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Abstract

We present a novel active learning algorithm
for community detection on networks. Our
proposed algorithm uses a Maximal Expected
Model Change (MEMC) criterion for query-
ing network nodes label assignments. MEMC
detects nodes that maximally change the
community assignment likelihood model fol-
lowing a query. Our method is inspired by
detection in the benchmark Stochastic Block
Model (SBM), where we provide sample com-
plexity analysis and empirical study with
SBM and real network data for binary as well
as for the multi-class settings. The analy-
sis also covers the most challenging case of
sparse degree and below-detection-threshold
SBMs, where we observe a super-linear error
reduction. MEMC is shown to be superior
to the random selection baseline and other
state-of-the-art active learners.

1 Introduction

Community detection, or clustering on networks,
is a fundamental problem in a broad range of dis-
ciplines, from the study of biological and social
networks to the classification of non-graphical data
sets via the construction of pairwise similarity graphs
[Tang and Liu(2010)]. However, perfectly recovering
each element’s community by only observing the
given graphical data is shown to be statistically
impossible for many networks of interest. There-
fore, a growing area of research has been focused
on the development of semi-supervised community
detection  algorithms  [Allahverdyan et al.(2010),
Eaton and Mansbach(2012), Kanade et al.(2016),
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Zhang et al.(2014)]. More recently active learning
[Settles(2010)] has been introduced to the task
of community detection (e.g. [Cheng et al.(2014),
Gadde et al.(2016), Moore et al.(2011)]). Active
learning, in this setting, allows to use a minimal and
intelligently selected set of nodes to be labelled in or-
der to improve community detection. Active learning
is especially beneficial when labeling information and
training are hard or expensive to obtain.

In this paper we focus on using active learning to solve
both the problem of ‘detection’ and ’recovery’ of com-
munities: where 'detection’ is related to finding com-
munity assignments that have a non-trivial correlation
with the true assignments, and recovery addresses the
assignments to be correct with vanishing error proba-
bility. In the context of detection [Decelle et al.(2011),
Mossel(2015)] have shown that for benchmark ran-
dom networks generated by the stochastic block model
(SBM) [Holland et al.(1983)], there exists a fundamen-
tal ‘detection threshold’ for the unsupervised setting.
These results prove that when the signal to noise ra-
tio (SNR) of SBM-generated graphical data is below
the ‘detection’ threshold (SNR< 1) then it is statisti-
cally impossible for any strictly graph-based algorithm
to predict community assignments with better accu-
racy than random chance [Mossel(2015), Abbe(2017)].
Recent work on clustering SBM networks with ran-
dom label information [Saad and Nosratinia(2018),
Mossel and Xu(2016), Kanade et al.(2016)] (aka semi-
supervised) has shown detection is possible below the
threshold. We note [Kanade et al.(2016)] for the chal-
lenging case of sparse degree networks, where equiva-
lence between label propagation in broadcast-trees and
SBM is drawn, also covering the SNR< 1 case.

Active learning in the context of community detec-
tion is a new and pioneering area, in particular in
the context of SBMs. So far, only a handful of
active learning strategies have been introduced to
the field of community-detection. In the context
of SBM we note entropy-based selection criterion of
[Moore et al.(2011)], which computes the difference
between a node’s uncertainty and its correlation with
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other graph nodes in order to select the best node to
query. The computationally demanding Gibbs sam-
pling is used to derive the conditional distribution
of node labels in SBM. In [Gadde et al.(2016)] the
authors address the perfect recovery problem in the
SBM'’s logarithmic degree regime, which uses sampling
of nodes whose neighbor’s labels suggest the high-
est disagreement on their current assignment. The
sampling is done once from the initial label approx-
imation, and there is no update of the labeling af-
ter each query\sample. Thus, hypothesis updates,
which prevent redundant queries, are not exploited.
Other network\graph based active learning methods
in other contexts than SBM involve criteria such
as ’representative’ sampling [Leng et al.(2013)], un-
certainty sampling [Kushnir(2014)], and a combina-
tion of thereof [Cheng et al.(2014), Yang et al.(2015)].
[Cheng et al.(2014)] targets edge queries, however,
node queries typically provide more information.

