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A Supplementary Material

In the proofs below, for a;, 8 > 0, we let Y;(A, 8) and Z;(A, 8) be matrix polynomials such that

1/t(147 ﬂ) = 2‘4}/15—1(147 ﬁ) - BK—Q(A76)7 t Z 2a Yi(Aaﬁ) = Aa Yb(Aaﬁ) = I) (20)
Zy(A,B) = 2AZ 1(A, B) — BZ1—2(A, B), t > 2, Z1(A,B) =24, Zy(A,B) = 1. (21)

and let y;(a, 8) and z(«, §) be recurrence polynomials such that

«
yt(aaﬁ) = \/aytfl(chﬂ) - ﬂyt72(a7ﬂ)= t Z 27 yl(a75) = §7 yo(%ﬁ) = 17 (22)
Zt(avﬂ) = \/azt—l(aaﬂ) - ﬁzt—Q(aaﬂ)a t 2 2, Zl(aaﬂ) = \/a, ZO(aaﬂ) =1 (23)
For a sequence of matrices By, By, Ba, - - -, let
ﬁB‘ _ [BiBj 1By >k
Py ’ I, otherwise -
Since the eigenvectors uj,us, . .., uq form an orthogonal basis, we frequently use the fact that for w € R¢, we
have [Jw]|? = ¢, (uFw)?.
A.1 Main Results
Lemma A.1. For wy € R?, let w = wo/|lwo|. Then, fort >0, we have
1P (1 =m)I +nC] wl® < 2(1 —n+nh)* (1 - (uf w)?), (24a)
IPYe((1 = I +nC, B(n)w|? < 4(1 — (uf w)*)pe(ar(n), B(n)), (24b)
1Z:((1 =T +nC, Bm)|1* < ar(ar(n), B(n)). (24c)
Proof. Since uy,usg, - ,ug forms an orthogonal basis in R?, we can write w = Zzzl(ugw)uk. From that (Mg, ug)
are eigenpairs of C, we have
d
(1= +nC)'w =" (ufw)(1 —n+ni)'u (25)
k=1

From the definition of w and P in (6), we have P = I — ww’. Since

IP[(1 = n)I +nCT w||* = w” [(1 —n)I +nC]" P*[(1 —n)I +nC]" w
(1 =nI+nC]" P[(1—n)I +nC]" w
Tl =nI+nC)" (I —ww")[(1=n)I+nCl"w

= 1[(L = )T +nC]" w|f* — (W [(1 = n)I +nC]" w)?,

w
w
w

using (25), we have

d d

IPI = mI 400 wl? = 3 (uF w1 —n+ ) — (S fw)(1 -y -+ aa))’

k=1 k=1
<A —n+nM)* = (wfw) (1 —n+nr)*
< 2(1 = (uf w)*) (1 =+ nAr)*

where the last inequality follows from

1— (u{w)* = (14 (uf w)? )(1— (uiw)?) <2(1 - (ufw)?). (26)
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To prove (24b), we first show that

Yi((L =) +nC, B(n))ur = ye(ow(n), B(n))us- (27)

First, consider the cases when t = 0 and ¢t = 1. For ¢t = 0, we have Yo((1 — n)I +nC, 5(n))ur = yo(or(n), B(n))uk.
For t = 1, it follows that

~

ag(n
2

Yi((1 =) +nC,Bn)ur = (1 —n)I +nCux = (1 —n+nAp)u, = ug = y1(ak(n), B(n))uk.

Suppose that (27) holds for ¢ — 1 and ¢ — 2. Using the definition of ¥; in (20), we have

Yi((L =) I +nC,B(n)ur = 2((1 =) I +nC)Y,1 (1 = )T +nC, B(n)) — B(n)Yi—2((1 = n)I +nC, B(n))] u
= 200 = n+nXe)yi1(ar(n), () — Bn)ye—2(ar(n), B(n))] ux

= [Vermyi—1(ar(n), B(n) = Bn)yi—2(cx(n), B(n))]u
= yi(ar(n), B(n))ug.

This completes the proof of (27).

Next, we show that
(ye(ar(n), B)* = pe(ax(n), B(n))- (28)

For the base cases, we have

(wolak(m), B(n))* = 1 = polw(n), B(),  (wlaw(n), BM)* = =5 = prlar(n), B(n))

and

(v (n). Bn))? = (V/wx s (o (). Bm)) — BCm)wo(eus(n). B) )

I
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Using the definition of y; in (22) for ¢ and ¢t — 1, we have

(ye(ow(n), B(m))? = (Vew(n)ye—1(ar(n), B(n)) — B(n)ye— 2(0%(77) 5(77)))2
= o (n) (-1 (ax(n), B()))* — 2+/ar(n)B(n (), B(n))ye—2(cx(n), B(n))
+ B(n)* (ye—2(ar(n), B(n)))?

and

) (ye—2(ar(n), Bn)))* = 2¢/ () B(n)ye—2(ar(n), B(n)ye—3(awr(n), B(1n))

(e—1(ar(n), B(m)))* = ax(
+B(n) (ytfg(ak(n),ﬂ(n)))?

Moreover, since

i1 (an(n), B)y—2(cw(n), B(n) = /o (n) (e—2(an(n), B1)))* = Bn)ye—2(ar(n), B(n))ye—s(ar(n), B(n)),

we have

(ye(aw (), Bm))? = () (ye—1(aw (), B ))) = 205, ()B(0) (ye—2 (ke (n), B))* + B(0)* (ye—2(an(n), B(n)))?
+2v/aw(m)B(0)*ye—2(cr(n), B(0))ye—3 (e (n), B(n))
—ak( )(ye—1(ax(n), 5(n ))) — 205, () B (ye—2 (i (n), B))* + B(0)* (ye—2 (0 (), B(n)))?
Bm)))* + B (ye-s(ar(n), Bm))* = (ye-1(ar(n), B(n)))?)

