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Notation. In proofs, we let ® denote the Kronecker product, and for a vector u, we denote the outer product
by u®? = uu'. We define the infinity norm for a matrix M as ||M|| = max; ; |M;;|. Given index set J, v7
is the vector restricted to indices J. Similarly, M7 is the sub-matrix on indices J x J. we use {C; }?:0 to

denote constants that are independent of dimension, but whose value can change from line to line.

A Proofs for the meta-theorem

In this section, we prove the global linear convergence guarantee given the Definition 2.1. In each iteration of
Algorithm 1, we use G to update

B+l = p,, (/Gt _ nét) :
where n = 1/pug is a fixed step size. Given the condition IG(B) — G (B)|2 < ale)|G (,6)||§ + ¢ (€) in RSGE’s

definition, we show that Algorithm 1 linearly converges to a neighborhood around 3* with error at most O(1/% (€)).

First, we introduce a supporting Lemma from Shen and Li (2017), which bounds the distance between Py (3¢ —nét)

and B* in each iteration of Algorithm 1.

Lemma A.1 (Theorem 1 in Shen and Li (2017)). Let z € R? be an arbitrary vector and B* € R? be any k-sparse
signal. For any k' > k, we have the following bound:

p++/(4+p)p min{k,d — &'}
P ’ J— * < —_ * = 1 _— = .
IPr(2) = B*lly < VCllz =By (=14 5 C P W Tkt min{k,d— )

We choose the hard thresholding parameter k' = kc? < d, hence p = 1/c2.

Theorem A.1 (Theorem 2.1). Suppose we observe N (k,d, €,v) e-corrupted samples from Model 1.1. Algorithm 1,
with v (€)-RSGE defined in Definition 2.1, with step size n = 1/ug outputs B, such that

-8

=0 (Vo(9),

2

with probability at least 1 — v, by setting k' = 2k and T = © (log (||ﬂ*||2/\/w (e))) The sample complexity is
N (k,d,e,v) =n(k,d,e,v/T)T.

Proof. By splitting N samples into T" sets (each set has sample size n), Algorithm 1 collects a fresh batch
of samples with size n (k,d,e,v/T) at each iteration ¢ € [T]. Definition 2.1 shows that for the fixed gradient
expectation G, the estimate for the gradient G* satisfies:

Hét—GtHz < a(9)|GY|)? +w(e) (6)

with probability at least 1 — v/T, where a(e) is determined by e.

Letting 2t = B¢ — nGY, we study the t-th iteration of Algorithm 1. Based on Lemma A.1, we have
HBtH 7/3*”2 < \/ZHﬁt *Wé*ﬁ* .
= V||pt -G -8 +nic -G
< VC|8 =G - 5|, + V|G - &
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(2 fH (Lo —nZ)(B (OG5 + v(e)
< V| I —nz) (B |<2+an||2 = B9, + Vi (e)

where (i) follows from the theoretical guarantee of RSGE, and (ii) follows from the basic inequality va + b <
Va + /b for non-negative a, b.

By setting n = 1/p, we have

187 = B*|l, < V||(Ta = nZ)(B" = B) ||, + V(@) £(B" = B)||, + Vinv/d(e)
< V(1 - a)l!ﬁt =B, + V< ale)|B" = B, + Vinvv(e)

1
<VC = =+ Va(@)]|B" = 8|, + Vinv/e(e) (7)
When € is a small enough constant, we have \/a(e) < %ﬁ, then

NG i +Val0) < Ve - i)
. \/1 NI

2¢,.

Plugging in the parameter p = 1/c2 in Lemma A.1, we have

Ve -1 v <

1OCK

Together with eq. (7), we have the recursion

H/Bt—H _

1 .
< (1= 10 ) 18" = 87l + Von /i@,
By solving this recursion and using a union bound, we have

t
I8 =8l = (1 go.) 18" 81+ M < (1a(9)" 1873 + 100 /S5 (0),

with probability at least 1 — v.

By the definition of ¢, and 7, we have HB - B*

~o() -

Ha
B Correcting Lemma A.3 in Balakrishnan et al. (2017a)’s proof

A key part of the proof of the main theorem in Balakrishnan et al. (2017a) is to obtain an upper bound on the
k-sparse operator norm. Specifically, their Lemmas A.2 and A.3 aim to show:

AF > zgl:wi (gi — é(w))®2 - F (é(w)) > HPE(iiw))HQ7 -
- Fop
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where é(w) =P, (Zﬁll wigi), Alw) = Zﬁll w;g; — G3, and recall \* is the solution to the SDP as given in
Algorithm 3.

Lemma A.3 asserts the first inequality above, and Lemma A.2 the second. As we show below, Lemma A.3 cannot
be correct. Specifically, the issue is that the quantity inside the second term in eq. (8) may not be positive
semidefinite. In this case, the convex optimization problem whose solution is A* is not a valid relaxation, and
hence the \* they obtain need not a valid upper bound. Indeed, we give a simple example below that illustrates

precisely this potential issue.

