3-4.6 hold. Then,
for any w € R, we have

a

V Dtest

Next, we mainly focus on characterizing the behavior
of MAML, FO-MAML, and HF-MAML with respect
to F, and by using the above theorem, we can im-
mediately obtain bounds on the norm of VF as well.
In fact, the above theorem indicates the difference be-

tween VF and VF is O(max{\/D”tim, BE-Y).

4.3 Convergence of MAML

In this subsection, we study the overall complexity of
MAML for finding an e-FOSP of the loss functions F
and F' defined in (2) and (3), respectively.

Theorem 4.12. Consider F in (2) for the case that
a € (0, é} Suppose Assumptions 4.2-4.7 hold. Con-
sider running MAML with batch sizes satisfying the
conditions Dy, > [2a20%] and B > 20. Let B =
B(wy)/12 where B(w) is given in (17). Then, for any
1>e>0, MAML finds a solution w, such that

O'Ha'

+a’L .
Dtest

|IVE(w) — VF(w)|| < 2aL

(22)

o2 52 52
Bt BD, + Din

E[IVF(wo)ll] <O +e (23)

with a total number of iterations of

L LB L(BD,+ Dm)}

The result in Theorem 4.12 shows that after run-
ning MAML for O(4 + £ + BPefDin) jterations, we
can find a point w’ that its expected gradient norm
E[|VF(w)|[] is at most of €+ O/ %5 + 25 + ).
This result implies that if we choose the batch sizes B,
D,, and D;,, properly (as a function of ¢), then for any




On the Convergence Theory of Gradient-Based Model-Agnostic Meta-Learning Algorithms

€ > 0 it is possible to reach an e-FOSP of problem (2)
in a number of iterations which is polynomial in 1/e.
We formally state this result in the following corollary.
Corollary 4.13. Suppose the condition in Theo-
rem 4.12 are satisfied. Then, if the batch sizes B, D,,
and D;, satisfy the following conditions,

B> (C10%)/€*, Dy, BD, > (C25°)/€*,  (25)
for some constants C1 and Cq, then MAML finds an
€-FOSP after AO(L/€?) iterations.

The result shows that with sufficient samples for the
batch of stochastic gradient evaluations, i.e., D;, and
D,, and for the batch of tasks B, MAML finds an
e-FOSP after at most O(1/€?) iterations for any € > 0.
Remark 4.14. Based on Theorem 4.11, the differ-

ence between VE and VE is O (max{ g gud )

VDiest? Dtest
Given that, and since in practice, we usually choose

Dyest at least as large as Dy, one can see that as long
as oy 1s not significantly larger than &, the order of
norm of gradient for both F and F would be similar
for all the results, up to some constant. This argument
holds for FO-MAML and HF-MAML as well.

4.4 Convergence of FO-MAML

Now we proceed to characterize the convergence of the
first order approximation of MAML (FO-MAML).
Theorem 4.15. Consider F in (2) for the case that
a € (0, ﬁ] Suppose Assumptions 4.2-4.7 hold. Con-
sider running FO-MAML with batch sizes satisfying
the conditions D, > [2a%0%] and B > 20. Let
Br = B(wy)/18 where B(w) is defined in (17). Then,
forany 1 > ¢ >0, FO-MAML finds we such that

E[|[VF(w.)|]<O| /02 a2L2+l N 52 N 52 »
‘ B B BDO Din

(26)
with a total number of iterations of
. L L L(BD0+Di7L)
O(l)Amln{ez, (P2 B-T) + 52 }

Comparing Theorem 4.15 with Theorem 4.12 implies
that FO-MAML, in contrast to MAML, may not con-
verge to an exact first-order stationary point even
when we use large batch sizes (see Appendix I). Specif-
ically, even if we choose large batch sizes B, D;,, and
D, for FO-MAML, the gradient norm cannot become
smaller than O(ao). This is because of the a?L?0?
term in (26) which does not decrease by increasing the
batch sizes for the tasks and stochastic gradient evalu-
ations. Now we state the results for FO-MAML when,
as in corollary 4.13, we use batch sizes of O(1/¢€?).

Corollary 4.16. Suppose the condition in Theo-
rem 4.15 are satisfied. Then, if the batch sizes B, D,,
and Dy, satisfy the following conditions,

~2
o
B> Cl@’ Din,BD, > sz, (27)
for some constants C1 and Cs, then FO-MAML finds
a point w' satisfying the condition E[|VF(w?)|] <
O(acL), after at most AO(1/(a?0?L)) iterations.
4.5 Convergence of HF-MAML
Now we proceed to analyze the overall complexity of
our proposed HF-MAML method.
Theorem 4.17. Consider the function F defined in
(2) for the case that o € (0, 5-]. Suppose Assump-
tions 4.2-4.7 hold. Consider running HF-MAML with
batch sizes satisfying the conditions Dy > [36(apd)?]
and B > 20. Let i, = B(wy)/25 where B(w) is defined
n (17). Also, we choose the approxzimation parameter
8t in HF-MAML as
5= !
k= = = ; T
GpQHVfl(wk_avfl(wkvDZn)vDZ))”
Then, HF-MAML finds a solution w. such that

o2 52 52

g
§+ BDO + Dm) +€ (28)

with a total number of iterations of

O(l)Amin{ L LD L<BD+D)}

E[|VF(w)|]] < o(

2’ o2 o2 (29)
Comparing the results in Theorem 4.17 for HF-MAML
with the result in Theorem 4.12 for MAML shows that
the complexity of these methods and the resulted ac-
curacy are the same, up to a constant factor. Hence,
HF-MAML recovers the complexity of MAML with-
out computing second-order information or performing
any update that has a complexity of O(d?). As the re-
sults for HF-MAML are similar to the ones for MAML,
we can show that similar results to the ones in Corol-
lary 4.13 also hold for HF-MAML (Appendix H).

5 Conclusion

In this work, we studied the convergence properties
of MAML, its first-order approximation (FO-MAML),
and our proposed Hessian-free MAML (HF-MAML)
for non-convex functions. In particular, we character-
ized their best achievable accuracy in terms of gradi-
ent norm when we have access to enough samples and
further showed their best possible accuracy when the
number of available samples is limited. Our results in-
dicate that MAML can find an e-first-order stationary
point, for any positive € at the cost of using the second-
order information of loss functions. On the other hand,
we illustrated that although the iteration cost of FO-
MAML is O(d), it cannot reach any desired level of
accuracy. That said, we next showed that HF-MAML
has the best of both worlds, i.e., it does not require
access to the second-order derivative and has a cost of
O(d) at each iteration, while it can find an e-first-order
stationary point, for any positive e.
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Supplementary Material

A Intermediate results

In this subsection, we prove some results that will be used in the rest of our proofs.