B(n )( k(1) (Ye—2 (o (n),
( k() = B) (ye—1(ox(n), B(n)))* — B(n)(cw(n) — B(n) (ye—2(a(n), B(n)))?
+ B()* (yr—s(ax(n), B(n)))*.

This proves (28).
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Now, using (27), we have

Yi((1 = m)I +nC,B(n)w = Zyt (e (n ) (uf w)ug. (29)
Since w1, us, - - - , ug form an orthogonal basis in R?, we have
d d
Ve ((1 = )T +nC, Bm)wll® =D (e(ox(n), B))* (ui w)* =Y pelar(n), Bn))(uf w)*.
k=1 k=1

Using (90) and (92) in Lemma A.4, for k > 2, we have
pe(ax(n), B(n)) < pi(ai(n), B(n)) (30)
Since Y2¢_, (ufw)? = 1, we have
IYe((L = I +nC, Bn)w|? < pi(ai(n), B(n))-

Moreover, using (ufw)? < 1 and (29), we obtain

d
(W Ya((1 ~ )+ nC. Bm))e)” = (el (). B )2 + 3 wnle). Am)) (ufw)?)

d
> (ye(ar(n), Bm)))* (uf w)* = 2ye(ar(n), B) Y lye (e (). B)| (uf w)?

Therefore,

| PYi(1 =) +nC, B(m)wl® = [Yi((1 = )T +nC, Bm)w|® = (wTYe((1 = )T +nC, B(n))w)’
< (w1 (n), B())* (L = (uiw)*) + 2(ye (e (n), B(0)))* (1 — (ugw)?)
< A(ye(aa(n), B))* (1 = (ugw)?)
where the last inequality follows from (26).

Lastly, we prove (24c). In the same way we prove (27) and (28), we can show that

Z(1 =1 +nC, B(n)ux = 2ok (n), Bn))ur,  (ze(ar(n), B(n)* = ae(ar(n), B(n))- (31)
Using (91) and (92) in Lemma A 4, for k > 2, we have
qi(ak(n), B(n)) < qi(ea(n), B(n))- (32)
Using (31), we have
d d
w? Z,(1 — )T +nC, B(n Zzt Y(uFw)? Z N (uFw)?.
k=1 k=1

Moreover, using (32) and the fact that Zk:l(uk )2 = 1, we have

d
> lzlaw(n), Bm)l(ufw)® < |zi(ar(n IZ upw)? = |ze(en(n), B(m)l-
k=1

This results in

w’ Zy(1 =) +nC, B(n)w < |z (a1(n), B(n))l,
leading to

1Ze((1 = +nC, Bm)II* < [2e(ar(n), Bm)|* = ae(ar(n), B(m)).
This complets the proof. O
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A.1.1 VR Power

Proof of Lemma 3.1. Since Pwg = (I — wowg) wo = 0, we have

ujwi = (1= n)uj wo + nuj, Cwo + nui; (Co — C)Pwo = (1 = 1 + 0 )uj, wo. (33)
Taking the expectation of the square of (33), we obtain
El(ugw1)?] = (1 =+ nAe)* Bl (ug wo)?]. (34)
For t > 2, we have
ufw; = (1 — 14 nhp)ut w1 +nul (Cy_1 — C)Pw;_1. (35)

Since S; is sampled uniformly at random, C; is independent of Si,...,S;—1 and wy with E[C}] = C, leading to
Elufw;_uj (Ci_y — C)Pwy] = E[E[u}wi_1uf (C;_y — C)Pw;|wo, Sy, ..., Si_2]]
= Elu}fw;_1ul E[C;_1 — C]Pwy] = 0.
Therefore, taking the expectation of the square of (35), we have
Bl(ujw)?) = (1 =+ nA\)?E(ug wi—1)] + n* Blwi_ P(Ci—1 — C)ugui (Coo1 — C) Pwy—1]
= (1= +n\)* E[(ug we—1)?) + 1 E[w{_y PMy Pw;1]
where the last equality follows from
Elwl (P(C;_1 — Cupuj (Cy_1 — C)Pwy_1] = E[E[wl_P(C;_1 — C)upus (Cy—1 — C)Pwy_1|wo, St, . .., Si_a]]
= E[wl_PE[(C;_1 — C)ugu} (Cy_1 — C)|Pw;_1]
= Elw] | PMPw;_1].
Repeatedly applying (36) and using (34), we obtain

t—1
El(ufwe)?] = (1= n+0x)* El(ufwo)’] + 77 Y (1 =+ nXe)* 'V Elw] PMPuw).
i=1

O
Proof of Lemma 3.2. By Lemma A.2, we have
d d d d
> Elw] PMyPw,] = Elw! PMyPw,] = E[w/ P> MyPw,] < ||Y_ M| - E[||Pw|?]. (37)
k=2 k=2 k=2 k=2
Using the Jensen’s inequality and the fact that || Zi:2 ugul || = 1, we have
d d
I Ml =11 Y El(C: = Oy (C; = O)]|| < E[|IC: = C|*] = E[I(C; = C)?||) = K,
k=2 k=2
resulting in
d
> Elw{ PM.Pw,;] < KE[|Pw|?]. (38)

k=2
Let
B,=(1-n)I+nC+n(C;—C)P.
Since Pwy = 0 and

0 1 1
II B:= [ Bm(Co—-C)P+ [] Bi((1—nI+nC)
i=t—1 i=t—1 i=t—1
1 t—1 j+1
= II BnGo—C)P+3" I Bn(C; = )P [(1 =m)I +nCY +[(1 =) +nC],

i=t—1 j=1i=t—1
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which can be seen by elementary manipulation, we have