Fortunately, not all is lost — indeed, as our results imply, the main results in Balakrishnan et al. (2017a) is correct.
The key is to show that while A* does not upper bound the sparse operator norm, it does, however, upper bound

the quantity

max v’ iwl (gi - C:‘(w)>®2 —F (C:‘(w)) . (9)

lvlly=Lllvllo<k

We show this in Appendix D. More specifically, in Lemma D.3, we replace the %—sparse operator norm in the

second term of eq. (8) by the term in eq. (9). We show this can be used to complete the proof in Appendix D.4.

We now provide a counterexample that shows the first inequality in (8) cannot hold. The main argument is
that the convex relaxation for sparse PCA is a valid upper bound of the sparse operator norm only for positive
semidefinite matrices. Specifically, denoting E = %(w) — F(G(w)) as the matrix in eq. (9), Balakrishnan et al.

(2017a) solves the following convex program:

m}f}mxTr(E -H), subject to H > 0,|H|,, <k Tr(H)=1

Since f](w) - F(é(w)) is no longer a p.s.d. matrix, the trace maximization above may not be a valid convex
relaxation, and thus not an upper bound. Let us consider a specific example, in robust sparse mean estimation
for N (u, I;), where function F (+) is a fixed identity matrix I;. We choose k= 1, p=1[1,0]T, and d = 2. Suppose
we observe data to be 1 = [2.5,0]T, 2o = [0,0]", and the weights for #; and x5 are the same. Then, we can

compute the following matrices as:

-~ [1.562 1 .
22[565 O]’F:l ol,E:E_F:

0 0 0 1 0 -1

0.5625 0 ]

It is clear that ||§A3 — Fl; o, = 1. Solving the convex relaxation maxg Tr (E - H) or maxg Tr(f] - H) gives answer
H* = {1 0;0 O] and the corresponding A* = 0.5625, which is clearly not an upper bound of ||§] = Fllg op-

Hence \* > |2 — F|g ,, cannot hold in general.

C Covariance smoothness properties in robust sparse mean estimation

When the covariance is identity, the ellipsoid algorithm requires a closed form expression of the true covariance
function F' (G). Indeed, the ellipsoid-based robust sparse mean estimation algorithm uses the covariance structure
given by F(-) to detect outliers. The accuracy of robust sparse mean estimation explicitly depends on the
properties of F' (G). Lcov and Ly are two important properties of F' (G), related to its smoothness. We first

3The {w;} are weights, and these are defined precisely in Section D, but are not required for the present discussion or
counterexample.
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provide a closed-form expression for F', and then define precisely smoothness parameters L¢,, and Lg, and show

how these can be controlled.

Closed form expression of F' (G).

Lemma C.1. Suppose we observe i.i.d. samples {z;,i € G} from the distribution P in Model 1.1 with X = I,

we have the covariance of gradient as

Covlg) = Exrr ((9:~ G) (9: ~ G) ) = |GI3La+ GGT + 0*L,.

Proof. Since g; = x; (:L';'—,B — yi), and G =E., . p(g;) and X = I;, we have
Esinp ((gi -G)(gi— G)T) =Ep ((zz' —I;) GG (zz' — I,)) + 0*I,
=Ep (w:cTGGT:cmT) —2Ep (a:a:TGGT) +GG'" + %1,

where we drop 7 in @; without abuse of notation.

Next, we apply the Stein-type Lemma Stein (1981) for & ~ N (0, I;), and a function f (z) whose second derivative

exists:
E(f(z)zx") =E(f(2) I, + E (Vf (2)). (10)

By eq. (10), we have

Cov(g) = |G|l3 1+ GG + o*I,.

Smoothness properties of |[F[|, . We first assume

Leoy = max ~|'uT Cov(g)v|. (11)
loll,=1,llvll <k

If we define the functional F'(-), such that F(é’) = Hé’”%Id + GG + 021, and F(G) = ||G||§Id + GG + 0%y,

then we assume that there exists Ly satisfying

|r@-r(c) (12)

<1afo-df,+e -]
op 2

where C' is a universal constant.

Lemma C.2. Under the same setting as Lemma C.1, we have

Leoy = 2|G|3 + 02, and Lg = 4||G||,.

Proof. Loy is upper bounded by the top eigenvalue of F (G),

2
Leov < [IF (G|, < 2G5 + 0*.
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For the Ly term, we have

e+ ()

op
- HzGT (G—CAJ)Id—HG—@HzId—&-G<G—(AJ>T+(G—C:‘)GT— (G—é) (G—é)T

op

~ ~ |12
<siere-e +afo-off

Therefore, we can choose Ly = 4[|G||, and C = 2.

D Proofs for the ellipsoid algorithm in robust sparse regression

In this section, we prove guarantees for the ellipsoid algorithm in robust sparse regression. In the theoretical
analysis of the ellipsoid algorithm, we use S, to denote the observations S, which shares the same notations
with Algorithm 3. We first give preliminary definitions of error terms defined on Sgooa and Sin, and then
prove Lemma D.1. Next, we prove concentration results for gradients of uncorrupted sparse linear regression
in Lemma D.2. In Lemma D.3, we provide lower bounds for the k-sparse largest eigenvalue defined in eq. (9).

Finally, we prove Corollary 3.1 based on previous Lemmas in Appendix D.4.