In this paper we construct a novel active learner that
embeds a semi-supervised community-detection algo-
rithm based on optimizing the likelihood function.
Specifically in the case of SBM, we find the maximum-
likelihood (ML) community labeling given a SBM-
generated graph and a subset of already known com-
munity labels. In this sense our work takes the SDP
solution of [Goemans and Williamson(1995)] for the
unsupervised ML problem one step further into the
semi-supervised domain, by using the labeling infor-
mation as constraints. Our active learner utilizes the
ML statistical framework in order to query nodes that
Maximize the Expected Model Change (MEMC) of
the likelihood model given the graph, labels, and the
hypothesized query information. The MEMC crite-
rion is comprised of optimizing two components si-
multaneously: the overall change in the global likeli-
hood model for each query outcome, and the likelihood
of the query label given the current model. Model
change has been used for active learning in other
frameworks (e.g. [Freytag et al.(2014), Settles(2010),
Vezhnevets et al.(2012)]) but is novel for ML and com-
munity detection.

MEMC’s sample complexity analysis marks its advan-
tage over the baseline Random selection criterion in
both below and above SNR-threshold networks and
for different average node degree regimes. In par-
ticular, the analysis proves MEMC’s preference to
correct erroneous assignments, and bounds its query
search range, while the Random sampling range is un-
bounded. The theoretical analysis is validated with an
empirical study of the sample complexity. In the be-
low SNR regime, our analysis and simulations reveal
a surprisingly fast super-linear error reduction phase
comprised of multiple nodes label corrections following

a query. The super-linear phase is followed by a lin-
ear reduction phase that lasts until full recovery and
where MEMC has a clear advantage over Random. We
conclude our work with numerical experiments with
SBM networks which validated our analysis, as well as
experiments with real social networks showing a clear
advantage of MEMC over the baseline and other state-
of-the-art active learning.

2 SBM and the Likelihood Function

We start with definitions related to the SBM and de-
rive new results pertaining to its likelihood.

Definition 1. The Stochastic Block Model (SBM)
with parameters n, r, a and b defines a random graph
ensemble on n nodes. FEach node is assigned a label,
uniformly at random, from a discrete set of r labels.
If node i and node j are assigned the same label there
exists an edge between them with independent proba-
bility p =  and if node i and node j are assigned
different labels there exists an edge between them with
independent probability q = %,

When the number of nodes in each community is equal
we refer to the model as the Symmetric SBM (SSBM).

Definition 2. (Modified Adjacency Matriz) Given a
graph G on n vertices and parameters p and q, let M =
M(G,p,q) be the n x n ‘modified’ adjacency matriz
where M;; = logg if G has an edge between node i

and node j and M;; = log (}_f’q’) if G does not have
an edge between node i and node j. Let SBM (n,r,p,q)

represent the probability distribution over matrices M .

For completion we provide the fundamental def-
inition of the detection Signal-to-Noise ratio for
SBMs [Decelle et al.(2011)] and the seminal re-
sults on community detection of [Massoulie(2014),
Mossel et al.(2015)] for r = 2:

Definition 3. The Signal-to-Noise-Ratio (SNR) of
SBM(n,r, %, L) is defined as

S

. (a—b)?
SNE = r(a+ (r—1)b (1)
Theorem 1. (Detection Threshold)

[Massoulie(2014), Mossel et al.(2015)]:  for r=2, if
(a—0b)2 > 2(a+0b) then one can a.a.s. find a bisection
which is positively correlated with SBM (n,2, %, %)

Definition 4. (Vector Labels). Let A, be a set of
T unit-vectors representing the vertices of an (r — 1)-
simplex and let AI' be the set of all n-tuples of such

vectors. Thus, if [ } € A2, then the inner-product

Vi
Vj

_ 1
<via1}j> = r
1

Zf V; 7& Uj

if v = v;.
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From now on we associate any discrete labeling over
r communities with vectors in the set A,. Thus, we
refer to a complete labeling over n nodes as X € A7,
where X; € A, is the i*" node’s label and corresponds
to the i*" row of X. In Theorem 2 we derive the un-
normalized probability of any discrete community la-
beling assignment x € A’ as a monotonic and convex
function of the quadratic-form Tr(z” Mz).

