
A Appendix

We now provide additional details for our results in Section 2 of the paper.

Lemma 1. Let A,B be full column rank matrices of size n × d, with log(n) = do(1). Let S be an
SRHT with1 m = Õ((d+ log(1/δ))/ε2) rows. For any matrix B of size n× d we have

‖X‖2 = ‖(SA)†SB‖2 . ‖A†B‖2 + ε‖Σ−1‖2(
√

(1 + d/k)(‖B‖22 + ‖B‖2F /k)),

with probability 1− 1/poly(d).

Proof. From Equation 5 in the body and the triangle inequality, we have

(SA)†SB = V Σ−1(

∞∑
k=0

TK)UTSTSB (1)

‖(SA)†SB‖2 ≤ ‖A†B‖2 + ‖(SA)†SB −A†B‖2 (2)

≤ ‖A†B‖2 + ‖V Σ−1(

∞∑
k=0

T k)UTSTSB − V Σ−1UTB‖2 (3)

≤ ‖A†B‖2 + ‖Σ−1‖2
∞∑
k=0

εk‖UTSTSB − UTB‖2 (4)

≤ ‖A†B‖2 + ‖Σ−1‖2
ε

1− ε

√
(1 + d/k)(‖B‖22 + ‖B‖2F /k) (5)

where we used equation 8 in the body in the last step.

A.1 AD

Let us manually derive the AD for the least squares regression problem.

LLS(A, b) = LS(ATA,ATb)

= LS(M,m)

(M,m) ≡ (ATA,ATb)

B = AT

(B1, B2) = (B,B)

C = B1A

d = B2b

ĀM = AM̄ +AM̄T

Ām = bm̄T

Ā = ĀM + Ām

= AM̄ +AM̄T + bm̄T

b̄ = Am̄

(M̄, m̄) = J T(LS)(M,m)(ȳ)

= (−m̄yT,LS(MT, ȳ)

= (−LS(ATA, ȳ)yT,LS(ATA, ȳ))

This gives us the final reverse mode AD:

Ā = −A(ATA)−1ȳyT)−AyȳT(ATA)−1 + byT(ATA)−1 (6)

b̄ = A(ATA)−1ȳ (7)

1For a function f , we use the notation Õ(f) to denote f · polylog(f).
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A.2 Approximation bounds

Let us derive some additional bounds which were missing in the main paper:

‖AyȳTM−1 −AyDȳTM−1S ‖F ≤ ‖Ayȳ
TM−1 −AyDȳTM−1‖F + ‖AyDȳT(M −M−1S )‖F

(8)

≤ ‖U(I − (UTSTSU)−1)UTb‖F + ε‖AyD‖‖ȳ‖‖Σ−1‖2‖Σ−1‖F
(9)

. ε(‖b‖2 + ‖b‖2‖ȳ‖2‖Σ−1‖2‖Σ−1‖F ) (10)

Table 1: Cheat sheet to derive AD.

Original Forward Transform Reverse Transform

z = a+ b ż = ȧ+ ḃ (ā, b̄) = (z̄, z̄)

z = ab ż = ȧb+ aḃ (ā, b̄) = (z̄b, az̄)
(z1, z2) = (a, a) (ż1, ż2) = (ȧ, ȧ) ā = z̄1 + z̄2
Y = AXB Ẏ = AẎ B X̄ = ATȲ BT

y = LS(M,m) ẏ = J LS(M,m)(y, Ṁ , ṁ)

= LS(M, ṁ− Ṁy)

(M̄, m̄) = J T LS(M,m)(y, ȳ)

= (−m̄yT,LS(MT, ȳ))

Table 2: Forward mode AD Transformations.

Type Primal Forward Transform

Regular y = LLS(A, b) ẏ = J LLS(A, b)(y, Ȧ, ḃ)

= LS(ATA, ȦTb+ATḃ− (ȦTA+ATȦ)y)

“Diff + Sketch” yD = LLS(A, b, S) ẏD = J LLS(A, b)(yD, Ȧ, ḃ, S)

= LS(ATSTSA, ȦTb+ATḃ− (ȦTA+ATȦ)yD)

“Sketch + Diff” yS = LLS(A, b, S) ẏS = J LLS(A, b)(yS , Ȧ, ḃ, S)

= LS(ATSTSA, ȦTSTSb+ATSTSḃ

− (ȦTSTSA+ATSTSȦ)yS)

Table 3: Reverse mode AD Transformations.

Type Primal Reverse Transform

Regular y = LLS(A, b) (Ā, b̄) = J T LLS(A, b)(y, ȳ)

= (−A†TȳyT −AyȳTM−1 + bȳTM−1, A†T ȳ)

“Diff + Sketch” yD = LLS(A, b, S) (Ā, b̄) = J T LLS(A, b)(y, ȳ)

= (−AM−1S ȳyD
T −AyDȳTM−1S + bȳTM−1S , A†T ȳ)

“Sketch + Diff” yS = LLSS(A, b, S) (ĀS , b̄S) = J T LLSS(A, b, S)(yS , ȳ)

= (−STA†TS ȳyS
T − STSAyS ȳ

TM−1S + STSbȳTM−1S , STA†TS ȳ)
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A.3 “Sketch and Differentiate”

Lemma 2. The reverse mode approximation error for the term b̄ when we approximate it by sketch-
ing matrix S can be bounded with probability 1− δ as follows: ‖b̄− b̄S‖2 ≤ ‖Σ−1‖2‖ȳ‖2(ε+ (1 +
ε)‖I − STS‖2).