D.1 Preliminary definitions and properties related to Syq0d, Shad

Here, we state again the definitions of Sgood; Shad and Sin. In Algorithm 3, we denote the input set as Sin, which
can be partitioned into two parts: Sgooda = {i:4 € G and i € Sip}, and Spag = {7 : i € B and i € Sin}. Note that

Sin = Sgood U Shad, and n = |Sin|. For the convenience of our analysis, we define the following error terms:

zsgood = EiGuSgood (gl) - G>
ASguc»d = PQE (Eieusgood (gl)) - G’
A= Eieu,Sm (gl) - Ga

~

A= PQE (Eieusin (gl)) -G

These error terms are defined under a uniform distribution over samples, whereas previous papers using ellipsoid
algorithms consider a set of balanced weighted distribution. More specifically, the weights in our setting are
defined as:

~ 1 ,
w; = Ea Vi € Sgood ) Sbad~

The balanced weighted distribution is defined to satisfy:

1
0<w; < m, Vi € Sgood U Sbad, Z w; = 1.
1€Sin

Notice that > ;s w; =0 (), and 3,5 w; =0 (1_626) with high probability, which intuitively says that
both types of distributions have O(e) weights over all bad samples. We are interested in considering uniform
weighted samples since this formulation helps us analyze the filtering algorithm more conveniently, as we show in

the following sections.
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We restate the following Lemma which shows the connection of these different error terms.

Lemma D.1 (Lemma A.1l in Balakrishnan et al. (2017a)). Suppose G is k-sparse. Then we have the following

765ult.
5 2 2 2

D.2 Concentration bounds for gradients in Syq0q

We first prove concentration bounds for gradients for sparse linear regression in the uncorrupted case. The
following is similar to Lemma D.1 in Balakrishnan et al. (2017a).

€2

Lemma D.2. Suppose we observe i.i.d. gradient samples {g;,i € G} from Model 1.1 with |G| = Q (MLW”)).

Then, there is a § = O (€), such that with probability at least 1 — v, for any index subset J C [d], |T| < k and for
any G' C G, |G| > (1 — 2¢€)|G|, the following inequalities hold:

[Eic.o (97) = 7|, <6 (IGIl, +0). (13)
[Bic.or (@7 —67)* —r @77 <s(lel;+o?). (14)

Proof. The main difference from their Lemma D.1 is that we consider a uniform distribution over all samples
instead of a balanced weighted distribution. Furthermore, egs. (13) and (14) are the concentration inequalities

for the mean and covariance of the collected gradient samples {g;,7 € G} in the good set with the form:
gi = iz G — &,

which is equivalent to their Lemma D.1, where they consider y;z; = x;x; 3 + =;&;. Therefore, by setting all

weights to —2~— in their Lemma D.1 we obtain the desired concentration properties. O
(1—2¢)[G]

D.3 Relationship between the first and second moment of samples in S;;,

In this part, we show an important connection between the covariance deviation (the empirical covariance of Sjy,
minus the true covariance of authentic data) and the mean deviation (the empirical mean of S;, minus the true
mean of authentic data). When the mean deviation (in ¢5 sense) is large, the following Lemma implies that the
covariance deviation must also be large. As a result, when the magnitude of the covariance deviation is large, the
current set of samples (or the current weights of all samples) needs to be adjusted; when the magnitude of the
covariance deviation is small, the average of current sample set (or the weighted sum of samples using current
weights) provides a good enough estimate of the model parameter. Moreover, the same principle holds when we

use an approximation of the true covariance, which can be efficiently estimated.

Unlike Lemma A.2 in Balakrishnan et al. (2017a), in eq. (17), eq. (18), we provide lower bounds for the E—sparse
largest eigenvalue (rigorous definition in eq. (20)), instead of the E—sparse operator norm. As we discussed
in Appendix B, A* is the convex relaxation of finding the E—sparse largest eigenvalue (instead of the E—sparse
operator norm). In the statement of the following Lemma, for the purpose of consistency, we consider the uniform
distribution of weights. However, the proof and results can be easily extended to the setting with the balanced
distribution of weights. This is due to the similarity between the two types of weight representation, as discussed

in Appendix D.1.
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Lemma D.3. Suppose |Spad| < 2€[Sin|, § = Q (€), and the gradient samples in Sgooa satisfy

[P (Bsiuua)||, < cCG, + ),

Eic. S0 (9i = G - F (@) T sc (||GH§ + 02> o,

where ¢ is a constant. If HPE (5) H2 > C1 (|G|, + o) 6, where Cy is a large constant, we have,

~ 2

lwll,=Lllvllg<k

: 2% p(a) s PG,
max v (Eieugm (gi — G) - F (G)) v> —=.

lvlly=Lllvllo <k

Proof. We focus on the E-sparse largest eigenvalue (rigorous definition in eq. (20)), which is the correct route of

analysis the convex relaxation of Sparse PCA.

Let J = argmax ;, 1y | 7/ |<kHA . Then A7 =

Using |Sin| to denote the size of Sm, we have a lower bound for the sum over bad samples:

37— Y @ -

| in|

H; > (o7 -6)

|Sin

1€Sbad 2 1€Sgood 2
~ 1

|87 X o7 e
2 ‘ in|i6$good 2

@ 1~

> a7 - elliGl, + )6

i ||A7]

w 5,

- 11

where (i) follows from eq. (15) and the assumptions; (ii) follows from that we choose C; large enough.