Theorem 2. Let X € A} be a discrete labeling as-
signment and let M ~ SBM(n,r,p,q). Then

P[X = X|M= M] ¢z TrX"MX), (2)
Corollary 1. Let Xy € A'F be a discrete com-
munity labeling assignment for a set of n — k unsu-
pervised nodes and let X1, € AF be the true labeling
assignment for a subset of k supervised nodes. Let
M ~ SBM(n,r,p,q) where the last k rows correspond
to the k supervised nodes. Then,

() M.

XL

P[Xy = Xu|M= M, X; = X1] o e 7 (5
3 Semi-Supervised

For the problem of semi-supervised community-
detection, we seek the discrete labeling assignment
Xy € A F that maximizes PXy = Xy|M =
M,X; = X;] (k being the the number of labeled
nodes). From Corollary 1, this is equivalent to finding
the labeling assignment Xy € A% that maximizes

TT(B((Z]TM [?LJ]) However, in general, exactly find-
ing this discrete ML labeling is exponentially hard and
can naively take up to O(r"~*)-time. Thus, we relax
the optimization problem into a SDP and find an ‘ap-

proximate’ ML labeling in the relaxed domain.

While SDP has been used in the unsupervised case to
solve community detection problems (see references in
[Abbe(2017)]), we present here a new formulation for
the Semi-supervised case using the labeled set as a set
of constraints in the original SDP. Specifically, given
the graph M = M and labeling X = X, the SDP of
our semi-supervised algorithm maximizes the convex

function Tr([f(i ]TM [?L’]) over the ‘relaxed’ domain
Xy € Rv=F)x(n=k+7) and || X;||y = 1 for every i. We
find the optimal assignment for Xy in this relaxed
][5 o

domain by factoring the solution X = [ ol lxy

the following Semi-Definite Program:
SDP(M, X1): max Tr(MX) such that
X >0,
Xi;i=1for 1 <i<nmn; (3)
Xy =1if X1 =Xp,

Xij = — if Xpi# Xr_j;

-1

where Xy_; or Xp_; is just another way of writing X;
while simultaneously specifying if node ¢ is currently
in the unlabeled or labeled set.

We define the output of SDP(M, X) to be the fac-
torized matrix X = B((i] rotated so that the vectors
X1, line up with their correct corresponding vectors in
A,.. This SDP can be solved efficiently with programs
such as Manopt [Bandeira et al.(2016)]. The factor-
f(g] B?L]]T can be found efficiently with
Cholesky Decomposition and X = Bgz] has a unique
rotated solution so long as there is at least one super-
vised label from each community (if not see Remark
1 below). From the constraints X;; = 1, each X, is
a unit vector and referred to as the ‘vector-label’ for
node i¢. To complete the semi-supervised algorithm we
recover a discrete labeling by assigning each vector-
label in Xy to the closest corresponding vector-label
in A,.

Remark 1. If X}, contains less than r—1 distinct vec-
tors, then rotating X such that X, aligns with its cor-
responding vectors in [\, no longer produces a unique
solution with respect to /\,.. In this case we must use
another algorithm to find the best-fit simplex for our
data. We present one such algorithm in the supple-
mental material.

ization X = [

The semi-supervised algorithm (Fig. 1) follows a relax-
and-round procedure where the relaxed SDP (3) is
solved, followed by fitting a simplex to the SDP-output
and rounding each SDP vector-label to its closest best-
fit-simplex vector. Note that the function unique(X)
outputs the set of unique labels in X.

| Semi-Supervised(M, X, r) \
Input: M: adjacency matrix, X : labeled set,
r: number of communities

Output: X € A?: complete labeling
1. X' =SDP(M, X;)
2. If Junique(Xp)| <

A, = bestFitSimplex(X"’)

else

A, = unique(X7y)
3. Fori=1ton—k

Xy = argmax X(’]J.XjT

X; €N,

4. X = [’;g}

Figure 1: The Semi-Supervised algorithm.