First, note that since we also assume that the functions f; are twice differentiable, the L;-smoothness assumption
also implies that for every w,u € R? we have

— Lil; = V?fi(w) =< Lil; Yw € R, (30a)
Fiw) = i) =V fi(w) (w — ) < oo — . (300)

We use these relations in the subsequent analysis. Next, we use Lemma 4.8 to show the following result which is
analogous to (30b) for F. We skip the proof as it is very similar to the proof of Lemma 1.2.3 in [Nesterov, 2004].

Corollary A.1. Let a € [0, %] Then, for w,u € R,

L(w)

F(u) = F(w) = VEw)T (u—w) < =

lu = wlf?, (31)

where L(w) = 4L + 2paE;,||V f;(w)]|.

Now, we state the following theorem from [Wooff, 1985].

Theorem A.2. Let X be random variable with left extremity zero, and let ¢ be a positive constant. Suppose that
px = E[X] and 0% = Var (X) are finite. Then, for every positive integer k,
2/ k 2k
LI 1 < 9%/ ¢ + 3]
(ux + o) (X + o) ox + Hx

(32)

where 5 = px /(0% + px (px + ).

Proof. See Theorem 1 in [Wooff, 1985]. O

Lemma A.3. Consider the definitions of f in (1) an F in (2) for the case that « € [0, \/EL_l). Suppose that
the conditions in Assumptions 4.3-4.5 are satisfied. Further, recall the definitions L := max L; and p := max p;.
Then, for any w € R? we have

V()| < C1[VF(w)| + Cao, (33)
Einpl[VFi(w)[?] < 2(1 + aL)*CP[[VF (w)[|* + (1 4+ aL)*(2C3 + 1)0?, (34)
where
cn— 1 _ 2aL + o212
V71 22aL — o212’ 27 122l — a2L2’

Proof. The gradient of the function F(w) is given by
VF(w) =E;,[VE;(w)], (35a)
VFE(w) = A;j(w)V fi(w — aV f;(w)) (35b)

with A;(w) := (I — aV?fi(w)). Note that using the mean value theorem we can write the gradient V f;(w —
oV fi(w)) as

Vfi(w—aVfi(w)) = Vfi(w) — aV?f;(@;)V f;(w)
= (I — aV2f;(0;))V fi(w) (36)

for some w; which can be written as a convex combination of w and w — aV f;(w). Using (35b) and the result
in (36) we can write
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where A;(0;) := (I — aV?f;(;)). Now, we have

IVF()] = [[EinpV fi(w)]| = [Einp [VEi(w) + (V fi(w) = VEFi(w))] ]
< NEinp VE (W) + [[Binp (I = As(w) Ai(0:)) V fi(w)] | (38)
S IVEW)| 4 Einp ([ = Ai(w) Ai (@) [[[[V fi(w)]I], (39)

where (38) is obtained by substituting V F;(w) from (37). Next, note that
I = Ai(w) Ai(@0)| = [aV2fi(w) + V2 fi(@:) + a2V2 fi(w) V2 f;(0)|| < 20l + L2,

where the last inequality can be shown by using (30a) and triangle inequality. Using this bound in (39) yields

IVf(w)| < [VE@w) + (2aL + a*L*)Eiyp |V fi(w)
< IVE@W)| + (2aL + o L?) (|Einp V fi(w) || + iy [IIV fi(w) = EinpV fi(w)|])
< IVE@w)| + (2aL + o*L?) (|[V f(w)]| + o) , (40)
where (40) holds since E;,V f;(w) = V f(w), and also, by Assumption 4.5,
Einey [V fi(w) — By Vfi(w)[]] < /By [V filw) — VF(w)[] < 0. (41)

Finally, moving the term ||V f(w)|| from the right hand side of (40) to the left hand side and dividing both sides
by 1/(1 — 2aL — o?L?) completes the proof of (33). To show (34), note that, using (37), and the fact that
[|A;(w)]] < (1+ «L) and ||A;()|| < (1 + aL) we can write
EipIVE; (w)[P] < Eirop[[| Ai (w) 2 [|As (@:) 7|V fi (w) ]
< (14 aL)*Eiy [V fi(w) ]
< (1 +al) (IVF()]? +0?)
< (14 aL)® (2C}|VF(w)|* +2C50° + 0?)

where the last inequality follows from (33) along with the fact that (a + b)? < 2a? + 2b%. O

B Proof of Lemma 4.8

By considering the definition VF(w) = E;,[VF;(w)] where VF;(w) = (I — aV2f;i(w))Vfi(w — aV f;(w)) we
can show that

IVF(w) = VFE)| <> pil VEi(w) = VFi(u)]

ie1
<Y IV fi(w = aV fi(w)) = V fi(u — aV f;(u))| (42)
iez
+a| V2 fi(w)V fi(w — aV fi(w)) = V2 fi(u)V fi(u — aV fi(u))| (43)

To show the desired result, it suffices to bound both terms in (42) and (43). For (42), we have

IVfilw = aVfi(w)) = Vfi(u = aV fi(u)[| < Ljw —u+ a(V fi(w) = Vfi(uw))|
S L1+ al)|w —ul, (44)

where we used the smoothness assumption in Assumption 4.3 for both inequalities. To bound (43), note that

IV2fi(w)V fi(w — aV fi(w)) = V2 fi(u)V fi(u — aV fi(u))]
= V2 fi(w)V fi(w — aV fi(w)) = V2 fi(w)V fi(u — aV fi(u))
+ V2 fi(w)V fi(u — aV fi(w)) = V2 fi(u)V fi(u — aV fi(u))]
< IV @)1V fi(w = aV fi(w)) = V fi(u = aV fi(u))|
+[IV2fi(w) = V2 (@) IV fi(u — aV fi(w))|
< (L2(1 +aL) + p|V filu = aV fi(w)]) [lw — ul, (45)
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where (45) follows from (44), (30a), and Assumption 4.4. To bound the gradient term in (45), we use the mean
value theorem which implies that

Viitu—aVfi(u) = (I - aV>fi(a;) Vfi(u)

holds for some @; which can be written as a convex combination of u and u— aV f;(u). As a result, and by using
(30a), we obtain
IVfi(u —aVfi(u)| < 1+ aL)||Vfi(u)]]. (46)

Next, plugging (46) in (45) leads to
IV fi(w)V fi(w — aV fi(w)) = V2 fi(w)V filu — aV fi(w))|| < (L + p|Vfi(w)]]) 0+ aL)w —ull.  (47)
Using bounds (44) and (47) in (42) and (43), respectively, along with the fact that oL < 1, yields
IVF(w) = VE(u)[| < (4L + 2paBip ||V fi(w) ) [w — u]l-

We can show a similar bound with V f;(u) replaced by V f;(w) in the right hand side, and these two together
complete the proof.