By p.s.d.-ness of covariance matrices, we have

B 2 (67 ~6%) a7 -67) (sl 2 (o ‘GJ)> |

1€Sbad 1€Sbad

Therefore, because |Spad| < 2€|Sin|, we have

H 1Sinl Z'Lesbmd (gl o GJ H HAJH
2¢ - 2.5¢

1
Sl 2 (o7 - 67"

1ESbad

op

With a lower bound of this submatrix of the covariance matrix, we define a vector vy € R” as follows:

v = argmaxv ( Z 81- (gf - GJ)®2> v.

=1 \ulor, [Sinl

Pz (5) H2 > C1 (|G|, + o) 6 according to the assumption.

(20)
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For this vy, we have

|Sin |
1 ®2
Y | 1Sl (g7 -G7)" = F(&)77 | v
1n i 1
1 ®2
Z'UOT S Z (gg_GJ) Vo
| in|i€5bad
1 | Sgood| ”Sbad G)77
I T 500
> (o7 -6 F(G
|Sin| €8 00d |Sin| |Sm op
A
o 37 :
N B 2) ¢ 2, 2
> = e (1615 + o) 6 = 2e(IG; + o)
~ 2
@ |27
> b
- 3e

(21)

where (i) follows from eq. (16) and eq. (19); (ii) follows from the assumption that e is sufficiently small

.\ ®2
Applying eq. (21) on our target E;c, s, (gi - G) — F(G), we have

|Sin|
1 o\ ®2
vy S (g{—GJ> ~F(@)77 | v,
in =1
T TR 7\ ®2 J7 _RT(RI\" _RT (AT NANS
= | 75 ‘Z(gi ~eN* - F(@)77 -A (A ) A (A ) +(A ) o
in| 7
O (1 X ®2 Jg A7|?
> vy (97 —G7)"" - F(G) vy — 24 (HAJH )
‘Sin| P 2
2
w [37],
22
de (22)
where (i) follows from Lemma D.1; (ii) follows from eq. (21) and e is sufficiently small. By a construction
v = (9,0, )", it is easy to see that vy provides a lower bound for the maximum of {v : [|v|, = 1,[jv], < E} in
eq. (17).

By eq. (22), we already know that

|Sin|

J
vy \S,n|z (9‘7 GJ) ~F(G)77 | vy > HA4€H :
By our assumptions on F', we have
|r@-r(e)[, = za], +CH£HQ

(2)
o5,

where (i) follows from Lemma D.1. Since § = Q (€), we obtain eq. (18) by using the triangle inequality.
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D.4 Proof of Corollary 3.1

Equipped with Lemma D.1, Lemma D.2 and Lemma D.3, we can now prove Corollary 3.1.

Corollary D.1 (Corollary 3.1). Suppose we observe N (k,d,e,v) e-corrupted samples from Model 1.1 with
3. = 1,;. By setting k=K + k, if we use the ellipsoid algorithm for robust sparse gradient estimation with

_ t12 4 ~2)) 4 : _ ¥’ log(dT/v) — O (242
psep = O(e(||G|3 + 02)), it requires N (k,d, e,v) = Q(=—5)T samples, and guarantees ¢ (e) = O (€20?).
Hence, Algorithm 1 outputs B, such that

225(06),

|B-p

€T

with probability at least 1 — v, by setting T = © (log (M))

Proof. We consider only the ¢-th iteration, and thus omit ¢ in g/ and G*. The function F (G) is given by
F(G) = ||G||§Id + GG + 0%1,, as in Appendix C. The accuracy in robust sparse estimation on gradients
depends on two parameters for F (G): Leoy = 2||G||§ + 02, and Ly = 4[|G||,, which are calculated in Appendix C.

Under the statistical model and the contamination model described in Theorem 2.1, we can set the parameters
Psep = @(6(||GtH§ + 0?)) in Algorithm 2 by the calculation of Leo, and Ly

The ellipsoid algorithm considers all possible sample weights in a convex set and finds the optimal weight for each
sample. The algorithm iteratively uses a separation oracle Algorithm 2, which solves the convex relaxation of
Sparse PCA at each iteration:

A" = max Tr ((f: ~F (é)) ~H> . subject to H » 0, ||H|, , <, Tr(H) = 1. (23)

To prove the Main Theorem (Theorem 3.1) in Balakrishnan et al. (2017a), the only modification is to replace the

lower bound of A* in their Lemma A.3.
A weighted version of Lemma D.3 implies that if the mean deviation is large, then

max v’ l% w; (gi - @(w)) . F (é(w)) v > M

2, (24)
lol=1 o<k \ = Be

where é(w) =P, (Zlil‘ wigi), and A(w) = le‘il‘ w;g; — G. Then, A* in the ellipsoid algorithm satisfies

[Sin] ~ ®2 ~
A* > max v’ Z w; (gl- — G(w)) —-F (G(w)) v, (25)
i=1

vl =1, llvllo<k

since A* is the solution to the trace norm maximization eq. (23), which is the convex relaxation of finding the
%—sparse largest eigenvalue.
Combining eq. (24) and eq. (25), we have

s (st y
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which recovers the correctness of the separation oracle in the ellipsoid algorithm, and their Main Theorem
(Theorem 3.1).