[¢—1 J+1
H Biuwg = II Bin(C; = C)P[(1 =) +nCY +[(1 — I +nC)’
i=t—1 [j=1i=t—1
resulting in
t 1 J+1 _
Pw, =P H Bijwg = ZP I1 Bin(c; = C)P[(1 =) +nCY + P[(1 —n)I +nC' (39)
i=t—1 Jj=1 i=t—1
Since Cy, - -+ ,Cy_1 are independent with E[C;] = C for all 1 <4 <t — 1, we obtain
Jj+1
E|uwf (1= +nC]" P* T] Bin(C; = C)P[(1 = )T +nCY wo| =0 (40)
i=t—1
) J2+1 )
Bluf [(1L=n)I +nCY" P(Cy, - 0 T1 BP° I BafCo— OPIG -l +0CP w] =0 (a1
1=71+1 1=t—1
where 1 < j,j1,j2 <t —1 and j; # jo. Therefore, we have
t—1 J+1
El|Pw,?) =" B[P T] Bin(C; = C)P[(1 = )T +nCY wo|”] + E[|P[(1 = n)I +nC)" wo|?] (42)
j=1 i=t—1

due to cross-terms being 0 from (40) and (41) when “squaring” (39). Using Lemma A.1 with w = wq/||wp|| and
the fact that [jwol|2(1 — (uFwo)?/|lwo||?) = S2¢_,(uFwe)?, we have

d
E[|P[(1 = )] +nCl'wol?] < 2(1 = n+n\)* Y El(ufwo)?]. (43)
k=2

By Lemma A.2 and ||P|| = 1, we have

Jj+1 ) Jj+1 '
1P T] Bin(C; = O)P[(1 = I +nCP wo||* <n?|| [] Bi(C; — OVPI(1—n)I +nCY wo|®.  (44)
i=t—1 i=t—1
Moreover, by repeatedly using first the property that B; is independent of wo, Cj, Bjy1, -+ , Bi—1 and Lemma A.2,
we have
j+1 . )
Bl TT Bi(C; = C)P[(1 = mI +nC] wo||']
i=t—1
) j+1 T j+1 ‘
= Elwf (1 =m1+nCPP(C; - ) T B:) BBy [] BiP(C;— O = mI +nCl )
i=t—2 i=t—2
Jj+1 Jj+1 ,
= B[ - I+ 00V PC; - O [] B) EBE B [] BPIC,— O~ ) +1C) ]
i=t—2 i=t—2
Jj+1 ‘ )
< EBE Bl - E[|| [ BAC; — C)P[(1 = n)I +nC) wo’]
i=t—2
Jj+1 4
< [T BB Bi|| - EII(C; = O)P (1 =) +nCY wol).
i=t—1

In the same way, using the fact that C; is independent of wy and Lemma A.2, we have

E[I(Cj = CO)P[(L = n)I +nC) wol®] < |E[(C; = CY]II - E[IP[(1 = n)I +nCY wol|?],
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resulting in

j+1 j+1
E[| T B:(C;—O)PI(1 =T +nCPwo|] < T IBBIBIlI- 1E(C; = C)| - E[[P [(1 =T +nCY wo]
i=t—1 1=t—1
(45)
Since C; is independent of wg and E[C;] = C, we have
IE[BY Bi]| < [I[(1 = m)I +nC]* || +n*| E[P(Ci — C)*P]|.
Since all induced norms are convex, using the Jensen’s inequality, we have
|E[P(C; — C)*P|] < E[|[P(C; — C)*P|] < B[|I(C; = C)*|] = K
leading to
IE[BI Billl < [[[(1 = m)T +nC) |+ w*|E[P(Ci = C)’P]| < (1 =n+nh)* +7°K. (46)
In the same way, we obtain
IB(C; = C)?]|l < BII(C; — O[] = K. (47)
Using (46), (47) and (43) for (45), we have
j+1 , i d
E[] H Bi(Cj — C)P[(1 = q)I + nCPwo|”] < K [(1 =1+ nA1)* + n’K] T =4 g\)Y ZE (ui wp)?
i=t—1 k=2
(48)
From (42), (43), (44) and (48), we finally have

t—1
t—j—1 ,
NPw ] <2 D K [(1=n+nx)* +0°K] 77 (1=n+nx)¥ + (1—n+nh)*
=1

d
E uk wo

k=2
. d
<2[(1=n+n0)?+0°K] - E(ufwo)?],

k=2

where the last inequality can be checked by elementary manipulation. This results in

d d
3" Blwl PMyPw) < 2K [(1 -1+ nA)? +?K] Y Bl(udwo)?). (49)
k=2 k=2
This proves the first part of the proof.

Next, we have

1

t—1
> Nl

d t
(1= n+nx)* TV Ew] PMyPw] < (1—n+nM\)* - (L—n+nh)
= 1

d
—20D N Blw! PMy Pw)
k=2 i= i=1 k=2
and
t—1 t—1 i
20 ; 1 1—n+n\)?+n°K
1—n4+nA) 20 (1 —n+90)? +9°K]" < <

1 772K t—1
L (1+2) L
n*K (1=n+nA)

< [ (=) )
X —_— — .
2K TP\ 0=+ )2

()
(1 —=n+mn1)?
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Using the condition that

2
n°Km
0I< —mm— <1
(I =n+nk)?
and the fact exp(z) — 1 < 2z for all « € (0, 1), we further obtain
t—1 o
(L=n+n) 2 [1—n+n)* +7°K] < —————
2 e PR S