C Proof of Lemma 4.9

First, note that as Vf; (w,Dé) = D%; Zeevg Vf;(w,0) and each Vf;(w,#) is an unbiased estimator of V f;(w)

with a bounded variance of &2, then for each task T; we have

- . G52
Eps [IIVf3(w, Df) = V£ (w)]*] < Dy’ (48)
and, therefore, EDg [H@fj(w,Dé) — Vfi(w)]] < \/‘;7 we can write
o - ; o
IV £i(w)l - /D, < Eps [IV£5(w, DI < IV fi(w)] + NG (49)

To derive a bound on the second moment of B(w), we use the result of Theorem A.2 for X =
2pa ) icp |V fij(w,Dp)||/B’, ¢ = AL, and k = 2 we obtain that

1

2
4L + 2pa ZjeB’ ||@f](w,Df3)||/B’>
2

B{3u)?) = B (
2 1 2
PACI + 14 (G Gy

< (50
o) + i )

where 1, and o} are the mean and variance of random variable X = 2pa2; 3 jen IV £ (w, Dé)” Now replace
o2 + (e + 4L) by its lower bound g, (pp + 4L) and simplify the terms to obtain

o OH/AL) + 123/ (o + 4L

E[3(w)?) < R 61)

Now recall the result in (49) use the fact that the batch size Dg is larger than

pyz[(%2)]

200y [V fi(w) | = L < iy < 200Esmp |V fiw)] + L (52)

to write that
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Now based on the definition L(w) = 4L 4 2paE;,||V f;(w)|| and the first inequality in (52) we can show that
wy + 5L > L(w). (53)
Therefore, using (51), we have

o (o +5L)* /(4L)% + pip (o + 5L)* / (uy + 4L)°
o) + i
p3((5/4)% + 207 /(AL)?) + 2(5/4)*0}
oy + m

L(w)*E[(w)?]

IN

(54)

where for the last inequality we used the fact that (1, +5L)* < 2u? + 2(5L)?. Now considering (54), to prove
the second result in (19) we only need to show that

207 /(4L)? < (5/4)%. (55)
Note that
)2 - - )2 - , - -
ot = P e (19130, 2)1) = Z0X (B [1915 0, DI)I?] ~ (Bivp 191500, D))
6 2 ~ . ~ . ~ .
= GO (v (£, 0.D3)) + [ £, (10, D) = (Buns 91, (0, D) 1)?)
)2 &2 ~ i = i
< B8P (o2 4 2 + BT DI — B V55 D)) (56)

where the last inequality follows from the law of total variance which states
Var(Y) = E [Var(Y|X)] + Var (E[Y | X]) (57)

for any two random variables X and Y (here X = Vf;(w) and ¥ = @fj(w,Dé)) Now, using the fact that
|E[X]| < E[|X]] for any random variable X, we obtain the following result from (56)

o2 < (2p0)* <02+ o ) (58)

Finally, plugging (58) in (54) and using the assumption (18) on size of B’, Dz completes the proof and the second
result in (19) follows.

To prove the first result in (19) which is a bound on the first moment of 3 (w), note that, using Jensen’s inequality
we know that E[1/X] > 1/E[X] and hence by replacing X with L(w) which is defined in (16) and can be written
as L(w) :=1/B(w) we can show that

1 1 1
] =

Bl =Blp 512 g =

(59)

where 4y, is the mean of 2pa- dien ||@fj(w,Dé)||. Now by using this result and the upper bound for ; in
(52) we obtain that
~ 1

S T T A o
As L(w) = 4L + 2paE;~, ||V fi(w)|| we can show that
Blf(w)] > 7 = (61)

L L(w) =~ L(w)/d+ L(w) _ Lw)

and the first claim in (19) follows.
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D Proof of Lemma 4.10

Note that
Ep,, .,V fi(ws — aV fi(wy, D},), D) | Fi]
= Ep,, |V/i(wr — aVfi(wi, Di,)) | Fil
— E[VJ; (wx — aV fi(wy)) | Fil +Ep,, [Vfi(wn = aVfi(wr, Diy)) = Vfi (wi = aV filwe) | Fy

=E[Vf; (w, — aV fi(wy)) | Fi] + ek
eir=Ep,, |:Vfi (’wk N oﬁfi(mefn)) = Vfi(wy = aV fi(wr)) | fk}
(62)
(63)

where

and its norm is bounded by
leall < By [[[V5: (e = a¥fiw, Dhy)) = Vfi (wi — oV filws) | | i

< alEp; [H@fi(wk,i)fn) - Vfi(wk)H | fk}

<aL—2
a
N \% l)in
where (62) follows from the Lipschitz property of gradient (Assumption 4.3 and (30a)), and the last line is

obtained using Assumption 4.6. To bound the second moment, note that

Ep,,. 0, |V fi(we—a¥ fiwy, D},), Db |2 | Fi]
- ) 52
~ oy, IV~ a¥iwn DL + 5| 7]

~2
g

— 4

- (64)

(65)

2

<(1+ $)||sz‘(w/c — aV fi(wy)]]?

272 0
2= 4+ Z
+DO

1
+(1+ @)Epy [IVfi(wi = aV fi(wy, Dfy)) = Vilw, — aV fiwy)|? | Fi] +
~2 &
l)in

1
(L+ S)IV filwr = aVfi(w)[* + (1 + ¢
where (64) follows from the inequality (a + b)? < (1 +1/¢)a® + (1 + ¢)b? and (65) is obtained similar to (62).

E Proof of Theorem 4.11
VE(w) = Einp [Epy,, [(I = aV2/i(w, Dieyt))Vilw = aV fi(w, Dieyy))]

First, note that
I— Q@Zfi(w, Di.) =1—aV?fi(w) + €H.i

Next, using Assumption 4.6, we have
where .

a‘o

Epy,,lend =0, Epy lleml”] < 75—

test
In addition,
Vfilw — oV fi(w, Diyyy)) = Vi(w — aV fi(w)) + e

eq; = Vii(w— aVfi(w, Di.)) — Vi (w—aV fi(wy))

where
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and the expectation of its norm squared is bounded by
- , 2
Eo;,, llecl’] < Ep,,, [an (w = V1w, Diew)) = Vi (w — aV fi(w)| }

<a’L’Bp; [wa, Dioy) — ww)HQ] (70)

=2
< a2L2L (71)

test

where (70) follows from the Lipschitz property of gradient (Assumption 4.3 and (30a)), and the last line is
obtained using Assumption 4.6. Now plugging (67) and (69) in (66) implies

VE(w) = Einy [Epy,,, [(1 = aV2fi(w) + e ) (Vfi(w = aV fi(w)) + ec)] (72)
=Einp [(I = aV?fi(w0))V fi(w — aV f;(w))]
+ Einp (I = aV2fi(w)Epy [ec,i] + Vfi(w = a¥ fi(w)Epy, len,]
+Einp [Epy,, [eaien| (73)