Finally, the ellipsoid algorithm guarantees that, with sample complexity 2 (M), the estimate G satisfies
N 2 -
|6-¢|, =0 (L2 + L)) =0 (¢ (1615 + ). (27)

with probability at least 1 — v. This exactly gives us a 9] (620'2)—RSGE. Hence, we can apply eq. (27) as the
RSGE in Theorem 2.1 to prove Corollary 3.1. O

E Outlier removal guarantees in the filtering algorithm

In this section, we consider a single iteration of Algorithm 1, and prove Lemma 4.1 at the ¢-th step. For clarity,

we omit the superscript ¢ in both g! and G*.

In order to show guarantees for Lemma 4.1, we leverage previous results Lemma D.2 and Lemma D.3. We state
Lemma E.1 as a modification of Lemma D.2 by replacing € by /€, using concentration results in Lemma D.2, and
replacing € by \/e. We state Lemma E.2 as a modification of Lemma D.3 by replacing § = Q2 (¢) with § = Q (y/e),
since the results for § = Q (¢) implies the results for § = Q (1/e).

The reason we modify the above is to prove guarantees for our computationally more efficient RSGE described in
)

~ ~

Algorithm 3. Our motivation for calculating the score for each sample according to 7; = Tr(H*-(g; — G)(g; — G)
is to make sure that all the scores 7; are positive (notice that the scores calculated based on the original non-p.s.d
matrix may be negative). Based on this, we show that the sum of scores over all bad samples is a large constant
(> 1) times larger than the sum of scores over all good samples. When finding an upper bound for ), Sgooa Tir
we compromise an € factor in the value of A*, which results in an /¢ factor in the recovery guarantee.

As described above, we immediately have Lemma E.1 and Lemma E.2 given the proofs in Appendix D. Note that

we still use the same definitions Eggoo and A on set Sgood and Siy respectively as in Appendix D.1.

d

€

Lemma E.1. Suppose we observe i.i.d. gradient samples {g;,i € G} from Model 1.1 with |G| = Q (MLWV)).

Then there is a & = O (\/€) that with probability at least 1 — v, we have for any subset J C [d], |T| < k, and for
any G' C G, |G| > (1 —2¢)|G|, the following inequalities hold:
[Eic.o (97) = G, < (Gl + ), (28)
®2
Eic. (97 ~G7)" ~F(@)77|| <5(I€l;+07). (29)

Lemma E.2. Suppose |Spad| < 2€|Sin|, § = Q (V€), and the gradient samples in Sgooa Satisfy

1Pr (Bsa) [, < cClGl, + )6, (30)

2 2
_<c(lGlz+0?) s, (31)

)

]Eieusgood (g'b - G)®2 - F (G)

where ¢ is a constant. If HPE (ﬁ) H2 > C1 (|G|, + o) 6, where Cy is a constant. Then we have,

max vl (Eieusin (gi — é‘) . F (G)) v > HI:)E(A)Hz7 (32)

lvll,=1,lvll,<k de
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max v’ (Eie”sm (gi - é) . F (é)) v > HPE <E> H2 (33)

vl =1 llvllo<k o€

By Lemma E.1, eq. (30) and eq. (31) in Lemma E.2 are satisfied, provided that we have |G| = Q (M).
Now, equipped with Lemma E.1 and Lemma E.2; the effect of good samples can be controlled by concentration

inequalities. Based on these, we are ready to prove Lemma 4.1.

Lemma E.3 (Lemma 4.1). Suppose we observe n = Q(M) e-corrupted samples from Model 1.1 with

3 = 1,. Let Sin be an e-corrupted set of gradient samples {gt}?_,. Algorithm 3 computes \* that satisfies

o\ ®2
A* > max v' (Eieusin (gi - G) ) . (34)

loll,=1,llvll,<k

If \* > peep = C,, (||Gt||§ + 02), then with probability at least 1 — v, we have

Z Ti S % Z Tis (35)

iESgood 1€Sin

where 7; is defined in line 10, C., is a constant depending on v, and v > 4 is a constant.

Proof. Since \* is the solution of the convex relaxation of Sparse PCA, we have

A* =Tr (H . (Eieu&n (gi - é) ®2>>

T ~) &2
> max v (Eieusin (gi - G) ) v.

lllo=Lllvlo<k
By Theorem A.1 in Balakrishnan et al. (2017a), we have
o\ ®2 ~
Tr ( o (Eieu Swot (95— G)  —F (G)))
~ 12 ~| ~ —~ ~
< ([B[+ (er + H|3ana] ) 3], A
2 00 2
®2
and |Eie, 5,0 (9~ @)% ~ F(G)_

and only defined on Sgo0q, Balakrishnan et al. (2017a) shows concentration bounds for these two terms, when
7.2
n=. (%). Specifically, it showed that with probability at least 1 — v, we have

good

B - O - F @) ). 0

where C' is a constant. Noticing that st are unrelated to G

good

| B _ = €1 (L + VEeor) v/ (37)
i (0= @) = F(@)|| < C1 (L} + Leow) Ve/R (39)

Now, we focus on the LHS of eq. (35), the sum of scores of points in Sgooq. By definition, we have

Eic, 8,004 Ti

— Ty (H* . (Eieusgood (gi - é) ®2>)
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~\ ®2 ~ ~
—Tr (H : (Eieusgwd (g,» - G) ~F (G))) +Tr (HF (G))
(2) 12 | ~ —~ ~
< (3], + (2 + 7| Bseua] ) [|A], +H
2 oo 2

+Tr (HF (é)) ,

Eic\Sg0a (9i — @) = F (G)Hoo>

good

where (i) follows from eq. (36).