4 Active Learning

Our novel active learning strategy employs a querying
criterion that is based on Maximal Expected Model
Change (MEMC). In general, this strategy selects the
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unlabeled data point, ¢ € U, that if labeled is ex-
pected to cause the greatest change to some chosen
model & with respect to some chosen norm 7. Built
on this idea, a tractable approximation of the distri-
bution P[X, = X(|/M = M, X = X] must be com-
puted for all ¢ € U and X, € A, and a model ® is to
be chosen.

4.1 Expectation

In computing the expected model change, the expecta-
tion must be taken with respect to each node’s like-
lihood distribution over possible label assignments.
However, exactly computing this distribution, P[X; =
X;M = M,X; = X], is an exponentially hard
problem with complexity O(r"~*) in general. Hence,
we use the classical strategy of ML-approximation
[Liu(2012)], to approximate this distribution by

P[Xz :Xi|M:MaXL :XLaXUﬁi :XUJWL]7 (4)

where Xy/_, is the set of unknown node labels exclud-
ing node ¢, and Xy,,, is the ML-labeling. For any
labeling X¢;_, = Xp_, one can compute the above con-
ditional probability with Lemma 1:

Lemma 1. Let Xy, € AS.”*’H) be a discrete com-
munity labeling assignment, let M ~ SBM (n,r,p,q)
and let M; be the it" row of M without the (i) entry.
Then, for any label X; € A\,

PIX; = X;|M=M,X, =X., Xy, = Xp_]

s (MM ]XT)

r

e

. 5)

ZXjeA,,. €

In order to approximate the ML-estimation defined in
(4), we calculate (5) for an approximate ML-labeling:
we define a generalized ML-approximation of P[X; =
X;IM = M, X = X1] by generalizing (5) to condition
directly on the set of SDP-output vector-labels X{, €
R(=F)x(n=k+r) = Thys, the new MLE-approximation
for P[X; = X;|M = M, X = X] becomes

I/[})[XZ = XZ|M - M, X—L - XLaXUﬁi = X{]ﬁl}

r— X{_
B = (M )[(JZI}X;F)

= (6)

B =2 on[ X
doX,en, € ‘
J r

where X/, is the output of SDP(M, X,). Note that
P still defines a probability distribution but it is no
longer conditioned on a discrete community labeling.

4.2 Model Change

We use the ML-approximate distribution from (6) to
define the ‘model change’ querying strategy. First, we

define the model to be the (n X r)-matrix:
(I)(Ma XL7 Ar)i,j =

. ) 7
PIX; = XM = M,X; = X, Xu_, = X{_|] g

where, X[, = SDP(M, X) and Xi(j) is the 5" vector-
label in A,.. For any already labeled node i, the prob-
ability distribution P[X;;, = XYM = M, X, =
X1, Xy, = X ,] is defined to be the delta-function
with mass 1 on the node’s true label. We define the
model change, §, to be the sum of total variation dis-
tances between each node’s probability distribution
before and after a particular assignment X, = X,:

6((1)7Xq) = H‘I)(Mv [XLan]vAr) - (I)(Ma XLzAT)H'—E“)
8

Thus, in order to maximize the Expected Model
Change (EMC):

EMC(M, X}, X1, A\y) =
> PX,=X,M=MX,=X,Xy, =Xp ]
X €N,
-0(®, Xy)
(9)
we query the label of node
g =MEMC(M, X/, X1, /\,)

= argmax EMC(M, X{;, X1, A,), (10)
qeU

4.3 The algorithm

Pseudo-code for the entire active MEMC algo-
rithm is presented in Fig. 2. The procedure

MEMC-Active(M, X, r, Q)
Input: M, X, r, Q: query budget
Output: X € A?
1. For queried =1 to @
a) X' = SDP(M, X1)
b) If Junique(Xyp)| < r
i) A, = bestFitSimplex(X’)
ii) ¢ = Anchor(M, X{;, X1, A,)
Else
i) A, = unique(X7)
i) ¢ = MEMC(M, X/, X1, AAy)
c) X4 = Label(X,)
d) X, =[]
2. X = Semi-Supervised(M, X, )

Figure 2: The Active Learning MEMC algorithm

Anchor(M, X{;, X1, A\;) is a querying mechanisms for
the early stages when X7 may not yet contain all ex-
isting community labels. We further elaborate on the
anchor nodes selection and additional speedup steps
for the SDP in the supplementary material.
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5 Sample Complexity Analysis