Combined with (49), this results in
—1

m—1 d
(1 =1+ nA)* "V Ew! PMpPw;] <* ) (1= n+n\)*" DN " Elw] PM, Pw;]
=1 k=2

<4An’Km(1 —n+n\1) 2(’” 1) [(uf wo)?

wM&

Using Lemma 3.1 for t = m and the fact that (1 — 7+ nA\x)?™ < (1 —n +n)a)?™ for k > 2, we finally have

d d d m—1
> Bl(ufw)? Z (1 =1+ nA)>" E[(ufwo)?] + 77> > (1= n+nxe)* "=V E[w] PMy, Pw;]
k=2 k=2 k=2 i=1
((1 — 4 nX2)?" 4+ 42 Km(1 — n+ Ay )20 1>) ZE uFwo)?]. (50)

On the other hand, by Lemma 3.1 and the fact that PMyP is positive semi-definite, we have

(1= n+n\)*"E[(uf wo)?] < El(uf wm)?]. (51)
Combining (51) with (50), we obtain
S Bl wn)?) _ (1 —n+ ﬁ/\z)zm aKm | S, El(ufwo)?
E[(Twn)?]  — |\I1-n+n\ (1 —n+nh)? Bl(ufwo)?]

Proof of Lemma 3.3. From the conditions on 7, m and |S|, we have

2
n°Km 1
< 77 < =
(I—=n-+ni)2 16
Therefore, using Lemma 3.2, we have
d 2m d
Dk El(uf win)?] < (1 —n+ 77/\2) n 4 Km ] Dk El(uf wo)’] .
El(wfwn)?]  ~ [\1=n+nh (1 =n+nA1)? E[(uf wo)?]

By the choice of n and m, we have
G = Z i Zi?)m = (1 = 1”9717;23)1)% < exp (—2717(_A177_+A772A)T> < exp(—log?2) = =
Also, by the choice of 1, m and |S|, we have
4m’Km _ 40%n*m -1
(L =n+nr)* ISI(L=n+nh)> ~ 4

Therefore, we have

iy Blufwm)?) _ 3 iy El(ulwo)?]
El(ufwn)?] ~ 4 [(Wwo)?]
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Proof of Theorem 3.4. By repeatedly applying Lemma 3.3, we have

e < (1) Badan - () »

Since 7 = [log(fo/€)/ log(4/3)], we have

resulting in
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A.1.2 VR HB Power

Proof of Lemma 3.5. From

wy = (1 —n)wo +ng
= (1 = n)wo + nCuwo,
we have
u;‘gwl =(1- n)u;‘gwo + nquwg
= (1 — n)ujf wo + nAyup wo
(1 — 0+ nhp)ur wo. (52)

Taking the expectation of the square of (52), we obtain

a
Bl(ufwn)?) = (- -+ )2 Elufwo)?] = P gl ) (53)
Next, from (5), we have
1 (wlwg) (wiwy) -
=2((1- — sal (wy — L ¢ — _
Rt G 2 (= )+ g 9) ~ B0
T
w, gwo
=2( (1 —nw:+ a;,a; il wy ) nw
(00 gy 3% ol (1= o+ -
U)O’LUO
=2 (1 = n)ws + nCwy + (ai,al —C ) n)W—
(( 77) t n t n|St|Z§ t )( ||IU0||2 t—1
=2((1 = nwy + nCwy + n(Cy — C)Pwy) — B(n)wi—1, (54)
leading to
upwepr = 2((1 =0+ nAp)ugwe +nug, (Cy — C)Pwy) — Bn)ug we-1. (55)

Taking the square of (55), we have

(up weg1)? = 4(1 — 0+ nAp)*(wfwe)? + 4n°wi P(Cy — C)uguf (Cy — C)Pwy + (B(n))? (uf we—1)?
+8n(1 — n+ nAp)uy, wtug(Ct —C)Pwy —4(1 —n+ n/\k)ﬁ(n)ufwtu{wt_l
- 4776(77)115(6} - C)Pwtu;‘fwt,l. (56)

Since S; is sampled uniformly at random, C; is independent of Si,...,S;_1 and identically distributed with
E[Cy] = C. Therefore,

E[ufwtu;‘g(Ct — C)Pwy] = E[E[u;‘gwtug(Ct — C)Pw|wg, S1,...,Si-1]] = E[ufwtuk [Cy — C]Pwy] = 0.

Similarly, we have

E[ul(C; — C)Pwulw,_1] = 0. (57)
As a result, we obtain
Bl(ufwi1)?] = an () Blfw0)?) — 2/an(m)Bn) El(ul we) (ufwi—1)] + (Bn)2El(uf we—1)?)
+ 4n*Elw] PMkPwt]. (58)

Using (52) and (53) in (58) for t = 1, we have

Bltufws)?) = (0 g0 Bl(ufwo)?] + a9 Elw] PM,Puy). (59)
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Moreover, by using (55) with ¢ — 1, multiplying it with ufwt,l, taking expectation and using (57) with w; being
w¢—1 (which can be derived in the same way as (57)) , we have

Bl(uj we)(ug we-1)] = /aw () B[(ug we-1)*) = B(n) B[ (ug we—1) (uj we—2)]- (60)

Using (60), we can further write (58) as

Bl(uj we11)*] = o (n) El(wvwe)?] — B(n) (201(n) — B(n)) El(uj we-1)?]
+2v/ar(n)(B(1))* Bl(ug we—1) (ui we—2)] + 47° Elw{ P My Puwy]. (61)

With ¢ — 1 in (58), we have

Bl(uw)?] = ar() Bl(uj wi—1)%] = 2¢/aw () 8(n) E[(wg we—1) (ug we—2)] + (8(n))* E(uj wi—2)?]
+ 4n*Elwl |, PM),Pw;_4]. (62)