To bound the RHS above, we first bound Tr (H* -F (é)) Because of the constraint of the SDP given in eq. (2),
H* belongs to the Fantope F! Vu et al. (2013), and thus for any matrix A, we have Tr (A - H*) < 1Allop -

Thus, we have

Tr (H F (é)) — Tr(H* - F(GQ)) + Tt (H x (F (é) - F(G)))
<IF (@), +||F (G) - F (@)

op

Yo (|\G||§ n 0—2) n HF (é) _F(G)

op

2 (16t +0%) + 1o]3], -3 o

where (i) follows from the expression of F' (G) in Appendix C; (ii) from the smoothness of F' (G).

By plugging in the concentration guarantees eq. (37) and combining eq. (39), we have

Ei611 Sgood Ti

< Cy ((L% + Leov) Ve + ((Lr+ V/Leov ) Ve + Lr) HE’L + HEH;) + ¢ (IG)3 +0°)

201 5), - J8F) e (1)

< (Il 3], + |3[; 161+ %) (10)
where (i) follows from the fact that e is sufficiently small.

On the other hand, we know that: E;c s, 7 = A*.

Now, under the condition A* > pse, = O | |G 24+ 02), we consider two cases separately. By separating two cases,
s Psep 2 ) g

we can always show \* is very large, and the contribution from good samples is limited.
First, if || A2 > © <||G||3 + 02), then in eq. (40), we have
~ ~ 9 ~
A1 2 IGlIAll2 2 [Gll;,  and [JA] 2 0.

Thus, we only need to compare A* and ||ﬁ||% By Lemma E.2; we have

~\ ®2
Eic s, 7i = A" > max v’ (Eieusin (gi - G) > v

lvlla=1llvllo<k

> max v’ (Eieusin (gi — é) p. F (é)) v

Hv‘lzzlvllv”ogk
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3],

> 2
- €

Hence, by eq. (40), we have E;c s, 7 > v Eic,s...4 Ti, Where v > 4 is a constant.

good

Second, if |Al2 < © (||G||§ + 02), then in eq. (40), we have
) . . .
IG5 2 IGI, Al 2 A3, or o® Z A3

Thus, we only need to compare \* and max <||GH§,U2). Since \* > C, (||G||§ + 02> by the condition of

Lemma 4.1, we still have E;c s, 71 > 7Eic,s,..4 Ti, Where v > 4 is a constant.

in good

Combing all of above, and setting psep = C, <||G||§ + 02), we have

> 7= Sl Bic, s T > VSao0d| Bic,Spooa i =7 D, Tir

1€Sin iesgood

F RSGE via the filtering algorithm

In this section, we still consider the ¢-th iteration of Algorithm 1 and prove Theorem 4.1 on ¢. We omit ¢ in g}
and G*.

In the case of \* > C, (||G ||§ + 02>, Algorithm 3 iteratively removes one sample according to the probability
distribution eq. (4). We denote the steps of this outlier removal procedure as [ = 1,2,--- ,n. The first step of
proving Theorem 4.1 is to show we can remove a corrupted samples with high probability at each step, which is a

result by Lemma 4.1.

Intuitively, if all subsequent steps are i.i.d., we can expect Algorithm 3 to remove outliers within around en
iterations, with exponentially high probability. However, the subsequent steps in Algorithm 3 are not independent.

To circumvent this challenge we appeal to a martingale argument.

F.1 Supermartingale construction

Let F! be the filtration generated by the set of events until iteration I of Algorithm 3. We define the corresponding
set Sk, St .4 and S}, at the step [. We have that S/, S, 4, S} .4 € F', and |SL| =n — L.

in’ “g in» “good’

We denote a good event & at step [ as

Z m<(y—-1) Z T

-l oGl
1€S) 4 1€Sgood

Then, by the definition of Algorithm 3 and Lemma 4.1, if A\* > C,, (HGH; + 02>, &l is not true; if £ is true, then
Algorithm 3 will return a G.

In Lemma F.1, we show that at any step [ when &' is not true, the random outlier removal procedure removes a

corrupted sample with probability at least (y — 1) /7.

Lemma F.1. In each subsequent step 1, if £ is not true, then we can remove one remaining outlier from S},
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with probability at least (y — 1) /v:

-1
Pr (one sample from S{)ad s removed \}"l) > i
Y

Proof of Lemma F.1. When \* > C, (||GH§ + 02), Lemma 4.1 implies

ieS 4 ieS!

good

Then we randomly remove a sample r from S;, according to

Ti

Zies.l i

in

Pr (g; is removed |F;) =

Finally,

Ti > T 1.
ZieS}n Ti v

Pr (one sample from Sl .4 is removed \F) = E
€8}

Since subsequent steps for applying Algorithm 3 on &;, are not independent, we need martingale arguments to

show the total iterations of applying Algorithm 3 is limited.