In this section we provide theoretical sample complex-
ity analysis to the MEMC criterion. As will be shown
below, and in our empirical validation in Fig. 3, the
error reduction rates that MEMC exhibits for the SBM
differ throughout the active learning process and are
characterized by 2 to 3 different phases, depending on
the error type and the SNR regime. Therefore, our
sample complexity analysis provides a more informa-
tive picture by proving the number of queries needed
to recover the communities by MEMC, instead of the
arbitrary error complexity analysis that is typical for
active learning in standard classification tasks.

To facilitate our analysis we consider here the 2-
a

community symmetric - SSBM (n,2,a,b) where p = &
and g = %. Our results do not loose their utility for
r > 2 communities. We consider in the analysis the
two different settings of SBM graphs: above and below
the SNR detection threshold (see definition in Theo-

rem 1).

To set the stage for our analysis we first define the
differential degree of a node with respect to an assign-
ment X of labels:

Definition 5. The Differential degree of a node v;
w.r.t to labeling X is defined as

dg(vi) = [{v; € V|v; ~vi, Xi = X} -
Hvj € Vlv; ~ v, X; # X}

A node v has a majority with respect to a labeling
X if dg(v) > 0. Otherwise, v has a minority. We
characterize two types of possible errors in the labeling
approximation X with respect to the true labels X:

Definition 6. Type-1 error: X; # X; where v; has a
magjority with respect to X.

Definition 7. Type-2 error: X; # X; where v; has a
minority with respect to X.

Clearly, type 1 and type 2 error nodes comprise the
total of possible errors. As will be shown below, the
sample complexity of each error type is qualitatively
different and depends on the stage of the active learn-
ing process, or, more specifically, on the distribution
of the currently unlabeled nodes differential degree.

We note that in the problem setting of SBM the
Maximum-a-Posteriori (MAP) estimator is such that
it assigns the label

X; = arg max P{X; :XﬂS:s,R:s}, (12)
X
where S and R are the random variables representing

the number of neighbors of v; that have similar and op-
posite labels, respectively. Because label assignments

03

—T0

—rand error
-==-rand minority errors
——MEMC error
-=--MEMC minority errors

MEMC error sparse

0.25 ——MEMC error log(n)

rand error sparse

0.2 ——rand error log(n)

—min diff degree error log(n)|

0.15

0.1

0.05

0.5
—T0 MEMC error sparse
——rand error 04 i ——MEMC error log(n)
=== rand minority errors
——MEMC error

== MEMC minority errors 0.3

rand error sparse
——rand error log(n)

0.2

0.1

Figure 3: Comparison of MEMC and random error vs.
fraction of data queried. A,B: SNR ~ 1.3, sparse (A)
logarithmic (B). C,D: SNR = 0.6 sparse (C) loga-
rithmic (D). Dashed vertical line indicating transition
from super-linear to linear phase.

are an independent process in SBM, the MAP estima-
tor is equal to the ML estimator:

X, = argmax P{S = s, R = s|X; = Xz} (13)
X

Therefore, in order to facilitate our analysis we will
consider the local MAP classier (shown above to be
equivalent to the ML classier), and scalar labels.

5.1 The SNR > 1 case

For the case of SNR> 1 we provide our main result in
Theorem 3 for recovery. Theorem 3 is also validated
by our empirical observations in Fig. 3-A,B in section
6. In particular, our experiments in Fig. 3-A B vali-
date that there are 2 different phases in which different
types of errors are corrected at different rates through-
out the recovery via the active learning process. This
observation encourages us to examine the sample com-
plexity of a full recovery to provide a comprehensive
analysis.