Adding (62) multiplied by 5(n) to (61), we obtain

El(uiwe1)?] = (ar(n) — B(n)) El(ug we)?]) — Bln) (e (n) = Bm) El(ufwe—1)?] + (B(n)* Bl(ui wi-2)°]
+ 4n?Elw] PMy Pw;] + 4n?B(n) E[w]_, PMj, Pw;_1]. (63)

With ¢t — 1 in (63), we finally have

E[(uj we)®] = (ar(n) — Bm)E[(uf wi—1)*] = B(n)(cx(n) — B(n))E[(uf wi—2)] + (B(n))*E[(uf wi—3)?]
+ 4n?Elw! | PM},Pw;_1] 4 4n*B(n) E[wl P My Pw,_o) (64)

for t > 3.

Using Lemma A 4 for E[(uf w;)?] defined by (53), (59), and (64) with

a=ar(n), B=pBm), Lo=E[(ufwy)?, L;=4n’Elw]PMPw,],

we have
t—1
Bl(ufw:)?] = pe(ar(n), Bm)El(ufwo)®] +40° > qr—r—1(ck(n), B(n)) Elw} P My Pwy,)].
r=1
O
Proof of Lemma 3.6. Since || Zzzz ugul || < 1, we have
d d
I Ml = 1Y El(C: = Oy (Cy = O)]|| < E[|IC; = C|*) = E[|(C: - C)?|]] = K.
k=2 k=2
By Lemma A.2, this leads to
d d d
> Elw! PMyPw;) = Elw{ Py MyPuw,] < || Y My[|E[|| Pw|*] < KE[||Puw,||] (65)
k=2 k=2 k=2
Let
_ | _ (2l =mI+nC] =B _ A=l +nC =B _ o [(Ce=C)P 0
F‘M’G_[ I o | Co= I o | He=2 0 0"

From the update rule in Algorithm 2 expressed in (54), we can write

wy = FT(G + Ht_l)(G + Ht_g) e (G + Hl)(Go + H())F’LU().
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Using Lemma A.3 for the expansion of (G + H;_1)(G + Hy—3)--- (G + H1)(Go + Hyp) , we have

i+1 1
Pw,=PF" [ GG+ > | [[ (G +H)HG'Go| + [] (G+Hj)Hy | Fu. (66)
i j=t—1 j=t—1
Since Cy, C1,--- ,Ci_1 are independent and identically distributed with mean C, so are Hy, Hy, -+ , H;_1 with

mean 0. Therefore, the expectation of all cross-terms in the “square” of (66) are zero. Using the fact that
HyFwg =0, we have
t—1 it+1 _
E[|Pw||*) = E[| PTG GoFuo|?] + E[HPFT I @+ Hj)HiG“lGOFwOHQ} . (67)

i=1 j=t—1

Note that this result is analogous to (42) in the analysis of VR Power. From FT G 1GoF = Y;((1—n)I+nC, 3(n))

(see (20) for the definition of Y;) and (24b) in Lemma A.1 with w = wq/||wo| and the fact that ||wol|?(1 —

(ufwo)?/lwol|?) = S, (uFwo)?, we have

d

E[|PFTG™GoFuwo|l?] = dpu(cn(n), B®)) - S Bl(uFwo)?). (63)
k=2
Using Lemma A.2, |P| =1, H; = 2nF(Cy — C)PFT, we have
i+1 i+l
E[||IPFT [] (G + H))HiG"'GoFw|*] < 4n?|P|?- E[|FT ] (G + H;)F(C; — C)PFT G GoFuy||’]
j=t—1 j=t—1
i+1 i1
<||E[FT[ ] (G +H))"FFT ] (G +H)F]|
Jj=t—1 j=t—1
- 4PE[||(C; — C)PFTG Gy Fu||*]. (69)
Using mathematical induction on ¢, we prove that
i1 it+1 i1 i+1
E[[ [[ @+ FFT I] (¢+H)] = Y E[[[[ 2 "6¢»"FFT [ B "G%] (70)
Jj=t=1 Jj=t—1 (Vig1, 06— 1) j=t—1 j=t—1

c{0,1}t7~
for any ¢ <t — 2 and fixed t > 2. Since E[H;_1] = 0, we have
E(G" +HL ) FFT(G+ Hy—1)| = G'"FF'G+ E[H] \FF"H,_,4].
This proves the base case for i =t — 2.

Suppose that (70) holds for i = k. Then, since Hy, is independent from Hy1,- -+, H;—1 and E[Hy] = 0, we have

k k k+1 k+1
G +H) FFT T] @+ H)]=¢"E[[ [] (¢+#))"FFT [ (G +H)]G
j:t_l J=t=1 j=t-1 j=t—1
k+1 k+1
+EHF[ ] (@ +H)]"FET T] (G + H;)Hy).
j=t—1 j=t—1
From (70), we have
k+1 - k+1
G"E[[ [] (¢+H)]) FF" ] (G + H))]G
Jj=t=1 j=t—1
k+1 L " k+1 .
= Y. E[[( ]I B, "e¥)G] FF"( ] H; "G")G].
(vk+17---,vt,1) Jj=t—1 j=t—1

E{O,l}t_k_l



Stochastic Variance-Reduced Algorithms for PCA with Arbitrary Mini-Batch Sizes

Also, by the independence of Hy, from Hyi1,---, Hy—1 and (70), we have

k+1 - k41
EH [ [] @+H)] FF" [] (G + H;)Hy]
Jj=t—1 j=t—1
k+1 T k+1
=e[H[E[[ ][] (@+H)] FF" [] (G + H))]H]
Jj=t—1 j=t—1
k+1 k+1
=eHF Y E[[[] H 76¥) FFT [ H UG H,
(Vk41,5ve—-1) j=t—1 j=t—1
6{071}t7i71

k+1 k+1

= Y EB[[(]] B Veu)H) T FFT( ] H VG H).