Using VF (w) = Ejp [(I — aV2fi(w))V f;(w — aV f;(w))] along with Ep; [em,i] =0 yields

VE(w) = VF(w) + Eiy [(1 — aV2fi(w)Ep; [eg,i]} Y Ei, [E%“ [eG,ieH,i]} : (74)

t

As a result, using the fact that ||[I — aV?f;(w)|| < 1+ aL along with Cauchy-Schwarz inequality implies

legall] + Einp [{/Eny,,|

o OHO
< (14 al)al—— + a?L
( ) V l)test l)test

<2aL g +a?L IHa

\ l)test l)test

where the last inequality follows from a < %

ler ql[?|Ep

[ e
test test

IVE@w) = VF@)| £ (1+ aL)Einy [Eny le.il |

F Proof of Theorem 4.12 (General Version)

Theorem F.1. Consider the objective function F defined in (2) for the case that o € (0, 6%] Suppose that the
conditions in Assumptions 4.2-4.6 are satisfied, and recall the definitions L := max L; and p := max p;. Consider
running MAML with batch sizes satisfying the conditions Dy, > [2a”0%] and B > 20. Let By = B(wy)/12 where

B(w) is given in defined in (17). Then, for any e > 0, MAML finds a solution w. such that

pa a? o 52\ 6lpa [o? o 52
E[||VEF(w.)]] gmax{\/m (1+Ta) <B+ ==+ >7L el I (76)

after at most running for

L LB L(BD,+ Dy,
o<1)Amm{+”0‘§““>,2+(j)} (77)
€ o G
iterations, where A := (F(wp) — min,ecre F(w)).

Remark F.2. It is worth noting that the condition B > 20 can be dropped, i.e., B can be any positive integer,
at the cost of decreasing the ratio By /B(wy).

Proof. To simplify the notation, we denote L(wy) (defined in Lemma 4.8) by L. Also, let Fj be the information
up to iteration k. Note that, conditioning on Fj, the iterate wg, and hence, F'(wy) and VF (wy), are not random
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variables anymore , but By, and D, used for computing w, 41 for any i € By, are yet random. In a nutshell, the

idea behind this proof (and in fact the other results as well) is to bound the first and second moment of the
gradient estimate used in update of MAML by approximating its difference from an unbiased estimator. Next,
we apply the descent inequality (31) in Corollary A.1 to obtain the desired result. More formally, let

Gi(wg) := (I - a@in(wk,D};)) Vi (wk — a@fi(wk,Dfn),Df))

First, we characterize the first and second moment of G;(wy) conditioning on F;* . Note that, since D! , D,
and Dj, are drawn independently, we have

E[Gi(wk)] = Ei~p [ED;L |:I - a@in(wk, D;.L):| ED};’D% [@f, (wk - a@fi(wk, Dzn)7 'Dé):”
=Einp [(1 = oV fi(wr)) (Vi (wy, — aV fi(wy)) + eir)] (78)
where e; j, as defined in Lemma (4.10) is given by
cit = Ep,, p,[V filwy — aV fi(wy, D), Dy)] = V f (wy, — aV fi(wy)) -
By simplifying the right hand side of (78) we obtain that

E[G,(wk)] = Ei,\,p [(I - av2fi(w;€)) Vfl (wk — anz(wk)) + (I — aszz(wk)) ei7k]
=E;p [VFi(wk) + (I — aV2fZ-(wk)) ei’k}
= VF(wg) + g (79)

and ry is given by r, = Eip [(I — aVin(wk))ei,k]. Note that the second equality in (79) due to definition
Fi(w) := fi(w — aV f;(w)). Next, we derive an upper bound on the norm of rj as

]l < Bingp (I = @V fi(wi) lleir ]

g

<(1+ aL)aLm

(80)

<0.2 ,
B VDin

where (80) follows from Lemma (4.10) along with the Lipschitz property of gradient (Assumption 4.3 and (30a)),
and the last line is obtained using the fact that aL < %. Hence, we have

(81)

o
\% Dzn

Now, note that this inequality and the fact that a < b+ ¢ yields a? < 2b? + 2¢? for any positive scalars a, b, c,
imply that

[E[G: (wi)]l| < [IVF(wg)]| + 0.2

=2
o
IE[G:(w)]l* < 20V F(wg)[|* +0.085—. (82)
m
To bound the variance of G;(wy), we bound its second moment. A similar argument to what we did above
implies

~ . 2
E[|Gi(wi)[?] = Eonp [ED;L 1— a2 fi(wr, D})| Epy oy,

’@fv: (’wk - a@fi(wk’pgn)’pf’)

2
| ] (83)
To simplify the right hand side we first use the fact that

- .12 ~ .
Ep; Ifavzfi(wk,D;)H = Var [1 - aV2fi(w, Dj)| + 1T = aV2fi(wy)|

=ao?Var [@Zfi(wk,Dfl)} + 1L = aV2f;(wi)|?

2,2
< oy

— 17 = V2 fi(w) |® (84)

4we suppress the conditioning on Fj to simplify the notation
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where the last inequality follows from Assumption 4.6. Substitute the upper bound in (84) into (83) to obtain
~ ~ . N\ [|2
Vi (we = aV fi(wr, D},), D3 )| ] (85)

2 2 2, ok
ElIGi (w01 < Biny | (I - V2w + T2 ) By iy,
Note that using the fact that ||/ — aV?f;(wg)|] < 1+ aL and the assumption that oL < § we can show that
I —aV2f;(wg)|| < 7/6. Further, we know that D), > 2a?0% which implies that o?0% /D), < 1/2. By combining
(86)

these two bounds we can show that
[T —aV?fi(wp)|? + —H2 <2
Dy
As a result of (86), we can simplify the right hand side of (85) to
~ ~ N\ (12
E[|G(wi)|?] < 2Einp []EDQ ot ||V £ (wr = a¥ filw, i), D3 )| ] . (87)
Note that, using Lemma 4.10 with ¢ = 1, we have
- - . NTE 2 52
‘Vfi (wk - ani(wk,Dgn),Dg) ‘ < 2|V fi(wn — aV fiwy)|? + 202122~ + =
=2 2
. (83)

[V E; (wy) |2 2720
D2 VRN 4 9022 — 4+
+ 2« Do + D,

Ep;.pi,
<2
— (1-al)?
where the last inequality follows from (35b) and the fact that ||[I — aV?f;(w)|| > 1 — aL. Plugging (88) in (87)
and using (34) in Lemma A.3 yields
E[G:(wn)||?] < 40[VF(wg) |2 + 1402 + 52 (= + — (89)
’ - D, 6D, )"

Now that we have upper bounds on E[||G;(wy)||]] and E[||G;(wy)||?], we proceed to prove the main result. Ac-

cording to Corollary A.1, we have
F(wier) < F(wg) + VF(wi) T (i = wi) + 5 wpen — wil|

L
) + %52 % > Gi(wy)

(90)

1€By

= F(wy) — BV F(wy) " (; > Gi(wy)

1€By

By computing the expectation of both sides of (90) conditioning on Fj, we obtain that
E[F (wy41)|Fi] < F(wi) — E[Bi| Fi] VF (wy) "E[Gi (wy) | Fi]
Ly 1
+ B (IEG w A + FENG w17

where we used the fact that batches By and B), are independently drawn. Now, using the expression

E[Gi(wi)|Fi] = VF(wg) + 7y,

in (79) along with (82) and (89) we can write that
L 40
B

BIF (w7l < Flw) ~ V(o0 (5u07] - SElsR1A] 2+
2 0'2)> +0.08 o ) .