Theorem 3. (Sample Complexity) Consider the net-
work M ~ SSBM(n,2,p,q) such that SNR > 1. Let
X = SDP(M, Xy,) be the approzimate scalar labels of
the nodes, and Xy, is a set of known labels for a subset
of nodes. Let the total of number of errors in X be
m = my + ma, where m; corresponds to type-i error.
Then the sample complexity of MEMC for full recovery
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is at most

my+(n—my) (eXp <_ (\/g_ \/5)2)4_; P(k;a, b)),

(14)
where l. is the critical differential degree such that a.a.s
no nodes exists s.t. dx(v) < l., and P(k;a,b) is the
Skellam distribution representing the probability of a
difference between two Poisson random variables with
means a and b. Specifically, l. = inf{k|(P(k;a,b) <
k) =o(n=1)}. On the other hand Random will require
order n queries.

Proof sketch: The proof relies on three important
auxiliary results - Lemmas 2, 3, and corollary 2 (the
full proof of Theorem 3 and the auxiliary results are
provided in the supplementary material). First, in
Lemma 2 we prove that type-1 errors have higher
model change than other nodes of similar degree.
Therefore, MEMC will initially query the type-1 er-
ror nodes, corresponding to the first m; component in
(14). Second, following the correction of type-1 error
nodes MEMC triggers a search around zero differential
degree for type-2 nodes which show preference for cor-
recting type-2 errors over querying correctly assigned
nodes, as per Corollary 2. Lastly, the type-2 error
search range is proved to be symmetrically bounded
around zero for a differential degree range that can be
directly inferred from a and b’s values as provided in
Lemma 3. The random criterion will select all types of
nodes at equal probability within an unbounded range
of the possible differential degrees.

The sample complexity of the different algorithms for
SNR> 1 is summarized in Fig. 4, where we also plot
the curve for a hypothetic optimal active learner which
makes only TO errors of type-2 and queries only them.
We provide below the auxiliary results for prooving
Theorem 3.

Lemma 2. Consider the network M ~
SSBM(n,2,p,q). Let X = SDP(M,Xy) be the
scalar labels of the nodes, and Xy, is a set of known
labels for a subset of nodes. Let v' be a node of
differential degree & > 0 for which X has made a
type-1 error, let v be a node of differential degree —3
for which X has made a type-2 error, and let v3 be
a correctly assigned node with differential degree 6.
Then EMC satisfies

EMC(v') > EMC(v?) = EMC(v®).  (15)

Next, we prove the conditions under which MEMC will
have preference to correct type-2 nodes over querying
correctly assigned nodes. In particular, Corollary 2
guarantees that if there are type-2 error nodes with
absolute differential degree that is lower than other

P(dg) . SNR > 1
Minority
nodes

y

| e—) —T Td o

i
T0 search range Random-selection search

range for type-2 errors

MEMC search range
for type-2 errors

Figure 4: Sample complexity for recovery in the
SNR > 1 regime. The probability mass of the dif-
ferential degree d 3 is plotted, with regions marked for
minority nodes and MEMC search region within crit-
ical degrees [l., —l].

node’s differential degree (as typical for type-2 nodes),
they will be queried by MEMC:

Corollary 2. Given M ~ SSBM (n,2,a,b). Let vjz be
a type-2 node, and let v} be a correctly assigned node.
If |dg(v?)| < ldg (v?)| then EMC(v?) > EMC(v}).

Lastly, Lemma 3 provides bounds on the probability
of having minority nodes which cause type-2 errors.
While majority nodes can be classified correctly by
MAP and ML classifiers once most of their neighbors
are correctly identified, minority error nodes (i.e. type-
2 error nodes) need to be queried directly in order to
be corrected. Therefore estimating their proportion in
the overall set is crucial for bounding sample complex-
ity analysis for querying type-2 error nodes. In partic-
ular, Lemma 3 provides a bound on the probability of
a minority node that can be used to derive a bound on
the minimal differential degree [. that minority nodes
could have.

Lemma 3. Given SSBM(n,2,a,b), the probability of
a minority node P(cout > ¢in) satisfies

<o

ep(-(/§ = V) em(-(+2)  ep(—(t+2)

(5b)2 V2ab 2ab

< P(cout > Cin) < exp ( - (\/g— \/§>2>.

5.2 The SNR < 1 case

(16)

Below the SNR threshold there is no unsupervised
consistent estimator that can provide clustering bet-
ter than a trivial guess [Mossel(2015)]. In the semi-
supervised setting, we observe a super-linear reduction
in error with each query at the initial stage of querying
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(see Fig. 3 C and D). This fast improvement rate is due
to the concentration of the differential degree (for X)
at zero, causing every query-flip to trigger cascades of
label flips. We first define the phenomena of cascades,
and quantify its rate in Lemma 4 below.

