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A Technical Assumptions

Before stating the assumptions, we first define the 1s-norm.

Definition A.1 (ip-norm). For a real valued random variable A, its 1o norm is defined by
||AH1112 = 1nf{u >0 : EeXp(AQ/uQ) < 2}.

Definition A.2 (sub-Gaussian). We say that a real random variable A is 1-sub-Gaussian if || Al|y, < 1. We say
that a random variable B with values in RN is 1-sub-Gaussian if (B,v) is 1-sub-Gaussian for all v € RN with
[[of] = 1.

As mentioned previously, we need to have assumptions that control the growth of W; to be not too large and
not too small. Because we have two phases the algorithm, initialization and iteration, we require two forms of
these bounds. For initialization, our assumption is essentially the same as Assumption 1 of Lounici et al. (2014).

Assumption A.3 (sub-Gaussian W;). For each m < t, each column w,, € R" of W, satisfies:

1. wy, is drawn independently (for each m) from a 1-sub-Gaussian distribution;

2. there exists a numerical constant ¢y with 0 < ¢1 <1 such that

E({wm,u)) = c1|[(wm, w)|ly, Yu € R".

For iteration, we also need non-asymptotic bounds on the singular values, which would hold if W; were i.i.d.
Gaussian from results from random matrix theory (see Corollary 5.35 of Vershynin (2010)).

o

Assumption A.4 (Growth of Singular Values). We assume that 0,.(X) > 0, and that there exists a Cs, large
enough that for every t > Cy,, XW, satisfies

. 3 . . 3 s
or(XW) > Zar(X)\/f, IXwi| < 501()()\/7E (8)

with probability at least 1 —t=2 for t > Cs, .

For matrix completion, we need an incoherence assumption as in Candes and Tao (2009), Candes and Recht
(2009), and Recht (2011). There are many ways of interpreting this parameter, but intuitively, it says that
observing an entry actually gives information about other entries. It turns out that generating i.i.d. Gaussians
for each entry of W), will produce right singular vectors that are incoherent: with Wy, = Uw,, Xw,, VVEM the
SVD, for some constants C, ¢, with probability at least 1—cM ~*log M, max; || Py, eill < v/C max{r,log M}/M
(See Lemma 2.2 of (Candés and Recht, 2009)). Here Py denotes projection to the column space of V. This
metric is equivalent to the coherence definition given below, which leads to Assumption A.6.

Definition A.5. The coherence of an M x r matriz V is (V) := max,,en (M/7)|| el V3.

Assumption A.6 (Incoherence). There exists some Ciy such that for large enough M, for any subset of [t] of
size M, with probability at least 1 — M ~3log M, p(Vay,,) < Cinc log M.

Note we do not assume incoherence of the column space of X. In practice, having incoherent column space is
probably helpful. But for our theoretical results, because N is fixed as the number of columns ¢ is growing,
incoherence of X, which provides high probability bounds with respect to N (not ¢), are not as useful.



Column Space Recovery from Partially Observed Entries on a Budget

B Algorithm for Two Block Sizes and Uniformly Random Sampling Theorems

Algorithm 2 DOUBLECOLUMNSPACEESTIMATE: column space estimation with two block sizes

Input: Partially observable Y; € RN*t: k(U k() e N, such that the total number of samples per column is
ED + k@ M € N the number of columns for initialization; Mi, My € N, the sizes of blocks of columns
for least squares; s1, s € N the numbers of blocks; €, the desired accuracy; a, a boolean indicator of active
sampling

. function DOUBLECOLUMNSPACEESTIMATE(Y;, kM, k)| M, My, My, 51, 59, €, a)
> Spectral initialization with uniformly random sampling

1
2
3
4 for m=1,..., M, do

5: S ~ Unif (C(N, k™) + k(3)))