We use the martingale technique in Xu et al. (2013), by defining 7: T = min{l : £ is true}. Based on T, we
define a random variable:

[Sta' |+ 52 (T —1), if1>T

|Staal + 2, ifl<T

Y=

Lemma F.2 (Lemma 1 in Xu et al. (2013)). {Y', F'} is a supermartingale.

Now, equipped with Lemma F.1 and Lemma F.2, we are ready to prove Theorem 4.1.

F.2 Proof of Theorem 4.1

Theorem F.1 (Theorem 4.1). Suppose we observe n = Q(M) e-corrupted samples from Model 1.1 with

Y =1,. Let Sy be an e-corrupted set of gradient samples {g!}?_,. By setting k=Fk+ k, if we run Algorithm 3

iteratively with initial set Sin, and subsequently on Soug, and use psep = Cy (||G*||3 + 02), then this repeated use
1.1y

of Algorithm 3 will stop after at most Soien iterations, and output (A}'t, such that

& -, =0 ((Ie)z+ ).

with probability at least 1 — v — exp (—O (en)). Here, C, is a constant depending on vy, where v > 4 is a constant.

Proof. We analyze Algorithm 3 by discussing a series of {£'}.
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If £ is true, then \* < pgep = C, (HGH; + 02). By Lemma E.2, we have

- o P (B9
A2 ||v||2311?ﬁ)5n03va (Eie“si“ (9:-6) Cor (G)> v Pk(iS)Z)'

Plugging in \* < C, (||G||§ + 02), we have

basff £ e (@) 50 <0 e (1ot + 7).

~ ~ 2
where (i) follows from Lemma D.1. Hence, when £ is true, Algorithm 3 can return a G, such that HG — GH2 <

o (e (16115 +02))-

Then, we only need to show Ulel &l is true, where L = ijen, with high probability. That said, we need to

upper bound the probability

L
Pr (ﬂ 9) =Pr(T'>L)<Pr (YL > 'Y; 1L> =Pr (YL > l.len) . (41)
1=1

Then, we can construct the martingale difference according to Xu et al. (2013). Let D! = Y! — Y'~1 where

Y0 = en, and
D'=D'-E(D'D',--- ,D'" ).

Thus {D'} is a martingale difference process, and E (D'|D',--. , D'=!) <0, since {Y'} is a supermartingale.

Now, eq. (41) can be viewed as a bound for the sum of the associated martingale difference sequence.
l l l l
Y-y =>"D'=>"DI+> E(DI|D",--- , DY) < DI
j=1 j=1 j=1 j=1

Since we only remove one example from the set S! , we can guarantee |D!| < 1 and |D!| < 2. For these bounded

random variables, by applying the Azuma-Hoeffding inequality, we have

L
Pr (YL > 1.1en) < Pr <Z D! > 0.1671)

=1
<o ((0.1611)2)
<exp| ————|.
8L

Plugging in L = %en, this probability is upper bounded by exp (—© (en)).
Notice that L = %en < 1.5en, by setting v > 4. Hence, from [ = 1 to L, we always have |S}_,| < 2¢|S |. Then
Lemma E.1 and Lemma E.2 hold and Lemma 4.1 is still valid.

Combining all of the above, we have proven that, with exponentially high probability, Algorithm 3 returns a G

~ 2
satisfying HG - GH <0 (e (||G||§ + 02)), within %en iterations.
2
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G Robust sparse regression with unknown covariance

In this section, we prove the guarantees for RSGE when the covariance matrix 3 is unknown, but each row and

column is sparse. In this case, the population mean of all authentic gradients G* can be calculated as
G'=Ep (9!) =Ep (zz] (8" — B")) = Zw'.

Therefore, Gt = w! is guaranteed to be r(k’ + k) sparse. And we use the filtering algorithm (Algorithm 3) with

k=r(k +k) as a RSGE.

First, we derive the functional F' (G) with general covariance matrix X, and compute the corresponding Ly, Loy,
which has been defined in eq. (11) and eq. (12) for the case 3 = I in Appendix C.

Lemma G.1. Suppose we observe i.i.d. samples {z;,i € G} from the distribution P in Model 1.1 with an unknown

3., we have the covariance of gradient as
2
Cov(g) = Eznp ((9:— G) (g: - G)T) = Z]HZ*%GHQ +GGT + o3
Proof. As in the Model 1.1, we draw @ from Gaussian distribution N (0, X)), the expression of F(-) is given by

Covlg) =& ((g: ~ G) (g:~ @)
=E((zz’ - D) ww' (zz' — %)) +0°2

N

CE(z} (@@ - L) Thew St (337 - 1) B

y 2
@ EHZ—%GH L GG + 0?3
2

)+02§]

where (i) follows from the re-parameterization & = £2&, where & ~ N(0, I), and (ii) follows from the Stein-type

Lemma as in Appendix C. O

By Lemma G.1, we define the functional F(G) = EHE_%GHQ + GG + 023, In Algorithm 3, we do not need
to evaluate F'(-), but our analysis requires upper bounds for t2wo parameters of F(-) — Leoy, Ly — to control tail
bounds. Under the same setting as Lemma G.1, we use similar bounds as Appendix C, based on assumptions in
Model 1.1. Hence, we have L.o, = @(HGHS +0?), and Ly = O(|G||,).