Definition 8. (Cascades) Consider the network M ~
SSBM (n,2,p,q). Let X = Algy (M, XL) be the pre-
dicted labels of the modes according to a recovery al-
gorithm U, and X is a set of known labels for a
subset of nodes. Let vy be a node whose label has
been queried. Then a cascade occurs if there exists at
least one path vg, ~ vq,,...,Vq,_, ~ Vg, where vy, =
Vg, Vg, ~ Vgiyy, and > 2, such that T4, # T3P for
every 0 <1 <1, where Xup — Alge (M, X1, Uzy).

Cascades give rise to the super-linear error reduction
observed in the SINVR < 1 regime, where the expected
differential degree with respect to X is concentrated
at and closely around 0. Lemma 4 provides the esti-
mation of the cascades effect on the overall community
detection accuracy as a function of a and b:

Lemma 4. Consider the connected network M ~
SSBM(n,2,p,q) with average degree d, and SNR <
1, such that in expectation the differential degree d ¢ (v)
with respect to the X approrimation is zero. Then
the expected number of majority(minority) nodes that
correctly change their assignment after a query v, fol-
lowed by a MAP update is at least

dpmaj (min)

1= (dp. i . )loBa(n)
1_ dpmaj(min)( ( pma_;(mzn)) )7

(17)
where  Ppaj(min) 1S the probability of a major-
ity(minority) node flipping its label correctly follow-
ing its neighbor change of label and a MAP update.
Pmaj = (]- - 2ﬁmzn) . (4517:_%));
with the upper bound for the probability of a minority
node in Equation (16), and, pmin = Dmin - (ﬁ).

Nmaj(min) =

where Pmin 1S assigned

We note the dependency of (17) in n in the
sparse regime: if dppqjiminy ~ d, then(l —
(dpmaj(mm))logd(”) ~ O(n) which will result in an or-
der n correction!

Following the super linear error reduction phase,
MEMC exhibits a linear reduction with preference to
type-1 nodes succeeded by a bounded search for type-
2 nodes, similarly to what was shown for the SNR> 1
case. We note that these 3 stages of active learning
are also observed in Fig. 3-C,D. We provide our main
results on the sample complexity for recovery in the
SNR < 1 case in the following Theorem:

Theorem 4. (Sample Complexity) Given the network
M ~ SSBM(n,2,p,q) with average degree d, and
SNR < 1. Let m = my + mg be the total number of

errors in X, where m; corresponds to errors of type-i.
Then the expected sample complexity of MEMC is

2(Nmajn+ Nown) (ml - 2(Nm71i-vzajifmm))
+(n- 2(N,,$Tf\fmm) ~m) (18)
(3 Pl +esp (- (/- /)

k=1

where Nyqj(min) are as defined in Lemma 4. Con-
versely, the sample complexity of Random is n.

Theorem 4 concludes that MEMC number of queries
is significantly lower than the Random criterion, even
though both MEMC and Random demonstrate ini-
tially a super-linear error reduction. To this end, there
are two important observations that address MEMC’s
superiorly: First, following Theorem 4, type-1 nodes
are recovered initially and the search for type-2 nodes
is within a bounded differential degree range [—I., ],
where they are concentrated. Thus, MEMC search
covers only a fraction of the m nodes, while it still
guarantees recovery of the type-2 errors. On the other
hand, Random slection samples the full range of differ-
ential degrees for both types of error nodes. Second, in
the sparse regime multiple connected components may
exist. MEMC has preference to select the components
of largest diameter, which will introduce higher model
change and therefore deeper correction cascades, as
seen in Fig. 3 C,D. On the other hand, Random does
not inflict preference for larger connected components.

5.3 Logarithmic vs. Sparse Degree Regimes

In the SNR > 1 regime both sparse and logarithmic
degree regimes have similar behavior (see Fig. 3 A and
B). This similarity is a direct result of the general pref-
erence of MEMC to correct erroneous nodes. More-
over, since cascades do not take place in the SNR > 1
regime, the degree regime, which influences the diam-
eter of connected components, plays no role here.

