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SUPPLEMENTARY MATERIAL

Proof of Proposition 2.1

If we denote γ := (Tµ, Tν)#ρ, then γ ∈ Π(µ, ν). The change of variable formula gives

W 2
2 (µ, ν)≤

∫
Y×Y

||y − y′||22dγ(y, y′)

=
∫
X
||Tµ(x)− Tν(x)||22ρ(x)dx = ||Tµ − Tν ||2L2(ρ).

The continuity of the map µ 7→ Tµ follows from e.g. Exercise 2.17 in (Villani, 2003). To prove (iii), we use the
following lemma:

Lemma 5.1. Let ρ be uniform on the unit disc X ⊆ R2. Then, there is a curve θ ∈ [0, 2π]→ µθ ∈ P(X ) and
C > 0 such that ‖Tµθ − Tµ0

‖L2(ρ) ≥ CW2(µθ, µ0)1/2.

Proof. Given θ ∈ R, we denote xθ = (cos θ, sin(θ)) and µθ = 1
2 (δxθ + δ−xθ). Then, the optimal transport map

between ρ and µθ is given by

Tµθ (x) =

{
xθ if 〈x|xθ〉 ≥ 0

−xθ if not.

One can easily check that for θ one has W2(µ0, µθ) ≤ |θ|√
π

. For θ > 0 we set

Dθ = {x ∈ R2 | 〈x|x0〉 ≥ 0 and 〈x|xθ〉 ≤ 0}.

Then, on Dθ, Tµθ ≡ x−θ and Tµ0
≡ x0, giving

‖Tµθ − Tµ0
‖2L2(ρ) ≥

∫
Dθ

‖x−θ − x0‖2 dx = |Dθ| ‖x−θ − x0‖2 .

Moreover, if |θ| ≤ π
2 one has ‖x−θ − x0‖2 ≥ 2, thus giving ‖Tµθ − Tµ0

‖2L2(ρ) ≥ 2 |Dθ| ≥ |θ|π .

Proof of Theorem 2.2

The proof of Theorem 2.2 is based on the following lemma.

Lemma 5.2. Under the assumptions of Theorem 2.2,

||Tµ − Tν ||2L2(ρ) ≤ 2K

∫
Y

(ψν − ψµ)d(µ− ν).

Proof. From convex analysis, the map Tµ = ∇φµ is K-Lipschitz if and only if ψµ = φ∗µ is 1
K -strongly convex. We

denote A =
∫
Y ψνd(µ− ν) and B =

∫
Y ψµd(ν − µ).

We use that (∇φµ)#ρ = µ (resp. (∇φν)#ρ = ν) and ∇φµ = ∇ψ∗µ (resp. ∇φν = ∇ψ∗ν) by convexity of φµ (resp.
φν) to do the following change of variable:

A =

∫
X

(ψν(∇ψ∗µ)− ψν(∇ψ∗ν))dρ.

We now use the inequality ψν(y)− ψν(z) ≥ 〈y − z|v〉, which holds for all v in the subdifferential ∂ψν(z). The
convex functions ψν , ψµ are differentiable ρ-almost everywhere. Taking z = ∇ψ∗ν(x) and y = ∇ψ∗µ(x), and using
x ∈ ∂ψν(z), we obtain

A ≥
∫
X
〈id,∇ψ∗µ −∇ψ∗ν〉dρ.
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Using the strong convexity of ψµ, we get a similar lower bound on B, with an extra quadratic term

B =

∫
X

(ψµ(∇ψ∗ν)− ψµ(∇ψ∗µ))dρ

≥
∫
X

(
〈id,∇ψ∗ν −∇ψ∗µ〉+

1

2K
||∇ψ∗ν −∇ψ∗µ||22

)
dρ.

Summing up these inequalities we get:∫
Y

(ψν − ψµ)d(µ− ν) ≥ 1

2K

∫
X
||∇ψ∗ν −∇ψ∗µ||22dρ

=
1

2K
||Tν − Tµ||2L2(ρ).

Proof of Theorem 2.2. Formula (3) clearly shows that Lip(ψµ) ≤MX , where Lip(f) denotes the Lipschitz constant
of f . Combining this with Lemma 5.2,

||Tµ − Tν ||2L2(ρ) ≤ 2K

∫
Y

(ψν − ψµ)d(µ− ν)

≤ 2K max
Lip(f)≤2MX

∫
Y
fd(µ− ν)

= 4KMX max
Lip(f)≤1

∫
Y
fd(µ− ν)

= 4KMXW1(µ, ν),

where we used Kantorovich-Rubinstein’s theorem to get the last equality.