Next, we show concentration bounds (Lemma G.2) similar to Lemma E.1, which controls deviation of empirical

mean and covariance for all samples in the good set G.

€

Then, there is a § = O (\/€), such that with probability at least 1 — v, for any index subset J C [d], |7| < k and
forany G' C G, |G'| > (1 — 2¢)|G|, we have

Lemma G.2. Suppose we observe i.i.d. gradient samples {g;,i € G} from Model 1.1 with |G| = Q (w)

HEiEug’ (g;j) - GJHQ < 5(||G||2 + 0)7 (42)

For@?| <s(lCl;+o?). (43)

Proof. We prove the concentration inequality for the covariance eq. (43), the bound for mean eq. (42) is similar.

Eic,g (gzj - GJ)
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For any index subset 7 C [d], |7| < k, we can expand eq. (43) as follows,

Bic,o (97 - G7)” = F(@)77

1 2
= Eic,o' (272 ww 2(27)T) - (WJHMHQ - 2GJ(GJ>T) (44)
—Eic,o (22 ww ' 2)77 + 67 (GI)T (45)
+Eic,o &7 (27)" - 0?77 (46)

Here, we prove the concentration inequality for eq. (44), and the other two terms can be bounded by the same

technique. It is sufficient to prove an upper bound for the operator norm as follows

where @ is drawn from a Gaussian distribution A(0,X). Note that the index subset J reduce the matrix

1 2
Eic,or 27 (@) w0 (W) T2 (@7)7 - (szzszZ - 2GJ(G~7>T) H <dlGls, (47)
op

to RVI*I71 For the concentration bounds of covariance matrix estimation eq. (47), we have a near identical
argument as Lemma 4.5 of Diakonikolas et al. (2016), by replacing Theorem 5.50 with Theorem 5.44 in Vershynin
(2010).

This establishes eq. (47) with sample complexity n = Q (M%(l/y)), with probability at least 1 —v. Next, we take
a union bound over all possible subsets J C [d], and this gives concentration results for the covariance eq. (43).
Hence we have proved the concentration results for the gradient under the assumption that X is row/column

sparse. O

Based on Lemma G.2, we have Theorem 5.1, which guarantees the recovery of 8* in robust sparse regression with

unknown covariance as defined in Model 5.1.

Corollary G.1 (Theorem 5.1). Suppose we observe N (k,d, €, v) e-corrupted samples from Model 1.1, where the

covariates x;’s follow from Model 5.1. If we use Algorithm 8 for robust sparse gradient estimation, it requires

0 (M) T samples, and T = © (10g (%)), then, we have

=0 (ove), (48)

2

|B-8

with probability at least 1 — v — T exp (—O (en)).

Proof. With the concentration result Lemma G.2 in hand, the remaining parts share the same theoretical analysis

as Appendix E and Appendix F, by replacing (k' + k)? with 72(k’ + k)? = ©(r?k?). Hence, we have a result
~ 21.2

similar to Corollary 4.1, with sample complexity 2 (M). And this yields Theorem 5.1. O

H Additional experiments

In the this section, we consider the actual running time to demonstrate the practical usefulness of the algorithm

in high dimensions, by plotting against wall time (Section 6 has only plots against iteration number).

We show the scalability of our robust sparse regression algorithm under different setups. The setup for robust
sparse regression is similar to Section 6 — the entries of the true parameter 3* are set to be either +1 or —1,
hence ||,8*H§ = k is fixed. The authentic ;s are generated from N(0, I;), and the authentic y; = =, 3* + &; as in
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Figure 4: In this figure, we show the error accuracy vs. wall clock time for each iterate of Algorithm 1 via filtering
(Algorithm 3). In both plots, we use the same setup in the paper and fix d = 2000, and clean data sample size n = 1000.
In the left plot, the fraction of outliers epsilon is fixed as 0.1. In the right plot, the noise variance is fixed as 0.1, and we
vary the epsilon. Since larger epsilon leads to more outliers, the computational time for € = 0.2 is slightly larger.

22 T T T T T T T T 70

AL . . . . . . . . | . . . . . .
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Figure 5: In this figure, we show the wall clock time vs. the sample size or the dimensionality. In both plots, we use
e = 0.1 and fix the iteration number to be 20, which is sufficient to recover the parameter. In the left plot, we fix d = 500
and vary the sample size n. Since the number of outliers is linear in n when epsilon is fixed, the computational time has a
linear dependence on n in theory and practice. In the right plot, we fix n = 1000 and vary the dimensionality d. Though
the computational complexity depends on different Sparse PCA solvers (e.g., d’Aspremont et al. (2007)), we show that our
algorithm can easily scale for high dimensions.

Model 1.1. We set the covariates of the outliers as A, where A is a random +1 matrix of dimension en/(1 —¢€) x d,

and set the responses of outliers to —AG3*.

The error accuracy vs. wall clock time and scalability in high dimensions are summarized in Figure 4 and Figure 5.
In particular, the convergence in Figure 4 with respect to clock time is similar to the convergence with respect to
iterations in Figure 2. And Figure 5 shows the scalability of our robust sparse regression algorithm in very high

dimensions.