Ly, 1 -
BRIV Fnd + SR (5 (110740 (5 + 5o i
Note that, using (81), we can show that
VF(w)|? VEF(w)|? &2
(vl < I g2 < IWEWOIE g4 07
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Plugging this bound in (91) implies

E[F<wk+l>lmSF<wk>—||VF<wk>|2( DIAFARES BT (2#2)))

& 1 s, a2 02 52 52
+ ZER(B2| 7 (B (140 +5 (Do + Dm)) +0.087— | + 0AE[B|Fi 75— (92)

Note that 8, = B3(wy)/12, and hence, by using Lemma 4.9 along with 1/3(wy), Ly, > 4L, we have

1 1 1 1
< —.
L= E[Bl 5] 2 150 < Bl < 020, — 368L

Plugging these bounds in (92) and using the assumption B > 20 yields

E[F (wk11)|Fi]

(2 02 (0.4/48 + 0.08/368)5>
<F F 2 40?2 + 6% [ =—
< F(wy) = 100L IVE(w)ll +368LB( o ta <D0+Dm>) + LD,
1 1402 +26%/D 52
<F F 2 °
< Flow) = oo IVFnl” + —36575 96LD,,’ (93)

where the last inequality is obtained by taking the 0.262/D;, from the second term and merging it with the
third term. Next, note that

2 2
B IV = T 2 T 30 o[ T &
where the last inequality follows from (41). Using Lemma A.3 along with the fact that o < 5 L, implies
IV f(wi)ll < 2[[VE(wi)| + 0. (95)
Plugging (95) in (94) yields
2
Lik”VF( Rl 4L +4po||4§i<;;ka)||VF(wk)|| (96)

Now, plugging (96) in (93) and taking expectation from both sides with respect to Fj, along with using tower
rule implies

E[F(wi11)] < E[F(wg)] —

1 F 2 1402 + 252/D 52
E|: ||V (wk)” g + o / o o (97>

100" | 4L + 4pac + 4pa||VF (wy)|] 363LB 96LD;,

Note that, by Cauchy-Schwartz inequality, we have E[X]E[Y] > E[V XY]? for nonnegative random variables
X and Y. Choosing X = |[|[VF(wg)|?/ (4L + 4pac + 4pa||VF (w)|]) and Y = 4L + 4pac + 4pal|VF (wy)||, we
obtain

[P T B[V F(wp) 08)

AL + 4pao + 4pa||VF (w)|| E[4L + 4pao + 4pa||VF (wy)]|]

As a result, we have
[ IVF (wg)]|” } S E[[|VF (wi)|]?
4L + 4pao + 4pa||VF(wg)|| | — 4L + 4paoc + 4paE[||VF (wy) ]

E[|[VF (wg) ]2 _ min {E[HVF(W)H]2 ]EHVF(W)H]} (99)
~ 2max{4L + 4pac, 4paE[||VF (wg)||]} 8L + 8pac ' 8pa ’

Plugging (99) in (97) implies

E[|VF(wy)]]? E[||VF(wk)]}+ 140% +252/D, & (100)

’ 368LB 96LD;,

E[F (wi11)] < E[F(wg)] — 8ﬁi0 min{ L + pac pa
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Assume (76) does not hold at iteration k. Then, we have

E[|VF(wp)[] = max{y /(1 + Fo)m. Fn)

=2

o? o &2
=61 — . 101
Y1 6<B+BDO+DM> (101)

with 7 given by

This implies

1600 ’ ~ 1600L — 368LB 96LD;,,’

2 y  aen .
1 min{E[HVF(wk)H] ]E[||VF(wk-)||]} . .m | M0’ +25%/D, Pt
L+ pac pa

and hence, using (100), we obtain

E[F(zw+1)] < E[F(wy)]

. {E[HVF(wk)H]Q E[IVE (wi)|l

~
~ 1600 } < E[F(wy)] C

L+pac pa ~ 1600L°

Based on the assumption that (76) does not hold at iteration k& we also know that E[||VF(wy)|] > € which
implies that
1 €?
1600 L + pa(o +¢€)

BIF(we)] < BIF ()] - gogmin{ 75— 5} < ElF(w)]

(102)

This result shows that if the condition in (76) is not satisfied the objective function value decreases by a constant
value in expectation. If we assume that for all iterations 0,...,7T — 1 this condition does not hold then by
summing both sides of (102) from 0 to T — 1 we obtain that

ry ry o
S BRG] < BP0~ 3 15 T e (103)
which implies that
BIF (o)) < BIF ()] — 1o (104)
and hence
T < (BIF (o)) ~ B{F(wr)) 160072207 1)
< (F(wp) — F(w*))lGOOHLQ(UM (105)

€

This argument shows that if the condition in (76) is not satisfied for all & form 0 to T — 1, then the time 7' can
not be larger than (F(wg) — F(w*))lGOOH#W. Hence, after (F(wg) — F(w*))lGOOH#W iterations at
least one of the iterates generated by MAML satisfies the condition in (76), and the proof is complete. O

G Proof of Theorem 4.15 (General Version)

Theorem G.1. Consider the objective function F defined in (2) for the case that o € (0, 137). Suppose that the
conditions in Assumptions 4.2-4.6 are satisfied, and recall the definitions L := max L; and p := max p;. Consider
running FO-MAML with batch sizes satisfying the conditions Dy, > [20%0%] and B > 20. Let B), = B(wy)/18
where B(w) is given in defined in (17). Then, for any € > 0, first order MAML finds a solution w, such that

E[[VE(we)|] <

e 52 52\ ldpa [ 5,1 29 & 52
14 (1 ra ) 2(1/B + 200212 (2P (202 4 9002 , 1
max{\/ + LU (0’(/ + 20« )+BDO+Dm) T U(B+ Ocv )+BDO+Dm € (106)
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after at most running for

(107)

O(I)Amin{L—l—pa(a—i—e) L L(BD0+Dm)}

e ' 52(1/B + 200°L2) 52
iterations, where A := (F(wg) — min,cge F(w)).

Proof. First, note that the update of the first-order approximation of MAML can be written as wiy; = wi —
% ZieBk G;(wy), where

Gl(wk) = @fl (U)k — a@fi(w;ﬁ Dzn)v Dé) .