Proof of Corollary 2.4

We first state a simple lemma that links the uniform norm of a Lipschitz function to its L2(ρ) norm:

Lemma 5.3. If f is L-Lipschitz on X , then

||f ||∞ ≤ C||f ||
2
d+2

L2(X ),

for some C depending on L, d and X only.

Proof. If ||f ||∞ = η, then there exists x0 ∈ X such that for all x ∈ B(x0,
η

2L ) ∩ X we have |f(x)| ≥ η
2 . This

implies that

||f ||2L2(X ) ≥
∫
B(x0,

η
2l )∩X

f(x)2dy ≥ βd
( η

2L

)d
η2 =

βd
(2L)d

‖f‖d+2
∞ ,

where βd is the volume of the d-dimensional unit ball.

Proof of Corollary 2.4. Theorem 2.3 implies

||∇ψµ −∇ψν ||2L2(Y) ≤ C
(∫
Y

(ψν − ψµ)d(µ− ν)
) 1

2d−1

,

and as in Theorem 2.2, the quantity in the parenthesis can be upper bounded by 2MXW1(µ, ν). Adding a
constant to ψµ if necessary, we can assume that

∫
Y ψµ(y)dy =

∫
Y ψν(y)dy. The Poincaré-Wirtinger inequality on

Y then implies

||ψµ − ψν ||2L2(Y) ≤ C
′W1(µ, ν)

1

2d−1 ,

for some C ′ depending only on ρ, X and Y.

We reuse the fact that ψµ − ψν is Lipschitz with a constant at most 2MX to use Lemma 5.3:

||ψµ − ψν ||∞ ≤ C ′′W1(µ, ν)
2

2d−1(d+2) .
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Since φµ = ψ∗µ and φν = ψ∗ν , the definition of the Legendre transform yields

||φµ − φν ||∞ ≤ C ′′W1(µ, ν)
2

2d−1(d+2) .

We conclude using Proposition 3.6 and the fact that φµ is diam(Y)-Lipschitz (as the Legendre transform of the
function ψµ on Y): there exists a constant C depending only on ρ, X and Y such that

||Tµ − Tν ||L2(ρ) ≤ CW1(µ, ν)
1

2(d−1)(d+2) .

Proof of Lemma 3.2

For any N > 0, we consider a finite partition Y = t1≤i≤NYNi , we let εN = maxi diam(YNi ) and we assume that
limN→+∞ εN = 0. Then, we define

µkN =
∑

1≤i≤N

[(
1− 1

N

)
µk(YNi ) +

1

N2

]
δyNi ,

where yNi ∈ YNi . Then, it is easy to check that the support of the measures µ0
N and µ1

N is the set {yN1 , . . . , yNN }.
Moreover, ∥∥µ1

N − µ0
N

∥∥
TV
≤
∥∥µ1 − µ0

∥∥
TV

.

In addition, W1(µkN , µ
k) ≤ εN

N→+∞−−−−−→ 0. Combined with the triangle inequality, we deduce

|W1(µ0
N , µ

1
N )−W1(µ0, µ1)| = |W1(µ0

N , µ
1
N )−W1(µ0

N , µ
1) +W1(µ0

N , µ
1)−W1(µ0, µ1)|

≤ |W1(µ0
N , µ

1
N )−W1(µ0

N , µ
1)|+ |W1(µ0

N , µ
1)−W1(µ0, µ1)|

≤W1(µ1
N , µ

1) +W1(µ0
N , µ

0)

≤ 2εN
N→+∞−−−−−→W1(µ0, µ1).

Using the stability of optimal transport maps (Proposition 2.1), we finally deduce that

lim
N→+∞

||Tµ1
N
− Tµ0

N
||L2(ρ) = ||Tµ1 − Tµ0 ||L2(ρ).

Proof of Lemma 3.3

Let x0 ∈ Vi(ψ0) and x1 ∈ Vi(ψ1). Then, for all j ∈ {1, . . . , N},{
ψ0(yj) ≥ ψ0(yi) + 〈yj − yi|x0〉
ψ1(yj) ≥ ψ1(yi) + 〈yj − yi|x1〉

.

Taking the convex combination of these inequalities we get for all j ∈ {1, . . . , N},

ψt(yj) ≥ ψt(yi) + 〈yj − yi|(1− t)x0 + tx1〉.

This shows that (1− t)x0 + tx1 ∈ Vi(ψt) (note that we use the convexity of X here). Thus,

(1− t)Vi(ψ0) + tVi(ψ
1) ⊆ Vi(ψt).

Taking the Lebesgue measure on both sides and applying Brunn-Minkowski’s inequality we get

Gi(ψ
t)1/d = ρ(Vi(ψ

t))1/d ≥ ρ((1− t)Vi(ψ0) + tVi(ψ
1))1/d

≥ (1− t)ρ(Vi(ψ
0))1/d + tρ(Vi(ψ

1))1/d

≥ (1− t)Gi(ψ0)1/d + tGi(ψ
1))1/d.