6 Q+—QU(S x{m})

7 end for

8: X «ScALEDPCA (Po(Y;), kM) + k3 N)
9: > Least squares iteration

10: Ly + Cmed |—10g M1-|

11: fori=1,...,s1 do

12: m <« Mt 4 (; — 1)L, My + 1

13: I+ [m : (m + L1M1 — 1)}

14: QM Q@ «SampLe(X, kD k@) T, a)

15: X « MEDIANLS (X, Y, QM Q@ My, m, €
16: Q—ouabua®

17: end for
18: LQ «— CmEd ﬂOg MQ—I
19: fort=1,...,s2 do

20: m < M™t s LM + (i — 1)L2M2+1

21: I+ [ (m + LoMsy — 1)]

22: QL. Q @ ~SamPLE(X, kD k@ T a)

23: X + MEDIANLS (X,Y;, QW Q@) M, m, ¢)
24: Q«—ouabun®

25: end for A
26: return X, Q
27: end function

Theorem B.1 (Noisy observations, random sampling, for small oz/€). Suppose that U, the orthonormal part
of QR(X), is k™M -isomeric. Suppose further that Assumptions 2.1, 4.5, A.3, A.4, A.6 hold, and N/2 > k(1) >
rk® >1,1>¢>e MM, and Equation (2) hold. Then there exists constants C3t Citer C’g‘ib such that for
all € > 0, if we initialize with My, columns, where

1n1t UI(X)GNQ(IOg Minit)g"‘2
M1n1t > C .(X)ﬁ(k(1)+k(2))20'*(U;k(1>)2’

and we use s blocks, where s > log (%) , and each block has size M, with

iter o1(X)%r® N (log M)? 1
M=z Cy (1X)°k<2>o*(ng<1>)2 +log (¢),

then COLUMNSPACEESTIMATE(Yt ED k@) My, M, s, €, True) returns an X such that sin G(U,X) < € with
probability at least 1 — 2M 2 — C%s M 2,

Theorem B.2 (Noisy observations, random sampling, for large 2). Suppose Assumptions 2.1, 4.1, A.3, A.4,
A.6 hold, and N/2 > ED > k@ >1,1>e>e MM . Let € satisfy equation (3). Then there exist constants
Cipit Citer, Cgf;b such that for every e > 0, if we initialize with M, columns, where

1n1t o1 (X)° N2 (log Minit)*r?
Mmlt > C (X)G(k(1>+k<2))20*(U;k(1))2
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o0 ALY .
and perform alternating minimization with s; = log (%\/’:T))) blocks of size
z

iter X)%r® N (log M)?
Mi 2 C 2t o + 108 (2):

followed by alternating minimization with ss = 1 block of size

. 2_2 V4 A (D) 2
iter 7" 0701(X)"Nk'"’ (log M) 1
My > C5% or(X)0k@ o, (Usk(MD)2e2 + log (6) )

then DOUBLECOLUMNSPACEESTIMATE (Y;, k(Y| k3| My, My, My, s1,s2,€, True) returns an X such that
sin (U, X) < e with probability at least 1 — 2M2 — C°sy M2 — C%9° M 2.

init

C SmoothQR Hardt (2014)

SMOOTHQR (Hardt, 2014): Smooth Orthonormalization

function SMOOTHQR(W ¢, ;1)
W« QR(W),Gpy + 0,0 « €|W||/M
while (W) > p and o < |W| do
W « GS(W + Gp) where Gy ~ N(0,0%/M)
0420
end while
return (W, Gy)
end function

D Scaled PCA Estimator

RNXN

Here 15 € RV*N is the matrix with each entry equal to 1, and Iy € is the identity matrix.

ScALEDPCA

Input: Partially observed Pqo(Y) € R¥*M: L the number of entries per column, N the number of rows of
Pa(Y)
function SCALEDPCA (Pq(Y), k, N)
C <+ Pa(Y)Pa(Y)"
> We denote by o the Hadamard (elementwise) product

1:
2
3
£ Cea — (58 1n) 0O+ (¥ - 5i5) In) o ©
;
T

X — QRA( Cscaled)

return X
end function