In the SNR < 1 case in the sparse regime the proba-
bility of zero differential degree is significantly higher
than that of the logarithmic regime where the differ-
ential degree distribution is much more spread-out due
to the higher degree magnitude. In the sparse degree
regime significantly more mass of the distribution is
localized at zero because a and b are small constants.
As a result, correction cascades will occur with higher
probability in the sparse regime.
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Figure 5: Accuracy vs. Percentage of nodes queried. SBM: (A) a=5,0=2,r=2,(B)a=10b=4r=2, (C)
a=9,b=1,r=6. Social (D) Colgate FB, r = 4, (E) Harvard FB, r = 6.

6 Experimental Results

Empirical sample-complexity study. To validate
our theoretical analysis we provide an empirical study
of the optimality of MEMC. The study comprises of
an error analysis including type-1,2 error evolution.
MEMC’s curves are also compared with those of a
Random selection. We also provide the curve for a
hypothetic optimal active algorithm which makes only
TO errors of type-2 and queries only them. The study
covers SNR that is above (Fig. 3 A, B) and below
(Fig. 3 C, D) the detection threshold, and the cases
of sparse vs. logarithmic average degree regimes. We
underline in the following the main observations:

1. SNR > 1: Type-2 errors remain fixed as type-1
errors are corrected, confirming Lemma 2. Ran-
dom selection, conversely, presents a slower error
improvement, due to it’s unbounded search. Note
TO is larger than actual type-2 errors since some
minority nodes are correctly classified by chance.

2. SNR > 1: MEMC error curve aligns early with
the type-2 error curve indicating transition to
querying type-2 nodes, confirming Corollary 2.

3. SNR > 1. The error curve for the mini-
mal differential degree sampling methodology of
[Gadde et al.(2016)] (designed for SNR> 1 at log-
arithmic regime) is presented in Fig. 3-B, demon-
strating that using minimal differential degree
without updates is sub-optimal.

4. SNR < 1: A super-linear error reduction is ob-
served for both MEMC and Random. However,
MEMC consistently has a significant advantage
(of about 7%) over Random due to selecting the
cascades introducing a larger model change.

5. SNR < 1. the sparse regime has deeper
and longer cascades phase than the logarithmic
regime, in line with the sparse SBM having more
mass localized at zero differential degree.

6. SNR < 1: The super-linear phase is followed by
a linear phase as in the SNR> 1 regime. At 50%
queries MEMC’s error curve aligns with the type-
2 error curve. Perfect recovery is achieved at 80%
for MEMC vs. 100% for Random.

Performance experiments. We present experi-
ments for 2- and multi-community detection on SBM
networks and real-world social networks (see data links
and details at [Leskovec and Krevl(2014)]). The au-
thors suggest that the student’s class years form inter-
esting ground truth communities in Facebook social
network. We test the ability of algorithms ‘Active,’
and various active learners to cluster Colgate Univer-
sity students according to the 4 class years 2006-09 and
Harvard University students according to the 6 class
years 2004-09.

The performance of MEMC (‘MEMC-Active’) is
compared with the two known active learners de-
veloped for SBMs [Moore et al.(2011)] (‘MI’) and
[Gadde et al.(2016)] ("MinDeg’), and with the graph-
based active learning algorithm of [Kushnir(2014)]
(‘LAAL’). A random selection ("Random’) and an En-
tropy ("Entropy-Active) criterion using our SDP are
also presented as baselines to MEMC’s criterion. The
advantage of MEMC is prominent: "MI’ uses max mu-
tual information of a query with the current labeling
and therefore has sub-optimal performance when la-
belling is still scarce. MinDeg uses the minimal dif-
ferential degree without updates (applicable only for
SNR> 1). 'Entropy’ uses our SDP formulation, how-
ever, the max-entropy criterion focuses on uncertainty
and does not explore nodes that can have more exten-
sive model change. Thus only towards later stages
of refinement the entropy provides improved gains.
Finally, 'TLAAL’ assumes smoothness of the labeling
function over the graph which does not exist for SBMs.
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