To analyze this update, similar to the proof of Theorem F.1, we first characterize the first and second moment
of the descent direction G;(w) conditioning on Fj,. Using the definition

eiw = Vfi (wp — aVfi(wi)) — Ep,, p,[Vfi(wp — aV fi(wi,D},), D)l
we can write that
E[Gi(wy)] = Einp [V fi (i — aV fi(wr)) + €ix] - (108)

Further, based on the definition of F; and the fact that its gradient is given by VF;(w) = (I —
aV2 f;(w))V f; (w — aV fi(w)), we can rewrite the right hand side of (108) as

E[Gi(wi)] = Einp [(I —aV2fi(wi)) " VE(w) + ek} (109)

Now add and subtract VF;(ws) to the right hand side of (109) and use the fact that E;,[VF;(wg)] = VF(wy)
to obtain

E[GZ@U;C)] = Eiwp {([ — OtVin(’wk))il VFi(wk) — VFZ(wk) + VFZ(wk) + ei,k}
= VF(wi) + Eijnp {(I - 04V2fi(wk))_l VFi(wi) — VF;i(w) + ei,k}
= VF(wg) + Einp K(I — aV2fi(wy)) ' - I) VE, (wy,) + ei7k} (110)
To simplify the expressions let us define r as
ri = Eip [((T = aV? fi(wi)) ™" = I) VF;(wy) + €] (111)
Using the definition of r in (111) we can rewrite (110) as
ElGi(wr)] = VF(wk) + & (112)
Now we proceed to simplify the expression for r;. Note that using the expansion
(I —aV2fi(wp) ™ =T+ o/ (V2 fi(wy)) . (113)
j=1
we can rewrite 7 defined in (111) as
rE = Z Oszin [(szz(wk))JVFz(wk)] + Eiwp[ei,k} (114)
j=1

Next we derive an upper bound on the norm of 7. The Iy norm of the first term in (114) can be upper bounded
by

3 aBiny [(V2£i(wn) PV Fi(w)]| < 32 0l LEy |V )|

j=1 =1
al

—1—al

< 0.22||VF (wg)|| + 2aLo (115)

Einpl[VEi (wy)]|
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where the last inequality follows from Lemma A.3 and the fact that aL <1 /10. Further, based on the result in
Lemma 4.10 we know that ||e; || for any ¢ is bounded above by \‘}57‘7. Indeed, when norm of a random variable
is bounded above by a constant, norm of its expectation is also upper bounded by that constant. Hence, we can

write

aLc

Din
Using the inequalities in (115) and (116) and the definition of rj in (114) we can show that ||74|| is upper bounded
by

[Einpleir]ll < (116)

el < 0.22/|V F(wy)] +2aLJ+O.1\/%. (117)
Hence, by using the inequality (a + b+ ¢)? < 3a? + 3b + 3¢? we can show that
Irk|? < 0.15||VF (wg)]|* + 1202 L%0? + 0.0351 (118)
Considering this result and the expression in (112) we can write
IE[G; (wi)]||? < 2||VF(we)||® + 2|71l < 2.3||VE(wy)||* + 24a*L?c* + 0.06 o (119)

Din

Next, we can derive an upper bound on the second moment of ||G;(wy)||? similar to the way that we derived

(89) in the proof of Theorem F.1. More precisely, note that

- ~ . . 2
E[||G:(wi) %] = Eomp {E%D;n 9 £i (wn = a¥ ficwy, D), D) | } . (120)

Using Lemma 4.10 with ¢ = 1, we have

- - BN g 5’
Ep; pi, [V i (we = a¥ filwe, DL), DL) | < 21V filwn = aV filwn) | + 20212 2~ + 2
IVE(willl® ) 2,06 6
22—+ 2a° L — + — 121
=Y M—arne MDD, (121)

where the last inequality follows from (35b) and the fact that || —aV2f;(w)|| > 1 — L. Plugging (121) in (120)
and using (34) in Lemma A.3 yields
o, 1 0.02
E[[G:(wn)[*] < 20[VF (w)|* + 70* + 5% (- + 5
Also, using the same argument in deriving (90), (91), and (92) in the proof of Theorem F.1, we obtain

E[F (wk11)|Fi]

< F(wy) — |VF(wy)| (Ewm - %E[ﬂilﬂm + QBO>>

). (122)

1
B

1 0.02
(702 + &2(D—O + D,

m

~2
+EIRIFIIVF ol + SBl1A] )+ 21etrie? 006 ). ()

Note that, using (118), we have

1 F 2 ~2
IV F(wi)||||rs]| < 3 (W + 2||rk||2> < 04|V F(wy)|* + 0.031‘;_ + 1202 L2062,
Plugging this bound in (123) implies
L 20
Bl (ue 73] < Flw) ~ [VF|? (00B[517] - SEERIAI3 + )

Li . 1/, o 1 002
“FR - —

5.2

Din

212 2 &2
) | +240° Lo +0.06

mn

+ E[By| Fr] (120 L?0® + 0.03——).
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Using B = f(wg)/18, and with similar analysis as Theorem F.1, we obtain

1 7 L. /D, | /D
E[F < F(wg) — ———|VF >+ 07 - =
Flwre)lFil < F o) = g IVl + 0 (Gagrs = 757) + Saszp ™ 6oz

which is similar to (93), and the rest of proof follows same as the way that we derived (94)- (105) in the proof
of Theorem F.1. O

H Proof of Theorem 4.17 (General Version)

Theorem H.1. Consider the objective function F defined in (2) for the case that o € (0, 6%} Suppose that the
conditions in Assumptions 4.2-4.6 are satisfied, and recall the definitions L := max L; and p := max p;. Consider
running HF-MAML with batch sizes satisfying the conditions Dy, > [36(ap5)?] and B > 20. Let i, = B(wy)/25

where B(w) is defined in (17). Also, we choose the approzimation parameter 8% in HF-MAML as
N ! —
6pal|V fi(wk —aV fi(wy, Dj,), Dy) |
Then, for any e > 0, HF-MAML finds a solution w, such that

o2 o2

pa G2 pa [ o? 52 52
v < [P 7 e
E|| F(w5)||]_max{6\/(l+ LJ)<B +BDO+Din>’36L <B +BDO+D,»TL , € (124)

after at most running for

(125)

O(l)Amin{L—l—paéa—{—e)’ LB N L(BDO+Dm)}

€ o2 o2

iterations, where A := (F(wp) — minepe F(w)).