(Vkt1,m 5Ve—1) Jj=t—1 Jj=t—1
E{O,l}tikil

Therefore, we have

k k k k

[ T ¢+&E)]"FFT ] (G + H))] SB[ ] B ew) FET I BTG,

J=t=1 j=t-1 (ke veo1)  g=t—1 j=t—1
€{0,1}t~*

which completes the proof of (70).

Using the Jensen’s inequality and the norm property of a symmetric matrix, we have

i+1 i+1 i+1
1—v; ~w. 1 v 1 v
|2(E"[ T e Fem I (76 F)| < BIIFT [T 1#,76™1F|P). (71)
j=t—1 j=t—1 j=t-1
For (vig1,-+ ,vi_1) € {0,171 let J = {41, 42, , 45} be a set of indices such that j; < jo < --- < j; and
v; =0if j € J and v; = 1 otherwise. Also, let jo = i. Using that H; = FFTH;FFT, we have
E[|FT H H; " GYF|?] = B[|[F*G* ' F[[ (FTH; FFT G~ ~1F) ||?]
j=t—1 1=k
1
E[|FT G FP [T IFT Hy, FIPFT G F 2] (72)
I=k

Since FTG'F = Z,((1 — n)I +nC, B(n)), using (24¢) in Lemma A.1, we have
IFTGF|* < gi(@i(n), B(n)). (73)
Also, from that FT H,F = 2n(C; — C)P, we have
B[|FTHF|*] < 4n?E[||(Cy = C)P|] < 4E[|[(C; = O)|°] = 4P E[||(C: = C)?[] = 4n°K.  (74)

where the last inequality follows from || P|| = 1 and the second last equality follows from the symmetry of C; — C.
Using (73) and Lemma A.5, we have

1 E
PTG PP [T IF G R < <M) qi—i—1(a1(n), B(n)). (75)

1=k

Note that there are k+1 terms of the form [|[FTG*F||? for some ¢ > 0 on the left-hand side of the above inequality
and we use Lemma A.5 k times to obtain the term on the right-hand side.

Using (71), (72), (75), and the independence of Cy, Cy,--- ,Ci_1, we obtain

i+1 i+1

9 k
e T1 e e T 60 0 < (o S ) et a5,
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Combined with (70), this results in

i+1 i+l
|EFT T (@ +H)) FET T] (G + Hy)F]|
Jj=t—1 j=t—1
i+1 i+1
S D SERCITAAN | NCAeR e | AR
(Vig1, y0e—1) j=t—1 j=t—1
c{o,1}t—¢1!
i+1 i+1
S SN N ) §Uaetel R ) Uit )
(Vig1, ,0e—1) j=t—1 j=t—1
c{o,1}t—¢1!

t—i—1

> (’f‘,i‘l) (Cﬂ%)k%_i_ml(nm(n»

9 t—i—1
— i1 (aa(n), B)) (1 + om> '

On the other hand, using Lemma A.2 and (68) for ¢ = i, we have

*E[||(C; - C)PFTGi_lGOFw0||2] = n?ElwoFT G (G HTFPTE[(C; — C)?]PFTG' Gy Fu)
< ?||E[(C; — C)?|E[|PFT G GoFuwy|?]

d
<4n’K -pi(er(n), Bm) - Y El(ufwo)?]. (77)
k=2
Using (76) and (77) to bound (69), we have
i+1
E[||PFT [T (G+ H)HG' GoFu ]
j:til UK t—i—1 d (78)
< 161K - pion (n), B)) - qe—i—1 (a1 (n), B)) (14 —— 1 — - ) El(ugwo)’]
n pila(n n))-4q laaln n ( 041(77)45(77)> kZZQ K Wo
Using (68) and (78) for (67), we finally have
e . , t—1 . o 2K t—i—1
Bl [ips(n). 000 + 167K 30 B0) aeica(enos 800 (14 s ) ]
d
> El(ufwo)?]
k=2

By (90) and (91) in Lemma A.4, we have

pe(ar(n), B(n)) < (V “21“7) + V%(n)z— 4ﬂ(n)> |

2(t+1)
s (0. 50) < (507 ) (@5 @, ol = 4ﬁ(n)> |
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Therefore, we obtain

, t—1 4772K bt
Ape(on (), B) + 169°K 3 pu(ea (1), ) - uoa (o (). B (1 * mm)—w(m)

L 4n2K ti( 47,2[( >t""11 . <\/a1(n) N \/041(77)—4,8(77)>2t
- —4B(n) 2 2

=1

B % | mn Vart) —Bm )
4<1+a1(n)—4ﬁ(n)) ( 2 " 2 )

which results in

9 t—1 o o — 2t g
BPwl <4 (14 o) -(“;(”HV 108 45(”)) - Bl

Finally, from (65), we have

<4

d

_ 2t g
K\ (V) | oa(n) =480
Elw} PMPw <4K(1+) : + Y El(ufwo)?]. (79
This completes the proof of the first statement.