This inequality directly implies
Gi(ψ

t) ≥ min(Gi(ψ
0), Gi(ψ

1)),
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i.e. min(Gi(ψ
t), Gi(ψ

0)) ≥ min(Gi(ψ
0), Gi(ψ

1)).

Using the following equivalent formulation of the TV distance between probability measures we get (8):

1

2

∥∥G(ψt)−G(ψ0)
∥∥

1
= 1−

∑
i

min(Gi(ψ
t), Gi(ψ

0))

≤ 1−
∑
i

min(Gi(ψ
0), Gi(ψ

1)) =
1

2

∥∥G(ψt)−G(ψ0)
∥∥

1
.

To prove (9), we first remark that by (7),

Gi(ψ
t) ≥ (1− t)dGi(ψ0),

i.e. min(Gi(ψ
t), Gi(ψ

0)) ≥ (1− t)dGi(ψ0).

We conclude using the same formula as above:

1

2

∥∥G(ψt)−G(ψ0)
∥∥

1
= 1−

∑
i

min(Gi(ψ
t), Gi(ψ

0))

≤ 1−
∑
i

(1− t)dGi(ψ0) = 1− (1− t)d.

Proof of Proposition 3.4

This proof is a straightforward adaptation of Lemma 3.7 in (Eymard et al., 2000), but we include it for completeness.
We consider the function u on X defined a.e. by u|Vi(ψ) = vi. Then,

〈v2 − 〈v|G(ψ)〉2|G(ψ)〉 =

∫
X
u2 −

(∫
X
u

)2

=
1

2

∫
X×X

(u(x)− u(y))2dydx,

so it suffices to control the right hand side of this equality. Given (i, j) and (x, y) ∈ X 2, we denote

χij(x, y) =

{
1 if Vi(ψ) ∩ Vj(ψ) ∩ [x, y] 6= ∅ and 〈yj − yi|y − x〉 ≥ 0

0 if not.

Then, u(y)− u(x) =
∑
i 6=j(v(yj)− v(yi))χij(x, y). Denoting dij = ‖yj − yi‖, cij,z =

∣∣∣〈 z
‖z‖ |

yj−yi
‖yj−yi‖ 〉

∣∣∣ and applying

Cauchy-Schwarz’s inequality we get

(u(y)− u(x))2 =

∑
i 6=j

(v(yj)− v(yi))χij(x, y)

2

≤
∑
i6=j

(v(yj)− v(yi))
2

dijcij,y−x
χij(x, y)

∑
i 6=j

dijcij,y−xχij(x, y).

In addition, when χij(x, y) = 1, we have 〈y − x|yj − yi〉 ≥ 0 so that

dijcij,y−x = ‖yj − yi‖ 〈
y − x
‖y − x‖

| yj − yi
‖yj − yi‖

〉 ≥ 0,

and ∑
i 6=j

dijcij,y−xχij(x, y) =
∑
i 6=j

〈 y − x
‖y − x‖

|yj − yi〉χij(x, y) ≤ diam(Y).

Therefore,∫
X×X

(u(y)− u(x))2dxdy ≤ diam(Y)

∫
X×X

∑
i 6=j

(v(yj)− v(yi))
2

dijcij,y−x
χij(x, y)dxdy

= diam(Y)

∫
B(0,diam(X ))

∑
i 6=j

(v(yj)− v(yi))
2

dijcij,z

(∫
X
χij(x, x+ z)dx

)
dz.
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Moreover, denoting mij = Hd−1(Vi(ψ) ∩ Vj(ψ)) we get∫
X
χij(x, x+ z)dx ≤ mij ‖z‖ cij,z,

thus giving ∫
X×X

(u(y)− u(x))2dxdy ≤ C(d) diam(Y) diam(X )d+1
∑
i6=j

mij

dij
(v(yj)− v(yi))

2.

Define Hij =
mij
dij

, Hii = −
∑
j 6=iHij . Then, DG(ψ) = H, and

〈DG(ψ)v|v〉 =
∑
i,j

Hijvivj

=
∑
i

Hiivivi +
∑
j 6=i

Hijvivj


=
∑
i

∑
j 6=i

Hijvi(vj − vi)

=
∑
j 6=i

Hijvi(vj − vi) := A.

And ∑
i 6=j

Hij(v(yj)− v(yi))
2 =

∑
i6=j

Hijvj(vj − vi)−
∑
i 6=j

Hijvi(vj − vi) = −2A.

We finally obtain ∫∫
(u(y)− u(x))2dxdy ≤ −Cd,X ,Y〈DG(ψ)v|v〉.