Proof. Let us use Lemma 1 and sub-multiplicativity to obtain the following:

‖b̄− b̄S‖2 = ‖AM−Tȳ − STSAMS
−TȳS‖2

= ‖AM−1ȳ −AM−1S ȳ +AM−1S ȳ − STSAM−1S ȳ‖2
≤ ‖AM−1 −AM−1S ‖2‖ȳ‖2 + ‖I − STS‖2‖AM−1S ‖2‖ȳ‖2
≤ ε‖Σ−1‖2‖ȳ‖2 + ‖I − STS‖2‖AM−1S ‖2‖ȳ‖2
≤ ‖Σ−1‖2‖ȳ‖2(ε+ (1 + ε)‖I − STS‖2) (11)

where we used a lemma from the main paper. So, the error can be large (‖I − STS‖2).

Lemma 3. The reverse mode approximation error for the term Ā when we approximate it using the
sketching matrix S can be bounded with probability 1− δ.

Proof.

‖Ā− ĀS‖F = ‖−2AM−TȳyT + bȳTM−1 − (−2STSAMS
−TȳSyS

T + STSbȳS
TM−1S )‖F

≤ ‖2AM−1ȳyT − 2STSAM−1S ȳyS
T‖F + ‖bȳTM−1 − STSbȳTM−1S )‖F (12)

‖AM−1ȳyT − STSAM−1S ȳyS
T‖F ≤ ‖AM−1ȳyT −AM−1S ȳyT‖F + ‖AM−1S ȳyT − STSAM−1S ȳyS

T‖F
≤ ε‖Σ−1‖F ‖ȳ‖‖y‖+ ‖AM−1S ȳyT − STSAM−1S ȳyS

T‖F (13)

A.4 “Differentiate and Sketch”

Lemma 4. The reverse mode approximation error for the term b̄ when we sketch only the computa-
tionally expensive terms by S, with probability at least 1− δ, satisfies: ‖b̄− b̄S‖2 . ε‖Σ−1‖2‖ȳ‖2.

Proof. Let us use the sketching properties and sub-multiplicativity to obtain the following:

‖b̄− b̄S‖2 = ‖AM−Tȳ −AMS
−TȳS‖2

≈ ‖U(I − UTSTSU)Σ−1V Tȳ‖2 ȳ ≈ ȳS
. ε‖U‖2‖Σ−1‖2‖ȳ‖2
. ε‖Σ−1‖2‖ȳ‖2 (14)

Lemma 5. The reverse mode approximation error for the term Ā when we sketch only the com-
putationally expensive terms by S, with probability 1 − 1/poly(d), satisfies: ‖Ā − ĀS‖2 .
ε‖ȳ‖2(‖Σ−1‖2‖y‖2 + 1

1−ε‖Σ
−1‖2‖Ay − b‖2‖A†‖2).

Proof. The approximation error can be split into 3 terms such that ‖Ā − ĀS‖ ≤ Q1 + Q2 + Q3

where:

Q1 = ‖bȳTM−1 − bȳSTM−1S′ ‖F
≤ ε‖bȳT‖F ‖Σ−1‖2‖Σ−1‖F
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Let us bound Q2 as follows:

Q2 = ‖AM−1ȳyT −AM−1S′ ȳyS
T‖F = ‖A(M−1 −M−1S′ )ȳyT +AM−1S′ ȳy

T −AM−1S′ ȳyS
T‖F

≤ ‖A(M−1 −M−1S′ )ȳyT‖F + ‖AM−1S′ ȳ(y − yS)T‖F
≤ ε‖Σ−1‖2‖ȳyT‖F + ‖AM−1S′ ‖2‖ȳ(y − yS)T‖F
≤ ε‖Σ−1‖2‖ȳ‖2‖y‖2 + ‖AM−1S′ ‖2‖ȳ‖2‖(y − yS)‖2
≤ ε‖ȳ‖2(‖Σ−1‖2‖y‖2 + ‖AM−1S′ ‖2‖Ay − b‖2‖A†‖2)

≤ ε‖ȳ‖2(‖Σ−1‖2‖y‖2 + (1 + ε)‖Σ−1‖2‖Ay − b‖2‖A†‖2)
(15)

where we used the following result Price et al. (2017):

‖y − yS‖2 ≤ ε‖Ay − b‖2‖A†‖2 (16)

and the last term Q3 can be bounded as:

Q3 = ‖AyȳTM−1 −AyS ȳTM−1S ‖ = ‖AyȳT(M−1 −M−1S ) +AyȳTM−1S −AyS ȳTM−1S ‖
(17)

≤ ε‖AyȳT‖+ ‖A(y − yS)ȳTM−1S ‖
≤ ε‖AyȳT‖+ ε‖A‖‖Ay − b‖‖ȳTM−1S ‖ (18)

Note that all three terms Q1, Q2, Q3 are O(ε).

B Experiments

We plot the performance of the two proposed approaches for obtaining forward and reverse mode
AD in the case of linear regression. We generate a linear regression problem by choosing the entries
of matrix A and vector b from i.i.d. N(0, 1) (Normal distribution with mean 0 and variance 1). The
differences from the two approaches, “sketch+differentiate” and “differentiate+sketch” are shown
in Figure 1.

Figure 1: Numerical observation that differentiation and sketching do not commute, and that
differentiation-then-sketch is more accurate. We show the forward mode along with its approxi-
mation corresponding to the three sketching matrices of Gaussian, Count-sketch and Subsampled
Randomized Hadamard Transform (SRHT), on a randomly generated least squares problem of size
100000 × 100, along with a random perturbation. Reverse mode is shown for a subsample of 100
randomly chosen values for the variable b, where we used sign as the cost function.
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