Next, from as(n) = 46(n) > ai(n) for k > 2 and (92) in Lemma A 4,

E[(ugwo)?]- (80)

M=

d
> pmlar(m), ) El(uf wo)*] < pm(az(n), B(n)) -
k=

b
[|

2
Also, using (91) and (92) in Lemma A.4 and (79), we have

d m—1

123N G (en(n), B(n)) E[w! M, Puw,]

k=2 r=1

L S < U ' S W GV RV D LA N S
~ ai(n) —4B8(n ) 1 <1+Oé1(77)—4ﬁ(77)) ( 2 + 9 ) ];QE[( ) Wo)“]

K mil_ [ Voa) \/041 —45(n) : wTwn)?
<1+0<1(77)—45(77)) 11 < 2 ) I;E[( k wo)”]

3

An?K e APK " o A Km ~ 82 Km
(1+a1(n)4ﬂ(n)> b= <1+a1(n)45(n)> b= p(al(n)4ﬁ(n)> LS ) — 48

leading to

—1

2 4. T 32 2I(’I’)’L aq Qaq —45 o
4730 3 amers(on). S BT PMP] < i (V 1) | Vel “”)

d
S Bl(uFwo)?). (81)
k=2

Using (80), (81) for Lemma 3.5, we finally have

! 2PKm (Vo) | ) =48

d

: Z E[(“£w0)2]

k=2

(82)
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Lastly, using Lemma 3.5 for £ = 1, we have

m—1

E[(uf wn)?] = pm(ca(n), Bm) El(uf wo)] +40* Y qm—r—1(c1(n), B(n) Elw; PMi Pw].

r=1

Since PM}, P is positive semi-definite and g;(a1(n), B(n)) > 0 for 1 <¢ < m by (91) in Lemma A.4, we have

Bl(uf win)’] 2 pm((n), B(n)) El(u] wo)?]- (83)

Also, from a1(n) > as(n) = 48(n) and (90) in Lemma A.4, we have

pm(a1(n), B(n)) > i (‘/O;l \/al(n); 16 (T’)> . (84)

Using (82), (83) and (84), we eventually obtain

ZZ:2E[(“kwm)2] < {pm(ag(n),ﬁ(n)) n 1280 K'm }_Zz_zE[(ugwo)Q]
El(ufwm)? 7 [pmlai(n), B(n)  ai(n) —48(1n) El(ufwo)?

which completes the proof. O

Proof of Lemma 3.7. Using the conditions on m and |S|, we have

4?Km < 1

" i) =450 = TS

Also, from

Praa(m). Bm) = (B)™. plaa(n). B(n) > & (““;(’” 4 Youl — 49 “”) .
and the choice of and m, we have

Pm(c2(n),
pm( 1(n),

(1))
(m))

B
B

IN

. < 46(n) >2m
Vea(n) +y/aa(n) —48(n)

1. (1_\/a1 \/4ﬁ(n)+\/a1(77)—46(77)>2m
Vai(n) + /ai(n) —48(n)

(1 A VIMARE ) 0+ X)) 2m "
L—n4+nM +/0MARA —7) + 700 + X2))

<4.exp (2 nALA + /mAART — 1) + n(A + A2)) m)

1—n+nA 4+ vV/0MARML — 1) + 1A + A2))
<
Therefore, using (85) and (86) in Lemma 3.6, we finally have
Sies El(ufwm)?] _ (pmmz(n), Bln) , 1285*Km ) Sis Elufwo)]\ _ 3 (i, Bl(ufwo)’]
El(ufwm)?] 7 \pm(a1(n),B(n))  ai(n) —48(n) E[(ufwo)?] 4 E[(ufwo)?] ’

which completes the proof. O
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Proof of Theorem 3.8. By repeatedly applying Lemma 3.7, we have

e < (1) Badan - () »

Since 7 = [log(fo/€)/ log(4/3)], we have

resulting in
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A.2 Technical Lemmas
Lemma A.2. Let w be a vector in R® and let M be a d x d symmetric matriz. Then, we have
w? Mw < || M][||w][*.
Proof. By the cyclic property of the trace, we have
w? Mw = Tr[w” Mw] = Tr[Mww?).
Since ww? is positive semi-definite, we have
Tr[Mww?] < || M| Tr[ww?).
Again, by the cyclic property of the trace, we finally have

w! Mw < || M| Tefww"] = || M| Trfw”w] = || M|[|w]]*.

O
Lemma A.3. Let A; and B; be d x d matrices fori=0,--- ,t — 1. Then, we have
0 0 t—1 [ i1 0
I Ai+Bi) = (A1 +Bi1)(Ar2+Bia) - (Ao+Bo) = [ Ai+>_ | II (4i+B)B:i [ Ax|. (87)
i=t—1 i=t—1 i=0 |j=t—1 k=i—1
Proof. We prove the statement by induction. For ¢t = 1, we have
0 [it+1 0 1 0
HA+Z 1A +B)B: T Ar| = Ao+ |T](4;+Bj)Bo [] Ax| = Ao+ Bo,
i=0 |j=0 k=i—1 j=0 k=—1
which proves the base case. Next, suppose that we have (87) for ¢ — 2. Then, we have
0 0
I (4i+Bi) = (A1 +Bey) [ (Ai + B)
i=t—1 i=t—2
0 t—2 | it1 0
= (A¢—1 + Bi—1) H A+ Z H (A;+ Bj)B; H Ag,
i=t—2 i=0 | j=t—2 k=i—1
0 0 t—2 [ 41 0
=] 4+B J] A+ IT @+ B)B: [ 4
i=t—1 i=t—2 =0 | j=t—1 k=i—1
0 t—1 | it1 0
= I] 4+> | ] W +B)B: [] Ax
i=t—1 i=0 | j=t—1 k=i—1
This completes the proof. O
Lemma A.4. Let x; be a sequence of real numbers such that
xp = (o — B)zi—1 — Bla — B)wi—o + BPwe—g + Ly—1 + BLi_2
fort >3 and xo = Lo, w1 = § Lo, w2 = (% - 6)2L0 + Li. Then, we have
t—1
:pt(a7ﬂ)L0 +th—r—1(aaﬂ)Lr- (88)
r=1