Proof. Note that the update of the first-order approximation of MAML can be written as wiy1 = wg —
%’“ > ien, Gi(wy), where
k

Gi(w) := @ft (wk - a@fi(wk,Dfn),Df)) — adf;,

and d}; is given by (11). Similar to previous proofs, we first derive upper bounds on the first and second moment
of G;(wy). Using the definition

eix = Vi (wp —aVfi(wy)) — Ep,, p,[Vfi(wy — aV fi(wy, DL,), D) (126)
we can write that
E[G;(w)] = Einp [V fi(wie — ¥ fi(wi))] + Einples n] — a Ey[dy] (127)
Next, note that

Epy i, oy [dh]

V£ (wi+ 6V filwi —aV fi(wy, D), D)) =V fi (wi =34V i (we—aV filwi, Di,). D3) )
= Epypp, 257
k
=Epi pi [V2f¢(wk)@fi (wk—aV fi(wr, Din), D;) + 52] (128)

with

V fi(wi + 040) — V fi(wy, — 5;111)] (129)

& = V2 filwp)v — [ 267
where v = V f;(w, —aV f;(wy, Di,), D}). Next, by using the definition in (126) we can simplify (128) and write

Ep: pi o ldi] = V2 fi(wy) (Vfi(wy, — aV fi(wk)) + eir) + Ep: pi [€]] (130)

in?
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Plugging (130) in (127), we obtain
E[Gi(w)] = Einp [(I — aV? fi(wr)) (Vfi(wr — aV fi(wr)) + eir)] — o E[&]
= VF(wi) + Eiwp [(I — aV? fi(wy)) €] — o E[E}]. (131)

Now we proceed to bound the norm of each term in the right hand side of (131). First, note that according to
Lemma 4.10 we know that ||e; x| is bounded above by

alLo
ikl < . 132
||€ ,k” = \/Diyn, ( )
Therefore, we can show that
alLo
Eiwp [(I — QVin(wk)) em] <Einp [||I —aV2 fi(wi) ||l eix \] <(1+4+al) . (133)
Next, we derive an upper bound on [|éi]|. Note that for any vector v can show that
V fi(wg + 6tv) = V f;(wy, — 6%w i
vzfi(wk)’l)* f( k k ) . f( k k ) < pé ”,UHQ
26},
by using the fact the Hessians are p-Lipschitz continuous. Now if we set
U= 6fz(’wk_O[@fl(’wk?a D;n)7 D;i))a
then by the definition of €} in (129) we can show that
1841l < p 65 IV filwk—aV fi(wy, D}, ), Dy || (134)
If we replace 4}, by its definition
; )
0p = —= = 4 — (135)
IV fi(wr—aV fi(wy, D, ), Dy )|
where § := 6%&, then we can show that
18411 < 6 IV fi(wr—aV fi(wy, D}y,), Dy) | (136)
Therefore, we have
1B = [Eip By o, [68]] | < B [Ens o, lle ]
< 6 Biny [Epy o, [IVfilwr—aV fi(wn, i), DI
15
< 98 Binp [V filwi — a¥ fi(wy,))] + po jDi (137)
_ Lo
< 03 Biny (1 = aV2fi(w) ™" VE (w0)] + p0 5=
po aLé
< F 0 —— 1

where (137) follows from Lemma 4.10. Considering the bounds (133) and (138) as well as the result in (131), we
can write

E[Gi(w)] = VF(wg) + sk (139)
with
poa alc
<
l[skll < T ol VF(wg) + (1 + aL + pdc) N
< 0.2VF(wy) + 0.3———. (140)

Din
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where the last inequality is derived using oL, pdar < 1/6. As a consequence, we also have

IEIGHw)I? < 21V F (wy)| +2]sel|* < 22V F(wy)||* +0.4 5 (141)
Next, to bound the second moment of G;(wy), note that
E[|Gi(we) %] < 2B [V £i (wx — a¥ filwy, D}y), Db) 2] + 20E[d} |
< 2B IV (w, — aV fi(wn D), Db ) 2] + 20%Einy By pr, o (lRI17)]  (142)

where Epi pi pi | di ||?] can be bounded as follows

i ([2
E’Dg,’D;’",D;’L[”dH' ]

Vi (wk+6i@fi(Wk*Oé@fi(U)k, Di), Dé)) -V fi (wk*(;}iﬁfi(wk*aﬁfi(wka D},), Dé)) |l2
26¢

S ]E’DZJ)”D;'H

and the last inequality comes from the fact that Var(X +Y) < 2(Var(X) + Var(Y')). Moreover, according to
the definition in (129) we can write that

Vi (wi+ 8V fi(w—aV fi(we, D}y, D)) ) =V, (wi =8V fi(wi —aV i (wi, D). D) )
2]
- v fl(wk)vfl(wk_avfl(wk’ zn) ,Dtl)) + é}c

which implies that

EDL ,D:,..Di [

in?

di|?) < Epy pi [HVZfi(wai(wk—a?fi(wk,Dfn),DzJ +é

Now, replace &¢ in the second term by its definition in (135) to obtain
Al

- ~ . ) 12
< Ep, o, || V2009 fulwi—a¥ fitw. D). D5) + | +

ED’ D¢, D} [

in?

i|
Dy, 62

Wfi(wk—a@fi(wk,D;inwf;)n?}

Using this bound along with the inequalities (a + b)? < 2a? + 2b? and

_ B . 2 3 _ , ,
‘ V2 fi(wi)V fi(wr—aN fi(wy, D},), Dy)|| < L2V fi(we—aV fi(wi, D},), DL)|?

we can show that

di[|”)
~2

< By, [( g + 2LVl i, D). DI + 2061

Ep: i, ,m; |

5.2

D62

< (g7 +2L% +20°0")Epy oy, [V fi(wi—aV filwy, D), DY) (144)

where the last inequality follows from (136). Plugging this bound in (142) leads to

E[|Gi(wy) ] < (2+ 20 (5 T 4212 1 20%)E [V, (1w — 0 fi(wi. Diy). DY) ]

< 43 E[I1Vfi (we - a¥Vfiw, D},), 3 ) |1 (145)
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where the last inequality is derived using aL < 1/6 along with pda = 1/6 and D;, > 36(pad)?. Now, using
Lemma 4.10 with ¢ = 10, we can write