Moreover, fort > 0, we have
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o if0<a=4p,
P(45,0) = B >0, a4, B) = (1 + 178" >0, (59)
o if0<4p < a,
tq2
miap) = [5( G+ 12 ) 3 (5 - V“;‘w) | > masp =0 (90)
— t+1 t+172
(0. B) = a_lw[(f R () | a0 o
e if 0 < a<4p,
pt(aaﬁ) Spt(4ﬂvﬂ)7 qt(avﬂ) S qt(46a5) (92)

Proof. Tt is easy to check that zg, x1, and x2 satisfy (88). Suppose that (88) holds for t — 1,¢ — 2,¢ — 3. Then,
we have

2 = (a— Bai—1 — Bla— Bxi—2 + B33+ Li—1 + BLi—2

=pi(a,B)Lo+ Loy + aLia+ (0= B)°Lis + Y _qrr1(
t—1
= pt(Oé7 B)LO + Z qt—r—l(aa ﬂ)Lr
r=1
Therefore, (88) holds by induction.
Next, we prove (89), (90), (91) and (92). The characteristic equation of (9) is
3 —(a—B)r? + Bla—B)r—p*=0. (93)
If 0 < a =48, (93) has a cube root of r = 8. From initial conditions (11) and (12), we obtain

If 0 < 48 < a, the roots of (93) are

T_ﬁa—26+\/a2—4aﬂ a—28 /a2 —4aB
= 8, - 5 .

2 2 2

With initial conditions (11), we obtain

pt(a,ﬂ)i(QQﬂ va?—4dap ) L

2 5

a—28 a2 —4aB\" 1
()

4

Using the fact that a > 48 and the arithmetic-geometric mean inequality, we have

pt<a7ﬁ) > ﬁt Z 0.

Moreover, we can further write p;(a, 8) as

by expanding this expression.
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On the other hand, using (12), we have

o — va? —4da i a— Va2 —4a8\
qt(a,b’):a_lw{( 225+ 5 1 5) +< 2%— 5 1 5) —25”1]
1 va a—ag\'""" [(va Va—4ag\'" 2>0
_a—4ﬁ[<2+ 2 ) _<2_ 2 > }

Using the fact that A**1 — B! = (A — B)(A' + A*"'B +--- + B?) for any A, B € R, we have

t i t—iq 2
_ Va o yVa—4p Va  Va—4p
=0
Again, using the arithmetic-geometric mean inequality and the fact that a > 43, we have
« a—4p t/2 « a—4p t/22
§+ v ) va _ va—18 = (t+1)°8" = q,(48, ).

il 5) = (04 1) . R

If 0 < o < 48, the roots of (93) are

a—2b’+\/mi a—25_\/émi
) 2 .

r=h 2 2
Setting
-9 /A0 — o2
cosep:a2ﬂ’6, sinep:$

it is easy to verify that
Loy - bl t - b t
pt(a,ﬁ)zzﬁ cos 0, + i sin 0, —1—15 cos 0, — i sin 0, +§ﬁ
1, . . 1
_ Z(61915 + e—z@t)ﬁt + §ﬁt
1 . . 1
— 7|610t 4 e—z@t|ﬂt =+ iﬁt

—

. ) 1
< 701 + e )8 + 6"

t

=@ W~

Moreover, with

cos O, = a ;;ﬂ, sin §, = Vélofﬁoﬁ’ cos g =1— %, sin ¢, = 77&042557042’
it can be seen by using elementary calculus that
2 2
(e, B) = 13 é Pl 48 ? aCOS(¢q +1t0,) | B (95)
Let
Then, from (9) and (11), we have
45 — 45 — 2 1 4B2) (48 —
QO =0, Q=220 g = WmARIRA) g letATEIza) (g

B p? ’ p?
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resulting in

Q@ - Qo= =B 5 o g - guy = I

In order to show Q(t) > 0 for t > 0, we prove Q(t + 2) — Q(¢) > 0 for ¢ > 0. Using (94), (95) and standard
trigonometric equalities, it follows that

> 0. (97)

QU +2) —2Q() + Q(t —2) =8 + %O‘cos(a;q +16,).
In turn, we have

QUE+2) — Q) = Q) — Qt —2) + 8+ cos(dy + thy)

8
> Q) - Qt-2)+8- 7
- Q) - Q-2+ 2=

> Q(t) = Q(t - 2). (98)
From (96), (97), and (98), for t > 0, we obtain Q(¢) > 0 implying
qt<a75) S qt(4ﬂ7 /B)

Lemma A.5. If a > 48 > 0, then for 0 < t; < to, we have

gty (O‘aﬂ) ' Qt’z(aaﬂ) < < ) Qt1+t2+1(aaﬂ)'

b
a—4p
Proof. From (91) in Lemma A.4, we have

)[4y oy

00 (0,8) - aua (0, B) = (

a—4p 2 2
Vi Va=aB\" (VA Ja=ap\"t)
\CFe) (- 0) |
Since B va 3
« o — « o —
we have
Va o —4B bt o o — 4B i+l o o — 43 fatl Va o — 483 f2 41
(+00) () ) ()
B \/a 04—46 t1+ta+2 \/a 0(—45 t1+1 \/a a—4,6’ ta+1
_<2+ 2 ) 2 2 ) (2+ 2 )
o o _4ﬂ t1+1 \/a 01—45 ta+1 \/a O£—4ﬂ t1+t2+2
(2+ 2 ) <z 2 ) *(2 )

) [CF ) ) T

:( ! )qt1+t2+1(aaﬁ)'

This completes the proof. O