2

1 52 5
E[|Gi(wn) 7] < 4.3 (1 - 10) B[V fi(ws — oV fi(w)|[?) + 4730217 S— + 437 (146)
1 1
< SEIIV it~ a¥ )P +56° (5 + ) (147
< O E[|VE ) 4552 [+ — (148)
N (1 - aL)Q o Dy, D,
where (147) is a simplification of (146) using aL, < 1/6 and (148) comes from the fact that
_ 1
IV fi(wy = a¥ fi(wi)) | = (I = V2 fi(wp)) " VE(we)|| < 7= [VEi (i)
Now, using (34) in Lemma (A.3), we can show that
1 1
E[|G:(wi)||?] < 50| VF(2)||? + 1802 + 552 <D_ + D) . (149)
Once again, the same argument as the proof of Theorem F.1, we obtain
) Li 50
E[F(wis)1Fi] < Flwy) = [VE(wi)lI” { B[Sl Fi] = S BI5E: 7] (22 + 5)
L. 1 A 1 52
E[B; F —E|5; — (1 — 4 . 1
BRIV sl + B2 (5 (15024582 (54 5 ) ) + 0 (150)
Note that, using (140), we have
1 ([|VF(wy)|? 52
ool < 5 (S 4 osn?) < 0019 @) P + 0155
Plugging this bound in (150) implies
2 Ly .0 50
E[F (wp1)| ] < F(wr) = [VE(we) [ { 0-6E[Bi k[ Fi] — — EI57 k| Frl(2:2 + 5)
Li_. o 1 o _of 1 1 52 52
—E|5; — |18 5 — 0.4 0.18E[B; .
o P (B ( 757\ D, T o)) T, ) OB
Using O = /S’(wk) /25, and with similar analysis as Theorem F.1, we obtain
1 1802 +562/D,  &%/D;
E[F < Fwg) — s——|VF ? z -
)l Fi] < o) = g IV FCon) I+ s ooz
which is again similar to (93), and the rest of proof follows same as the way that we derived (94)- (105) in the
proof of Theorem F.1. O

Also, as stated after Theorem 4.17, the following result holds as an immediate consequence:

Corollary H.2. Suppose the condition in Theorem /.17 are satisfied. Then, if the batch sizes B, D,, and D,
satisfy the following conditions,
2 ~2
B>C1%, DinBD,> G2, (151)
€ €

for some constants Cy and Ca, then the iterates generated by HF-MAML finds an e-FOSP, i.e., E[||VF(w)]|]] <,
after AO(L/€?) iterations.
Remark H.3. MAML and HF-MAML find an e-FOSP after O(1/€?) iterations with O(1/€*) samples per it-
eration which means O(1/€%) total sample complexity. This is different from classic nonconver results where,
for instance, Natasha 2 [Allen-Zhu, 2018, finds an e-FOSP using O(1/€>2%) samples. However, note that the
latter has one source of randomness, while MAML includes two sources (tasks and data corresponding to tasks).
By only considering one source of randomness, total sample complexity of MAML and HF-MAML is O(1/¢*)
which is close to Natasha 2 but not stronger. Indeed, this complexity can be improved using variance reduction
techniques.
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I Quadratic Case

Theorem 4.15 suggests that FO-MAML might not achieve any level of accuracy, even when exact gradients and
Hessians are available. In this section, we provide an example to show that this is indeed the case. In particular,
we consider the case that we have n equally likely tasks, where the loss function corresponding to task ¢ is given
by

1
fi(w) = inAiw + b w+ ¢ (152)

where ¢; € R, b; € RY, | and A; € R¥*? is a symmetric and positive definite matrix with ||A4;|| < L. Note that,
in this case, we have

Vii(w) =Aw +b;, Vfi(w) = A;. (153)
Also, throughout this section, we assume we have access to the exact value of Hessians and gradients, and also
we go over all tasks at each iteration, i.e., By is equal to the set of all tasks. We further assume o < 1/L.

I.1 Solution of MAML Problem

Let us first derive the solution to problem (2). Setting VF(w*) equal to 0 implies that
1 n
— E (I - CYAZ') (A; (w* — Oé(Ai’LU* + bl)) +b;) =0. (154)
n 4

Simplifying this equation yields

1 n n
(n > (I - aAi)QAi> ( > (I -ady) ) (155)
i=1 i=1
Note that, for any 4, (I — «a4;)%A; is positive definite. This is due to the fact that, for any u € R%, we have

uwT (I — ad)? A= ((I — ad)u) " A; (I — ad;)u) >0

where the first equality follows from the fact that A; is symmetric and the last inequality is obtained using
positive definiteness of A;. As a result, and since sum of positive definite matrices is also positive definite,
(237 (I — ad;)?A;) is positive definite, and hence invertible. Thus, from (155), we have

w* = — (Tll zn:(l — OéAi)zAi> (; i:(] - 004:’)251‘) : (156)

i=1 i=1

SRS

1.2 What FO-MAML Converges to?

FO-MAML update is given by

I 1O
= wy — — a(A; b; bi)=1-a— I —ad)A; —a— I—aA;)b
Wpil = Wi — Q@— Z (wr — a(A;wyg + b;)) + b;) ( an;( ad;) )wk an;( ad;)

(157)
Note that, since o < 1/L, for any i, I — aA4; is symmetric and positive definite. We know that if A and B
are positive definite and AB is symmetric, then AB is also positive definite. Thus, (I — aA4;)A; is also positive
definite. In addition, since ||4;|| < L and ||I — a4;|| < 1, we have ||(I — aA;)A;|| < L. Therefore, the term
L Zl 1 (I — aA;)A,; is positive definite and its norm is upper bounded by L. Since o < 1/L, this implies that

al 3" (I — aA;)A; is positive definite, and thus invertible.

Using this result, it is immediate to see {wy}r (157) converges to

wio = — (; S - aAZ-)Ai> (i S - aAi)bZ) . (158)

i=1 i=1
Comparing (156) and (158), it is clear that FO-MAML do not converge to the solution of MAML problem (w*).

However, if @« — 0 or if A; and b; are very close, then wgro would be very close to w*, which is in line with what
we observed in Theorem 4.15.
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Figure 2: Comparison of MAML, FO-MAML, and HF-MAML for 1-rank matrix factorization problem

J Numerical Experiments

We consider a 1-rank matrix factorization problem where the loss for task ¢ is
1 T 2
fi(z) = llzz” — Mil[y (159)

where ||.|r is the Frobenius norm, and, M; is a rank one matrix, generated as M; = g;g; where g; is a random
zero-mean Gaussian vector. The variance of g; controls task similarity (02). To capture noisy gradients and
Hessians we add random Gaussian noise with variance 62 to the tasks gradients and Hessians. Recall from
our results that the best accuracy for MAML and HF-MAML is O(5/v/D) while the one for FO-MAML is
O(ao + 5/v/D), which has the additional term O(ac), and hence, it does not go to zero even with exact
gradients and Hessians.

e In Figure 2a, we assume gradients and Hessians are exact (6 = 0) and focus on task variation. We assume
that the batch-size for tasks B equal to the number of tasks which is 20. In this case, even though the
gradients are exact, FO-MAML converges to an error level with a gap compared to two others. This is
consistent with our results.

e We next consider noisy gradients and Hessians. We also set B=10 and number of tasks equal to 50. In Figure
2b, we choose the variance of g; small to ensure the tasks are relatively similar. Here the additional persistent
error of FO-MAML is negligible compared to the other term and all three methods behave similarly.

e In Figure 2¢, we increase the variance of g;, i.e., tasks are less similar. In this case, the O(ao) term dominates
the other term in the error of FO-MAML, and it has worse performance compared to two others.
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